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ABSTRACT

Asymptotically free gauge theories of the strong interactions
are constructed and analyzed. The reasons for doing this are
recounted, including a review of renormalization group techniques
and their application to scaling phenomena. The renormalization
group equations are derived for Yang-Mills theories. The para-
meters that enter into the equations are calculated to lowest
order and it is shown that these theories are asymptotically free.
More specifically the effective coupling constant, which determines
the ultraviolet behavior of the theory, vanishes for large space-
like momenta., Fermions are incorporated and the construction of
realistic models is discussed. We propose that the strong inter-
actions be mediated by a "color" gauge group which commutes with
SU(3)xSU(3). The problem of symmetry breaking is discussed. It
appears likely that this would have a dynamical origin. It is
suggested that the gauge symmetry might not be broken, and that
the severe infrared singularities prevent the occurrence of
non-color singlet physical states. The deep inelastic structure
functions, as well as the electron position total annihilation
cross section are analyzed. Scaling obtains up to calculable
logarithmic corrections, and the naive lightcone or parton model
results follow. The problems of incorporating scalar mesons and
breaking the symmetry by the Higgs mechanism are explained in

detail,



I. INTRODUCTION

In recent years the renormalization group has played an
increasingly important role in the study of the asymptotic
behavior of renormalizable field theories. This approach has
acquired new importance due to the recent discovery that non-

(1.2,3) In this

abelian gauge theories are asymptotically free.
paper we shall amplify and extend the results reported in
Reference 1.

The renormalization group dates from the fundamental

work of Gell-Mann and Low(4)

» who studied the asymptotic behavior

of the photon propagator in quantum electrodynamics., The remarkable
discovery of Gell-Mann and Low was that the asymptotic form

of the photon propagator was determined by the zeroes of a certain,
calculable, function of the coupling constant and not by the

actual value of the charge. The renormalization group eqguations
were extended by Bogolubov and Shirkov to the vertex function(S)

and employed to analyze the ultraviolet and infrared behavior

(6,7) (For

of quantum electrodynamics and other field theories.
a review of this work see Reference 8).

The basic idea underlying the renormalization group eqguations
is very simple. A renormalizable field theory contains two types
of parameters--masses or coupling constants with positive dimen-
sions of mass (i.e. due to Myy or A¢3 terms in the Lagrangian)
and dimensionless coupling constants (i.e. due to A¢4 or ﬁluwAu
terms in the Lagrangian). Coupling constants with negative
dimensions of mass give non-renormalizable theories. If one

considers a Green's function for large and spacelike momenta

(so as to exclude any lLandau singularities), then one would



expect that the generalized mass terms in the Lagrangian (Myy or k¢3)
could be neglected. In other words the leading asymptotic behavior
of the Green's functions should be the same as would be calculated
in a massless theory. This can be proved, to any finite order

in perturbation theory, by using Weinberg's theorem.(g). The
massless theory contains no dimensional parameters to set the

scale of momenta, therefore one might expect that the asymptotic
behavior of the amplitudes would be determined by pure dimensionsal
analysis. This is called naive or cannonical scaling. It does
not occur in practice, since the massless theory does contain

a hidden dimensionful parameter. This parameter, p, must be
introduced in order toc perform the subtractions necessary to
renormalize the theory and render it finite. Due to infrared
singularities these subtractions, for the massless theory, must
be performed off-shell, say at some space-like momenta p2 = = u2.
The subtractions then define the physical coupling constants and
the scale of the fields (which are determined by the wave function
renormalization constants). The subtraction point, u, is arbitrary.
If we change the subtraction point the net effect is to change

the value of the coupling constants and the scale of the fields.
This fact is expressed by the renormalization group equations.

A change in the subtraction point, u, is eguivalent to a
change in the scale of all momenta since p is the sole parameter
that fixes the momentum scale. Therefore one can use the renor-
malization group to relate Green's functions for one set of
momenta and coupling constant to Green's function for a scaled

set of momenta and different values of the coupling constants.



To do this one only needs to know the functions which determine
the change in coupling constant and scale of fields due to
a change in p., In particular the asymptotic form of the ampli-
tudes (for large space-like momenta) can be related to amplitudes
at some fixed momenta and an effective coupling constant (which
would be determined by performing the subtractions at asymptotic
values of the momenta). The asymptotic value of this effective
coupling constant will determine the ultraviolet behavior of
the theory. It is given by the zerces of a calculable function,
which are called fixed points of the renormalization group.

For about ten years there was little interest in the

renormalization group.(lo)

This was probably due to the following
reasons. First the renormalization group provided information
about Green's functions for large space~like momenta, which are

of no direct physical interest. This approach is much less
informative about Minkowski momenta and on-shell amplitudes -
since we lack an extension to this region of Weinberg's powerful

(9)

theorem, Second it was soon discovered, in all the cases
investigated at the time, that the ultraviolet behavior
was not calculable using perturbation theory. Thus it appeared
that the renormalization group provided a framework in which
one could discuss, but not calculate, the asymptotic behavior
of amplitudes in a physically uninteresting region.

This situation has changed in the last few years due to the
following developments. First there was an increased interest

in the matrix elements of local currents at short distances(ll)



(or their Fourier transforms for large space-like momenta).
This interest was further increased by the advent of new
experiments on deep-inelastic lepton~hadron scattering at
SLAC, and by Bjorken's prediction and the experimental

(12)

indications of scaling The theoretical framework for the

discussion of products of currents at short distances was
provided by Wilson's operator product expansion(l3). Although
Wilson had emphasized that, in general, one does not expect naive
scaling the experimental indications of Bjorken scaling moti-
vated the development of phenomenological scaling models. One
approach was to abstract from free field theory, or interacting
field theories with an ultraviolet cutoff, the short distance

(14)

structure of current products rthe other was to hypothesize

the existence of point-like constituents of hadrons (partons).(ls)
Assuming a quark field theoretic model, or that the partons had
the quantum numbers of quarks many relations and sum rules were
derived. At present the experimental data is consistent with
spin-one-half(l6) quark-~like constituents. All attempts to
provide dynamical explanations for these models were unsuccessful.
Meanwhile significant developments of the renormalization
group techniques were made. The equations that determine the
change in momentum scale of massive field theories were derived

(17) and Symansik.(ls) These equations, for large

by Callan
space-like momenta, reduce to the differential form of the
renormalization group equations already derived by Orsiannikov

(19) In addition it was

in a little noticed paper in 1956.
realized that the renormalization group approach is the key

to asymptotic behavior of the coefficient functions in Wilson's



operator-product expansion, and thus the related behavior of elec-

troproduction structure functions in the Bjorken region.(20’21'22'23)
In particular it was realized that Bjorken scaling could be

understood within the framework of the renormalization group

if there was an ultraviolet (UV) stable fixed point of the

renormalization group. At the fixed point, however, the anomalous

dimensions of the relevant operators in Wilson's expansion would

all have to vanish. All the indications are that this can only occur

if the value of the fixed point of the renormalization group is

(24,25)

zZero. This has recently been proved in a large class of

field theories. (26)

In such a theory the effective coupling
constant vanishes for large space-like momenta and we describe

this phenomena by saying that the theory is asvmptotically free.

An asymptotically free theory will exhibit Bjorken scaling

(up to, perhaps, logarithmic corrections) and in addition will

lead to all the naive lightcone or parton model results.(zs)
The possibility that a given field theory is asymptotically

free is easily explored by simple perturbation theory calculations.

Quantum electrodynamics was known, from the original work of

Gell-Mann and Low, not to be asymptotically free. A. Zee

extended this result to scalar-fermion theories involving one

(27)

coupling constant. Recently S. Coleman and one of us

(D.J.G.) have proved that no theory which does not involve

non-abelian gauge mesons can be asymptotically free.(zs)

Together with the recent discovery that non-abelian gauge

(1,2,3)

theories are asymptotically free these developments



provide a compelling case for a non-abelian gauge theory of the
strong interactions. Indeed if one accepts the renormalization
group approach and the experimental reality of Bjorken scaling
as an asymptotic phenomena then there is, prokably, no other

choice.(zg)

This possibility is explored in the following.

In Section II we shall outline the derivation of the
rencormalization group equations for pure Yang-Mills theories
(which involve only gauge fields). These equations are discussed
in greater detail in Appendix I. We also discuss the notion
of the effective coupling constant and exhibit the solution of
the renormalization group equations.

In Section III we calculate the renormalization group
parameters for pure Yang-Mills theories.

In Section IV we inccorporate fermions into the gauge
theories, without destroying their asymptotic freedom. The
large momentum behavior of the effective coupling constant and
Green's functions is derived.

In Section V the construction of realistic physical models
of the strong interactions is discussed. We analyze the structure
functions of deep inelastic scattering and the total electron-
positron anrnihilation cross-section in these models. These
applications will be explored further in a forth-coming publi-

cation.(30)

The major problem remaining in these gauge theories
is how to break the gauge symmetry and provide masses for the
vector mesons. Various dynamical possibilities are discussed

in Section V.



In Section VI we incorporate scalar mesons into asymptotically
free gauge theories. The difficulties encountered in achieving
this are described, and the failure to construct models in which
the Higgs mechanism generates masses for all the vector mesons
is explained.

Section VII contains some concluding remarks.



ITI. THE RENORMALIZATION GROUP EQUATIONS
FOR YANG-MILLS THEORIES
In this section we shall derive the renormalization group
equations for a pure Yang-Mills theory. The only restriction
on the form of the theory will be the requirement that the gauge
group be non-abelian and semi-simple.

The classical Yang-Mills Lagrangian density is:

- 1 - - 2
L=-7Tr {3B -33B -g [BUBU } (2.1)

where
B (x) =B (x) » t (2.2)

is a matrix of Hermitien vector fields (summation over repeated
indices is implied). The matrices ta generate a semi-simple Lie

Group G:

[ta, tb] = i Cabctc {(2.3)

and are normalized according to

|_l

Tr tatb =3 §ab (2.4)
This Lagrangian is singular due to its invariance under

the gauge group. Therefore a proper quantization of (2.1)

necessitates the addition of a gauge fixing term to the Lagrangian,

say ~ é Tr (a“ Bu)z. The presence of this term then requires
the appearance of Feynman- Fadeev-Popov ghosts(3l). The net

result is that the effective Lagrangian, used to derive the

Feynman rules is
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R ¢ - 2 _ 1
L=-3m {38 -3B -g [Bqu] } :

. Tr (BUBU)Z
* *

+ 2 Tr {8u¢ 8u¢ -~ g8u¢ [Bu, ¢] } {2.5)
where ¢ = ¢ata is a massless, complex, scalar field which propagates
in closed loops only and obeys Fermi statistics. The resulting
Feynman rules are summarized in Figure 1.

Due to the presence of massless particles and the resulting
infrared singularities it would appear that the S-Matrix does
not exist, at least in perturbation theory, for the pure Yang-Mills
theory. One can however consider the off shell Green's function
for such theories, at all but exceptional momenta!32) In the
following, this restriction is always to be understood. The
large momentum behaviour of such Greens functions is not without
physical interest since it bears directly on the ultraviolet
behaviour of more realistic models with symmetry breaking and
mass terms.

Up till now we have discussed the Yang-Mills theory formally,
that is without regard to the necessary renormalization procedure.
There exist two ways of regularizing these theories. The most
elegant method is that of dimensional regularization as discussed

(33)

by t'Hooft and Veltman. Alternatively, one can add gauge

invariant higher derivative terms to the Lagrangian, following

(34'35£oth of these methods have

Lee, Zinn-Justin and Slavnov.
the necessary virtue of maintaining explicit gauge invariance.
With such a regularization the only primitively divergent

amplitudes are the vector-meson and ghost two and three point

functions and the vector-meson four point function. The necessary
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subtractions are severely restricted by the Ward identities,

which render all divergences logarithmic and and relate the

various divergent amplitudes. This is merely a reflection of

the gauge invariance which limits the renormalized couplings

to those displayed in the Lagrangian (2.5).(36)
The theory is then determined by specifying the subtraction

constants at some convenient subtraction point. It is, of

course, impossible to subtract at zero four momentum, due to

the infrared singularities. One therefore performs the subtraction

at an {arbitrary) Euclidean point p2 = - u2.

We define the vector wave function renormalization constant

Z3 in terms of the unrenormalized transverse vector propagator:

tr ab i k k
D (k) l= =5 Z, (g  + uv)3 (2.6)
un uv U2 3 uv — ab
2 2 H
kKM= -
A"}
the ghost wave function renormalization constant Z3 in terms of
the unrenormalized ghost propagator:
Gun (= u )= - ;5 Z3 Sap {(2.7)

the vector charge renormalization constant Zl in terms of the

unrenormalized vector three-point vertex:

abc - »—1 _abc
Tan  ®raeT) 50 1= 277 Tpagp (Pr4rT) 5 (2.8)

2 2 2 2
p =g =r = -1

and the ghost-vector charge renormalization constant %l in terms

of the unrenormalized ghost-vector three point vertex:
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a;b,c . _ -1l _a;b,c .
rensS terary | = 20T TRIDAS (pia,) (2.9)
2 2 2 2
p:q =r = -1
\ L {34,35)
The Ward identities ensure that these constants are
related by:
VIR V)
23/Zl = Z3/Zl {(2.10)

and that the longitudinal part of the inverse vector propagator

is unrenormalized:

-1 ab _ i
Dy (%) LV cee v 2 koK {2.11)

where o, is the unrenormalized gauge parameter.
The renormalized Green's functions are then defined by scaling

the fields according to:

B, = 2,77 (B
. %_% 5 (2.12)
6% = 237 (6%
and defining the renormalized charge to be
9, = 23 Zl = (2.13)
and the renormalized gauge parameter to be
-1
a = 23 oy (2.14)

The renormalized one-particle irreducible (1PI) Green's
(n)

. (2) , i
functions F“l"“n (Pl..Pn) [ r is the inverse propagatoﬂ.

(n) _ /2 (n)
F”l"”n (Pl"'Pn) = 23 I‘ul--un (Pl"Pn)unrenormalized {(2.15)
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are then finite functions of the renormalized charge g, gauge
parameter o, and the renormalization point p, (When g and o
appear without subscripts they will refer to their renormalized
values).

The choice of renormalization point, u, is arbitrary. Any
change in uy can be compensated by a corresponding change of the
charge, the scale of the fields and the gauge parameter. The
renormalization group equations reflect this fact. These

(37)

equations are most simply derived by noting that the
unrenormalized 1PI's Fén)(A;gu) (we suppress the momenta and
vector index labels of these 1PI's), when expressed as functions

of the cutoff, the bare coupling constant = and the gauge

parameter a, are independent of u:

d I,(n)

Ugu u (Argurau) = 0 (2.106)

Using equation (2.15) and the chain differentiation rule we

have:
w4 B(g, )% - nylg,a) + §(g,0)2~} T (g, a1y = 0 (2.17)
au O:g gl‘ r aa g’ r -
where:
= .99
Blg,a) = vay g, 10,0t Fixed, (2.18)
Y
ylg,a) = yy °“nZ3
Y g ,a_,A fixed, (2.19)
‘ H' a
- 30,
§(g,a) = u 57 ' g, 10, b fixed. (2.20)

The fact that 8,v,8 are finite functions of g and & is an
immediate consequence of (2.17) and the fact that F(n) is

finite when expressed in terms of the renormalized parameters.
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The last term in the renormalization group equation is
peculiar to gauge theories. As a consequence of Equation 2.14

we have that

o 87
u 3

§(g,a) = ~ u = - 20v(g,0) (2.21)
zg ou g, r0ysh Fixed ’

The rencrmalization gfoup equations assume a particularly
simple form in Landau gauge where a, = @ = 0, for in that gauge
§ = 0. This is a reflection of the fact that the longitudinal
part of the vector propagator vanishes in this gauge, and a
change in renormalization point does not change the gauge parameter.
In the following we shall often restrict ourselves to this gauge.
Ultimately we are interested in the physical consequences of
these theories which are determined by gauge invariant amplitudes.
For such amplitudes the change in gauge parameter can be reabsorbed
by a change in coupling and scale of fields. This is explained
in some detail in Appendix I, where we also show that the lowest
order terms (of order g3) in Rlg,a) are independent of a.

The utility of the renormalization group equations is that
they determine the change in the Green's functions as we scale
all momenta uniformly. Consider the 1PI amplitudes
F(n)(kpl, lpz..,lpn;gwu) (in Landau gauge), where P is scome
set of non-exceptional Euclidean momenta, and A is a non-vanishing

parameter. Pure dimensional analysis implies that:

r® opg, e sgen) = W@ ARy, APy, (2.22)

b

u H
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so that (2.17) can be rewritten as:

] e 1 0
Eﬁ - Ble)gs - 4+ n(l+Y(g))] r®) (apy .. dprg,u) = 0.
The general solution of (2.23) is most transparently

expressed in terms of the effective coupling constant g (t,g):

t = &ni
& Fit,9) = 8(3), Flo,g) =
dt g rg g r g rg g
This function is given implicityly by:
9 ax -t
B (X)
g
and satisfies: 9 _ 3 - ~
['Q*E B (g) é—g—] g(t,g) = 0.

The physical meaning of the effective coupling constant
g(t,g)} is that it equals the renormalized coupling constant
defined by performing the subtractions indicated in (2.6-9) at

2,2 2 2t
-ue .

the Euclidean point p2 = - YA = It is expressed

in terms of the renormalized coupling constant g {which was
determined by subtracting at p2 = -uz). The rencrmalization
group equation (2.24) then determines the effect on g of a

change in the subtraction point.

In terms of g we have:

r(n) n

— . 4~
(Pyre--/PLig(t,g) W)A

t —
exp-n f ax vy [ g(x,g)] N
o

r () (\py s+ AP ig,u) =

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
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Of particular interest is the large A limit of this solution,
for it determines the ultraviolet behavior of the Green's functions
even in the presence of mass terms (which here must arise from
symmetry breaking). This limit will in turn be controlled by
the large t behavior of the effective coupling constant g(t,g).

If equation (2.4) admits a solution such that

Lim. g (t,g) =g (2.28)

>«

-]

then we say that g_ is an ultra-violet stable fixed point. The

P(n)

asymptotic behavior of is then controlled by g, according to:

r(n) 4-n-nvy (g, )

(Aplr---rlpnrgﬂi) -+ F(n) (Plr---rpn?gme) A

£ni _
exp-n j‘ {Y[g(x,gzl ~v (g, ) }dx
o)

so that yv({g,) is the anamalous dimension of the field.

(2.29)

The fixed points of the renormalization group are determined
by the zerces of £(5}; i.e. B{g_) = 0. However not all such
zeroes are UV stable. Thus if 8 has a simple zero at g this
will be UV stable if and only if

d
Blg,) = 0 ; dg B(g) < O (2.30)
a zero of B at which %g > 0 is said to be an infrared (IR) stable
fixed point, since g approaches such a fixed point when A+0 (t+-w),

A theory is said to be asymptotically free if g vanishes,

In that case Y(g_) = 0 and the Green's functions can be expanding

for large Euclidean momenta, in a asymptotic series in g(t)

{(plus a modification due to the integral in 2.29). Since in
all theories B(0) = 0, the origin of coupling constant space
(28)

is either UV or IR stable. It has recently been proved
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that no renormalizable field theory without non-Abelian gauge
fields can be asymptotically free.

Asymptotically free field theories are clearly cof great
theoretical interest. They provide one with models in which
the asymptotic behavior of amplitudes is calculable by ordinary
perturbation theory. In addition there appears to be evidence,
experimental and theoretical, that such theories are required
to explain deep inelastic scattering. The phenomena of scaling

predicted by Bjorken(lz)

is, up to logarithmic corrections,
a true asymptotic feature of asymptotically free theories.
Furthermore, it now appears that Bjorken scaling can only occur

(26)

if the strong interactions are asymptotically free. The
fact that the only theories that can be asymptotically free are
those involving non-abelium gauge fields and that, as we shall
see in the following, asymptotically free gauge theories can

be constructed is a strong argument for a gauge theory of the

strong interactions.



17
ITI. CALCULATION OF THE RENORMALIZATION GROUP PARAMETERS

We shall now proceed to calculate the renormalization group
parameters B and Yy to lowest non-trivial order in perturbation
theory, that is to order g3 and g2 respectively. To calculate
these functions one must calculate the renormalization constants
Z3 and Zl to order g2 and use Equations 2,18-19, These constants
can only depend on the renormalization point p via the ratio
%, where A is the ultraviolet cutoff. It is therefore sufficient

to calculate the logarithmically divergent terms (of order gz)

in Z3 and Zl. It then fellows that
3 5. 3/2
B{g,a) = - g STok 3 (3.1)
Z
1
y (g,0) = - = 3 LNz (3.2)
v 2 52nk 3° *

(We denote the anamalous dimension of the vector mesons by YV-)
The calculations are thus greatly simplified. In particular
it is not necessary to specify the regularization method employed.

The wave function renormalization constant is determined
by the vector meson self energy graphs shown in Figure 2. We
calculate from these graphs and 2.6 that:

1.9 (13
23 =1 + l_&;-f (-3— - u) C2 (G) &nA {(3.3)

where CZ(G) is the value of the quadratic Casimir operator for
the adjoint representation of the gauge group G. Namely:

z
c,d

B {3.4)

cacdcbcd = CZ(G) Ga

in the case of SU(N):Cz(SU(N)) = N,

Similarly the charge rencrmalization constant is determined
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by the Feynman graphs shown in Figure 3 and yield

2 17 3a

Zy =1+ T (6_ - 2_) C, (G) 2ni (3.5)
A useful check on the above calculations is provided by the
Ward-identity, Equation 2.10, which relates the vector meson

and the ghost renormalization constants. The latter are much
easier to calculate. The relevant graphs are shown in

Figures 4 and 5 and result in

v g2 3 o
v g2
Zl = 1 + 16“2 (=o) C2(G)2nA (3.7)

The calculation of B and Yy is then mere arithmetic. The

result is:

3
8 g0 = - %= e @) + o (3.8)
lom
2 13
v, (9,0) = - L (3= - ., (G) (3.9)
v lem 3 2

It is obvious from the above that for these gauge theories
the origin is UV stable! If g2 is small enough then the solution
to 2.24 will approach zero, as % for large t. We shall explore
the consequences of this following the incorporation of fermions.
We cannot provide a deeper understanding of why non-abelian
gauge theories are so different from all other field thecories
in this respect. Perhaps the serious infrared singularities

of Yang-Mills theories are reflected in the IR instability, and

thus the UV stability of the origin.
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IV. INCORPORATION OF FERMIONS

We now consider a gauge theory which includes matter fields.
Fermions are easily incorporated without introducing any new
coupling constants, and without destroying the asymptotic freedom.

We add fermions by adding to the Lagrangian the term:

L, =T (i - M - go® « gy (4.1)
where the ¢% are the matrices of the representation R of the
gauge group G according to which ¢ transforms. The fermions
may have non-vanishing, but symmetric, masses since we are not
considering here chiral gauge groups.
In the presence of a fermion mass the renormalization group
equations are no longer valid. 1Instead one can derive the

Callan~Symansik equations(l7’18)

which ¢©ntain, in addition to
the renormalization group operator, an inhomogeneous term
arising from mass insertions., The renormalization group
parameters are unaffected by these mass terms. For large
Euclidean momenta the Callan-Symansik equations reduce to the
renormalization group equations. This is a consequence, to any

finite order in perturbation theory, of Weinberg's theorem.

More precisely consider the large A limit of a Green's function

F(n)(kpi) for nonexceptional Euclidean momenta. The leading
power in A of F(n) to any finite order in perturbation theory
(n)

is denoted by FASY (Api} and satisfies the renormalization
group egquation {(e.g. Eqg. 2.23). We should emphasize that

an important assumption is being made here, namely, that the
leading power behavior of perturbation theory is identical

with that of the actual soclution.
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The effect of the fermions on B and y is easily calculated.
The fermions contribute to 23 via the graph shown in Figure 6

and to Zl via the graph shown in Figure 7. These yield the

contributions
2
F__.F_ _ g 4,
23 = 7y = 3;7 3T(R)£nA (4.2)

where T(R) is defined by:
a b, _
Tr {0 o) = T(R)rSab (4.3)
We note the elementary identity between the value of the Casimir
operator for the representation R and T(R) given by:
rT(R) = d(R)Cz(R) (4.4)

where d(R) is the dimension of the representation R and r the
dimension (number of generators) of the group. For example,

in the case of SU(N) we have for the vector representation (N)

T((N)) = %, C2((N)) = N2—1 whereas for the adjoint representation
2N
T(ADJ.} = N = C, (G)
The equality of Zg and Zi is an immediate consequence of

the Ward identity, Eq. 2.10, and the fact that ¥ and %3 receive

1
no contributions from fermion loops to lowest order. The resulting

contributions to B(g) and y(g) are

3
4
B.{g) = + £ S T(R) (4.5)
F lem2 3
2
(F) g 8
Y (g) = + I 7 T(R) {4.6)
v lén 3

These contributions are opposite in sign to those arising from
the vector meson loops. Thus the fermions tend to destabilize

the origin. However there is room to spare. As long as
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11
T(R) < ' C2(G) (4.7)

the theory will be asymptotically free. This requirement is
not very restrictive as to the number of fermions allowed in the
theory. For example if the gauge group is SU(3) ['Cz = ?J
one can accommodate as many as sixteen triplets or two octets
of fermions within losing asymptotic freedom.

It is therefore possible to construct a large class of
theories in which the renormalization group equations for the

effective coupling constant g(t,g) take the form:

d =2 _ ampymy_ g = 4 —6

Ic g~ = 2gB(g)= bog + blg + . . (4.8)
where

T [: 11 - ) - & p(r) . (4.9)

o 8W2 3 2 3 -

The structure of this equation assures us that as long as

g(0,g) is small encugh then for large t we will have

-2 - -1,-1 -3, -2 1
g (t,q)t;wbo t + blbo t “int + O(EE) . (4.10)

This will be the true asymptotic behavior of the effective

coupling constant as long as g (0o,g) = g is in the domain of

attraction of the fixed point g = 0(38). The size of this

domain is determined by the value of the first zero of B(g),
namely if:

B(g) = o for g =g, (4.11)
(32}

then the domain of attraction of the origin is given by:

o <g® <gq,° . (4.12)
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Perturbation theory of course tells us very little about the
non-vanishing zeroes of B. If we calculate R to any finite order
we might expect zeroes to occur at values:

32 C,(G) I o(l) (4.13)

T
since this is the effective expansion parameter. On the other
hand such approximations to £ are totally unreliable for these
values of g. It is perfectly possible that in gauge theories
B is negative semi-definite and all values of the coupling
constant are in the domain of attraction of the origin. Clearly
for such theories to describe the strong interactions it is
necessary that this domain be relatively large. It would
therefore be useful to know the value of bl' which we have
not calculated.

The value of bl would be interesting in another context.
Since it is possible, by including the requisite number of
fermions, to render bO very small, one might hope to construct
models for which 91 is very small. For example if the gauge
group is SU(3) and we have 16 or 17 triplets of fermions then

bo will equal -i—f or - —l~§ respectively. This value
247 24w

is suppressed by a factor of roughly thirty compared to the
'natural’ scale of bo' Therefore unless there are similar
cancellations in the calculation of bl' we would expect gl2
to be rather small, and calculable to a good approximation
from the two loop expression for 8, If this is so one could

construct models which have UV stable fixed points at zero or
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9, and IR stable fixed pecints at g; or zero respectively., These
would provide interesting theoretical models in which both the
ultraviolet and the ‘infrared asymptotic behavior would be
calculable!

The physical consequences of asymptotic freedom will be
explored in the following section and in a subsequent paper.
It is clear, from the discussion in II, that the ultraviolet
asymptotic behavior of all Green functions can be calculated.
Thus the n-vector meson 1PI will behave, for large Euclidean
momenta according to Eg. 2.29. If we define (we shall work

in Landau Gauge):

Yv(g) = Cog + Clg + ... (4.14)
where
2 13 8
c, = - d > =~ C,(8) - 3 TR, (4.15)
lém
then: ncO
r™ Gpy e g = P ann Po g
Ao n
(n) . (n} 1 2nink
X {P (Plr---,Pn:O,u) + T (Pl:---Pnr—;mrU)'*‘ Ofm) (4.186)
where:
t
I_ = exp-n dx {vy ['E(x,gy - co§2} - const.+ O (mmi). (4.17)
n v A+ £nA

Q
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In particular the transverse part of the vector meson
propagator behaves like:

X k c
tr .. .ab o/,

——— _ BV 2
DL T SapOw T g (kD) o1, (4.18)

To calculate the asymptotic behavicr of Green's functions
involving fermions we require the anamalous dimension of the
fermion field Ype This is readily calculated (except for group
theoretical factors it is the same as in QED):

2

Yplg,a) = ngo tomLoac,® 4. (4.19)

Thus the fermion propagator behaves for large momenta according

to:

£
O/b.

sp (®) 5 % (4np?) o (4.20)
p GO

It is a important feature of asymptotically free theories
that the Greens functions are not strictly given by their free
field theory expression for infinite momenta, due to the presence
of the logarithmic term in (4.16). These arise because the
anomalous dimensicns vanish like §2, and 52 vanishes only
logarithmically as A+=, This, of course, is a consequence
of the fact that B(qz) has a double zeroc at g2 = 0, These
logarithmic corrections to free field behavior are calculable
and independent of the coupling constants. They can be computed
by calculating the relevant anomalous dimension to second order.
The above Green's functions are of little physical interest due
to their gauge dependence. However, as we shall see shortly,

the physically interesting Green's functions of gauge independent
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operators (currents in particular) exhibit essentially the same
asymptotic properties.

We emphasize that the derivation of the Green's functions in
asymptotically free theories does not require the existence of
a convergent perturbation theory. It is sufficient to assume
that perturbation theory yields an asymptotic expansion, for
small coupling constant, of the relevant amplitudes. In that
case the renormalization group equations provide, for asymptotically
free theories, a true asymptotic expansion of Green's functions

for large Euclidean momenta.
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V. MODELS AND APPLICATIONS

In corder to construct realistic non-abelian gauge models of
the strong interactions one must confront the issue of symmetry
breaking. The standard means of breaking the gauge symmetry
is to introduce scalar mesons explicitly into the Lagrangian.

As will be explained in Section VI it is very difficult to pre-
serve asymptotic freedom while incorporating scalar mesons, and
perhaps impossible to include encugh scalars to completely break
the gauge symmetry. This is not toco disappointing since the
explicit introduction of scalar mesons, whose only role is to
break the symmetry, is not very pleasing. An alternative is

that the gauge symmetry is dynamically broken. In other words,

a composite Goldstone-boson is formed and is eaten up by the
usual Higgs mechanism(40). Another possibility is that the gauge

symmetry is exact! At first sight this would appear ridiculous

since it would imply the existence of massless, strongly coupled
vestor mesons. However in asymptotically free theories these
naive expectations might be wrong. There may be little connection
between the "Free" Lagrangian and the spectrum of states.

The possibility of dynamically induced spontaneous symmetry

breaking has been considered by many authors(43'44)

, although

no realistic model has been constructed which does not involve
fundamental scalar fields. Of particular interest is the work
of Coleman and Weinberg(44). They shown that theories inveolving
massless particles often become unstable, due to infrared
singularities, and exhibit spontaneous symmetry breaking. The

infrared singularities of a Yang-Mills theory are particularly
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severe, Furthermore, zero coupling,for such theories, is an
ultra-violet stable fixed point and therefore infrared unstable.
This means that (neglecting masses) as the momenta decrease

the effective coupling constant increases. Perturbation theory
is therefore totally unreliable insofar as the small momenta
behavior of an asymptotically free theory is concerned. The

(44) to discuss

same renormalization group technigues allow one
the small or large classical field behavior of the "potential". The
infrared instability of the origin indicates the unreliability
of the classical (free) approximation to this potential. Thus
whether or not the theory exhibits symmetry breaking is a
difficult dynamical question, reguiring non-perturbative calcu-
lations.

If the gauge symmetry is broken by a dynamically induced
Higgs mechanism then the vector mesons will acguire masses (say
1-3 BeV) and the color degeneracy will be split. In that case
one would still be faced with the fact that there is no experimental
evidence for the existence of such neutral vector mesons, colored
hadrons and especially gquarks. The proponents of "red, white

and blue" quarks(42)

as a mathematical abstraction argue that the
color SU(3) group should be exact, and that all non-color singlets
suppressed completely. One clearly requires a dynamical explanation
of such a miracle. It might very well be the violent infrared
singularities of an asymptotically free gauge theory provide the
requisite dynamical mechanism,

To illustrate some of the strange things that could occur

in the region of small momenta consider a pure Yang-Mills theory
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(no fermions). Then the renormalization group equations,
Equation 2.23, as well as the general solution, Equation 2.27, are
exact. One can use them to discuss the on-mass shell, or infrared
behavior of the theory by letting: A+o, t=2ni+-o, The effective
coupling constant g, which controls the dynamics in this region
is given (in terms of g(t=o, g)=g) as usual by

g (t)

dx

B—ﬁ-)-=t 5.1
g

The behavior of g as t+-® will depend on the actual form of
Blg). We can distinguish two cases:

A. B(g) vanishes at g=g,<®. 'In this case g(t} will
approach g,as t+-w, its rate of approach will depend on the
nature of the zero. This is the simplest case to envisage,
the Green's functions will scale according to Equation 2.29 with
some anomalous dimension.

B. B(g) is always negative. Here we must further specify

whether the integral

is finite or not.

If T== then g(t) approaches infinite values as t+-=, Indeed

if B(x) % x%, a<l, for large x then g (t) ~ (—t)l'a for large t.

If on the other hand T is finite then the effective coupling

constant diverges for finite momenta. In fact g(T,g)==.

The infrared behavior of Green's functions in this case is

determined then by the strong coupling limit of the theory. It
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may very well be that this infrared behavior is such so as to suppress
all but color singlet states, and that the colored gauge mesons

as well as the quarks could be "seen" in the large Euclidean

momentum region but never be produced as real asymptotic states.

This is an exciting possibility which requires further examination.

In any case it might be valid to assume that whatever happens
to the theory for small momenta does not affect the ultraviolet
behavior. We shall therefore construct models and calculate
quantities of physical interest leaving the problem of symmetry
breaking (or the lack of it) to further work.

Since we are not to worry about symmetry breaking,our models
need not include scalar mesons. We therefore have only to specify
the strong interaction gauge group, G, and the fermion represen-
tation R. We would like, of course, to preserve Gell-Mann's
(approximate) SU(3)xSU(3) symmetry. This is simply achieved by
taking the gauge group to commute withthe ordinary SU(3)xSU(3)
generators; and having the fermions belong to a representation

of SU(3)xSU(3)xG.(41)

We shall take the fermions to be ordinary
triplet quarks. The fermions can then be represented by a matrix

of spinor fields:

P My A
P n., A

y = 2 272 5.3
PL "p Mg

The generators of SU(3)xS8U(3) transform the columns of this matrix,

whereas the generators of G transform its rows. The fermions thus
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transform as an L dimensional representation (R) of the gauge
group G.

In such a scheme the vector mesons associated with the
generators of G are neutral with respect to SU(3)xSU(3).
The labels 1,2...L which distinguish the different quark triplets
can be thought of as colors, so that the strong interactions
are mediated by colored gauge mesons. Colored gquarks have been

(42 ) for other reasons, and there is some

considered before
evidence that three colors would be welcome, We shall therefore
consider a model in which the strong gauge group is SU({3) and
the fermions are color triplets (L=3) (although as far as asymp-
totic freedom is concerned any group will do).

In this model Y transforms under an infinitesimal gauge

transformation according to:

. a
?(x)+ W(x)+lea(x) A Y (x) 5.4
and under an ordinary SU(3) x SU(3) transformation according to:

¥ (x)>¥ () +i¥ (x) A% 5.5

(the »? are the usual SU(3) matrices}. Our Lagrangian is:

L =1L, + Tr{J (1¥-gB A" y-Tym} 5.6
where LV is given by Equation 2.5 and M is the fermion mass
matrix. This model is asymptotically free. The numerical value
of B(g) is:

b 3 ... 3

B{g)= ""'%"'— g+ = “g— (—'9"2—')4. e 5.7
8w

The ordinary SU{3)xSU(3) vector, Vua, and axial vector,

Aua, currents are given by:
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v & = 1r [Tyuwka]

ad - ﬂ
u Tr [?Yuyswl .

Let us now discuss deep inelastic scattering in such an

i

asymptotically free theory. Due to the fact that the vector
mesons are neutral and that the theory is asymptotically free
one can derive all the sum rules and relations previously derived
in the parton or lightcone models. In addition there will be
logarithmic deviations from Bjorken scaling which can be calcu-
lated., The full analysis will be given in a subsequent paper(Bo),
here we shall give a simplified discussion.

The structure functions of deep inelastic scattering are
Fourier transforms of the product of electromagnetic currents.
In the scaling region one probes this product for lightlike

separation of the currents. To discuss this one employs Wilson's

operator preoduct expansion:

H u
Tx)T-x) * ™M ? gx tlx "o (o) . 5.9

- n ul...un
X ~0
(Where we have suppressed the vector and SU(3) labels on the
currents as well as the tensor and SU(3) structure of the
operator product expansion}). The dominant operators in the
scaling region are those of twist (=dimension-spin) two. These

(n)_

are denocted by 0 The c-number function, C(n)(xz,q), con-
tains the lightcone singularity and controls the asymptotic
behavior of the structure functions. In fact the momenta of

the scaling structure functions measure the Fourier transform

of C(n):
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1
ax xn‘zFi(x,qz) : E(‘i" @?,g)<n|o™ n> 5.10
o —q =00
(where x is the standard Bjorken variable, x = :%U and Fi stands
for vwz or le). 0Of cocurse the moment is also proportiornal
to the nucleon matrix element of the operator O{n), however

-

the q2 dependence is contained in C(n)(q2 ).

’

One can apply renormalization group technigues to Wilson's

{(n)

expansion to derive an equation relating the dependence of C

(21,22,23) o (n)

on x2 and g . If the operator is multiplicatively

renormalizable (renormalization constant Zn), then one derives

that:
9 3 (n) 2
[u?ﬂ- Blg) =~ + ZYJ(g)“Yn(g)] C i(9-2—) = 0 5.11
u g U (g
where Ys is the anomalous dimension of the "current" J(x), and
Yn the anomalcus dimension of O(n):
y_(g) = ui—tnz 5.12
n E3Y n '

gu,uu,A fixed

In the case under consideration the currents (linear com-
binations of Vau and Aau) are conserved or partially conserved.
They therefore have vanishing anomalous dimension, so that the

solution of Equation 5.11 is
t
~(n) ,q° “(n) ,, = ~
Ci (33—,9-) = C; {(L,g(t,g)) exp.- Yn[g(x,g;ldx. 5.13
o

In our asymptotically free models, g+o and Yn(§) vanishes as t-,
However Yn(E) does not vanish fast enough to render the integral

in Equation 5.13 convergent. Let
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2 2
Yn(g } = Y9+ O(g4) 5.14
\ -2 =1 -1
then since g +b0 t we have that
Tn
" (n) ~{n 2 © - —2
Ci( (%,g) ’2—)(21( )(1,0)(£nq ) exp.- {Yn[g(x,g)] “Y,9 }Jdx 5.15
M ~qPae °

Therefore the logarithmic deviations from Bjorken scaling are
obtainable from the lowest order calculation of Yn(gz).

(n)

In general a given operator 0O will not be multiplicatively
renormalizable. In particular if there exists more than one
operator with the same spin, quantum numbers and physical dimension
than one must take linear combinations of these to obtain operators
with definite dimensions. This mixing occurs for the twist two,
SU(3) x SU(3) singlet operators in our theory, since there

exist more than one such operator. Thus, for example, we have

for spin two both

(2) - = P, pd _
Ouv = Tr{y Yuflav 2ngla)w} + (peV) trace terms
and 5.16
{2) = p& g _ a opB.
Ouv FuaFav 4gu\)FaBFa

contribute to the operator product expansion

-3 B a«ig £ B bB €y. This mixing and the calculation
v u abcTu v

a_ a
(Fuv _BuBu
of the resulting anomalous dimensions will be discussed in a

forthcoming publication.(BO)

The nonsinglet SU(3)xSU(3) twist two operators however are

uniquely given in terms of the fermion fields, and have
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definite dimensions. Let us denote these operators by

(na
ulcooun

0 {x,r), where r{= tl) denotes the chirality of the

operator. They are given by

O(n)a (% r)=ii 2
! 2n, _

Tr{2?T(x)3 ...d Y. o 3. (l4ry)¥(x)}
HpeeeHy Kk M 5

1 1 Pk-1 Yk Hk+1 Mn

5.17
- trace terms.

We define T to be an 1PI Green's function with the insertion

0(n)a

of the operator O(n)a

(x). This amplitude will satisfy a
ulccoun

renormalization group equation. In particular if O(n)a is

inserted into the fermion two-point function we obtain:

3 3 a (2} -
EJ"B—TJ‘ + 8(9)73'3 +Yn(g) - ZYF (g)] Fo(n)a - O, 5.18

where Yp is the anomalous dimension of the fermion field. Since
B is of order g3 we may calculate the combination Yna - ZYF to order

g2 by evaluating the logarithmically divergent contributions to
11(2)
o)

to order g2. These are given by the Feynman graphs of

Figure 8 and yield:

2 n
a _ .a?2 _ g _ 2 1
Yn(g) = Yng +...7= ;TTCZ(R)E- A n+1) + 4k£2 X +... 5.19

k3
3
dimensions are independent of a and r. Having performed this

{in the three triplet model CZ(R) = =}. As expected the anomalous
calculation we can now compute the scaling behavior of the
nonsinglet pieces of the deep-inelastic structure functions
according to Equation 5.15. If we denote by N(x,qz) one of

these structure functions, say
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proton neutron

F2 - F2 , then:

l -~

dx xn_zN( 2) A/, const. {in 2) an(1+o( 1 ) ) 5.20

qu 5 ot St. g ;—7 . .
ng

o] q o

where:
3C, (R) , n o
Ao T mEseTET® |t T R T LD R 5.21

We note that the power of the log is independent of the physical
coupling constant and is determined solely by the gauge group (G)
and the fermion representation (R). For the three triplet SU(3)

] _ 16 _ 25 ~ 8
model: A, = 577 Ay = g7 and for large n, AL~ §7£n(n).

In a forthcoming publication we shall analyze lepton-hadron
scattering in great detail, meanwhile a few comments are in order.

a. The approach to asymptopia in these theories is logarithmic,

All asymptotic relations will be corrected up to terms of order

-1 21 -1

bo [}ngi] . The rate of approach to asymptopia depends on
u

the unknown low momentum behavior of the theory.

b. Bjorken scaling is violated by logarithmic terms, as in

Equation 5.20. These logarithmic corrections are given by second
order perturbation theory calculations, and depend only on the
gauge group and the fermion representation. The only case where
such logarithms are absent is when the relevant operator in the
Wilson expansion has zero anomalous dimension. This is the case
for vector and axial vector currents as well as the energy-momentum
tensor. Thus the first moment of the iso-scalar component of the

structure functions does scale:
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! I=0 2
dx F5 “{x iq ) -2—)const. + Of

(o] - -+

1
fng

) 5,22

whereas the higher moments decrease logarithmically as in
Equation 5.20. Similiarly the total neutrino-hadron cross
section will scale, since it is given by the same (spin two)
moment.

It is an open question whether such a picture is consistent
with experiment. The deviations of the asymptotic forms
of the moments from exact scaling are quite small, and one
would need rather large variations of q2 to see any marked
change. Verification of logarithmic deviations, as well as
the numerical wvalues of a. s would be strong evidence for the
above class of theories.

c. Sum rules and other relations between the various
structure functions measured in electron or neutrino scattering,
which previously were derived from current algebra, the parton
model or a naive lightcone expansion, are all true theorems in
our models., This is because, as is seen in Equation 5.15,
the SU(3)xSU(3) and tensor structure of the Wilson expansion
will be (for large qz) that of the free gquark model - the
coupling constant effectively vanishing in this region. There
is no point in listing these predictions here - they have been
reviewed by many authors(l4'15). However, we note that these
relations are approached logarithmically. Thus, for example,

since the charged constituents have spin -~ % (16)
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a
L - f(lnqz) + —lg(anz)
g 2 2
T g +-= g
where 5.23

f(znqz) —2> -1---2- .
q >~ &kng

d. Electron-positron annihilation at large energies is

controlled by the identity operator in the Wilson expansion of
two electromagnetic currents. Since these all have cannonical
dimensions the cross section scales; and the coefficient is

determined by the free field limit (s = center of mass energy

squared)
o, .
e e +hadrons _ 1 ZQ.2 [l + O(lng—)-l . 5.24
4 oe 4o S i 2
1
e e +u U

Finally let us discuss the incorporation of weak and electro-
magnetic interactions into our models. After all the recent
revival of gauge theories was for the purpose of constructing
a unified and renormalizable theory of the weak interactions{45).
Is there any problem in combining these theories? Since in ocur
models the strong gauge group commutes with SU(3)xSU(3) one can
easily incorporate the weak plus electromagnetic interactions
according to any one of the various schemes proposed recently(45).
In fact, as far as the weak interactions are concerned there is
no difference between our models and an abelian vector gluon
interaction,

One would have to go to extraordinarily high energies to

ascertain experimentally whether the weak cr electromagnetic
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interactions are asymptotically free (ezln g§~— ~ 1l}y. If however
we assume that these theories are asymptotiéaily free (in which
case one is restricted to semi-simple gauge groups and one must
worry about symmetry breaking as before) then the Baker-Johnson-

(10)

Adler approach to QED would be unnecessary. The ultraviolet

behavior would be controlled by the fixed point at zero coupling.
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VI, THE INCORPORATICN OF SCALAR PARTICLES

We shall now consider non-abelian gauge theories which
include scalar fields. There are a variety of reasons for
considering such theories. One might want to incorporate spin
zero fundamental fields as such, or one might want to employ
such fields to provide masses for the vector mesons by means
of the Higgs mechanism. Indeed the only known way of breaking
the gauge symmetry spontaneously is via scalar mesons which
develop non-vanishing vacuum expectation values. We have explored
whether one can incorporate a sufficient number of scalar mesons
to break the gauge symmetry completely, or at least retain only
an abelian gauge group. In both these cases one would thereby
have a theory which is both asymptotically free and which possesses
an S-matrix in perturbation theory (and not just off-shell
Green's functions).

It is well known from the proofs of the renormalization

(35) that their ultraviclet behavior is that

of Higgs theories
of the underlying symmetric theory. In other words the symmetry
breaking is a "generalized mass term" and does not affect the
asymptotic (Euclidean) behavior of the theory. The argument that
this so is implicit in the proof of renormalizability of

(35) where one shows that the subtractions which

Higgs theories,
render the symmetric theory finite are sufficient to make the
asymmetric thecry finite.

Let F(n)(pl,...,pn;v) be any Green's function of the asymmetric
theory, where v is the vacuum expectation value of a scalar field

I,(n)

which breaks the symmetry. may be represented as a functional

derivative (n-times), with respect to the fields, of the generating
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functional of 1PI's. It is an immediate consequence of this

definition that:

w j 3
r® e i vy = § L p (D)

2 (pl,...,pn;o,...,o;o) (6.1)

where on the right hand side of (6.1) the F(n+3) are the Greens
functions of the symmetric theory with j insertions of the
scalar field carrying zerc momentum, Now, by simple power

counting the 1PI's T(n+])

are less and less divergent in the
ultraviolet region as j increases, so that the ultraviolet
behavior of (6.1) is controlled by the first term; i.e. by
the ultraviolet behavior of the summetric theory. Thus the
desirable properties of the symmetric theories discussed below
will remain intact in the presence of symmetry breaking.

Before we plunge into the analysis an overview is in order.
In the case of pure gauge theories asymptotic freedom provides
no constraint. When the theories include fermions a weak
constraint (not too many fermion multiplets) must be satisfied.
On the other hand the requirement of asymptotic freedom will
severely constrain gauge theories involving scalar particles.
This is because such particles will necessarily have their own
self couplings. One must therefore investigate the asymptotic
freedom of these new (dimensionless) coupling constants. It is
well known that a scalar field by itself, with a l¢4 coupling
is not asymptotically free. Therefore the only hope is that
the gauge mesons will help render the fixed point » = O ultra-

violet stable. This turns out to be very difficult to achieve -
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in fact it is remarkable that it is possible at all. Unfor-
tunately in order to have asymptotic freedom one is forced to
large gauge groups and representations. Furthermore we have

not been able to find any examples of models in which the gauge
symmetry is completely broken. For these reasons the results
presented below reinforce our expectation that if asymptotically
free theories of the strong interactions are to be sensible then
the symmetry breaking must be dynamical.

Let us now analyze the renormalization group equations for
gauge theories involving scalar mesons. First we note that the
scalars have essentially the same effect on g as the fermions.
In the vicinity of the origin in coupling constant space, the
renormalization group equation for the gauge coupling E'dﬁes
not involve the scalar self couplings. These would contribute

terms to Eg. 4.8 of order EZTZ, where A is some scalar self

A

coupling. However unless A O(g2) then the scalar self couplings
are not asymptotically free (see below) and thus these corrections
are negligible., The net effect of the scalars is to contribute
to B{g) a term equal to %(%} of the fermion contribution if the

scalars transform according to a real (complex) representation

of the gauge group. Thus

3 C, (RYA (R)
g 11 4 ©2
B(g) = - [--C G) - L A .
1672 372 FERMIONS - r
. (R)d (R) b
_ 5 % ‘%‘E“”*{] =- =2 g7+ ... (6.2)
SCALARS
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(Where & (R) for the scalars eguals the real dimension of the
scalar representation R). There is, therefore, no problem in
retaining aymptotic freedom for g, as long as the number of
scalars is not too big.

In addition we are now required to study the renormalization
group equations for the scalar couplings. There are, in general,
many such couplings. We are, of course, only interested in the
guartic couplings. One such coupling exists for any representation
of the gauge group, namely the square of the inner product (the
quadratic Casimir operator). If the representation in question
igs real the vertex is given in Figure 9, and if it is complex
the vertex is given in Figure 10.

A general representation of the gauge group will, in general,
possess many additional quartic invariants. For each such
invariant there will be perforce a dimensionless coupling
constant. (Some examples will be given below). Therefore,
in general, the renormalization group eguations will be a set
of coupled linear differential equations., It is useful to
consider first a simple example in which there is only one
quartic self coupling. This is the vector representation (real
dimension = 2N) of SU(N). If ¢ denotes the {complex} scalar
field transforming according to this representation, the scalar

interaction is given by:

L= | (ou ~ig8 )8 |- 32,(¢*¢,2 (6.3)



where

Once again it is sufficient to calculate the logarithmically
divergent corrections, in the one loop approximation, to the

guartic scalar vertex.

The renormalization group equation for A will now be:

g.% - 8, (5,3 Xt =0,1) =2

By

I
=
|

Au,gu,uu,h fixed.,

These are illustrated in Figure 10,

43

{The graphs in Figure 1]1-C should be divided by two since it

(6.4)

{6.5)

is the square root of the wave function renormalization constant

that enters the renormalization group equations).

The terms

illustrated in Figure 11, a, b, ¢, and d contribute to BA terms

of-order Az,kg Ag” and g4 respectively.
an equation for the effective coupling constant X:

QZ:A‘X2+B'7\32+C§.

The values of A, B

2 2

4

and C are readily calculated

We therefore obtain

{(6.6)

(they are

gauge independent, but it is simplest to evaluate them in Landau

gauge) :

1

A= —2 N+ 4)
8m
PR 3(N2N— 1)
8m
co 1 3(N - 1)(N§ + 2N - 2)
8 4N

parameter:

Equation (6.6) is most easily analyzed by introducing the

(6.7)

(6.8)

(6.9)

(6.10)
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We note that A must be of order 52, for if it were larger then,
since A > O,the theory would not be asymptotically free. The
coupling o satisfies:

da _ -2 2
where

B=3B +b . (6.12)
Qo

The fixed points of (6.11) will be given by the zerces of the

quadratic form. These will be real and positive if:

- Y4AC <B <0 (6.13)

When this condition is satisfied (A and C are always positive}

then there will exist two fixed points oy and P If the coupling
constant A = a(o)92 is chosen so that:
Ct.1=5%; [—B- B®~4AC |< OL(O)<OL2 = %_A- [—B+ B —4AC] {(6.14)
we will be driven to the value o = a, as t+e~, In other words

g is a UV stable fixed point. Equation 6.11 can easily be

solved by quadratures:

a(t) t
dx _ 2
o ax® + Bx + C ) o o 2 (6.13)
1+ bog t
For large t we have that: A(a2, al)
— R
a (t) - g, we—— + o ’ (6.16)

1

t+o

and since 32 ~ % , *(t) will approach zero like %.
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It is easy to see that the condition 6.13 will be satisfied,
for SU(N), as long as N 2 3 {not 5U-2!'} and bO is small encugh.
We can always make bo small by including fermion representations;
whose only effect is to decrease bo' (We can exclude Yukawa
couplings by the discrete symmetry ¢+-¢). In the case of SU-3

we must incorporate 16 fermion triplets in order to make bo
1

equal to - —.
487

We see already in this simplest of all cases that the UV
stability of A is extremely delicate. Even in the most favorable
case, N>>1 and bo ~ 0, we can at most accommodate two vector
multiplets of scalar fields. Moreover if we do not include enough
fermions tc render b0 sufficiently small we cannot include any
scalars. Roughly speaking unless bO is small the gauge mesons,
which are stabilizing the inherently unstable l¢4 coupling, vanish
too rapidly as tow,

Clearly we cannot include enocugh vector representations to
break the gauge symmetry completely. We have alsc investigated
many other models with scalar particles (i.e. other groups and
representations). We shall just give a brief summary of the
more interesting results.

The adjoint and the symmetric tensor representation of
SU(N), as well as the (N,N) representation of SU(N) x SU(N)
are examples of theories with two scalar quartic couplings. They
lead to renormalization group equations of the form 6.6, which
can again be simplified by dividing by 52 as in 6.11. The

result has the form:
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1 da _ o 2 o o. 2
55 IT - A aa & + A > af + A BBB + Baa + Ca
(6.17)
1 d8 _ .8 2 B B 2
é—?'c'l_t'_Aaaa +AGBaB+ABBB +BBB+CB
The fixed points of these coupled eguations are easy to analy:ze.
For each value of o there will be two roots of g% = Q. If these

roots are real then the smaller, B_{a), is attractive whereas
the larger, B+(a) is repulsive. Similarly we define o_(B) and
a+(6). The coupling constant plane is the pictured in Figure 12,
in the case where all roots are real. We are clearly driven to

the fixed point CGey Bf satisfying:

o \Bf) = ag

(6.18)
as long as the initial values are small enough:
afe) < o,  B(0)
(6.19)
Blo) < B a (o)

In practice the simplest way to search for a fixed point
is to solve Equation 6.17 by iteration. We have mapped out some
coupling constant trajectories on a computer, a sample result
is given in Figure 13.

We shall now briefly review the results for the above
mentioned theories, The same Feynman graphs as in the case
of the vector representation, Figure 12, must be evaluated, except
that there are now two types of scalar couplings. In each case

n

O!-=-AT— and8=—-—-2-—-—.
g g
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a) The adjoint representation of SU(N):
The scalars are Hermitean traceless N x N matrices M

of fields. The guartic self couplings are given by:

4

L = - % TeM%) - n Tr M (6.20)

b) The symmetric tensor representation of SU(N):
The scalars are represented by an N x N symmetric matrix
M of (complex) fields. Under the group transformation M+UMUT.

The quartic scalar interactions are:

.t. :
L= - A(TeMM )2 - n Tr(m )2 (6.21)
¢) The (N,N) representation of SU(N):
The scalars are represented by an N x N matrix M of

complex fields. The quartic self couplings are:

il

2orr om) 2, (6.22)

L = = % (rrvm Ty 2 -

The results are shown in Table I. The main result is that
all these theories are asymptotically free for N large enough.
The UV stability is, as before, delicate. One must make bO small,
and additional symmetrically coupled scalars destroy the asymptotic
freedom.

Our experience in these and other cases suggests that it
is the size of a representation, rather than its detailed nature,
that determines whether the model will be asymptotically free
or not. Indeed in all the cases enumerated in Table I the
renormalization group equations are identical as N»w, If one
considers larger representations the number of independent coupling
constants rapidly increases and the renormalization group equations

become quite complicated. For example we have analyzed a theory
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involving an SU(N) x SU(N) gauge group, with the scalars trans-
forming according to the (N,N) % (N,1) & (1,N) representation.
In this model there exist five independent scalar coupling
constants, It is asymptotically free when N 2 5.

Our original motivation for studying theories involving
scalar mesons was to utilize the Higgs mechanism to break
the gauge symmetry and provide masses for the vector mesons.
Some of the models considered above would appear to have the
potential of accomplishing this aim. Take, for example, the
gauge group to be SU(N) x SU(N}, and the scalars to transform
according to the (N,N) representation (which is asymptotically

>
free for N = 5). The scalars are represented by an N x N matrix

M of complex fields, and they transform according to: M+GMH+.

If the scalar mesons develop a non-vanishing vacuum expectation
value, <o|M|o>=Mo, the symmetry will be broken. The criterion
that the gauge symmetry be completely broken and that all vector
mesons acquire a mass is that there be no subgroup of transfor-

mations that leaves MO invariant.(46)

If MO were an arbitrary
N x N complex matrix this criterion would be satisfied. However
M is not arbitrary, rather it is determined by the form of the
Lagrangian. Thus in lowest crder Mo is determined by minimizing

the "potential"

coo= -2 ey + 2 ey 2 4n ey (6.23)

ER
Now MM' is a positive hermetian matrix and the potential is a
function of the squares of its eigenvalues. When one minimizes

(6.23) one finds that these eigenvalues are all equal in magnitude
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so that MOMO% is multiple of the identity. 1In that case Mo is,
up to a constant, a unitary matrix. There then exists an SU(N)
subgroup of gauge transformations; G = G, H = MOGMO“l; that
leaves MO invariant. Such a model will therefore contain N2 -1
massive and N2 - 1 massless vector mesons.
In a similar fashion the other two asymptotically free
models described above contain massless vector mesons even
when the scalars have a non-vanishing vacuum expectation wvalue.
Basically the problem is that asymptotic freedom requires large
gauge groups and small scalar representations. For such repre-
sentations the potential in lowest order perturbation theory,
being restricted to renormalizable ccouplings, is not sufficiently
complicated to allow for complete spontanecus symmetry breaking,
We clearly have not exhausted all gauge groups and all
scalar representations. One interesting possibility that we
have not fully explored is that the symmetry breaking occurs
beyond the tree approximation, ala Coleman and Weinberg.(44)
As we noted above a perturbation theory calculation of the
potential is unreliable for small values of the classical
fields (which corresponds to small momenta). However pertur-
bation theory is reliable, for asymptotically free theories,
for large values of the classical fields. Therefore there
exists the possibility that the potential has a stabkle minimum
for large vacuum expectation values of the scalar fields and
that these are calculable using the renormalization group. This
possibility is rendered more likely by the fact that in many models the
guartic scalar coupling constants (A and n) can be negative for

p2 = —u2 but become positive as —p2 increases, approaching
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zero from above as P2+—w (see Figure 13 ). Another possibility
is to include Yukawa like couplings between the scalars and
the fermions. In the absence of gauge fields Yukawa couplings

are never asymptotically free,(zg)

but it is easy to see that
this is no longer true in gauge theories. We have not explored
this possibility in detail.

In conclusion it appears to be very difficulty, if not
impossible, to construct theories which are both asymptotically
free and which contain no massless vector mesons in perturbation
theory. Such a model would be of great interest in providing
a theory which possesses an S-matrix in perturbation theory
and is asymptotically free. However we do not believe that
it would be of physical interest. First if such a
model exists it must be rather complicated and almost unique.
Second, as we have seen above, in order to achieve asymptotic
freedom it is necessary to incorporate many fermions and renderx
eg very small. This might imply that Bg has an IR stable fixed
point at a small value of g2, thus restricting the physical
coupling constant g{o,g) to be small if we are to remain within
the domain of attraction of the origin. Such a model would
probably not be useful as a theory of the strong interactions.
Furthermore if Bg is small, for small g, then the approach to
scaling, according to Equation 4.16, is very slow. This is
clearly not a desirable feature. Therefore, to construct a
physically meaningful model of the strong interactions one
probably must pin one's hopes on the possibility of dynamical

symmetry breaking.
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CONCLUSIONS

The theories proposed in this paper are incomplete. The
main problem which regquires investigation is whether one can
obtain an infrared sensible theory without explicit Higgs mesons.
One might expect, on physical grounds, that the infrared singu-
larities induced by the gauge charges {(ceclor) are so strong that
they must be completely shielded, so that only objects neutral
under the gauge group could exist. This is an exciting possi-
bility which might provide a mechanism for having a theory of
gquarks without real quark states. Whether this can be realized
or whether the theory will exhibit dynamical symmetry breaking
deserves much attention.

What we have achieved so far is to find a large class of
asymptotically free theories, We have shown that all semi-simple
gauge theories are in this class, as well as many theories involving
fermions. We have explored the consequences of this asymptotic
freedom with respect to deep-inelastic scattering and we have
constructed some models which contain scalar mescns. Finally
let us recall that the proposed theories appear to be uniquely
singled out by nature, if one takes both the SLAC results and
the renormalization group approach to guantum field theory at

face wvalue.
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APPENDIX I. THE GAUGE DEPENDENCE OF
THE RENORMALIZATION GROUP EQUATIONS

Let us consider the time-ordered product of gauge-invariant
operators, Oi’ which are multiplicatively renormalizable. These

could be, say, gauge invariant currents. This renormalized

Green's function, which we denote by G(n) will satisfy the
renormalizaticn group equation:
3 3 4.0 (n)_
[%ﬁﬁ + B(g,a)ag + i Yi(g,a)(l 2a535] G = Q, A.l

where we have used Egquation 2,21 and the sum runs over the
anomalous dimensions of the operators Oi'
The derivative with respect to the physical gauge parameter

can be eliminated using gauge invariance. This implies that the

(n)

a is independent of the bare gauge

unrenormalized amplitude G

parameter Ctu

3 G(n)
aa u
u

li
o
g
[N

(gu,A)

gu,A fixed

{n)

a in terms of the

When we recall Equation 2.14 and express G

renormal i.zed Green's function we have that

3 3 (n
[(l-ac(g,oc))—g-a + e(g'm)W?i(g'a;] G )(g,oe,u) = 0, A.3
where
823
O'(g,Cl) = ’é—ot: A.4

gu,A fixed
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aznzi
Ui(g,a) = Z3 15-&-:-— A.S5
gu,A fixed.
eflg,a) = Z4 %%— A.6
u
g, A fixed.

This equation expresses the fact that a change in gauge parameter
for gauge invariant Green's functions can be reabsorbed by a
change in coupling constant and in the scale of the operators.

It can be used to eliminate the 5% in Equation A.1,

Finally let us note that to lowest order B(g,a) is independent
of a. This is essentially because, to lowest order,the coupling
constant is unique. In other words if we change o we might change

' '

g to g , however g (being the wvalue of the three-point function

at some point) can be expressed as a power series in g:

3
g =g+ 0(g7). a7
The term of order g3 might depend on o, however to lowest order

g and g must be equal. Therefore:

B'(gl) =u%g = B (g) +0(g5) A.8
(0 A fixed
u

Thus that the lowest order term, of order g3, in B(g) must be
independent of a.

Similarly the lowest order term, of order gz, in the anomalous
dimension of a gauge invariant operator (say those discussed in
V) must be c-independent. This is, of course, not true of the

anomalous dimensions of the vector meson and fermion fields,
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FIGURE CAPTIONS

Figure l: The Feynman rules for a pure Yang-Mills theory (all
momenta flow into the vertices).

Figure 2: The vector meson self energy graphs.

Figure 3: The trilinear vector meson vertex corrections.

Figure 4: The ghost self energy graph.

Figure 5: The ghost-ghost-vector meson vertex corrections.

Figure 6: The contribution of the fermions to the vector meson
self energy.

Figure 7: The contribution of the fermions to the trilinear

vector meson coupling.

(2)

Figqure 8: The lowest order correction to T (n)
0

Figure 9: The cannonical quartic scalar coupling for real
representations.

Figure 10: The cannonical quartic scalar coupling for complex
representations.

Figure 11: The graphs that contribute to the B-functions for
the gquartic scalar couplings (the directed lines refer to
the complex scalar mesons).

Figure 12: An illustration of the fixed point trajectories
in the o-B coupling constant plane. The cross indicates
the presence of an ultraviolet stable fixed point.

Figure 13: The coupling constant trajectories (o and B move
along one of the directed lines as t increases). The
gauge group is SU({6) x SU(6) and the scalars transform

according to the (6 x 6) representation.
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