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This report was prepared as an account of work sponsored by an agency of the
United States Government. Neither the United States Government nor any agency
thereof, nor any of their employees, makes any warranty, express or implied, or
assumes any legal liability or responsibility for the accuracy, completeness, or use-
fulness of any information, apparatus, product, or process disclosed, or represents
that its use would not infringe privately owned rights. Reference herein to any spe-
cific commercial product, process, or service by trade name, trademark, manufac-
turer, or otherwise does not necessarily constitute or imply its endorsement, recom-
mendation, or favoring by the United States Government or any agency thereof.
The views and opinions of authors expressed hercin do not necessarily state or
reflect those of the United States Government or any agency thereof.
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CRITICAL AMOUNTS OF URANTUM COMPOUNDS

E. Konopinski, N. Metropolis, E. Teller, and L. Woods

March 19, 1943

Problem & Results:

By & critical amount of material, we mean the least amount of that
material which under the preveiling geometrical conditions is capable of.
supporting a chain reaction. The critical amount depends on the geometric
shape. In the following we shall assume that the material is present in
the form of a sphere. This gives the critical amount its smallest value
since it minimizes the loss of neutrons through the surface. The critical
amount also depends on the reflection of neutrons from materials in the neigh-
borhood of the reacting substance. We shall discuss the influence of various
reflectors. Above all, the critical amount depends on the chemical and iso-
topic composition of the reacting materials. Calculations have been carried
out which are agpplicable to fluorides and oxides and to isotopic mixtures
ranging from 20% to 100% of 25 content.

The result of the calculation is that approximately rather more
than 100 KG of the pure 25 isotope must be present in any isotopic
mixture or chemical compound of the type discussed in order that the
substance should become chain reacting. The figure given here already
includes the effect of some neutron reflection from a container not more
than an inch in thickness and also from the walls of the room.

The above statements must be qualified in two ways. First, physi-
cal data on which the calculations are based are exceedingly rough. Thus
previous calculations which were based on measurements of Leipunsky et al.
give little more than one half the critical masses just mentioned. Lei-
punsky's data seem to be definitely much less reliable than those on
which the present calculations are based. They had been adopted in order
to obtain the smallest amount of critical materials compatible with pub-

1lished measurements.

The second and even more important qualification of our statements
is that they hold only in the absence of hydrogenous materials. In dilute
solution in water and in the asbsence of absorbing material such as boron
less than a kilogram of 25 may become chain reacting. Calculations on
this point have been published by Christy and Wheeler (Report CP-400).
Further calculations giving similar results have been carried out and -
will be mentioned below. Appropriate use of boron can prevent the danger
from hydrogenous materials.

The Constants Used*

Uranium. We shall distinguish two groups of neutrons which we shall call
the "fast" and the "slow." The "fast" neutrons are those having

* See Report CP-334. CF-548 - 1
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sufficient energy to cause fission of 28. The "slow" ones have energies
below the 28 fission threshold, which is at about 1 mv. The values which
have been used here for the various cross sections of 25 and 28 for "fast"
and "slow" neutrons follow. The cross sections are given in units of
10-2k cm2:

Fission cross section of 28 for "fast" neutrons: opg = 2/3
" " " " 25 for "fast" " i Of5 = 4/3
" " " " 25 " "slow" " : 0g5 = 3
Inelastic " " " 28 " "fast" " : Ué = 3.3
" " " "25 " "fast" " : 0;7 = 2.0
Absorption* " " " 28 " Yslow" " P Op = 0.3
Transport " " " U " "fast" " : Opp = 5
" " " " U " "slow" " : ogt = 8
Number of "fast" neutrons emitted per fission : w = 1.3
" " otglow" " " " " : w' = 0.9

The inelastic cross section is defined as the cross section of a scattering
process in which the incident neutron is fast but the outgoing neutron is
slow.

The inelastic scattering cross-section of 28,(71 = 3.3, was chosen
so as to be compatible with experiments by Snell's group in Chicago and
with an absorption cross-section oy not greater than 0.3. The corresponding
25 cross section was made smaller primarily because in this case a larger
figsion cross-section competes with the inelastic scattering. When com-
pared to the geometric cross-sections, these inelastic cross-sections may
seem large and, therefore, doubtful, It is however on the safe side to
assume for inelastic scattering large values since this tends to increase
the proportion of "slow" neutrons, and these can take advantage of the
large fission cross-section of 25 for "slow" neutrons. Of course, at
the same time the fissions of 28 are lost, but that has importance only
when the 25 concentration is small and the critical amounts safely large.

The "transport" cross-sections signify those cross sections which
govern the diffusion. Thus the diffusion mean free path A is connected
with a transport cross section oy by .A = 1/N oy where N is the number of
nuclei per cm3. The values given for the transport cross sections are
measured total cross sections somewhat diminished properly to eliminate
the elastic forward scattering.

Fluorides (UF,). The entire molecule is treated as a single U nucleus
.having inelastic and transport cross sections which consist of the sum

of the corresponding cross sections of each of the atoms in the molecule.
Thus the apparently most relisble measurements yield values for the total
cross section of fluorine about equal to 2 for "fast" neutrons and 3 for

"glow" ones. Accordingly,

* The absorption cross section for fast neutrons is zero. : )
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Ot =5+ 2n
O‘St=8+3n
for the UF, molecule.

Nothing is known concerning the inelastic scattering by fluorine.
For reasons mentioned above it is safer for our purposes to allow for large
inelastic scattering and it will be generous to assume that half the total
cross section of 2 for "fast" neutrons is due to inelastic scattering.
Accordingly,

i
o_ =2+ 1n
5

i
0g =3.3+1n
Oxides (U0p). The Mimnesota group's measurements of the total cross section
of oxygen show wide fluctuations with neutron energy. Fair averages to take
for the "slow" and "fast" groups seem to be about 3.6 and 2.4, respectively.
Thus,

Org =5+ 2.4n
for the U0p molecule. n is understood to be 8/3 for U308.

There is a measurement (Report C~334) of the inelastic scattering of
"fast" neutrons by oxygen giving a cross section of 0.65., Accordingly we
may use
i—

‘05
i 6
08—3.3+.5n.

2 + .65n

Neutron reflectors with which we may be concerned are Fe, Ni, Cu
and A1, We give a table of total neutron cross sections for these elements.
The values listed are estimates based on the data (Report C-334) and on
assumptions of 100-500 kv for the "slow" neutron energies, 1~2 mv for the
“fast" neutrons. For the "fast" neutrons, an attempt is made to choose values
representative of back-scattering rather than the total, since for "fast"
neutrons the back-scattering may be appreciably smaller than forward scatter-
ing and is the process responsible for the reflections. On the whole, the
estimates are made in a way to obtain small critical masses which means using
large cross sections.

Fe Ni Cu Al
"slow" 3.7 6.6 3.6 3.7
"fast" 2 2.5 2.2 1.9

The corresponding mean free path (in cm) follow:

Fe . Ni Cu Al
"slow" 3.2 1.65 3.3 4.5
"Past" 5.9 L.k 5.4 8.7
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Method of Calculation:

To obtain the critical amount of reacting materials, a differential
diffusion theory was employed. A pair of coupled differential equations
were constructed, one expressing the balance between the diffusion of "fast"
neutrons from a point in the reacting material, the net number of "fast"
neutrons created there by fission processes caused by both "fast" and "slow"
neutrons, and the "fast" neutrons lost by inelastic scattering. The other
expressed the balance between the gains and losses at a point of the "slow"
neutrons. Here the losses are through fission giving "fast" neutrons and
through resonance absorption by 28. The results for spherically symmetrical
"fast" and "slow" neutron distribution (nf and ng) within the reacting
material were, respectively:

ng = L [a' sin k'r + a" sinh k"r] (12)
Vgr
ng = ;%; [a' a' sin kX'r + a" a" sinh k"r] (1n)

where vg and vy are the "slow" and "fast" neutron velocities. a' and a"

are arbitrary constants to be determined through the application of boundary
conditions. k', k", and a' and a" are quantities determined by the physical
constants of the nuclei involved. One sees that k' is a "wave number" for
the "fundamental" sinusoidal component of each distribution. The hyperbolic
terms are needed to adjust the distributions to the surface conditions im-
posed, and since k" is always considerably larger than k', these terms suffer
rapid exponential decay with distance from the surface. They thus earn the
names "transients" and "surface corrections."

Specifically,

k'2 = 1/2 (A+D) + V1/h (A-D)2 + BC (2a)

k"2 - - |1T/E (A+5 ) : JT/&?AfDEé +BC (20)

@' = &EC;_Q  (3a)

" 'k"2 -D :

R _(30)
where A ==30p¢ ,{?0 é - opg (w-1)} (1-x)+ {a; - crf5(w-l)} x”l;z |

B =30pt [ og5 vx| N2 ﬁ o

C = 304 (jUfS w! + 08)(1-x) + (0f5 w' + 05)x]N2

i
)

)

Here x is the fraction of the U nuclei of the isotope 25. It is immediately
apparent that A and D are negative and so k" is greater than k'. The quantity

D =-304 [ 0g5 (1w') x + op(1 - x)]N2 !
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, glving the ratio of "fast" to "slow" neutrons in the "fundamental"
is usually small, becoming as great as 35 percent or so only for material
free of 28, It turns out that a" is always negative, showing that the
"fast" and "slow" distributions must be "corrected" near the surface in
opposite directions.

The most widely applicable boundary conditions are best obtained
by considering the neutron reflection coefficients of the surroundings of
the reacting material., We represent the resultant reflection coefficient,
more conveniently called the "albedo,” by vy for the "slow" neutrons, €7y
for the "fast." € will be less than unity since "fast" neutrons penetrate
farther out into the surroundings and have less chance of returning than
the "slow" neutrons.

The boundary conditions may be expressed in terms of the albedo as
follows. We represent the density of "slow" neutrons directed outward by
ng, those directed inward by ny so that
The net outgoing current will then be

1
V3 (ng v = nj vg)

in which the l/ V3 comes from averaging the directions of the neutrons.

According to the diffusion theory the neﬁ'ouf going current is e expressed

in terms of the distribution ng by

“AsVvg dng _ _1 I
——__3 -———_dr = G (novs nlvs) (6)

We now make use of the definition of albedo, yor €y, as the ratio
of incoming to outgoing neutron currents. We shall assume that all "fast"
neutrons become "slow" upon reflection. In many cases this assumption is
Justified and in generel it is a safe assumption for our purposes since
it tends to make the critical mass smaller. Then

1 1 Ay dng
B M Y novs+€7('_3Lf' 75) (7)

since the entire "fast" neutron current
“(Agve/3) (ang (ar))

is outgoing. The two equations (5), (6) relating n,, nj, and ng can now
be used to eliminate ni and no:

A = .. A dn A vf dn
Ag  dng : . 25 dng) | Af  vp dnfg
nt 72 S T (me V3 ar ) YA v, ar

This equation is to hold at the surface of the active material (r=R). One
sees that for no reflection ( vY=0), ng does not vanish at the boundary but

As dng
Ils+~;/—§ ?I‘- =0 for y=20

(8a)

A
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which is equivalent to saying that ng linearly extrapolated to a distance
A/ V3 outside the boundary vanishes. The "fast" neutrons have no re-
flected part in any case so that the boundary condition to be generally
used in addition to (8a) is: ' '

ng = 0 atR+ip/ V3 =0 (8v)

i.e., at a distance A / V3 outside the boundary (at radius R). The two
conditions (8a) and (8b) are sufficient to determine the ratio

at/fa"

in the distribution (l) and in addition the critical radius R. This will
be the radius for which all conditions are fulfilled so that the balance

of lost and gained neutrons described in the first paragraph of this section
is maintained. If the critical radius is exceeded, not enough neutrons
will find their way out through the surface and a chain reaction will begin.

The explicit connection between radius and albedo is obtained by
using the distributions (1) in the expressions (8a) and (8b). A somewhat
simpler formula is obtained by introducing the extrapolated values of ng
and dng/dr at a point A/ v3 beyond the physical surface of the reacting
material,

If R, is the radius at this new point, the conditions
np = 0 (9a)

and
A dng \ A v dnf
ng =-y(ns -2 28 __S) - 2€-y .@f ;.E -—— - (9b)

are obtained at r = R,. After calculating R, one gets the physical radius R
from

R =Ry ~As/ V3 (10)

We use Ay rather than A# or an average A because the "slow" neutrons always
far outnumber the "fast" ones.

It will be simpler to write an equation expressing the albedo?y
in terms of Ry instead of expressing Ry, as a function of y.

1-a'a" C (11
(I=a"/e"){IT ¥ 2X5/ V3 RoJ)-\Aa/ V3 + ea'Ap/ V3)2k' cot K'Rot2k (Aga'/ V3 a" +e€d Ar/ V3

In deriving this coth k"R, was replaced by unity, which is justified by the
large value of k". One should not expect this formuls to be valid for
critical radii Ry less thanA/v3. However, radii so small are of little
interest since they could be reached only with an albedo much closer to
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unity (¥=~0.97) than any albedo known.

Results and Examples

The evaluation of the relation (11) between critical radius and
albedo has been carried out numerically for UFg containing concentrations
of 20%, 50%, and 100% of 25 among the U nuclei. For small albedo (y =0.5) simple
empirical formulas are obtainable.

x=0.2 R = 348 -14.25v -10.0v2 ocm.
x = 0.5 R = 28,0 - 4.8 y - 8.8y2 ‘cm. (UFg ¥ <.5)
x = 1.0 R = 22,0 - 2.7 vy -12.7%2 ‘cm.

We have used a "fast" neutron reflection half as great (€ = 1/2) as for the
slow neutrons. The radius does not depend sensitively on € because "fast"
neutrons are always in a minority. The density of UFg was taken to be
4.68 gn/cm3.

More interesting than the critical sizes are perhaps the critical
masses,

Lw
3 .

Now R~1/k' ~ 1/N (see (2) and (L)), so that R~ u/p (4 = molecular weight,
= density), and M~(u /p )3 p, so that the quantity p 2M/p 3 is independent

M= B3;r

‘of the density and the molecular weight of the substance. This quantity

is plotted as a function of ¥ for UFg in the accompanying graph, for the
25 concentrations x = 0.2, x = 0.5, and x = 1.0. The ordinates given are
for M in grams and .p in grams per cm’.

For concreteness, we list the critical masses of UFg for y = O
and v = 0.3:

Y=0 Y = 0.3
x = 0,2 835 kg. 700 kg.
x = 0.5 435 kg. 340 kg.
x =1.0 - 215 kg. 160 kg.

We see that a reflection of 30% of the neutrons decreases the critical mass
by about 2%%.

The cross sections of UF), are sbout 25% smaller than those of
UFG. This means that k'~ /gg will be some 12% smaller and R~1/k' about
that mich larger. A deviation of 12% is not large compared to the uncertain-
ties in our choices of the various nuclear constants. It is sufficient,
therefore, to use the UFg curves in the figure also for UF),, and to keep in
mind that the masses obtained from the curves are most probably some 4O%
smaller than the actual critical masses of UFy. The explicit dependence
of M on p obtainable from the curves, is useful in this Iinstance since the
bulk density of UFj (or other solids that may be formed) varies according
to the way the solid is obtained. For U308, the cross sections are smaller
than for UFg by some 30h. The curves wi thus give critical masses for this
substance about 50h too small. The finding for UO3 will be about the same.
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We now discuss the values one must attribute to the albedos.
Most simple to discuss will be not too thick layers of reflecting material
surrounding the active mass. If the thickness A of the layer is about equal
to the mean free path of a neutron in it, then on the average the neutron
will suffer one collision and have about a 50% chance of returning to the
interior. Thus, .

=1l A
L
Mean free paths for Fe, Ni, Cu and Al are listed in the last table of the
second section. One sees that the albedo of Fe will probably be less than
a half up to thicknesses of 3 cm or so. One sees that here the "fast"
albedo is nearly one half of the "slow" one.

It should be emphasized that as the layer thickness A is increased
behond the value A , then the albedo may increase beyond 1/2 but much less
than proportionally to A.

It may also be important to know what part the walls of s room
msy plan in neutron reflections. If the wall area S is large compared to
the surface S; of the container of the active mass, it is easy to show
that the albedo will be given by:

(L - vec)® s
“a + .
Y #Yc (1 - 7w Sw

in which ¥, and vy are albedos of the container and the wall, respectively.
For a thick mass like a wall Fermi's well-known albedo formuils might be
applied: :

y=1-2/V%

where N is the average number of collisions a neutron makes in the wall
material before it is captured. A value~ 100 for N will be of the right
order of magnitude for the usual wall materials, giving v = 0.8. If .
we now also use the thin layer albedo for ¥, the resultant albedo becomes:

o~ | ‘. - A —§Q “‘v | ‘
y~1/2 a/aroL - 'Z)li |

Influence of hydrogenous substances.

Neutrons thrown back by a hydrogenous reflector have greatly
diminished velocities. An sppreciable fraction of the reflected neutrons
are thermal. Since the fission cross section in 25 increases with decreas-
ing velocity, neutrons reflected in such a way will give fission with practi-
cal certainty and such fission will take place on the surface of the reacting
material., The greatly increased fission cross section of the reflected
neutrons might lead to the result that in the presence of hydrogenous
reflectors the critical amount is greatly reduced.
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If the reacting material is surrounded by an infinite sphere of
hydrogenous material, say water, the critical mass cannot be calculated with
the help of diffusion theory because the critical radii become smaller than
the mean free path. The critical radius R can be estimated as follows: We
consider a fission taking place on the surface of a sphere. It creates w
fast neutrons and w' slow ones. If these neutrons penetrate into the water
without causing further fission, the number of neutrons returning will be
WYy + w'yg. Here ¥Yp and <yg are the albedos for fast and slow neutrons.
All the returning neutrons cause fission. If, therefore,

wWYe +wW'yg =1 (12)

then the chain reaction will be self-supporting. For Y and Yg we find the
approximate expressions

yo = 05 _ o,
f = TR’ 'Ys—l+l;R

where R is the radius of sphere measured in centimeters. Eq. (12) has to
be corrected for fissions and slowing down processes taking place in the
interior of the sphere. This leads to the corrected expression

Wyp twlyg =+ % o [op] [(w-1) o + Wiy g]

+ %’LRNO‘ Ogp [w'yf + (w'-1) 'ys] (13)

w
+ 5 RNp oMy - ve) =

where N is the number of nuclel per cm3; o are two factors which take into
account the fact that the neutrons are scattered within the sphere. We

have used 1.5 for a and 1.3 for 8 as very approximate velues. The values are
very approximate but they occur only in the small correction terms. opr and
O.p are the cross sections for fast and slow fission per molecule respectively,
ol7is the cross section for inelastic scattering. The correction terms are
small, hence the critical radius is to a good approximation independent of
the dilution factor. This approximation is valid to the extent that an inci-
dent neutron may be considered to produce fission with certainty. If the
dilution becomes too great (x = 0.1) this will no longer be so. In this
region, the calculation will be further complicated by the resonance ab-
sorption of ordinary uranium. It is certain that in the latter region more
absorbing material will be needed than for high isotopic concentrations.

In the case of UFg, the correction term turns out to be O9h
the critical radius 6.75 cm, the critical mass 6.05 kg.

A water or paraffin layer of 10 cm thickness produces about
the same effect as an infinite hydrogenous reflector. Thinner layers produce
smaller effects; very thin layers produce effects which tend to zero more
rapidly than the thickness of the layer.* Thus, the effect of very thin

* This is due to the fact that protons give no back-scattering. The effect
of the non-hydrogenous material in the layer gives of course, an effect
proportional to the thickness of the layer.



10 CF-548
hydrogenous layers is insignificant.

. A similar picture is obtained if the hydrogenous material is
intermixed with the reacting material, If the hydrogenous material is present
in sufficient bulk to slow down neutrons to thermal energies before they
escape then a very small concentration of 25 is sufficient to give fission
with a large fraction of these slow neutrons. Thus & chain reaction may be

sustained.

If the material is in the shape of a hollow sphere of about
2 or 3 mm thickness, then the principal modification of Eq. (13) is in
the small correction terms. Hence the outer radius will be approximately
the same as for a solid sphere. As a result much smaller masses will be-
come chain reacting. It must be remarked that these smaller masses will not
become smaller (few hundred grams) than the masses needed to sustain a
chain reaction in a water solution (discussed below). If a mass of the
same order of magnitude as that obtained immediately above has a planar
shape of some 5 mm thickness and is surrounded by a sufficient amount of
hydrogenous material, the material will sustain a chain reaction.

According to calculations of Oppenheimer, Serber, Christy,

and Wheeler a few hundred grams of 25 dissolved in a few liters of water are
sufficient to give a chain reaction. Actually such small amounts become
chain-reacting only if the solution is surrounded by pure water which serves as
a reflector. But even if such a reflector is absent about 3 kilograms of
25 dissolved in about 50 liters of water will be probably chain-reacting.
Even in the vapor state, chain reaction may take place if the tank is
surrounded by hydrogenous materials. If we set

v the number of neutrons per fission

¥ the average albedo of fission neutrons on
the hydrogenous wall

A the fission mean free path of the reflected
neutrons in the chain reacting gas:

R the radius of the tank containing the chain

reaction gas

The critical condition becomes

, 2
_7\__--231(- _A_)_A]_
v-y[l+Re / 1+ 5 2RZ. =1

For v we have the fairly reliable value 2.2.

The albedo ¥ is more uncertain

but may be estimated as 0.55. Therefore, the chain reaction will set in for
R=1.5A. The mean free path A is inversely proportional to the density of
the gas, to the fission cross section and to the isotopic abundance x of 25.
If we set the density equal to that of an ideal gas at NTP and use for the
cross section the observed thermal fission cross section 600 x 10-2% cm2,
then A in pure 25 is 60 cm and the critical radius becomes 90 cm. Of course,
not all the neutrons reflected from the walls will have thermal velocities
and thus the actual fission cross section will be smaller. In addition,

the gas to be used is of a smaller density.
radius will be several meters.

Therefore, the actual critical

11
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The dangers caused by hydrogenous substances can be reduced
by the use of boron compounds. The tank should be coated by a boron
compound. This greatly decreases danger that may arise if some hydroge-
nous material (for instance a person) comes near to the tank. One gram of
boron per cm® should provide adequate protection. Even 0.1 gram/cme
is very helpful.

Any hydrogenous material which might become intermixed with
the chain reacting material should be mixed with boron. If the mass con-
centration of boron is chosen as 1/10 of the maximum mass concentration
with which 25 might appear in the hydrogenous material no chain reaction
will occur,

Boron should be used in such a way as not to get mixed in
the normal operation with the process gas. Even minute concentrations
of boron in the final product are harmful. '
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