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ABSTRACT

blems in which all-neutrons have thékééma ve]ocityQ' It is app1ied'tq ceter-
‘mine extrapolated epd;poinfs; the géymptotic amplitude~fr5m ahpcint source,

and the neutron density at the éurfacehof;gnmédium, VForﬁulas for the effect

of finite tampers are derived by i§s é1d;;ghd their,d06Ufacy isvdisdussgd.

A theorem'ié,derived‘wbich_ié'qééfu] in_the analysis of_néutron pro;
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A Theorem and its Application to Finite Tampers

The prgblems of the characteristics of systems ig which the Aeutfons
cen be consiaered}to hdvé only one ve]oqity have been ably solved by‘Frankél
and Nelson (LA 53%) fér fhe cg$e-that the ;bre in'témper have the same mean
free path, ap¢ by Serﬁer'and the meﬁbérs of his group (§e§, for example, LA 23L)
for the genefai'céée. It is not the purpoue of thls ‘report to add apporeciably

to whnt is known about these problems. While this work was belng done an inter-

‘esting theorem was found to be extremely useful in bbtaining approximate ex.

pressions fér many of the ?rbperties'éf systemsiwhgre thé>neutrons have only
one velociﬁy. ;In Spitg of fhe fggﬁ thaf,Aat the présent‘time this theorem and
its applications can add very little thaf is new to our kﬁdwledge of these
systems, it was thpughé'fo be worthwhile to describe'fhe‘theorem in a report.

It does permit;,in'mgny cases, a simpler derivation or understanding of some

~ of the properties.: Iﬁ péfticulaf it'permits one to obtain a formu?a with the

effect of a-tamper-éf‘fihité sizes When the tamper is not absorbing this
formula, (EQ. 39) can be expected to be quite accurate. The correspondlng for-
mula for the absorbing t&mper‘unfortunately cannot'be expected to be as accurate
and there is still room for 1mprovement. The first part of the report will
derive the theore;'(Eq. 8) and apply it to various simple problems such as:

The determingtion of the extfapo]ated end point; the value of the meutron deﬁ.

8ity at the edge of a medium; and the determination of the asymptotic solution

far from its séurce in an absorbing medium. In the second nart of the report

the theorem will be applied=to calculate'the effect of a finite tamper.

SuppOSe that at point 1 neutrons are be;ng emitted equally in all

directions. How msny of these wilT there be per unit volume at another point- -

2 which have gotten to 2 without suffering any collisions on the vay? Call
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thxs number (l/v) Q (1
Now suppose we have a crztlca1 svstem and N(1) is the number of
neutrons at the point (1) These suffer collisions, in humber v ,0(1)' N(1),

where o(1) is the total cpl1ision cross section per unit volums at (1) (equals

the number -of nuclei per unit volume times the nuclear cross section of each).

3

Let the average number of neutrons liberated per collision at the point (1) ve
1 * £(1). The quantity f may be negative. In a_ﬁamper for examp] e, where
there is no fissién itiwi]l be negative, and in that case we shall often call
it - g 1If op is the fission cross section, o, the elastic scattering cross
section and o, the 6apture cross section, then if v neutrons result from
fission, the total cross section is

o ='gf~§+ o *o. . , - (1)
and the number of neutrons released is

14+ o= vop o , . : (2)
so that

= [(v - 1) .or’--cr] / ° o Con )

From the (1 4 £(1) ) v o{(1) N(1) neutrons liberated per unit

volume at (1), (1/v) Q(2,2) (0 #£(1) ) v o(1) N(1) will be found per

unite volume at (2). "The total neutron number at (2) is made of contributions

) . Loimn - : . )
from all the collisions occuring volume elements such as (1) so that,

N(e}-s-jq(l,e)_‘(la-f(l)) o'(l) N(l) aVo11 (L)

‘This integral eQuation has a solution if the system is ceritical end it is the

praoertlea of the solxtlon N that we shall discuss by meene of an 1ntereating

o

' :
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'hinges on the faot that Q() 2). 1s a svmmetrlca] Lunction' of 1 and 2._we
Take a smal] vo]ume e]ement at (2) with area dA faclng the ooint 1
and ot depth dx 1n the olrec+1on of the, 11ne betweon 1 and 2.~ The number
of neutrone ‘n the volume at 2 from a unit source at 1 is *hen (I/V) Q(l 2)
dAdx. Sinoe we are concerned with neutrono wh1ch have suffe*ed no 0011181on

they must travel in straight lines- from 1 to 2. lhevf‘raculonof‘-the‘neutrons

is dA/L" r122' where rs. is the dlstance between the poin*s 1 and 2. 'These=

n

spend a time dx/& w1thin the volume sxnce they traverse the volune at ve]ooxty
: : J X
L Hence, only those neutr0us '1n.nUmoer: N . dx/§ ‘which were llberated dur-
-ing & tine interval dx/& ‘can be found in the vo]ume element at all- Hence“

(1/%) Q(l 9) dA dx = LA/L"T vo(d¥/§f N p;;if;'~a5

Where Plé is the probeb111ty of trane«eralng the ]ine between 1 and
2 without suffer;ng a co]liqion. This is equal to Pei’ the probability of
-transnersing +ne ]1ne in.tne op0081te dxrec*xon. Thlsiis oeoause there are
| Just as’ mary nuclei 1n the wav to be av01ded with either d;recflon of trans-
_versa1. The probebl}ity o; successful’ avo;dance of a series of hurd1es (the
. product of tnenprobebiTity of evoidence ofleech) vis independent of_theﬁorder

in whish the_hurd]es,are placed (since a‘product does not depend on the order

v o . . o .
of its factors). Hence o = Py, and therefore, -

Q (1,2 - 9(2,1) o fj T o , | (6)

-which is what we wanted to nro#a.

Furthermore we have seen that Q. (l 2) depends only on the total

- theorem wnlch is a consequence of the fact the N satisfies (h) : xhe theorem =

sha11 interupt our. argument a moment to prove this. ;f*’ : S R

whzoh are aimed to strike the area dA- and hence pass through our volume e]ement

*Gfrcourse Pyp = Ppy = o” FQ’/C‘z)where Z is the length alon(r the line- i\zémxéléto % '
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'c;oss section aé a funotion of p§si£ion and not on the dependence of £ on |
position.l bupoose wé.have two systeﬁs, ;ach with the same fotal cross gectlon
as & funotlon o“ posxtlon, but wlth dlfferent functions for £ say £ and. f'. |

The dzstributlon of neutrons will also be dlfferent._"For the one system N

: satlsfies ( ) . Fo;_thg'other the distributlon N', satiSPies:

The Q function is the same in both equatlons.A If we mu]tiply (b)

-«by”ﬁ' (2)&(1* f'(e) ) 0(2) and 1ntegrate over volume 2 and likewise mu1tip1y
.(h') by N(2) (l 4 f(2) ) 0\2) and integrate, and flﬂaTTy subtract the two

‘.,resultlnz equafions we would flnd

| fml'(_z)' (ar£1(2) ) 'o'('z)_ u(z) dV fN(e) (1 r f(2) ) 0(2) Nt (2) dV

i@ 0T @) 6@ 0, A 1)) o) W) a7 v, -

"-aff M@ (1% 5@ o) 20,2 (A6 ) o) nrﬁ'). Y

'.xniThe two double 1ntegrals on the right side of (7) .are equal. If the variable

11&531 1 and 2. are interchanged in the second doub]e integral it will be the

same as the first .double integral except that Q(l.u) w111 be rep’nced by Q
(2,1)..~But by (6) this-makes‘no:difference,Aso.thb_rlght side of (7) is
zero. The integral on the left side can be’ combined and we find':

fir -ty oNA avel = o e

This is the theorem which we haGoLfoﬁnd<so uséful. e shall restate.
it. We assums neutrons have a single velocity. -G;venltwocaSBémbiieé which

différ on1y'in the value of f~(the,het-ﬁumber'of’neutfons released per colli-

‘sion) as a Cunction_of.position,_bgt whiéh,have the §éme.total sqa&&eriég’crogg;

‘Printed on ‘DIE_TZGEN #.19'BM_"AGEPROOF" tracing paper.
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’ Suppose two different values of f say fl and f

j;"eecinn'eQerywhene} If they are both crltloal 1t would be expected thnt in

o~

: some sense the average f must be the same. The emaot sense is glven in (8)

It says that there is no. difference in the aVerage of T times the- total cross

soc+ion, provided that this average is taken over the who]e system with weight

equal to the product of the neutron distributions.

If the changes in £ are small f - f"' Jf‘say, then N and N’ are

'nearly equa] end we obtain the we]l known perturbation relation :

f‘(’s'f)'Na.--e”?i_f.";é;lv;fiiol..'-* o ».":,'5 RN

’ ~A1thought:his is 8 very useful relation we shou]d ]ike to ooint out that the

orlginel equation (8) for rinite and large changes in f is even more usefui

Innapplying the theorem (% ﬁe sha1] always imaglne that the syseem

is 1nf1nite in extent. If there is a fznxte tamper for examole of radius RT

.\ n/ul

" we can imaVine the tamper 1nfin1te but absorblng evsry neutron thgt suffers

,,,

t[n;a 0011181on beyond the radius RT 1 That is f-— -1 (or g 1) beyond RT

ne shall glve two . slmple examples of how the theorem can be used to-

. derive weTl-known exact results.'_Ihe remalning examples wi11_1nvolve various

'app:oximations.‘

- First suppose we - hnve a core w1th a constant b ins1de, surrounded by
any kind of tamper or tampers with a glven absorbtion functlon g, (—-, £).
> °8R ‘both make the: system

critica], and let N1 and N be the neutron distributions for these two values

of fo Then we can apply (8) ‘with the. unprlmed system belng system 1, and the

primed system being 2 The integrand in the tamper,v&nlshes because even:

* though N and N' may be quite differenﬁ, the f values ere'eeuil_eovfhet £ - f':”O-

In the core the values are different, but are eonstant so (8)'becomes:

(fl - f2) jro,Nl N d Volcore"“:o - e
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lThis is the we11 known orttogonality theorem whioh says that if two values of
f oan make & core critical the neutron densitiee are orthogonal (ie. the -
integral_of.their:product;_ times o_overvtheycore venishes),_ It shows»that;
there oah only be onetvelhe-oflf 'fot;ﬁﬁioh ﬁ‘is"oositite evefywhere,;for Xf‘
there were.tﬁo'éuch Ny Né Wouldfoefooeititefeodithe integro]’in'(9):coﬁld
‘not vanish; | | | R

| | hAs u second example consxder any syatem with f given as a funotion
of p081tion, and call it the unprimed system-( For -the prime systmna ssume the/”
same tota] ceross sectlon everywnere, but just scattering, no absorbtion ;o

1_flsslon. That~1s BalE 0 everywhere. The pr1me system is critica] in the"
sense that if a uniform dlstribution of neutrons (N'— constant) is oresent et -
’tloe zero then at l&ter times distributlon remains, neither rising -nor falling"
in average number (no absorption or. fission) nor chanving from a uniform dis-

trlbution (there is no. flow’ 1f there 1s no gradlent).‘ Putting £1=0 and

N!7= 1 (or nny other constant) into (8) we obtaln.Afe

‘This just'represents the fact that the xotal)number of neutrone
remaioq constant in a critical sjstem. The number of oollisions neutrons
suffer is oN and the net ‘number generated per collis1on 1é f<so that (10)
expresses the fact that the net\number bemb Benerated everywhere 1n the

systemvadds up to zero. If theAsystem consists of & oore w1th;conetant r
and odtahd-an infinite tamper with'ooﬁstant‘abeotptioﬁ g and o, ‘this becomes
o re [verteey [ e TS 0D
. where S is the flux of neutrons thréugh the surface of the core.
We will now apply (3)'to_obtein a solution for the simplest problemy

. E i
QM

ey
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For x >0 tnore is, nothin;.'~ 11  “

 to the lsaft is affec*ed by a medlum to_*f

"~ the right of x =0 with constant o Tf . f. o wFig.'l.

. absorption and again nofhing is returned xo x(Oo It 1s 1magined that there 18 _

:'medlum with no absorntion N can be a straiyht ]ine b-ax or a* (x - x), and -
therefore, in a finite medium excppt near the su"face this nearlv?the case. 1If

fthe surfaoe is at x = o wh&t is x ? Let the unnrimed system be the actual
_ the pr;med bystem have fr= -g' = O evervwhere, and therefore, N = X - X s

a solution. Under tnese 01rcumstances 'f f' for x. < 0 and. the equa on,(8)~

" has no integral ﬁo.thé left . (1t for x. < O) To the right g= -1, gf = o or

.exactly equal deep irside, it wil' recuire the- same f in-the slab tc make the pnxmed

the ext rs.ipof] ated é'nd;-‘o'oint. féé’ o
'Y olane nonabsorbing semi-1nfin1ue
medluma Thus (see Fig. 1) . for x. < o}
there is a medlum w1th constant o

witn no Pission or absorption (f" 0)

neutrxns going beyond x- ' O are-nevefQ'-~f'
returned. Lhis oan be represented ? -

equally well as fhr as tha solution '

\equal to- that on- the 1e“t) but w1th g 1 so that every collislon resu}ts in.

8 source deep 1n the 1nterior (very negative x) and the neutron denslty has
oon@tant gr&dlent (which we. shall take = 1) bherefore, except near the surface

To what point xo wl]) the nautron den51ty extrapo]ate ? In an *nfinlte

O

system deecrlbed above and the sh&pe o" tHe solutlon for x> 0 . is V(x) Let

[¢]

N

g - g'= -1,.and'o is consﬁant 80 we.Fird

7F*bne need not. be concerned That (5) WS ~Herlved assumlng no sources, while we
are now imug1n1ng a source far to the left. of x= o+ “For in this problem 4the source
could be a slab of fissioning material with positive f. Since N and N' are almost

and unprimed systems-critical., ienoe, f.- £1=.0 in the s]ab and therefore. the 1nte-
gral in (8) coming from the source makes no- contribut‘on.A

eataio i T
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."N(Y).~ bvery second vo N(Y) dy

et

-o‘) /(x M(x) dx—.{(;)f ) |
'6r::*'b T . v : o A .
X V.'—'“J;:)M(x)‘ dx /- f .z;(;x) ‘dg R | '.: S (1e)

- That. is, the extrapola‘ced end’ pouu, equa1s the avelrage- depth o" penefmtion of
_' peutrons 1nto the como't ete]y absorbimr tamper with the same mean free. path.. Ny
‘Since tlns exoresses X Aas an av'erage over M(X) ,. éven ax; approximate '
| form i‘of M(X) may giv; & suf““icianth accurate value for X. M(X) is simp]y

9.»

related to the solutxon N(X) for negative X._ Because 1t‘ we know N(X) we can

-veasﬂy find out how many neutrons go into the tamper and where they are absorbad.,

‘For simalicity we’ shal] call Y T ix I‘or negative X, and shall speak simp]y of‘

collisions occur in the range L

vdy and of‘ these 2“ sin ) de/Lrl or.,?:

| 1/2 dp (o8 6) come out at ang]e >

f'e in the range de . The probabi-. 7 ' )’*—-_y——*»—-—X—’-d’x-ﬂ—

‘Vlity that they get to x without co]lision is e 1, where 1’=' (x Ty)/p is the

"’islant distance between x and v. The chance tha.t they are found in the range

dx is equal to the time Spent in slant range, ‘or dx/vi. . All angles from 0
"to 90° (p- i‘rom 0 to 1) are possible, and a1] ran; ze8 ay contrl‘buteq _Henoe,,_the

" total number in_ theixj’ange ax »(which is M(x) dvx), isv gi.ven byr
M(x) ?(1/2){' fo N(Y) aY o‘°(’f;”?./ ¥ 1/ ap (13)

~ We can gelt'._a first appfo‘xin.xgtionrto M(x), say'M (x} by using; for N(y) tho

asymptotic expression X + y.' if we do thia we fmd '

¥ (x) '(1/2)f f o(x *y) dv” -olxt y)/“ (/) e

(1/2)[ (xo+rx/c) OX/“ dp o ,('11«,)”

010

&
-3 |
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From 'whic};‘c;ne' fAinds‘ o _
ﬁ (x)- dx-‘(l/E)ff (x +p/0) e"‘”‘/“ dv*(l/2)f (x ru/O) P-/C) du=

(1/10 X, /01'1/60

-‘v_ ‘

and . - VRS ’ R S
- foo(x) ,'q;!(x/z)[‘ (xgr w/c) -J‘e‘_"cm/i;'L dp = (1/2) f (x +r/0) (pe/ce)du =.
°o e T 7 %ol e o e o ’

1x /6d+ 180

L IP we: use ‘M (x)‘ instead of M(x) in 4(12‘)"wé can obtain en Approiimate expres-

sion for xo.: '

[(1/6) x /o + 1/803) / [(l/h) x /o *1/60]
| m_‘i’gh';has;fc'h; éolutiom |
This differs by-. on]ylal. fraction‘o;‘ a percent f‘rom the true value

| x'°~ :. .710)4/0 whmh is derived in LA-CJ. A (We]ton has computed x by means of

(8) but has used f‘or M(x) the next hlgher approxina.tion obtained by taking into
: account a flrst perturbatlon on N(y) in (]3) « He fxnds_xo_o = .70941;1 this
';"m_nner); R | : : : ‘ : .

Encouraged by this resmt we.can go on to find the ex’cmpo]ated end
point in & multiplying (f > o) or absorbing (£< O) medium._ To make things
def‘inite, suppose we have & multipiying system so that the asvmptotic solution
takes ‘the form h(x)v— sin kc(x --x) » where k- s.nd £ a.re related by the well-

knovmrelation(tan‘k)/k’l/(l"‘f) L : (16)

vAgaiu we use f‘or the prlme system in- (S) one whlch has the region to the right

(x > O) identical to that on the ]eft. We find in this- case.then that

Printed on DIETZGEN #198M “AGEPROOF" tracing poper "
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fp:m ke (x - x) M(x) ax= 0 : (17)
R N ° o : :
_We use for M(x) the expression (13) with N(y)< sin k (x°+ y) for
" the first aoproximatxon. Again the. int&gf&té on y can be performed, the
result for M(x) put -into (16), the 1ntegra]s on X calsulated, and finally the

g 1ntegrat10n can be done. This resu]ts~in,an equation for x which can be

put intb(theifqim:'

L - |
oos (2kox )= , - -1 ‘ o (13)
(1+%%) 1n(1+ &) '

i

For absorbing media (f< o, call g = «-f) the asymtotic sclution in

sin h h (on- x) where

Ctamnih . 1 | ; | -
TR o Tee gy

and x is determined by
i -] ’ .
e
cosh (2*“’ x)= - é‘. g | (20)
(] - h 2 ln(l h)
These formulas for give reaults which agree extremely'well with

R s
the corrﬂct results ob*ulned bX much more dlfficu]t methodé. ~ .They are compared

>

in the ‘Table I below. The reparkable_constancy of x 0(14-f) is reproduced by

our approx1mate formula.

™ From LA - S3%.

G o oma
s e
[ aaa s Al s

=
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: TKBLE 1  Extropolated End Pnints

Mu]tiplying Systemsv, Ce S Absorbing Systems .
' : f;f'- Prom (18) »true;valug.'_"[‘.f S from(l%) true valud
k DU A (lff)x o ,(l#f)ibo i h g ()-g)xoo (l-g)xoo
3.0 1.02 | .7169 R 0.0 |+0000 |.7071 .7104
B.0 8064 - | W21 B IAN 0.2 |.0135 {.707). | 7104
1.0 w2732 | L7030 . - S 07205 - || -0.41.0558(.7072 «7105
.3 1356 .} 7075 . 7106 066 13 {7075 «7108 "
N 1102 L7073 _s7104 0.81.2718 |.7091 1+ 7120
oy . .e0512 © «7071 . W70 0.9 [+3887|.7123 AV
0.0 L L0000 | 7071 T e710L -

. B
,'Many more prOperties of the solutions can be gotten from (8), but

we . snal] obtaln an even w1der olass of rasults from a generallzatzon of (8):
J:ns (f - f') o N 1' dv-+ u/f sn"a S'N) dV

2(m“  4 - m,[ﬁ*fﬁ))Nu%\wr w))wwa JHTQ))MQKHP(U)N(@

| o(l) o(2) Q(1, 2) R o | (21)

. Here we iiﬁaéine firfs‘t _thati\tl_xéx'-e‘ .may“ibme ex‘te.x;h:}i]' 'sou_fcntsa's of neutrons, .'S,‘ i-n the
unprimed probiem and DOSsibly a differéﬂt so&réé S' in the primed prdblem. .

. In addition we have. genera]ized (8) by on]y integrating over a finite volume (called
INS for "Inside™). s & consequence we expect -some. sort of terms 1nvolving the

- neptrﬁn density near the.suriace.> ‘These are glvon by the integral on the right-
harnd side. It is a double irtegral, of one solution on’ the 1ns;de and the other
on the outside (minus vice versa) with the kernel Qel 2) between them. " As ] and

-2 get far apavt the kernel fa}ls off rapldly, and since 1. and 2 are on. opposite
s*des of the surface, the 1ntegra1 on1 .involves knowledge of the solutzons near
the sutface.’ Wé have assumgd 1nv(21);that\the sources S orﬁS' are ?éry fgr from

*Frog LA - 53
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the ‘surface and ihéfooré; do’ﬁét QbééEf’ih(the surface 1ntégr;1§: if:this,
is not the casa, the term (] + f) ‘o N should ‘be replaced by (1 + f) G N t S
and (l'ff ) oN' by (1+ f') oN'+- S' 1n the 1n+egra1 on the rlght hand side of
(21).’ The source terms on the left hand 81de are, in- fact, obtalned from the.
same substitution;, Thls is Hecause, with externa]‘;ources 8, the fund;mental
equation (h) is just a]tered by a replacement of (1+ 1) oN by (li-f) oN 5
in the integral on the rlght ﬁide. Otherwise, (that 1s if S =St= 0) (21)
_can be derlved d1rect1y from (7) imagining the 1ntegra15 on dV2 to be only
over the inside.l *he 1ntegrals on dV1 on. the right of (7) are over inside and
‘also §§er.£he outside. ,The inside ivtegrals eancel since Q- is symmetrlcal and
“.what remains is Just the rlght ‘side of (21).
| ' As 'L first very 51mole examp]e, we can. calcu]ate the.extrapolated
end point for a olane prob?cm agaln. a@ sha’l use’ (21) with the boundary
between insice (]eft) and out51de(right) to be actua1ly the tamper surface.
.The prlme case (see Fig. h) has, gs before the same ‘value, of f‘on both sides,
:and on asymtotic solution say, sin k (x ;x).[ The anprimed Has (1t f£)=0 to
the right; There may be a souroe S deep to the left (for the abserbing case),
:‘+he same in both cases. 51nce N does nct change appreCLably here, the second
L_integral on thelleft of (25 vanishes. The lirst integra] does 11kew1se since
£ = £'. The second term in the integral on the rlght of (21) vanishes also

because (1 T f) = 0 outside 50 (21 is simply,
2

1+ f) jr ‘/‘ | N(xl) Q(xl,x ) sin k(xO - xe)'dxl dx | ‘(22)

It we use the fact that

. 1 X - ; g .
Q (x4, xé)’ 1/2 ‘[ e ¥ S dp/p . - (@3)
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and approx1mate N(xl) ‘oy its asv*ntotlc form we obtaln as a formula f‘or xo‘

~
*

. ‘This is the same 1ntegra1 as was o>tained in é. ]ess direct way by usuxg (3)
and gives on integration, the relatl 28 ut) B g (20 for xo.‘
£ =" f' i Cor= a1

. r'v,.,

i}
o]
oy
n
[

CINSIDE. Y | .- OUTSIDE

" }:v'.'(x); = sin k(x =)

“INSIDE | OUTSIIDE"»'
f::—g ‘_ f: '...g
f —"9 - o 1 f = _.‘9-

—a"h (L +x)

NA

pe o hL

(]/2)[ / » éin k(x -X ) e-xe-x / p sln‘ k( -xe)dxldxedp/pl ('21;)' '
-00 X.= » j‘ s
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leﬁv"c-:'o_}skx 2
N’= cos(k-A k) x

-‘\.

nWe élso use thls Eq. 21 to obtaln a. different kind of informétionxii.‘
”he solufions for one veloclty Droblems;v Supbose we have a homoweneous ;
?;éedium wi£ﬁ‘a coﬁstant ;bsorptlcn g and ﬂonsfant ross-sectlon 6 . If we have"'
; ﬁzlaﬁulanérséurce-emlttlng S neutronu per second thenlwe know that at greater
SRR r
:’f’1d18tances from this source the neutron intensity fa1ls off eXponentla]1y w1th
»’Hdlstance’x:away.ffoﬁ‘tha sourcé, &8s “Ae (see Eq. 19) The problem is ‘to
det erm;ne the marnltude A of” the asymptot;c so]u+ion for a source of s*rength
. S; WB sha]1 usa Eq. 2] in the fo]lowing manner. (See Fige: %) We ‘shall imagine
that the plane whlch separate the 1n51de from the‘goutside".fégion is‘gtla
“distance L-away from.the source wn;ch»is in.£he inéide'regiQn-{nnﬁhé‘gnpriﬁéd
E ca;e;' For the~primeda§olution wevshaii aésum; tﬁa;jfﬁeré;islsdme gaﬁrcelat A
v'gfeat distance Prom the plana in the ﬁutsidevregzon and that therééore, the

'solu+ion in the 1nside region from this source beh&ves exponent;a11\rw1th an

.‘fncreasing exponentlal. In both the Primed‘and unprimed cases - ;—* - —

R

B N
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o thevalue e is the ‘same’ and is the same. in both the inside and nutside’

'.regli,ghs._g ere 1s no source in’ the 1q3lde regzon in the primed case. A
;‘-r’g“laﬁeef‘e' F_Fig. ‘%, wmch indlcates the coordinatee qsed wxl] show tha* Eq. 21 -

,"’:-,'tgives ‘the.’ formula'v? co e e B S ' .
L »v,' e B ‘=-_.'A‘ ] c & ., . - Yy +0hx -ch{l¥ x
S .»_'g‘j-SB "hL" / L } R '-(1'-5);2 [Ae q,h'g'lfx]«)B;c' gAe,‘O rx2) :

S ST TR R0 % TR -0 = Lo L ’

"«“;’Eé"’:“v’”] Qh.@?*#i a"'g O

K "the right 51de oi‘ (2") and then peri‘orm the integrals on x1 . x2' and then on

-1s done we obtain (the vaTue of B cancels out of‘ both sides)

- Which g;ﬁe"s’l‘th'ef.con'heet.'ion between thev:sd‘:ur‘ee“e.nd"fhe' eoef.fioient of the

»\\

”p . When thi'

""exponentiel‘ .’m the neutron dens:ttya 'c greater dlstances. _ Tﬁe "f‘ormule is 'exact.'

B This can als’ v"be applied to 8 Spherlcal prob]em 1n which we have the source of

| : strength g '1oceted at a pomt. At a very 1arge dlsta_nce r from this source

; the neutron denszty is L o - B
. N(R) = o8 * 2 L ——— St
L | (;1. -‘{g)‘(h.,-_g)., bR e

jﬁfﬁ" 3 It is interesting to find that it is comparatively simple to £ind
_ the. neutron density exactly at the boundery of‘ an untamoed region.. l'or this
~ 1-'purpose we can apply our theorem (8) in: the form (9) whloh is valid when there

;'is a. emll dlf‘f‘erence between the prime and unprimed systems. °uppose we have

.. g, S .

- a. sle.b of‘ multip]ying medium of very large thickness, 2L (see F‘ig. 6)« The

foe

‘v'iv_ E

pae
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';solutlon in this medlum for the neutron density'will be prOportional to cos kx,
say A cos kx. lhe relation between k- and £ is given by (16) ] In accorda.nce
with. our extrapolated end” point formula we know that M must go to 0O when x is

L equal to Lt X therefore: B
x (L+x) =(/2)+verm . (28)

where m is some ihtéger. Now,vwhat wi11 happen if we. increase bv an amount
AL the half width of the slab? If it 1s stil'! to, be cntical the £ value need
- not be as great. We shg]i‘qglliit f - Af:" The new value of*the wave number Kk

ﬁhieh Qe‘Shall-cal!:k'fgﬁkﬂmuet satisfy.
(- 80 (ronsn,) = -(n./?-)fe w @

- This 1mp1‘ies that Ak/k i's equal to AL/L. In the region between.
k.: Lt AL _and )’= I. the value of ]‘+ f which is 0 in the unprimed system,
cnanges to 1 * £ + Af in the primed system, or by 1+ f to the first order.
jThe neutrondens‘ty here is approximately Ng »the value at the sgxface for_the-
“unprimed problemw'vln:tye regionAfrom x};_-L to'x:=»L; the change in f 1is Just
Af and the.squarejof_the.neutron'densiﬁﬁ for‘more accorafelf, NN'), has an’
ayerage value of l/éAg to the fi#st ordef so that énetpoliCQtion of ?q;_S gives

immediately:
(1+1) NBZ_A‘L""(V'I/Q) A% - 2L - pr or NS?'=['A2k/_(1+f)] af/ak (30)

ne can compare N to Next, the value of the neutron density that
would be at the surface 1f the aoprox1mate solutlon A cos kx were. extrapolated

all the way to the ‘sur

That is.Next is equa]hto A_ein kxoo We find,
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'edge of 8 bounded multiplyinz medlum, ‘the expre581on. (where we have gotten
df/dk from 16) |
SRR /Next"‘ [(1 * f) / (1+k - 1 / sinok- xg .o a(;;).

If the medium is an absorbing medium a simi]ar eXprGGSIOn can be found however,
‘1'-the method of derivation given here must of course, be a]tered. What one can

Ado iS’keep a source in the materia], at x = O and ‘use our expr3881on (27) to

obta1n~the 51ze of the neutron density at the edge of the medium. A-method~

A exactly analagous to the method we have just used for the multiplying medium

= oan then be applied to the multiplying medium w1th fhe source at the center.

This gives the result 'f-::T :“  .:S.hv‘. :’i£j?:5;;‘v_L.;_,'

[1 <1g>/<1h2>]/ih2 hx S @

In the limit\when the absorption or the multiplication goes to O, N_ /N

| xt
Aapproaohesyli/‘( Q‘xoo) Sqfﬂz X

Pinite “’amaer R

We can ncw eoply the theorem to a more complicated problem, r_w.mely,
”‘tofoefermine the»effect of finlteness of a tamper. Ne shall apply it in the

Y eaee of nonabsorbing‘(g o) temoer of radius b. buppose then we: have a spherical
"core of radius a and 8 tamper of radius b;. For the svstem to be crltica] a

certain f-v&lue,~'say‘fb R is required‘in the core. Were the tamper infinite

| | £=f [g=0 |g=t
! | f=f. | g=0 | g=0
‘shall let the primed system in (8) be o "frf—?‘\*\e\\ﬁThanQP

.thie system with infinite tamper (see fﬁ:{ ?7

~ the requisite value would be f We.

_ Fig.f?) The unprimed system wil] be C ‘Cdre

the syetem with finite tamper, -or rather o
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w1th tampex with oomplete absorption (g 1)‘beyona.b: “pplying (3) we find,

- (with oc and 'ot total cross section in ¢ore and tamper)
KL R L
© (fb-t‘oo )beN dvcore t[’fm Nb . _'l;*nr, dr R (33)

. ’We sha11 ncw neec aporoximate exoressions for N , and N . ?cr
very large‘r, N vveries asymtotically as 1/? but there is a transition effect_u
near the core. This transition effect does not penetrate more than a fraction
of 8’ mean free path into the tamper. If b-a exceeds & -mean free path then,.

to an excellent apprcximation N varies as l/r for r ) b and we have
<o= m%ﬁo(vn P € I

where

-oc f""[ ,core S S '(3‘;)
‘ is the net number of neutrons renerated in the core._ " The coefficient in (3L)

*can be found from the integral theory, or more 31mp1y by noting that very far

"out (large r) the neutron den31ty varies verv slowly in a mean free 8 th 1/5

L 2

t
Hence, difi‘usion theory holds, which says the flux is (1/3%) Ll aN/ ar

1,and since thia flux must just equal S (3&) fcllows.A .

. ”t The quantity Nb can be found approximate]y 1n the following WaY.
'~A8 is we]l known, for one velocity Spherioa] problems with constant mean free
'path everywhere there is a close relation’ to a ccrresponding slab problem. The
' solution Por N for the Sphere problem times r, is a solution for the slabe Now

_ if our, problem is locked at as a slab prob]em, we would imagine & source on one

side of a finite slab of width baa, with absorption on the other gide, out31de'o

If‘bda exceeds a mean free path or_so,'the solution outside b-w111vbe the same
as though the sonrce were much deeper -and b-a were nearly infinite. This pro-

blem we have'alreedyfconeidered above, and have called the solution M(X), &0

)
3 1 BN
. g s
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B T R A
| N ()= M- v) o forrd ol BT

. where Aise constant. It mey oe ob3ec+ed to this orocedure that the conver-
sio.n from Spuere fo slab is invalld when‘the core ‘and tednper mean free path are
unequa-l.'v But surely the shape of the solution outs1de the layer of. tamper of
thiclcness of a mean f'x'ee path or so is nearly independent of the exaot properties
' "Aof the co:;e; 1he size, of course, depends on the net number of neutrons genera-

S ted 1n the core. This must eque.l the total number absorbed outslde the tamper,

so that we have |

2 .
J\Nb(r) hﬂr dtﬁ %y f oore }_"n J A /(y‘t‘b) M(V) dy . _(3’7)
,-where we used expression (’56) and put y r-b in obtaming the last mtegral.

If we substitute (314) and (%6) into (32) we find

o (fb-f )[N'b N dvcore o L(’%Sot/)_m)(]/r) (A/i) »M(‘,rf.'.'b) :"')_mrzd_r, '
=380, A f‘M-(y) dys
. - . - 4‘.’ Vo- V .
'Usi‘ngv_j"{(y-';)f to 'eli%ninate>s a’nd the sgcond 'e'qua].it'y in (37) ’todeliminat;e A, we

find .

- . . o AM(yyay a
‘ . ‘ 3° °tff e [Ndv dev
oc(fb-f@) Nb Nw'dvcore . -'14" . - b core’| e« core’
- .fw+bnnwdy
o .. :
'. This:oan be stil) further simplified; by foting that the mean of Y for the func-

tion M(y) is x, (see (12) '), 'so that the ratio of integrals involving ¥ is

‘ '~~~ju8t1_'1/(x° +tb). Furthermore- jch'ore =LMA3/3 s0 & final r edrrangement gives:

_‘ 3 _ ) y
11 0487 - SN dvcore ‘anévcore g
- ;;.vbfxo o 18y

v . fav ,
core . core : g
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The expfess1on 1n the breeket is very. nearly 1 for practical cases.
If has been calcu]ated (see table)assuming the neutron dens1ty 1s a parabola
g l-c(r/e) in the core, for varlous values of c for Nb and N (which we w111
cal] cb and c ) ' The ratlo of N at the ‘core surface te the value at the cee. '
, ter is_ 1 c.;.lhis is rarel; less. than 1/? so that ¢ rarely exceeds 0.3. For an
, untamped core of material of f=0. 7 (like b9) c is about Z/L, however. For a
core tamped wlth a non—absorbing tamper of equal mean free path C is .36. For 
4‘smaller f, ¢ is larger in the untamped case, and the better the tamper the lar-

ger is .Ca- Numbers‘can:be obtalned from the table for any partlcular‘case, but

for s »

‘TABLE II ~
Cp Cu¥ O /- A_»]/a.__ 3/ o
0 ©1.0000 © ©1.0000  1.0000° - 1.0000 - 1.0000
1/l ©1.0000 9941 . 49858 9732 . 49520
1/2 1.0000° - .9858 . .9662 . 9371 8909
3/L 1.0000 $9732° . W9371. . .8369 . .8105
1.0

©1.0000 . - 9520, ..B8909  .8105 - .7000 -

neariy alllpurposes the expression can be fep]eced by 1, which makes (33) very
much simﬁier.
: Therefore, our, formula for the effect of a finite non-absorblng
tamper is: (noting (lq) )e
. 1/@n -ll/Tb - ocota‘ /‘[bf».7]/o;], f "“'_:: S 9)

¥

From the derivation it is seen that (23) is not exact. It should
be very nearly correct if bea exceeds 1/Bt;‘ We‘have tested ‘it on the extreme
case where b-a = O; our~temper:is se‘vfinite".it is no tamper at all. Tren, of

course, our formula(39) cannot be expected to Ve correct. 'ﬁowevex,_thegxesnlismagﬁ

Printed on DlEi’lGEN F#198Mm ”AGEPROOF" fracing paper -




o _23_ .
’ (Tgb}éflii}fSHowfthétfuetareJhof of?uto‘an extreme degreo. They apply to the
i odséfrcéfé‘o;: and the’ uecessary data comes from +he results of Franke] gnd
B B Nelson (LA R%A) for tamped and untamped Spheres. V(They have a]so done a few
'pkoasos with finite tampers and these agree with (39) as accurately as their graphs

can be read)

i TABLE 111
‘Core . . Critical £  Critical f - No Tamper
Radius Infinite’ Correct - . from Eg. (39)
a. vTamper.Q”.f.{‘rb- IA.%%A _-fb=o f“»l
8 857 299“ L Teas
Slel T eBIT oeB7h 83
1.8 LEaL g0 . sk
2.3

B R S SRR

TrA‘forﬁula (Eq. AO below) has been pr0posed to give the amount of
" absorption (g) in an 1nf1n1te famper which is equiva]ent to hav1ng a finite
tamper of radius be fhe attempt is made to make the s]ope-to-va]ue-ratio of

rN in the tamper at the surface cf the core equa] in the two cases. Assymptotic
solutions in the tamper are assumed to hold up to the core surface. Thus; with
'absorotxon g, the asymptotlc solution for rh varies as é-bcr (See (19) for the
relation of‘g and h.) 80 ‘that - 1ts s]ope to value ratio is ho For the flnite
tamper the "asymptotic" N is a strai?ht line going to zero at the extrapolated
.Pgigt ~r==-b + xo; so that rN ‘is proportlonal to b+ x, u‘ru_. Its slope
_£51§a1u¢ rapio at r = a isfl/(b'+ax6-; g)..fSotting»theso iwd Quantltiés equal
e find' ‘ | ‘ R - o .

.A'Joth..-"-?l /(b-t-xo-a) . . _A : o (L;O)

~ This then gives the amount of absorption (or rather h) an infinite
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el
_tamper should have to be equally effective in reflectinr neutrons to a- tamper
A'with no-absorption but with E:S flnlte outer radius b. The formula is correct

1n the limit of dlffu51on theory, Unfortunately. hcwever;r1t is not very acCu-

H‘rete for many practlca] cases and its use is to be discouraged. Eormdle (329) -

h ‘should be used insteed., ‘: -

- we can derive the relation (LO) 1n a less intuitive way, whlch

’_‘however, wlll he]p to show up its errors, :For this purpose ‘we, shell find the

'change in f consequent on changing g from o, to g in an infinite tamper (we will

sey f changes from f to f ).: If the prlne system is for g =z 0 and the unprimed:

for finite g (so thet f and N here is wnet and N represents in (2]) ) our

A theorem (8):tells us,:'_

- ot'i(:g -fo) N N dvcore - Otrg; ‘£ No Ng‘ hn r dr R : (M)

A

:wa shall have to use estimates for H and N in the tamoer in order to make (L1)
_ g L o
“‘useful. we shall make the approximation that N Né”oan-be~rep1aéed_in'(hl) by

their asymptotic forms equation (3&) for N and
N, = (8/) ewholr =a) 1 (L2)
for Ng.‘,Thivaill turn out not to be a particularly good approximation. The

‘\oonstant_Blin (4L2) is determined from the conservation of neutrons, (see 11)

: o o . - ' .
1 _— .-,Sg_-.._og. f’g ngdvcore" o, & [Ng t).;An,‘-,d‘_’r= Ln eth(ef ]./hot), - (L3)

a
where Sg is the net number of neutrons genereted in the core. ,These forms (3&)

,end (42) can now be substituted for N, and N. in (bl), the integral performed

g
‘ (h3) used to determine B 'and the resu1t rearranged (just ana1ogously to the

derivat1on of %8) to read:
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) S Ii“ln,qevot!a}‘ -: J‘Nb dvcore JJ\N dvcorozg
- TR 4 a t . - LL)
_ ‘ R s ho J‘ NbN o8 core {avcopel_' ( '

' The expr0881on in the bracket 1s a]ways almost exactly 1, and can. be forgottan.

If the tamper wlth absorption is to have the same effect as the

_finite tamper, then they must make equal changes in 1/f. Thls--wi];l be the'vcase ir

é_*il/hot = bﬂ-f}ioli L f" ! ;i SR " (L)

which is equivalent to: (}40)

'I'he reason - (L5) or ()40) is not acourate is not because (29) is not

_accurate, but’ rather that’ (IJL}.) is not.‘ Table v gives ‘the reSu]ts of some cal-»"'

?cu]ations made mth it and these resu]ts are. compared w1th the correct resu)ts A

4of LAp'l’I,B. The result is very poor when the tamper ‘mean f‘ree path is much

'smaller than tha* of the coree

%AELEVIV
‘océ - oé/ot. ‘ g , . fg;-‘ o . 'fg __truAe‘a-;:; ‘:. | .:fg ca]c..‘(h.h)
L+0 2.0 a .0780° .12 o ©aas
1.5 2.0 .1 o .hio - \'.‘Las - SEERRT Y 25
L0 2.0 . ;02‘ s 0780 096 098
1.5 2.0 e 410 ’.;uugz“' 12
2.0 1.2 a }..éoué Coaees L3006
2.0 1.2 o2 2018 Cmes L aslg
1.0 f":‘q.e D A_-' 2l ;.563»E: . rasé
1.0 0.2 a0 en, 92 . .38
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The reason is thet in derlving (hh) we - used for No and Ng SImply
»their asymptotic values in an integre] WhICh extends right up to the core

surface, near which these asymptotic forms are known to be fa]se. This error '

+

was not made in deriving (39) since only 1ntagrals beyond r=b were involved.
This is: sufflcienfly far from the surfaco r .= a, to permit use of the asymp-
totlc form.

wa shall now go on to derlve a Formula ]ike (19) for tampers which

do absorb neutrons.: This formu]a w111 however 'not be anywhere nearly as
. . B -. N
- .rellable as’ formula (39) for,'as we. °ha]) see, it w111 require the integral

H

',over,tamper solutions near the surface of the core where they are not accura-

tely known.- We sha1l assume\a core of radius a and ‘the tamoer of radlus be

a*'The vaioe of f needed to ma ke the core critica] wi]l be ca]led fb.' The abe

sorption of the tamper w11] be’ g.: we shall compare this problem to & problem
.1n which the radlus of ‘the tamper is infinlte and for which the value of f,

'.which makes the oore critica] if fqo . As we have al;eacy seen, the finite
.tamper);s equlvalent to en 1nf1nite‘tamper if one afranges ehat the neutron
deﬁeiﬁyegbes.to:o to soﬁe point a‘disﬁence x, outside ﬁhe oufeg_fadiﬁs of

‘the tarpper. The- quantlty, X is given by eauation (20). or, mox‘e simply, by
the approx1mate expresolon, ."l/i-g. This neutron density can be ﬁedejto go
to 0 at the point r=b + xo in an ipfinite tamper by having e-negatiQeAsounce

very faerut on»the tamper and at distance ¢ from the origins 'The solution in

the tamper, except very near r=a or r =b ie;

(W) o (g Brxg - g

The second term. in this expression'afisee from the source at o and fhe'strength

of the soorce, per square centimeter, must be: - o e
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j;27;”{"“l,q

Lh - 5) Aehc" .7 -2ho (b *xo) O a
(l - ha) S e - . . :

t I in accordance wlth Eq.“(QS}ft Now, we' shall app]y our theorem (21) to compare

'r'thls problem;-which we wi11 ca]l the unorimed problem to the problem of an’

ohR oo
,1nfinite tamper w1th no source in the tamper for which the solution is Be C/R.

v

. In applying Eq (2]) we : w111 assume that the 1n81de region extends to 1nf1nity

‘ and that therefore, the integrals on the right hand side of Eq. (21) do not

tribution.) Using a notation similar to that whioh we apo]led in

JIthe case that ,he tamper was noozibsorblng, an application of Ege (21) gzves
. . j_& . .

the result-”;

(r -1 )f R EL ISR .-»wzcz - (L8

core L T e c

i f'._:If we"‘substitute ‘the expression for sc, which we obta'ned above, (L7) we will

(fb -~ I ) / Nb % € core- 4 thi Ehh";g) -EOh(b*xo)A'B; ('49)

- In order therefore to flnd f Q” ', we shal) have to have an expression

’f‘or A a.nd B. We shell attempt to flnd B by using the fact that all of tne
neutrons which‘are generated in the core are absorbed somewhere in the tamper
«»;(see Eq. (11) ). dowever a]though we know the solution in the tamper at
—large distances from the core we do not know the solution near the core. .This
bwill meke an error in our analysis Wthh should certalnly‘be studied further;
‘ but until this is done we sha]l use the asymptotic so]utlon right ap to the
'edge of the core. fherefore, if we subst1tute this asymptotlc solution in Eq.

b(ll) ~We wi]l obtaln an expression for B. lhe equatlon glves

A g __..I 7 . . ‘Be” hor B.L‘_‘Eot . . h . B
8= f o wa-cho“ " fhlr - dr = R (1taho,)e™ "% (50)
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We -shall ‘conif:ute I by é.ﬂ s'imiler'pro'cedﬁre; .Howevei", in this:case we have a
source. in the te.moer and so sha)} 1ave to subtract the i‘lux I‘rom our negative '

source f‘rom the tota] number oi‘ neutrons absorbed in the te.mper. This _r_esult_s

t

' . n fe] ho -

fin:u :

oubstituting the expressmns for B and A, ootained from (—;O) and (‘31) into (L;9)
- and rearranging terms somewhat we ml} obtain final)y e.n equation for the

) fini te tamper

ST S R (I-g)(he-g) _,2_qtf °c ha't L,
Teo™ ’F__ 6g2 (l-h) (1+aho ) [2h°t(b*‘ N ‘a)., ]——'-—S-T-h—i’i{l
_ R _-Ireho, |

I

le dvcoro fN core‘

“Nb NG dvoore [dvcore o L (52)

. Asfusﬁa‘[ ‘the in'tegre-IS’ of the neutron' de'x'sity' ov'er' fide core‘i'n the. bm_eke‘e_

'“_corrbine to f.‘orm a re.tio approxzmate]y 1 f‘or practlcal purposes. Furthermore,

the. oomplioated expression depending upon g and h .in"the parenthesis of

‘ 'expressicm (52), 1is equal to 1l mthln 109, as long as g is ]ess than «3+  Since

) this is usually the case, we can usua'lly use a more’ simple expressmn

e 'ﬂ e .3 |
R S | (53)
r, Ty o[ ¥ xg - -
R T et [ R ]
o Oemeg e (1*Mmt)

In order to improve this: formula 1t would be necessary to make some

_estlmate of the ef‘i‘ect of‘ the devmtions of the true neutron density £ rom the

asfymptoti_c‘expression near the core surface. In the case of a core‘inwhich
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the mean free oath is the same as in “the tamoer,v i% is possible to obtain

‘con81dereble informatlon about this dev1ation from a. direct analysis of the
_ integra1 equation (see. LA 53 ). Another method in th1s case, to obtain the
irelatlon between ‘A and Sb’ is a method enalagous to. the one. by'which we obtaln
'this relation, when the source. was all located at a po;nt (see the deriva=
'tion of equatzon (26) When the core end tamper mean free pa+hs are not equal,

~ the deviations between the asymptotic and true solutlons near’ the core are more

difficult to find and depend very strongly on this difference in mean free
path. Some informationfoan be .obtained if an attempt is made to'fxnd how
much change in the value of f in the core of an inflnity tamped gedget is

required to compensate a given change in the absorption g . of theotamper.

“This requires, essentially, the integration of n2 over the tanper;» 5ince the

_'changes in f for glven chanzes in g are know for inflnite]y tamped gedgets

2
this gives a method of comparing the true value of the integral of n with

the value of this 1ntegra1 that would be obtained in usinv the aSymptotic

'expression for ehe neutron den51ty, In this way some 1dee can be obtained as

to the importencevof the deviations. In addltlon, the value of  the neutron

‘density at the'sUrfaee of the core also be found (by variation of f with core

~ radius, as in derivation of (31) )” so that still further information can be

obtained as to the deviations. The combination of these facts to give an
improveddformula has rot been eefried out.
One can try also to find the extra absorption in an.infinite ﬁemper

which would give‘the same absorption as a finite one. This method is clear

‘from the derivation of (hD). The result is that the equlvalent aosorption

\

.constant h* for 1nf1n1te tamper is given by

“h'zh / tanh‘ o.h (bt x, - a)
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This formula is much simpler than (53) . At.present, it,is*ndt known in gener-
al which is more. accurate.' I’of~ tampers with very small absorption (53) doas
become the more aocurate, as the descrepency terms make ‘1little contribution.

The extrapolated end poxnt method has been extended by Frankel and

Goldberg LA-258 to apply to finite tampera hmvxng the same mean free path as the

"core. The following table (due to Welton) gives a comparlson between their

fesults and the results.obtained by equation (53) .. The'radlus of the core is

a l.h mean free. paths, and the tamper radius b in mean free path is 3, 5 or 09,

HECH - 2o5E E AECH- 205
o (m-esa“j "~ This Report | Cm-z«;e) {This Report
g | b . Ty ST 11
& L TR | U
0.0 ] ;"_i-'{‘f‘iQ-..B,B@-   S i
00 |  ouoss odiosh | 0887 o.s015
V'o'.‘d I ““o.-.'{lﬁ;és 0.ls52 'o#ﬁ@ﬁ' ; o 077114
o . olTs | |
0.1 ogs ) odres | 0.0096 oo
0.1 o.h9h$' | . 0.l968 »‘o"'.—o'729 1 0.0826
0.2 0.5191°
- 0.2 0.519L - 0.5196 0.0011  -§-0.0019
0.2 0.5255 . 0.0235 0.527L | 0.0303
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