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PAULI PRINCIPLE AND PION SCATTERING 

by 

H. A.  Bethe 

ABSTRACT 

It is pointed out that if the Pauli principle is taken into 
account in the discussion of pion scattering by complex nuclei (as 
it ought, of course, to be) some rather implausible consequences of 
some earlier treatments of this problem can be avoided. 

The scattering of pions by complex nuclei is 

commonly treated by the Kisslinger potential. In 

momentum space, this has the form 

+ +  + +  
( k ' l V l k ) =  ao(w) + a,(w) k * k' , (1) 

where k, k' are the initial and final momenta of 
the pion inside the nucleus, w is the energy of the 

pion, and aOal are the s- and p-state n-nucleon 
scattering amplitudes. The form (1) is very natu- 

ral; in particular, the second term reflects the p- 

wave character. As is well known, in the energy 

range from about 50 to 400 MeV the p-wave scatter- 
ing dominates. The m o m e n t u m  space amplitude is 
then translated into a potential in coordinate 

space, and the SchrEdinger equation is solved in 

this potential. 

Auerbach, Fleming, and Sternheim, among 

others, have used the Kisslinger potential to cal- 

culate the scattering of IT 

nuclei, and found good agreement with experiment. 

+ and n- by various 

They introduce the 

b =  0 

b =  1 

new amplitudes 

where ko is the pion momentum in vacuum and ET = w ,  

its energy. They discuss how bo and bl can be cal- 

culated from pion-nucleon phase shifts. In this 

calculation, they take into account the difference 

between laboratory and center-of-mass momentum for 

nN scattering. 

and b do not depend strongly on w, at least as 

long as En is well below the nN resonance (180 MeV). 
For b this is very plausible because the main 

momentum dependence of the p-wave amplitude is con- 

tained in the factor k * k' in (1); for b it fol- 

lows from the fact that a. is essentially zero for 

Fortunately, the real parts of bo 

1 

1 

+ +  
0 

Po = 0. 

The theoretical values of bo, bl, i.e., those 

derived from nN scattering, are at 80 MeV 

bo = -0 .75 + 0.34 i F 3  , 

bl = 6 . 5  + 1.8 i F3 . ( 3 )  

The positive sign in the real part of b l  signifies 

attraction, the negative bo repulsion. The dimen- 

sion is fermi3 .for both amplitudes. * 
If we apply the "Schrodinger" equation of 

Auerbach et al. to a region of constant nuclear 

density3 p, we obtain 

where is the pion 

tum in free space. 

the nuclear medium, 

wave function, and po its momen- 

Introducing the momentum k in 

we have 

1 
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(5)  
2 2 + bop k = k  ~ 

0 1 .- b l p  

Th i s  has  t h e  most p e c u l i a r  p rope r ty ,  

many p rev ious  a u t h o r s ,  t h a t  t h e  r e a l  

observed by 

par t  of t h e  

denominator can change s ign .  That i s ,  i f  we t a k e  

f o r  b t h e  t h e o r e t i c a l  va lue  ( 3 ) ,  t hen  1 

-+ 
where 0 is  t h e  nucleon s p i n ,  f t h e  coupl ing  con- 

s t a n t ,  and p t h e  p ion  mass. S c a t t e r i n g  occur s  be- 

cause  Hi acts tw ice ,  y i e l d i n g  t h e  form of t h e  second 

t e r m  i n  ( 1 ) .  I n  p a r t i c u l a r ,  i f  we 

wave s c a t t e r i n g  of TI by a p ro ton ,  + 
from momentum k t o  c ' ,  i t  proceeds 

Re(1 - blp)  < 0 i f  p > 0.16 F-3 . (6) 

P + N + TI+($') , 
Now t h e  d e n s i t y  of nuc lea r  matter is  g e n e r a l l y  t aken  

t o  b e  0 .17  F-3, so t h e  denominator i s  indeed nega- 

t i v e .  

small, E q .  ( 3 ) .  

The numerator i s  c l o s e  t o  1 because  bo i s  

1 A complete c a t a s t r o p h e  is  avoided because  b 

has  a l s o  an  imaginary p a r t .  Using t h e  v a l u e s  g iven  

i n  (3) ,  and p = 1/6 .5 ,  w e  f i n d  

(7) 
k 2 2  = ~ ~ ( 3 . 2  i - 0.19) . 

Thus t h e  i n s i d e  momentum i s  ( a )  very  l a r g e ,  and (b) 

s t r o n g l y  complex; i . e . ,  f o r  80-MeV k i n e t i c  energy ,  

k =S 1 .1 (1  + i)F-'. 

t h e  d e n s i t y  of p ions ,  1 + 1 2 ,  would be  a t t e n u a t e d  by 

a f a c t o r  e i n  a d i s t a n c e  of less than  h a l f  a f e rmi ,  

a most u n l i k e l y  r e s u l t .  A p h y s i c a l  consequence of  

t h i s  r a p i d  a t t e n u a t i o n  i s  a ve ry  l a r g e  p r o b a b i l i t y  

of one-nucleon cap tu re  of t h e  p ion ,  

When going  i n t o  t h e  nuc leus ,  

N + n  -+ N ' + y ,  (8) 

where t h e  charge  of N '  d i f f e r s  from t h a t  of t h e  

o r i g i n a l  nucleon N by t h a t  of t h e  IT. 

c a p t u r e  is  c o n t r a r y  t o  obse rva t ion .  Some n u c l e i  ' 

have d e n s i t i e s  p > 0.16 nea r  t h e  c e n t e r ;  e .g . ,  

Auerbach et  a1.' u se  p = 0.24 F-3 a t  t h e  c e n t e r  

of C . Then t h e  p e c u l i a r  behav io r  ( 7 )  occu r s  

some d i s t a n c e  from t h e  c e n t e r ,  and nea r  t h e  c e n t e r  

k i s  pu re ly  imaginary.  

Th i s  l a r g e  

12 

Th i s  n o t e  i s  t o  p o i n t  o u t  t h a t  t h i s  p e c u l i a r  

behavior  can be  avoided i f  t h e  P a u l i  p r i n c i p l e  i s  

t aken  i n t o  account i n  t h e  p ion  s c a t t e r i n g .  I n  

f a c t ,  t h i s  should of course  be  done anyway, regard-  

less of t h e  p e c u l i a r  behavior  d i scussed .  A s  f a r  

as I know, t h e  P a u l i  p r i n c i p l e  has  n o t  been p r e v i -  

ous ly  cons idered  i n  t h i s  problem, excep t  i n  some 

minor way. 

The fundamental  i n t e r a c t i o n  of a p seudosca la r  

p ion  wi th  a nucleon  i s  

N + TI+(;) + P . 

I f  t h e  i n i t i a l  p ro ton  has  momentum 

t e r m e d i a t e - s t a t e  neu t ron  has  

and t h e  f i n a l  p ro ton  momentum is  

cons ide r  t h e  p- 

t h e  p ion  going 

i n  two s t a g e s ,  

(10) 

-+ 
pi, t hen  t h e  in-  

Now i n  nuc lea r  m a t t e r ,  t h e  i n t e r m e d i a t e  neu t ron  

s t a t e  pN may a l r e a d y  b e  occupied ,  and then  t h e  s c a t -  

t e r i n g  cannot  t a k e  p l a c e .  L ikewise ,  i f  t h e  f i n a l  

p ro ton  s ta te  pf i s  occupied ,  t h e  s c a t t e r i n g  i s  f o r -  

b idden .  These e f f e c t s  of t h e  P a u l i  p r i n c i p l e  should  

b e  t aken  i n t o  account .  

+ 

-+ 

The e f f e c t  of t h e  P a u l i  p r i n c i p l e  i n  an i n t e r -  

media te  s t a t e  may be  un fami l i a r .  However, a s imple  

example i s  t h e  s c a t t e r i n g  of l i g h t  from an  atom 

wi th  s e v e r a l  s h e l l s  occupied .  I n  t h e  hydrogen atom, 

t h e r e  i s  a n  a b s o r p t i o n  l i n e  from t h e  I s  t o  t h e  2p 

s t a t e ,  and i n  t h e  neighborhood of t h i s  l i n e ,  t heo ry  

p r e d i c t s  enhanced l i g h t  s c a t t e r i n g  (anomalous d i s -  

p e r s i o n ) .  

are f u l l y  occupied ,  t h e r e  i s  no a b s o r p t i o n  l i n e  

1s + 2p, and t h e r e f o r e  a l s o  no enhanced l i g h t  scat- 

t e r i n g  i n  t h e  neighborhood of t h e  l i n e .  Thus i n  

l i g h t  s c a t t e r i n g ,  which is  a two-stage p rocess  j u s t  

l i k e  p ion  s c a t t e r i n g ,  t h e  p rocess  i s  fo rb idden  i f  

t h e  i n t e r m e d i a t e  s t a t e  2p i s  occupied. 

I n  an  atom i n  which bo th  1s and 2p s h e l l s  

4 

The e f f e c t  of t h e  P a u l i  p r i n c i p l e  on foward 

s c a t t e r i n g  i s  easy  t o  c a l c u l a t e .  L e t  u s  assume 

t h a t  neu t rons  and p ro tons  have t h e  same Fermi mo- 

mentum pF. 
+ +  

Then, s i n c e  k '  = k ,  w e  must have 

(11) 

C 



Thus p. must be  i n s i d e  a sphe re  around t h e  o r i g i n  

of r a d i u s  pF, bu t  o u t s i d e  a sphe re  of t h e  same 

r a d i u s  cen te red  a t  +k. The volume con ta ined  be- 

tween those  two sphe res  can b e  c a l c u l a t e d  geometri-  

c a l l y ;  i t s  r a t i o  t o  ( 4 ~ r / 3 ) p  g ives  t h e  f r a c t i o n  of 

t h e  p ro tons  which can c o n t r i b u t e  t o  forward s c a t t e r -  

i ng .  Th i s  r a t i o  i s  

-+ 

3 .  
F 

For k > 2pF, w e  have F = 1, i . e .  no P a u l i  e f f e c t .  

For k << pF, however, 

I n  n u c l e a r  matter, pF = 1.35 F - l ,  whereas an  80-MeV 

p ion  i n  f r e e  space  h a s  t h e  momentum ko =: 0.85 F- ; 

i n  t h i s  c a s e ,  

1 

F = 0.456 . 

So t h e  e f f e c t  i s  l a r g e .  Even f o r  k = p17, 

Th i s  k ,  f o r  a f r ee - space  meson, cor responds  t o  a 

k i n e t i c  energy  of 165 MeV. 

The ampl i tude  b l  i n  (4) must now be  m u l t i p l i e d  

by F. Th i s  w i l l  remove t h e  p o s s i b i l i t y  of a s i g n  

change of t h e  denominator i n  ( 5 ) ,  a t  least i f  p is  
t h e  n u c l e a r - m t t e r  d e n s i t y  and t h e  meson momentum 

k i s  n o t  t oo  l a r g e .  The i n t e r n a l  meson momentum k 

is  t h e r e f o r e  now much c l o s e r  t o  t h e  e x t e r n a l  momen- 

tum ko,  For l a r g e r  ko,  t h e  meson energy  w i l l  come 

c l o s e  t o  t h e  resonance ;  t hen  t h e  imaginary p a r t  of 

b 1 

ko. 
a f t e r  ( 7 )  are e l imina ted .  

becomes l a r g e  and Ikl i s  s t i l l  n o t  ve ry  f a r  from 

I n  t h i s  way, t h e  p e c u l i a r  phenomena d i scussed  

I n e l a s t i c  s c a t t e r i n g  invo lves  t h e  permanent 

removal of a nuc leon  from t h e  normally occupied 

s h e l l s  ( i f  w e  d i s r e g a r d  e x c i t a t i o n  of c o l l e c t i v e  

mot ions) .  With t h i s  l a t t e r  r e s t r i c t i o n ,  i n e l a s t i c  

s c a t t e r i n g  through sma l l  a n g l e s  i s  s t r o n g l y  impeded 

because  q i n  ( lob )  i s  small. The u s e  of q is  most 

a p p r o p r i a t e  f o r  q u a s i - e l a s t i c  s c a t t e r i n g ,  which 

looks  l i k e  s c a t t e r i n g  of t h e  p ion  from a f r e e  

nucleon. Th i s  e f f e c t  of t h e  P a u l i  p r i n c i p l e  on 

+ + 

t h e  i n e l a s t i c  s c a t t e r i n g  i s  f a m i l i a r .  O f  cou r se ,  

even a t  t h e  l a r g e  a n g l e s  where ( lob )  does  n o t  re- 

s t r i c t  i n e l a s t i c  s c a t t e r i n g  much, i t s  ampl i tude  i s  

s t i l l  d iminished  by t h e  P a u l i  e f f e c t  i n  t h e  i n t e r -  

media te  s t a t e ,  ( l o a ) .  Th i s  could  b e  c a l c u l a t e d  

s i m i l a r l y  t o  (12) bu t  i s  somewhat more compl ica ted .  

Thus we expec t  t h e  c r o s s  s e c t i o n  f o r  i n e l a s t i c  

s c a t t e r i n g  a t  moderate p ion  energy  (<200 MeV, s ay )  

t o  b e  cons ide rab ly  reduced compared wi th  t h e  

K i s s l i n g e r  t heo ry ,  and t h e  I m  bl  t o  be  reduced l i k e -  

wise. 

Because i n e l a s t i c  s c a t t e r i n g  i s  reduced, t h e  

resonance  w i l l  be  s h i f t e d .  For a q u a n t i t a t i v e  theo- 

r y  i t  would b e  b e s t  t o  r e p e a t  t h e  Chew-Low ca lcu la -  

t i o n  i n  nuc lea r  m a t t e r  of v a r i o u s  d e n s i t i e s ,  t a k i n g  

t h e  P a u l i  p r i n c i p l e  i n t o  account .  

I n  a f i n i t e  nuc leus ,  t h e  ampl i tude  of t h e  fo r -  
+ ward p~ s c a t t e r i n g  should  be  reduced by an amount 

p r o p o r t i o n a l  t o  5 

where n and p l a b e l  t h e  neut ron  and p ro ton  s h e l l  

model s ta tes ,  and t h e  sums a r e  over a l l  occupied 

s t a t e s ;  k is  aga in  t h e  meson momentum. Equat ion  

(13) may b e  r e w r i t t e n  

-+ 

where p , p a r e  t h e  mixed d e n s i t i e s  of neu t rons  

and p r o t o n s ,  r e s p e c t i v e l y .  Negele and Vauther in  

have r e c e n t l y  g iven  convenient  expres s ions  f o r  

t h e s e  mixed d e n s i t i e s  i n  terms of ( r  - r '  1 ,  t h e  

o r d i n a r y  d e n s i t y  a t  t h e  midpoin t  $ ( r  + r ' ) ,  and 

o t h e r  q u a n t i t i e s  d e s c r i b i n g  t h e  l o c a l  s t a t e  of 

nuc lea r  matter. I t  should  t h e r e f o r e  b e  p o s s i b l e  t o  

expres s  t h e  P a u l i  e f f e c t  i n  terms of l o c a l  param- 

e t e r s  i n  t h e  nuc leus .  

6 n p  

+ +  
+ +  

A d i s t u r b i n g  f e a t u r e  of our P a u l i  e f f e c t  i s  

t h a t  i t  w i l l  change t h e  parameters  i n  t h e  K i s s l i n g e r  

t heo ry  q u i t e  s i g n i f i c a n t l y ,  

ob ta ined  good agreement w i t h  exper iment ,  u s ing  t h e  

2 But Auerbach e t  a l .  
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