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ABSTRACT 

A theorem is der ived  which i s  useful i n  the a n a l y s i s  o f  neutron pro- 

blems i n  which al 1 neutrons have the  same veloc i ty .  

mine e x t r a p o l a t e d  end-points, t h e  a,syinptot;ic amplitude f rm a p o i n t  source,  

and  t h e  neutron d e n s i t y  at the surface of a medium. Formulas f o r  t h e  effect  

of f i n i t e  tampers are derived by its aid 

It is appT i e d  t o  l e t e r -  

nd t h e i r < a c c u r a c y  is discussed .  

. _- 
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A Theorem and i t s  App l i ca t ion  t o  F i n i t e  Tampers 

The problems of  t h e  c h a r a c t e r i s t i c s  of systems i n  which t h e  neu t rons  

con be oomide red  t o  have on ly  one v e l o c i t y  have been a b l y  solved b y  Frankel  

and Nelson (LA 51) f o r  the case t h a t  t h e  c o r e  i n  tamper have t h e  same mean 

f ree  path,  and by Serber and the members of  his group (see, f o r  example, LA 234) 

f o r  t h e  general case. It is n o t  t h e  purpose of t h i s  r e p o r t  t o  add a n p r e c i a b l y  

t o  w h a t  is known about  t heee  problems. m h i l s  t h i s  work was being done an inter-  

e s t i n g  theorem was found t o  bo extreme7-y useful i n  ob ta in ing  approximate ex- 

pres s ions  f o r  many of  the p r o p e r t i e s  of s y s t e m s  where the neut rons  have o d y  

one v e l o c i t y .  In s p i t e  of  t h e  fact t h a t ,  a t  t h e  p re sen t  t i m e  t h i s  theorem and  

i t s  a p p l i c a t i o n s  can  add ve ry  l i t t l e  t h a t  i s  new t o  o u r  knowledge o f  t h e s e  

systems, i t  w a s  thought  t o  Se worthwhile t o  d e s c r i b e  t h e  theorem i n  a r e p o r t .  

I t  does permit,.  i n  many c a s e s ,  a sinpler d e r i v a t i o n  o r  unders tanding  o f  some 

of t h e  p rope r t i e s .  I n  p a r t i c u l a r  i t  p e r m i t s  one t o  s b t a i n  a f o m u J a  wi th  +,he 

e f f e c t  o f  a tamper af f i n i t e  s i z e .  

formula, (Eq.39) C a l i  be expected t o  be q u i t e  accu ra t e .  The cor responding  f o r -  

mula f o r  t h e  abso rb ing  tamper unfortunately c a m o t  be  expected t o  be as  a c c u r a t e  

ar.d there is s t i l l  room for improvement. ‘ h e  f i r s t  part o f  t h e  report w i l l  

derive t h e  theorem (Eq. a) and a p p l y  it t o  v a r i o u s  s imple problems such as  : 

%en t h e  tamper i s  not  abso rb ing  t h l s  

~ - -  

The de te rmina t ion  of t h e  e x t r a p ~ l a t e d  end point; t h e  v a l u e  of t h e  neut ron  den- 

a i t y  a% t h e  edge of  a medium; and t h e  d e t e r n i n a t i o n  o f  t h e  asymptot ic  s o l u t i o n  

far from i t s  source 

t h e  theorern will be 

Suppose t 

in an absorb ing  medium. In t h e  second. D a r t  o f  t h e  r e p o r t  

a p p l i e d  t o  c a l c u l a t e  t h e  e f f e c t  o f  a f i n i t e  tamper. 

iat at po in t  1 neut rons  a r e  be ing  emit ted e q u a l l y  i n  all 
, I  

d i r e c t i o n s .  

2 which have g o t t e n  t o  2 w i t h o u t  suf’fering tiny collisions 31: t h e  way? 

How msny of these will  t h e r e  be per d . t  vglume at a r o t h e r  p o i n t .  

Call , 
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Now suppose we have a cr i t icw? systelr ~n:! N ( 1 )  i s  t h e  number of 

neutrons a t  t h e  p o i n t  (1). These suf fe r  c o l l i s i o n s ,  i n  Amber v a(1) X ( l j ,  

where u(1)  is t h e  t o t a l  c o l l i s i o n  cross s e c t i o n  per u n i t  voliuns a t  (1) (equals 

t h e  number o f  n u c l e i  per u n i t  volume times t h e  nuc lea r  cross section of each) .  

Let t h e  ave rage  number of n e u t r m s  l i b e r a t e d  per  co13 i s i o n  a t  the p o i n t  ( l j  be 

1 + f (1)  The q u a n t i t y  f may be negat ive .  In  tamper, f o r  exanpl .~ ,  where 

t h e r e  i s  no f i s s i o n  it w i l l  be negat ive ,  and i n  t h a t  case we shall  (;?ten c a l l  

it - g o  If af i s  the fission c r o s s  s e c t i o n ,  ge t h e  e l a s t i c  s c a t t e r i n g  c r o s s  

section a n d  or t h e  c a p t u r e  cross sec t ion ,  t hen  i f  Y neu t rons  r e s u l t  from 

f i s s i o n ,  t h e  total cross  s e c t i o n  i s  

and t h e  number o f  n e u t r a n s  r e l e a s e d  is 

so t ha t  

From t h e  (1 4= f(1) ) v a i l )  N ( 1 )  n e u t r o r s  J i b e r a t e d  p e r  urii t  

volume at ( l ) ,  ( l /v)  & ( I , ? )  (1 + f ( l )  ) v o ( l )  N ( I )  wi3P  be found per  

u n l t s  volwnme a t  (2). The t o t a l  neut ron  number a t  (2) is made of c o n t r i b u t i o n s  

fro* all the c o l 7 i s i o n s  occuringAvolume elements such as ( I )  so t h d t ,  
In 

T h i s  i n t e g r a l  equat ion  has a s o l u t i o n  i f  t h e  s y s t e x  i s  c r i t i c a l  a d  it is t h e  

prDper t ies  o f  t h e  so l . i t i on  N t h a t  we s b l l  d i s c u s s  by means o f  an i n t e r e s t i n g  
I 
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h i s  a consequence o f  t h e  f a c t  t h ?  N sat isf ie ,$  (4). The the.ore 

hinges on t h e  fact that Q(3,2)  is a symmetrical f u r l e t i o n ,  of' 1 and 2.  W e  

shall i n t e r u p t  our argument a moment t o  prove t h i s .  
- I  

Take a small volume element a t  (2) wi th  area dA f a c i n g  the p o i n t  1 

and of depth  dx i n  t h e  d i r e c t i o r ,  of t h e  l i n e  between 1 and 2. The number 

of  neu t rons  in t h e  volume a t  2 from'a u n i t  source a t  I is t h e n  (l/v) Q(1,2) 

dAdx. Sinoe we a r e  oonuerned w i t h  neutrons which have s u f f e r e d  no collision, 

t hey  m u s t  t r a v e l  in s t r a i g h t  l i n e s  f rm 1 t o  2. 

whiah a re  aimed t o  s t r i k e  t h e  area dA and hence pass through our volume element 

l he  f r a c t i o n  o f  t h e  neu t rons  

where rl, is t h e  d i s t a n c e  between t h e  p o i n t s  and 2, These 2 
i o  d l r n  r12 - 
spend a tisle dx/v w i t h i n  t h e  volume s inco  t h e y  t r 'averse  t h e  at v e l o o i t y  

V. 

ing  a t i m e  i n t e r v a l  dx/v 

& m e ,  only t h o s e  neutro:ls, i n  number N dx/v which w e r e  l i b e r a t e d  dut- 

can be found in t h e  volume element a t c a l l .  Hence 

2 
) (dx/Vj N P . i  . 1 2  (.l/v) Q(l,2) d+ IX = (c!A/4flr,2 

Where PI2 i a  t h e  probabil  i ty.  o f  transversiag.the .I i ne  between 1 and 

.2 without  suffering a c - o l l i s i o n .  This i s  equal t o  P the p r o b a b i l i t y  of 
21 ' 

t r s n s v e r s i n &  t h e  line i n  the o p p o s i t e  d i r e c k i . o n l  Th i s  i s  beoause t h e r e  a r e  

just as macy n u c l e i  i n  t h e  way t o  be avo ided  with e i t h e r  d i r e o t i o n  of trans- 

versal. The p r o b b i l i t y  o f  s u c c e s s f u l  avoidance o f  a series of  hu rd le s  (the 

. product of  t h e  p r o b a b i l i t y  of avoidance of' each) is inr?ependent of t h e  o rde r  

i n  whiah the hu rd le s  a r e  placed 

of i t s  f a o t q r s )  Hence 

(since a product does not  depend on t h e  order 
I .  

and t h e r e f o r e ,  - * 
12 - p21 

Q (1,2) = &(2,1) ( 4 

which i s  what we wanted t o  prove. 

Furthermore we have s,eenL that Q (1,2) depenCs on ly  on t h e  t o t a l  
* Of cou r se ,  p12 P~~ = e- 4' a Z / C j Z )  where 2 i s  t h e  l e n g t h  along~h.ine~~~~l~toi 

.e====- ==-I- ..-_"- 
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orosa s e c t i o n  as a f u n c t i o n  o f  posi t ion  and n o t  on t h e  dependence o f  f on 

position. Supnose we have two systems, each w i t h  t h e  sane t o t a l . c r o s s  s e c t i o n  

as a f u n c t i o n  o f  p o s i t i o n ,  but  w i t h  d i f f e r e n t  f u n c t i o n s  f o r  f 

The d i s t r i b u t i o n  o f  neutrons will also be different. 

say f and f ' .  

For t h e  one' system N 
' I  

, s a t i s f i e s  (I+). For t h e  o the r  t h e  d i s t r i b u t i o n  W ' ,  s a t i s f i e s :  

The Q f u n c t i o n  i s  the saae i n  both equat ions.  If we m u l t i p l y  (4) 
by N' (2) ( l * f c ( 2 )  ) a(2) 

( b 9 ) .  by N(2) (1 i'f(2) ) a(2) 

r e s u l t i n g  equations we would f i n d  : 

and i n t e g r a t e  over volume 2, and l ikewise m u l t i p l y  

and i n t e g r a t e ,  and f i n a l l y  s u b t r a c t  the t w o  

"fH(2) (1 -+ f(2) 1 a(2), Q(1.2) ( l t f ' ( 1 )  ) o(1) N ' ( 3 )  dV I dV2 (7) 

The two double i n t e g r a l s  017 t h e  r i g h t  s i d e  of (7 )  are equal.  

label  1 and 2 are interchanged in the second double  integral it will be t h e  

If t h e  v n r i a b l e  

same as the f i r s t  double  in tegra l .  except  t h a t  Q(1,2) will be rep!.aced by Q 

(2#1). 

zero. 

B u t  by (6) t h i s  makes no d i f f e r e n c e ,  s o  t h e  r ight  side of (7) is 

The i n t e g r a l  on t h e  l e f t  s i d e  can be eonbined and v m  f i r . d  : 

I 

($1 l ( f  - f') u N M' d Vol = 0' 

This is t h e  theorem which we have founri s o  useful. Te shall r e s t a t e  

it. Xt? assume neutrons have a s i n g l e  v e l o c i t y .  Given two assemblies which 

d i f f e r  on ly  in t h e  vaYue of f ( t h e  n e t  dumber of neu t rons  re lease2 per  : D l l i . .  

s ion)  as P function of p o s i t i o n ,  but  which have t h e  same total sca t . t e r ing  cro88 
dL%-a" -----s-:- 
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some sense t h e  ave-rage f must be t h e  same. 

It says that  t h e r e  $6 no d i f f e r e n c e  i n  t h e  averagk of f̂ times t h e - t o t a l  c r o s s  

section, provided t h a t  this average i s  taken over  t.hs whole system w i t h  weight 

e'qual t o  t h e  product  o f  t h e  neutron d i s t r i b u t i o n s .  

The e x a o t  sense  i s  given i n  (a). 

If t h e  c,hanges i n  f are  small, f - f".= 6f 8ay, t h e n  N and N' are 

nearly e g w l  and w e  obtain t h e  well known p e r t u r b a t i o n  r e l a t i o n  

Although t h i s  i s  a v e r y  useful r e l a t i o n  we bsh'ould 3 i k e  t o  p o i n t  ou t  t h a t  the 

original equat ion (8) f o r  f i n i t e  an2 . l a r g e  changes in' f i s  Qven'moca 

In  app ly ing  t h e  t h e o r e  

i s  i n f i n i t e  i n  e x t e n t +  If' t h e r e  

we can i m g i n e  t h e  t a m p e r - i n f i n i  

P o o l l i s i o n  beyond t h e  r a d i u s  R T *  

/ 

neu t ron  t h g t  s u f f e r s  
t 

T h a t  is f = -1 ( o r  g = 1) beyond R T e  

Ve shall g i v e  two simple examples of  how t h e  theo ren  can be used t o  

The remaining examples w i l l  involve various d e r i v e  we1 1-known exact r e s u l t s .  

approximations. 

F i r s t  suppose we have a c o r e  w i t h  a c o n s t a n t  f i n s i d e ,  surrounded by 

any kind of  tamper  o r  tampers wi th  a given a b s o r b t i o n  func t ion  B, ' (=  - f> .  

Suppose t w o  d i f f e r e n t  va lues  of f say f l  and f 

critical, and l e t  N and N be the neu t ron  d i s t r i b u t i o n s  f o r  t h e s e  t w o  v a l u e s  
, l  2 % .  

of f. Then we can a p p l y  (8) ' w i t h  t h e  unprimed system be ing  system 1, and t h e  

primed system being 2. 

oan bo th  make t h e  system 2 

l'hs In t eg rand  i n  t h e  tamper vanishes  because even 

. though N and N' may be q u i t e  d i f f e r e n t ,  t h e  f va lues  a r e  equal  8 0  that  f - f ' = - O *  

In the core t h e  values a r e  d i f f e r e n t ,  b u t  a r e  c o n s t a n t  so (8 )  becomes: 
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This i s  t h e  we1 l known o r t h o g o n a l i t y  theorem which says that if two values of 

f 

i n t e g r a l  of t h e i r  product,  times a over t h e  c o r e  van i shes ) .  I t  shows t h a t  

can make a c o r e  c r i t i c a l ,  t h e - n e u t r o n  d e n s i t i e s  are  orthogonal ( i e :  the 

t h e r e  c a h  on ly  be one value of f for which N is p o s i t i v e  everywhere, f o r  if 
, I  

t h e r e  were two such N1 N2 would be p o s i t i v e  and the i n t e g r a l  i n  (9)  could 

no t  vanish. 

As a second example cons ide r  a n y  system w i t h  f given as a f u n c t i o n  

of p o s i t i o n ,  and ca l l  it t h e  unprimed system. 

same t o t a l  c r o s s  section everywhere, bu t  j u s t  s ca t t e r i -ng ,  no a b s o r b t i o n ,  no 

f i s s i o n .  That i s  f '  = -0 everywhere. The prime system i s - c r i t i c a J  in t h e  

For t h e  prime systema same t h e  
I 

sense t h a t  if a uniform d i s t r i b u t i o n  of neutrons (N'= c o n s t a n t )  i s m r e s e n t  a t  

time ze ro  then a t  l a t e r  times d i s t r i b u t i o n  'remains, n e i t h e r  r i 8 i n g  nor f a l l i n g  

i n  average number (no a b s o r p t i o n  o r  f i s s i o n )  nor  changing f r o  a uniform dis-' 

t r i b u t i o n  ( t h e r e  is no f l o w ' i f  t h e r e  is no g r a d i e n t ) .  

? -  

Put t ing  f ' = O  and 

N' = 1 (or  any  other cons tan t )  i n t o  (a) we 'obtain:  

I f  u N dVol = 0 ' 

T h i s  5ust represents the fact that t h e  - to t a l  number of neu t rons  
.. 

remains c o n s t a n t  i n  a c r i t i c a l  syst-em. %e number of c o l l i s i o n s  neu t rons  

suffer is ON, and t h e  n e t  number generated p e r  c o l l i s i o n  ig f so t h a t  (10) 

expres ses  t h e  fact  that  the  n e t  mmber b e i n g  generated everywhere i n  t h e  

system adds up t o  zero.  If.' the system c o n s i s t s  of  a c o r e  w i t h  c o n s t a n t  f 1 

nnd a. and a n  i n f i n i t e  tamper w i t h  c o n s t a n t  a b s o r p t i o n  g and u t h i s  becomes 
t 

where S is t h e  f lux  o f  neu t rons  through t h e  s u r f a c e  of t h e  core .  

we w i l l  now a p p ~ y  (3) t o  o b t a i n  a s o l u t i o n  f o r  t h e  s i m p t e s t  probIeme 
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. -- 
the surface is at x = o whkt is x ? Let t h e  unprimed system be t h e  a c t u a l  

0 



f "  

. .  

I 

(-CY) J ( X  . - x) M(x) d x =  0 
0 

0 
'I 

or  
d 

x 0 = 1: M(x) dx / J X(x) (121 
0 ,  0 

That is, the extrapol3,ted en8 point squa?s t h e  average 'depth of penetration of 

peutrons i n t o  the completely absorbing -tamper w i t h  the 6 

Since this  expresses .X as an average odbr .M( 

form f o r  I K ( x )  may g i v e  a s i f r i c i e n t l g  accurate value for X. 

r e l a t e d  to the solution N(X) for negat ive  X. 

easily find out how A n y  neutrons go i n t o  t h e  tampd 

For sirnplicilty we shall c a l l  y = -x 

M(X) is simply 
I 

Because if we know N(X) we can 

< 
* I  

for n'egatiye x, and shall speak s imply  of 

t o t a l  number i n  t h e  range dx (which i s  K(x) dx) i s  g iven b y  

0 

Y e  can get a first approximation %o M(x) ,  say hl, ( x )  by using for  N(y) the 

asymptotic e x p r e e s i o n  x + y .  If we do t h i c  we ' f ind 
0 

I 
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9 

From which one f i n d s  ’ ’ ‘ 

If we u8e.M (x) i n s t e a d  of  M(x) i n  (12) we c a n  o b t a i n  an approximate expres- 

s i o n  f o r  x I 

0 ”  

- .  
0 

(1.5) 

This d i f f e r s  by only a f r a c t i o n  o f  a percen t  frdrn t h e  true value 
t 

x : .7104/0 whioh i s  de r ived  i n  LA-??. 

(8) but has used f o r  M(x) the next  h ighe r  approximation obtained by t a k i n g  into 

account  a f irst  p e r t u r b a t i o n  on X(y) I in (73)  . 
manner) 

(Velton has computed xo by means of  
0 

- .  ._ 

He f inds x u = .709L i n  t h i s  
0 

- Encouraged by t h i s  r e s u J t  we c a n  go’ on t o  find t h e  e x t r a p o l a t e d  end 

point i n  ta mul t ip ly ing  (f > 0 )  or absorbing (f < 0) medium. 

d e f i n l t e ,  suppose we have a mul t ip ly ing  system so  t h a t  the as*vmptotic solution 

t a k e s  the form M(x)=sin-k&(xo - x) ,  where k and f a r e  re la te l  by the well- 

h o w n ” r e l a t i o n  (tan-’k) / k = 1 / (1 + f)  

Again we u s e  for t h e  prime system i n  (3) one which  has the r e g i o n  t o  t h e  r i g h t  

To make t h i n g s  

(16) 

(x > 0) identical to that on t h e  l e f t .  We f i n d  i n  t h i s  o a s e . t h e n  f h n +  



-, - ~ 

r 
. .  . . .  

. .  . .  1 I .  
. . .  ., .. . . .. . 

. . .  
, s  

. .  

... . 
' I  .? . 

. .  . : 

s i n  kc (x  - x) M(x) dx 0 (17) 
0 0 

Vie use f o r  M(x) t h e  expres s ion  (13) wi th  N(y)-^ s i n  k ( x o t  y) for 

the  f i r s t  approximation. Again t h e  integrate on y can be performed, t h e  

resu l t  for @(x) put  i n t o  (16), t h e  i n t e g r a l s  on x c a l m l a t e a ,  and f i n a l l y  the 

p i n t e g r a t i o n  ban be done. This  r e s u l t s  i n  an equation f o r  x which can be 

put i n to  the form: 

0 
I 

-1 (113) 006 (2koxo)= 2 k2 

( l + k 2 )  In(]+ k2, 
I 

For  absorbing media ( E <  0 ,  o a l l  g = -f) the asymto t i c  s c l u t i o n  in 

s i n  h h (xo - xf  where 

and x i a  deteknined b y  
0 

These formulas for x give r s e u l t s  w h c h  agree extremely w e l l - w i t h  
0 -- * 

t h e  c o r r e c t  r e s u l t s  ob ta ined  by much more, C i f f  icul t methods . 
i n  t h e  Table I below. 

o u r  approximate formula. 

They are compared 
> 

i \  l h e  remrkable constancy of xo o ( l + f )  is reproduced by 

From T U  - "3. * 
I 
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TABLE I Ekt ropola ted  End Pq jn t s  

Mu1 t ip1S;ing Systems 

k 

02 i .O . .  

f 
from (I&) t r u e  value -. .  

f .  (1+ f) x*a (I+f)xou 

1.402 

.2?32 
01356 
01102 
.0512 
001 32. . oom 

SO64 

I 

1 

Absorbing Systems 

!&my more p r o p e r t i e s  of  the s o l u t i o n s  can be g o t t e n  from ( 3 ) , ' b u t  

we snall o b t a i n  an even wider alass of results from a g e n e r a l i z a t i o n  of (8) : 

o(1) a(2) Q(1,2) dV \dV (213 1 2  

Here we imagine f i r s t  that t h e r e  may b e  external sources o f  neutrons,  S, i n  t h e  

unprimed problem, and p o s s i b l y  a d i f f e r e n t  s o * w c e  S I  i n  the primed problem. 

In acidit ion we have gene ra l i zed  (8) by o n l y  i n t e g r a t i n g  over a f i n i t e  volume ( c a l l e  

INS for "Ins ide") .  

neu t ron  d e n s i t y  near t h e  surface. 

hand side. 

on t h e  o u t G i d e  (minus v ice  versa) with t h e  ke rne l  '$(1,2) batween them. 

2 ge t  far apart the kernel fa3ls of f  r a p i d l y ;  and s ince  1 and 2 are on o p p o s i t e  

s i d e s  o f  t h e  surface, the i n t e g r a l  on1 y involves  knowledge o f  t h e  sol.utions nea r  

the surface. Ye have assumed in (21) t h a t  t h e  sources S or S' are  very far from 

! 

- 1  

, 

A s  a consequence we expeat some s o r t  of terms i nvo lv ing  t h e  

< .% 

*hase are givon by t h e  i n t e g r a l  on the r i g h t -  

It is 8 double integral, of one s o l u t i m  on the i n s i d e  and t h e  o t h e r  

As 1 and 
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the surface and t h e r e f o r e ,  do  n o t  appea r  i n  t h e  s u r f a c e  i n t e g r a l s .  If t h i s  

i s  n o t  t h e  caqe, t h e  t e r m  (1 -b f )  a N should be replaoed by (1 + f) ir N i- S 

and ( l + f ' >  ON' by (I+ f") ON'+ S'  i n  the i n t e g r a l  on t h e  right-hand s i d e  of 

(21). The source terms on t h e  left-hand s i d e  a r e ,  in f a c t ,  obtained from t h e  

same s u b s t i t u t i o n .  is i s  because, w i t h  external  sou rces  S, the f u d a n e n t a l  

equa t ion  (I&) i s  j u s t  a l t e r e d  by a replacement o f  (1 +- f) oN 

, 

by (1+f)  aN+ S 

i n  t h e  i n t e g r a l  on the. r i g h t  s i d e .  &herwi.Se, ( t h a t  is i f  S 3 St = 0) (21) 

oan be d e r i v e d  d i r e o t l y  from (7) imagining t qhe  i n t e g r a l s  on dV t o  b e  only 
2 . . .  

over the inside. 

a l s o  over t h e  ou t s ide .  

The i n t e g r a l s  on dV on t h o  r i g h t  of ( 7 )  are  over  i n s i d e  and 

?he i n s i d o  i n t e g r a l s  cancel  s i n c e  Q i s  synunetrical and 
1 

what ' remins i s  just t h e  

As a first very simple example, we can c a l c u l a t e  the" e x t r a p o l a t e d  

end p o i n t  f o r  a plane problem again.  

between inside ( le f t )  and o u t s i d e ( r i g h t )  t o  be actually t he  tamper su r face .  

The prime case  (s'ee F i g .  4) has, as before,  the same'value.of  f on b o t h  s i d e s ,  

and on asymtotic s o l u t i o n  say, sin k (xo - x ) *  

the r i g h t .  

t h e  same i n  both c a s e s .  

ye shall use (21) w i t h  the' bounhry 
' 

I .  

The >anprime6 has ( 3  t f ) = O  t o  

There may be ti sourae S deep t o  the left (for t h e  absorbiiig case), 

Since I\i does n c t  change appreciably here,  t h e  second 

i n t e g r a l  on the l e f t  of (2) vanishes. The first i n t e g r a l  d o e s  l i kewise  s i n c e  

f = f 

because (1 + f )  = 0 o u t s i d e ,  s o  (21) i s  simply, 

The second t e rn  i n  t h e  I n t e g r a l  on  t h e  r i g h t  of  (21) van i shes  also 

If' we use t h e  Tact  t h a t  

Printed on DIETZGEN S198M "AGEPROOF" tracing paper 
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Fig. 6' 

e also iise t h i s  Eq. 21 to obtain a d i f f o r e n t  kind oi? i n f o r m t i o n  

t ions  for one velocity problems. Suppose we have a homotTeneous 

rrtant absorption e; and oonstant cross  s e c t i o n  rs 

ane source e m i t t i n g  S neu t rons  per second than we know tha t  a t  i r s a t e r  

If we have 

dis t snoss '  from this source t h e  neu%ron intensity fnl-1s o f f  exponentially w i t h  

Cis tanoe-x  away from t h e  source, &S Ae Ohax The problem i s  t o  

c h i n e  t h e  magnitude A o f  t h e  asymptotic solution f o r  a source o f  s t r e n g t h  

( s e e  Eq. 19) 

S.  71e shall use Eq. 21 i n  t h e  fo3lowing manner: (See F i ? .  7 )  'fVe s b l l  inagine 

t h a t  the plane which separate t h e  "inside" f r o m  t h e  "oc:tside" region i u  at a 

d i s t a n c e  L avmy from the scurce wiiSch is i n  t h e  inside region ir t h e  unprirned 

case.  

g r e a t  d i s t a n c e  from t he  p l ana  in the outs ide  region and tha t ,  t h e r e f o r e ,  t h e  

solution i n  t h e  inside r e g i m  from t h i s  souroe  behaves e x p o n e n t i a l l y w i t h  a n  

For the  primed s o l u t i o n  y e  shall a'ssumc that,  t h e r e  is.some source a t  B 

increasing axponent iul .  In both t h e  primed and unprimed cases 

rinted on DIETZGEN $198M "AGEPROOF" tracing paper , 



re,is no source in the  inside r eg ion  i n  t h e  primed case .  

i n d i c a t e s  t h e  coor.ii,aites used w i l l  show t h a t  Eq.  21 

(29 2 
1) Q(xl,X2) dxl dx 

t u t e  t h e  expres s ion  (23) f o r  &(xl , x2 ) i n  t h e  i n t e g r a l s  on 

t h e n  perform t h e  i n t e g r a l s  on x ,.x2 and t h e n  on 

( t h o  v a l u e  of B c a n c e l s  o u t  o f  both sicles) 
1 

is done we obtt t in:  

(? I - h  -2gi, ) ( 26) 

s t h e  oonnection between t h e  source and ' the.  c o e f f i o i e n t  o f  the 

neu t ron  d e n s i t y a  t g r e a t e r  d i s t a n c e s .  The formula i s  exact .  

a p p l i e d  t o  a s p h e r i c a l  problem i n  which we have t h e  souroe of 

ed a t  a point .  k t  a very l a r g e  d i s t a n c e  r f r o 3  t h i s  source 
- - 

2h2(1 - h2) 
M(R) = os 

I 

J I t  is i n t e r e s t i n g  t o  f i n d  t h n t  it is- comparat ively simpl'e t o  f i n d  

t h e  neu t ron  d e n s i t y  e x a c t l y  a t  t h e  boundary o f  am untamped region.  h'or t h i s  

purpose w e  can a p p l y  our theorem (8) in t h e  form (9) w h i o h  i s  v a l i d  when t h e r e  

i s  a small d i f f e r e n c e  between t h e  prime and unprimed systems. &uppose we have 

a s l a b  of m u l t i p l y i n  medium of very l a r g e  th i ckness ,  2L ( s e e  Fig. 6) . The 
1 

t 
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s o l u t i o n  i n  t h i s  medium for t h e  neutron d e n s i t y  w i l l  be propor t iona l  t o  c o s  kx, 

say k cos  kx. l h e  r e l a t i o n  between k and f I s  given by (16). 

w i t h  our e x t r a p o l a t e d  end p o i n t  formula we know that M must go t o  0 when x i s  

I n  accordance 

equa l  t o  L x t h e r e f o r e :  
0' 

where m i s  some i n t e g e r .  

AL t h e  ha l f  width of  t h e  s l a b ?  If it i s  still t o . b e  c r i t i c a l  t h e  f v a l u e  need 

Now, w h a t  will happen i f  we i n c r e a s e  by a n  amount 

n o t  be as  g r e a t .  Ne shall c a l l  it f - A f .  The new v a l u e  of t h e  wave number k 

which w e ' s h n l l  c a l l  k - Ak m u s t  s a t i s f y :  

(k  - Ak) ( L  +AL+ x0 ) = (n/2)t2 nm 
. ,  . .  

\ . . .  
This imp l i e s  that  Ak/k i s  e q b l  t o  BdL. ' In  t h e  r eg ion  between 

* ', 

x t L t AI, 

changes t o  1 + f + 
and X t  L t h e  va lue  of  I -4- f ,  which i s  0 i n  the  unprimed system, 

A f  i n  t h e  p r h e d . 6 y s t e m i  or by 1 I= f t o  t h e  first o rde r ,  
t 

The neu t rondens i ty  he re  i s  approximately Nb, t h e  v a l u e  a t  t h e  s u r f a c e  for t h e  

unprimed problem. 

Af and t h e  square of t h e  neutron d e n s i t y  (or more a c c u r a t e l y ,  MN'), has a n  

average value of 1/2A 

immediately : 

I n  t h e  region from x =  -L t o  x = L, t h e  change i n  f is j u s t  
i 

2 t o  t h e  f i r s t  o rder  so t h a t  an a p o l i c a t i o n  of Eq. 3 g ives  

AL=(l/2) A2 2L A:' or N 2 z L A 2 k / ( l + f ) l  Cf/dk (30) s -  (1 +f) Ns 

Yfe can compare N t o  Next, t h e  value o f  t h e  neut ron  d e n s i t y  t h a t  
6 

would be a t  t h e  s u r f a c e  i f  t h e  a u p r o x i m t e  s o l u t i o n  A, cos kx w e r e - e x t r a p o l a t e d  

a l l  t h e  way t o  t h e  surJqce. 

f i n a l l y ,  8 s  a n  (exact)  expression f o r  t h e  v a l u e  o f  t h e  neu t ron  d e n s i t y  a t  t h e  

That i s  Next is equal t o  A s i n  kx n?e f i n d ,  
0 
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9 ’ h a  

d i k , i s  a n  abso rb ing  medi 

t h e  method of  d e r i v a t i o n  g iven  her 

ep a source i n  the’ 

similar expres s ion  can  be found; however, 

ourse,  be a l t e r e d .  What one can 

and .use o u r  e x p r e s s i o n  (27) t o  

obtain t h e  s i z e  of t h e  neu t ron  d e n s i t y  a t ’ t h e  edge of t h e  medium. A method 

exautly a d a g o u s  t o  the method we have j u s t  used f o r  t h e  mul t ip ly ing  medium 

o t h e % m u l t i p l y i n g  medium w i t h  t h e  source a t  t h e  c e n t e r .  

This g ives  t h e  r e s u l t  : ,. 
\ 

( 32) 
[l - %  (log) / (1-h2)] / sinh 2 hxou- 

a b s o r p t i o n  or t h e . m u l t i p l i c a  on goes t o  O,N /” 
x ext  

We car1 nuw a p p l y  t h e  theorem t o  a more complicated problem, namely, 

t o  determine the  effect of f i n i t e n e s s  o f  a tamper. ae s h a l l  a p p l y  it i n  t h e  

. c a s e  .of nonabsorbing ( g z  0 )  tamper o f  r ad ius  b. Suppose then  w e  have a s p h e r i c a l  

For t h e  s y s t e a  t o  be c r i t i c a l  a c o r e  of r a d i u s  a and a tamper o f  r a d i u s  b. 

c e r t a i n  f value,  .,say fb , is r e q u i r e d  in t h e  core.  

t h e  r e q u i s i t e  value would be foa 1% 

shall l e t  t h e  primed system i n  (8 )  be 

Were t h e  tamper  i n f i n i t e  

ystem w i t h  , i n f i n i t e  tamper ( s e e  Fij. I 
The u n p r b p d  system will be 

i t e ‘ t a m p e r ,  o r  rather 
Q ‘ b  
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t o t a l  c r o s s  s e c t i o n  i n  core and tamper). 

bo 

( 3 3 )  'SI?,, dVcore=ut [ N, Nb bnr 2 .  dr 

11 now need approximate expres s ions  f o r  N, and Nb* For 

ies a s y m t o t i c a l l y  a s  l/r,, bu t  t h e r e  is a t r a n s i t i o n  e f f e c t  

This  t r a n s i t i o n  effect does n o t  p e n e t r a t e  more t h a n  a f r a c t i o n  he core.  

of a mean'free pa th  i n t o  t h e  tamper. If bo& exoeeds a mean.free path,  then,  

t o  dn e x o e l l e n t  a p p r o x h t i o n  N-varies as  1/; f o r  r > b and we have 

a f m  1% dVcOre ' (3q) 

er of neutrons pener ed i n  t h e  core.  The c o e f f i c i e n t  i n  (34) 

c a n  be found from t h e  I n t e g r a l  theory,  or more simply b y  n a t i n g  that ve ry  far  

out ( l a r g e  r )  t h e  neu t ron  d e n s i t y  varies v e r y  s lowly  i n  a mean free m t h  l/o t' 
Eence, d i f f u s i o n  t h e o r y  

and Since t h i s  f l u x  must j u s t  equa l  s, (3L)  follows. 

6 ,  which s a y s  t h e  flux is (1/3at)- 4nr2 &/dr 

The q u a n t i t y  l$, can  be found approximately i n  t h e  following way. 

A 6  is ' w e l l  ,known, f o r  one v e l o c i t y  s p h e r i o a l  problems w i t h  c o n s t a n t  mean f r ee  

p a t h  everywhere t h e r e  is a c l o s e  r e l a t i o n  t o  a corresponding s l a b  problem. The 

s o l u t i o n  for N f o r  t h e  sphere problem,t imes r, i s  a s o l u t i o n  f o r  t h e  slab. N o w  

If our problem is looked a t  as  a s l a b  problem, we'would imagine a source 3n one 

s i d e  of a f i n i t e  s l a b  of  width b-a, w i t h  a b s o r p t i o n  on t h e  o t h e r  a ide ,  o u t s i d e  b 

If b-a exceeds a mean f r e e  p a t h  o r . s o ,  t h e  s o l u t i o n  o u t s i d e  b will be t h e  aame 

as though t h e  source were much deeper and b-a were n e a r l y  i n f i n i t e .  

blem we have a l r e a d y  considered above, and have c a l l e d  t h e  s o l u t i o n  M(X), so 

This pro- 
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Nb ( r )  ='@i/rl M(r - b) f o r  r > b (35) 

where A i s  a cons tan t .  It may be objected t o  t h i s  procedure t h a t  t h e  oonver- 

re t o  s l ab  is i n v a l i d  whfrn t h e  c o r e  and tamper mean free p a t h  a r e  

s u r e l y  .the shape of t h e '  s o l u t i o n  outside t h e  l a y e r  of tamper of . ,  

t h i c h e s s  of a mean f r e e  p a t h  o r  so i s  n e a r l y  independent of t h e  e x a c t  p r o p e r t i e s  

of t h e  core .  

t e d  e core.  T h i s  must eqm-l t h e  t o t a l  number absorbed o u t s i d e  t h e  tamper, 

so t h a t  we have 

The size,  of course,  depends on t h e  net.number of neu t rons  genera- 

Using (35) t o  e l i m i n a t e  S and the seeond e q u a l i t y  i n  (37) t o  e l i m i n a t e  A, we 
1 -  

This c a n  be s t i l l  f u r t h e r  s i m p l i f i e d ,  by fioting that t hc rnean  of Y f o r  t h e  funo- 

t i o n  M(y) is x (see (12) ) ,  s o  that t h e  ratio o f  i n t e g r u l s  involving hi is 
0 

m:od on DIETZGEN ;fl98M "AGEPRO0F"'tracing paper 

c 



ter  is I-c. 

untamped co re  of' material of f = 0.7 ( l i k e  49) 

c o r e  tamped w i t h  a- non-absorbing tamper o f  equal  mean f r e e  pa th  C i s  -360 

smaller f, (1 i s  l a r g e r  in t h e  untamped case, end t h e  b e t t e r  t h e  tamper t h e  lar- 

zer is  C. Numbers c a n  be ob ta ined  from t h e  t a b l e  f o r  any p a r t i a u l a r  case,  but  

This i s  r a r e l y  less than 1/2 so t h a t  c r a r e l y  exceeds 0.5. For  a n  

For e 

por 

C i s  about  S/4, however. 

n e a r l y  a l l  purposes t h e  expres s ion  can  be r ep laced  by 1, which  makes ( Z 8 )  very 

inuc h s imp1 er . 
Therefore,  9 u r  formula f o r  t h e  e f f e c t  of a f i n i t e  non-absorbing 

tamper i s ;  (no t ing  (15) ) 

( 3 9 )  

From the 6 e r i v a t i o n  it i s  seen  t h a t  (28) is n o t  exac t .  I t  should 

be ve ry  n e a r l y  c o r r e c t  if boa exceeds 

case  where b-e. G 0; our tamper i s  so  " f ig i t e "  i t  is no tamper a t  a3 1. 

course, our formula(?g) cannot be expected t o  be c o r r e c t .  rio-ffev 

l/ot. We have t e s t e d  it on t h e  extreme 

Ti-.en, of 
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Nelson (LA 5?A) f o r  tamped and untamped spheres .  

o a s e s  w i t h  f i n i t e  tampers and these a g r e e - w i t h  (39) as a c c u r a t e l y  as t h e i r  graphs 

(Thef have a l s o  done a few 

TAHLE 111 

Cri t ica l  f C r i t i c a l  f 

. A formula (Eq. 40 below) has been proposed t o  g i v e  t h e  amount of 

. a b s o r p t i o n  (g) in a n  i n f i n i t e  tamper which i s  equ iva len t  t o  having a firxite 

tamper of' r a d i u s  b. 

r N  in t h e  tamper a t  t h e  s u r f a c e  o f  t h e  core equal i n  t h e  two  case6- 

s o l u t i o n s  i n  t h e  tamper a r e  assumed t o  hold up t o  t h e  co re  su r face .  

a b s o r p t i o n  g, t h e  asymptot ic  s o l u t i o n  f o r  rh' v a r i e s  a s  ,Ohm (see (19) f o r  the 

r e l a t i o n  of g and 11.) s o  t h a t  i t s  s lope  t o  value r a t i o  i s  ho . For t h e  f i n i t e  

The a t t e m p t  is made t o  make t h e  s lope-to-value-rat io  of 

Pssymptotic 

Thus, with 

t o  m l u e  r a t i o  a t  r = a i s  *I/(b i- x - a )  S e t t i n g  t h e s e  two q u a n t i t i e s  equal 
0 

ath = l  / (b t x -a) ' 
. o  

. This then g i v e s  t h e  amount of a b s o r p t i o n  ( o r  ra ther  h) an i n f i n i t e  
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should have t o  be e q u a l l y  e f f e c t i v e  in  r e f l e c t i n g  neutrons t o  a t 

w i t h  no-atJsorption b u t  w i t h  a f i n i t e  o u t e r  r a d i u s  b. The formula i s  c o r r e c t  

i n  t h e  limit of d i f fus i<on  theo ry#  Unfortunately,  however, it is not ve ry  aocu- 

p r a o t i c h l  ca ses  and i t s  use is t o  be discouraged. Formula (39) 

should be used i n s t e a d .  
I ,  

. .  

We c a n  d e r i v e  t-he r e l a t i o n  (LO) i n  a 1,ess i n t u i t i v e  wayp which, 

however, w i l l  h e l p  t o  show up i t s  e r r o r s )  For t h i s  purpose, we shall f i n d  t h e  

eque'qt on changing g-from o . t o  g i n  a n  i n f i n i  e tamper (we w i l l  

om f t o  f ) *  If t h e  priroe system i s  for g 0, a n d . t h e  unprimed 

t h a t  fo and No here i s  w h a t  f o6 and N-represents i n  (21) ) our  

, 

0 g 

s us ,  

60 

dVcors 2 ut g [ No Ng 4 n  r2 d r  (4N 

We shal l  h a v e ' t o  use estimates f o r  I?' and N in t h e  tamoer i n  o rde r  t o  rake (kl) 

use fu l .  We shall make t h e  approximation that N N oan be r ep laced  i n  (4) by 

t h e i r  asymptot ic  forms, equa t ivn  (Z4) f o r  No and 

g ' 0  

2 .  0' e, 

f o r  EI This w i l l  t u r n  o u t  n o t  t o  be a p a r t i c u l a r l y  good  approximation. The 
g 

o o n s t a n t  B i n  (&) i s  determined f r o n  t h e  conse rva t ion  of neutrons,  (see 11) 

where E 
g 

and (42) c a n  now 

(43) used t o  determine €3, and t h e  r e s u l t  r ea r r anged  ( j u s t  analogously t o  the 

d e r i v a t i o n  of 39) t o  r e a d :  

is t h e  n e t  number of neutrons generated i n  t h e  oore. These forms (54) 
s u b s t i t u t e d  f o r  No and N i n  (411, t h e  i n t e g r a l  performed 

g 
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The expres s ion  i n  t h e  b r a c k e t  i s  always almost  e x a a t l y  1, and can be fo rgo t t en .  

If the tamper w i t h  a b s o r p t i o n  i s  t o  have the same effect  a s  t h e  

f i n i t e  tarnper, t h e n  they must make equal changes i n  l /f .  This  w i l l  be the c a s e  if 
1 

a 4- l/hot = b f xo (4q) 

which i s  equ iva len t  t o  (40). 

The reason (45) o r  (&) is, n o t  a c o u r a t e  i s  no t  because (39) i s  n o t  

a c c u r a t e ,  b u t  r a t h e r  t ha t  (&) i s  not . .  Table IV g ives  t h e  r e s u l t s  o f  some ~ c a l -  

c u l a t i o n s  made with it, and these r e s u l t s  are compared wi th  t h e  c o r r e c t  resu l t s  

of LA-173. The resu l t  i s  very poor when t h e  tamper mean free p a t h  i s  much 

smaller than that of the  'core. 

TABLE I V  

f t r u e  . .f calc.(W;) 
g = o  g g 

a a  C uC/"t g f 

4.0 2*c 01 .0'80 -112 -115 

1.5 2.0 .1 .bo 487 0471 

k* 0 2.0 . 02 . 0780 096 098 

1.5 2.0 .02 .1+10 044s 0 4 4 2  
2*@ 1.2 01 . 2048 05025 3006 

2.0 1.2 002 - .201;8 - .2-i 3?> r 2749 

1 .o 0.2 . 02 224 .463 . 1.106 

1 .o 0.2 010 ' .224 392 591 

1 *o 0.2 40 ,224 .766 2 703 
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. .  The reason i s  t ha t  i n  deriving, (441 we used f o r  NO and Ng simply 

t h e i r  a s p p t o t i c  v a l u e s  i n  an in tegra l .  which extends r i g h t  up t o  t h e  c o r e  

su r face ,  n e a r  which t h e s e  asymptotic forms a re  known t o  be f a l s e .  This e r r o r  

was. n o t  made i n  d e r i v i n g '  (39) s rice only i n t e g r a l s  beyond 1" b were involved. 

i c i e n t l y  far from t h e  s u r f a c e  r = a ,  t o  permit u se  of ' the  asymp- 

t o t i c  fom. 

%-shall no%r go on t o  d e r i v e  a formula l i k e  (39) f o r  tampers which 

do absorb neu 8 .  This formula w i l l ,  however, no t  be anywhere n e a r l y  as 
* '  

- r e l i a b l e  as  formula (39) ' f o r ,  as we shall see ,  it w i l l  require t h e  i n t e g r a l  

ns  near t h e  s u r f a c e  a f  t h e  c o r e  where they  a r e  no t  accura- 

1 3  assume,a core of r a d i u s  a 

ed t o  make t h e  c o r e  c r i t i c a l  w i l l  be c a l l e d  f The ab- 

and t h e  tamper of  r a d i u s  b. 

b . f  

s o r p t i o n  of t h e  tamper w i l l  be g. We shall compare t h i s  problem t o  a problem 

in which t h e  r a d i u s  o f  t h e  tamper is i n f i n i t e  and f o r  which the va lue  o f  f ,  

which makes' the oore c r i t i c a l ,  i f  f, As we have a l r e a d y  seen, t h e  f i n i t e  

tamper i s  e q u i v a l e n t  t o  a n  i n f i n i t e  tamper if one a r r a n g e s  t h a t  t h e  neutron 

d e n s i t y  goes t o  0 t o  some po in t ,  a d i s t a n c e  xo o u t s i d e  t h e  o u t e r  radiu's  of 

t h e  tamper. The q u a n t i t y ,  x 

\ 

i s  given by equa t ion  (20). or ,  more s inp ly ,  by 
0' 

t h e  approximate expression,  

t o  0 a t  the po in t  r = b 

v e r y  far o*Jt  o h  t h e  tamper and a t  d i s t a n o e  c from t h e  o r i g i n ;  

t h e  tamper, except  v e r y  near  r = a o r  r = b i s  : 

.7l/l-g. This neu t ron  d e n s i t y  can be made t o  go 

+ x i n  a n  i n f i n i t e  tamper  by having a nega t ive  source 
0 

The s o l u t i o n  i n  

The second term i n  t h i s  expres s ion  a r i ses  from t h e  source a t  c and t h e  s t r e n g t h  

o f  t h e  source,  per square cen t ime te r ,  m u s t  b e :  
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. t * I  

in a o o o r b n q e  with Eq. (as)‘. Now, we shall app ly  our  theorem (21) t o  compare 

, which w e  wi.11 call t h e  unprimed problem, t o  t h e  problem o f  a n  

i n f i n i t e  tamper wit no source i n  t h e  tamper f o r  which t h e  s o l u t i o n  is B e  -“*ha 
I .  

In .applying Eq; -(21) we w i l l  assume t h a t  t h e  i n s i d e  -region extends t o  i n f i n i t y  

, t h e  i n t e g r a l s  on the  r i g h t  hand s i d e  of Eq. (21) do not 

on. Using a n o t a t i o n  sinilar t o  that which we a p p l i e d  i n  

tamper was not ti bsorbing, a n  a p p l i c a t i o n  o f  Ep. (21) gives  
). 

t h e  r e su l t  : 

If 

fi 

tute the expres s ion  for S,, whish we obtained above, (k7) we w i l l  
. . .  

2 
1-g) ( h  -g> e-2ffh(btXo) (fb f pb %O dVcors I 142 h ( 1  - hz) A*B (49) 

( 

r e f o r o ,  t o  f i n ?  fb  - f, , we shal l  have t o  have an expres s ion  

for A and B. Pie s h a l l e a t t e m p t  t o  f i nd  B by us ing  t h e  f a c t  that a l l  Df the 

e e u t r o n s  which a re  generated i n  t h e  c o r e  are  absorbed someivhere i n  t h e  tamper 

(see Eq. (11) ) e  

l a r g e  d i s t a n c e s  from the c o r e  we d o  n o t  know t h e  s o l u t i o n  n e a r  t h o  core.  

will make an e r r o r  i n  ou r  a n a l y s i s  which should c e r t a i n l y  be s t u d i e d  f u r t h e r ;  

jlowever, al though we know t h e  s o l u t i o n  i n  t h e  tamper a t  
, I  

This 

b u t  u n t i l  this is done w0 shall use t h e  asymptotic s o l u t i o n  r i g h t  up t o  t h e  

edge of t h e  core.  

(13) 

Therefore,  i f  we s u b s t i t u t e  t h i s  asymptotic so lu t ion -  i n  Eq. 

we w i l l  obtain an expres s ion  f o r  E.  The e q u a t i o c  g i v e s :  

n 
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We shall .cornpute A by a similar procedure. However, i n  t h i s  c a s e  we have a 

souroe i n  t h e  tamper and so shall have t o  s u b t r a c t  t h e  flux from our  n e g a t i v e  

source f rom t h e  t o t a l  number 'of neu t rons  absorbed i n  t h e  tamper. 

, 

This resul ts  

S u b b t i t u t i n g  t h e  expres s ions  f o r  B and A, 'obtained from (SO) and (51) into (49) 

rrtlnging terms some;.rhat. we wi11 i n  f i n a l l y  an  equa t ion  f o r  t h e  

f i n i t e  tamper : 

A s  usual t h e  i n c e g r a l s  of t h e  neu t ron  d e n s i t y  over t h e  c o r e  i n  t h e  b racke t  

conibine t o  form a ratio approximately l , f  o r  p r a c t i c a l  .purposes. 

t h e  oomplioated express im,  depending upon g and h, i n ' t h e  pa ren thes i s  o f  

expres s ion  (521, is equal  t o  1 w i t h i n  10Sas  long a s  g i s  l e s s  than 

Furthermore, 

Since 

t h i s  is usual ly  the case, we can u s u a l l y  use a more simple e x p r e s s i o n :  

estimate 

- I. 

In order t o  improve t h i s  formula it would be necessa ry  t o  make 

of t h e  e f f e c t  D f  t h e  deviat ion 's  of the t r u e  neu t ron  d e n s i t y  from 

(53) 

some 

t h e  

adymptotic expres s ion  near t h e  core su r face .  I n  t h e  case  of a core i n w h i c h  
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t h e  mean f r ee  &pith i s  t h e  same as  i n  t h e  tamper, 

cons ide rab le  i r k o r n a t i o n  about  this d e v i a t i o n  from a d i r e c t  a n a l y s i s  of t h e  

integrt l l  equa t ion  ( s e e  1A 53 ) .  Another method i n  t h i s  ca se ,  t o  o b t a i n  t h e  

r e l a t i o n  between A and $D, is  a method analagous t o  t h e  one b y  which we o b t a i n  

t h i s  r e l a t i o n ,  when t h e  sou rce  was a71 j o c a t e d  a t  a-point (see t h e  deriva- 

tion of equa t ion  (26). When t h e  core  and tamper m a n  f r e e  paths a r e  n o t  equal ,  

t h e  d e v i a t i o n s  between t h e  asymptot ic  and t r u e  s o l u t i o n s  near t h e  core a re  more 

d i f f i c u l t  t o  f i n d ,  and depend ve ry  s t r o n g l y  on t h i s  d i f f e r e n c e  i n  mean f r e e  

p t h .  

much change i n  t h e  value of 

r equ i r ed  t o  compensate a g iven  change i n  t h e  a b s o r p t i o n  

This r e q u i r e s ,  e s s e n t i a l l y ,  t h e  i n t e g r a t i o n  of n2 over t h e  tamper. 

it i s  p o s s i b l e  t o  o b t a i n  

* I  

Some in fo rma t ion  can be obtained i f  a n  a t t empt  is made t o  f i n d  haw 

f i n  t h e  c o r e  of an  i n f i n 1  t y  t m p e d  gadget i s  

g of the tamper. 

3ince t h e  

ohanges i n  f, f o r  g iven  changes in g are know f o r  i n f i n i t e l y  tamped gadgets ,  
2 

t h i s  g ives  a method of  comparing t h e  t r u e  va lue  of t h e  i n t e g r a l  of n w i t h  

t h e  va lue  o f  t h i s  i n t e g r a l  that would be ob ta ined  i n  using the  asymptot ic  

exprsssi 'on f o r  t h e  neu t ron  d e n s i t y ,  

t o  t h e  importance of the dev ia t ions .  I n  a d d i t i o n ,  t h e  va lue  o f  t h e  neutron 

Cens i ty  a t  t h e  s u r f a c e  of t h e  core  a l s o  be found (by v a r i a t k o n  of f w i t h  c o r e  

I n  t h i s  way some i d e a  can  be obtained as 

. .  

r a d i u s ,  AS i n  d e r i v a t i o n  of (i1) ) -  s o  that s t i l l  f u r t h e r  information c a n  be 

ob ta ined  as t o  t h e  dev ia t ions .  

improved fornula has n o t  been c a r r i e d  out. 

The combination o f  t h e s e  f a c t s  t o  g ive  an 

One c a n  t r y  also t o  f i n d  t h e  e x t r a  a b s o r p t i o n  i n  a n  i n f i n i t e  tamper 

which would g ive  t h e  same a b s o r p t i o n  as  a f i n i t e  one. 

from t h e  d e r i v a t i o n  o f  (40) . 
c o n s t a n t  h' f o r  i n f i n i t e  tamper i s  given by 

- a)  

This method is c l e a r  

The r e s u i t  i s  that  t h e  e q u i v a l e n t  a b s o r p t i o n  
\ 

h'= h / t anh  a th  (b-f x 
0 
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This formula is rnuch s impler  than ( 5 3 ) .  

a l  which is more actcurate .  I'oP tampers wi th  ve ry  small a b s o r p t i o n  (53) does 

become t h e  more aocura t e ,  as t h e  descrepenoy terms make l i t t l e  c o n t r i b u t i o n ,  

The e x t r a p o l a t e d  end p o i n t  method has been extended b y  Frankel  and 

A t  p re sen t ,  it i s  n o t  known i n  gener- 

Goldberg La-68 t o  a p p l y  t o  f i n i t e  tampers having t h e  same mean f ree  path as t h e  

core. The following tab le  (due t o  Welton) gives a cornpariaon between t h e i r  

r e su l t s  and t h e  r e s u l t s  obtained by equa t ion  (53). 

a '1.4 mean f ree  paths ,  and t h e  tamper rhdius  b in  mean f ree  p a t h  is 3, 5 o r  00, 

The radius of t h e  core is 

0.0096 / O . O l C o  

0,0729 0,0826 
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