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Relationships Between Diffusion Tensor

and g-Space MRI
Peter J. Basser”

Fundamental relationships between diffusion tensor (DT) and
3D g-space MRI are derived which establish conditions when
these two complementary MR methods are equivalent. It is
shown that the displacement distribution measured by g-space
MRI in both the large displacement (i.e., large r) and the long-
wavelength (i.e., small g) limits is the same 3D Gaussian dis-
placement distribution assumed in DT-MRI. In these limiting
cases, g-space MR yields a dispersion tensor that is identical to
the effective DT, D, measured in DT-MRI. An experiment is then
proposed to measure D using g-space methods. These findings
establish that the effective DT, measured in DT-MRI, character-
izes molecule motions on a coarse length-scale. Finally, the
feasibility of and requirements for performing 3D g-space MRI
on a clinical scanner are considered. Magn Reson Med 47:
392-397, 2002. Published 2002 Wiley-Liss, Inc.T
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Concepts of g-space NMR are increasingly informing NMR
and MRI studies of tissue structure-function relationships,
particularly in brain white matter. Several groups have
employed g-space NMR concepts to measure features of
the translational displacement distribution of water mole-
cules within white matter, primarily to investigate its mi-
crostructure and organization and their possible alter-
ations in disease (1-8). In principle, this method could
demonstrate the existence of restriction (i.e., impermeable
barriers); characterize water mobility in distinct anatomi-
cal compartments within axons, axon bundles, and fasci-
cles (e.g., Ref. 2); and even help resolve differences in the
orientations of distinct white matter tracts (7).

Displacement distributions have also been measured in
tissues such as anisotropic white matter, using diffusion
tensor MRI (DT-MRI) (9). However, there is no existing
framework by which to compare and contrast g-space and
DT-MRI experimental findings. In fact, there is a gap in our
understanding of the fundamental theoretical relation-
ships that exist between these two distinct MR methods.
The development of such a conceptual schema could sub-
stantially advance many areas of research in tissue biology
and materials science.

Specifically, in this work we address several key ques-
tions: Are DT and g-space MRI methods complementary
and consistent? How are the displacement distributions
measured by g-space and DT-MRI methods related? Can
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g-space MRI methods also be used to measure an effective
DT? If so, how is this quantity related to the effective DT
measured by DT-MRI? More generally, how are the g-space
and DT-MRI formalisms related, and in what cases are
their results directly comparable? Does the analysis of the
g-space MRI experiment provide fresh insights into the
physical meaning of the effective DT or provide limits on
its range of experimental applicability? Is g-space MRI
clinically feasible? In the process of addressing these ques-
tions, we describe mathematical methods that can be used
to relate g-space and DT-MRI experiments.

BACKGROUND

Building on Stejskal and Tanner’s (10,11) pulsed-field gra-
dient (PFG) spin-echo experiments, and their novel inter-
pretation of them, several studies (12—14) proposed g-
space NMR to investigate the microscopic motion of spins
in complex materials. This NMR method provides a direct
measurement of the displacement distribution of an en-
semble of spins without requiring an explicit model of the
translational diffusion process. Also, g-space NMR allows
one to assess separately the effects of changes in diffusion
time, orientation, and length-scale probed, on the dis-
placement distribution.

In establishing a correspondence between g-space and
DT-MRI experiments, we start by considering the behavior
of spins in the g-space experiment in the coarse-scale
limit. The canonical g-space NMR experiment is per-
formed using a PFG sequence (see Fig. 1 for an example)
for which two key conditions must be satisfied: First, the
width of the diffusion gradient pulse, 8, is considered to be
infinitesimally short. The gradient pulse waveform, G(t),
can then be represented as a delta-function with area G 3,
so that

Y [ Gwdi= L ves
Q=5 (1) t=-5_-vGd. [1]
0

Thus, q is no longer explicitly a function of time, t, but
only a function of the duration of the phase-encoding
period, 8. Second, molecular displacements taking place
during the application of these short diffusion gradient
pulses are assumed to be negligibly small compared to the
displacements that occur during the diffusion time, A,
between these pulses, i.e., 8 << A.

When both these assumptions are satisfied, the condi-
tional translational displacement distribution of tagged
spins, P(r,, Alr,, 0), and the normalized echo attenuation,
E(q, A), are related by (10):

E(q, A) = f j P(r,, Alry, 0)P(r,)e'd ™™ d°r,d’r, [2]

392



Diffusion Tensor and q-Space MRI

90° 180° Echo
¢ 4
G v G
b &

FIG. 1. The Stejskal-Tanner PFG sequence used in a g-space NMR
experiment. Included in the spin-echo sequence are two gradient
pulses with magnitude G, pulse duration 3, and diffusion time A. The
conditions that must be satisfied in g-space NMR are that 8 is
infinitesimally short, and 8 << A.

where E(q) is the complex NMR signal attenuation mea-
sured at q. P(r,, A | r,;, 0) is the probability that a spin-
labeled molecule starting at position r, at time 0 ends up at
position r, at time A; P(r,) is the initial distribution of
spins. If one further assumes local homogeneity, the dis-
placement distribution then depends only upon the net
displacement, r = r, — r,, not on the initial or final posi-
tions of the molecules per se, so that P(r,, A | r,, 0) =
P(r, A | 0, 0). Furthermore, if one assumes that the spin
density is uniform in the excited volume, i.e., P(r,) is
constant, then Eq. [2] above reduces to:

E(q, A) = J P(r, Al0, 0)e'd"d°r. [3]

The integral above is a 3D Fourier transform of P(r, A | 0,
0) with respect to the displacement vector, r. The inverse
Fourier transform (F) of E(q, A) in Eq. [3] yields P(r, A |
0, 0):

P(r, Alo, 0) = fx E(q, A)e " "d’q = F'(E(q, A)).  [4]

The mathematical framework and formalism required to
perform 3D g-space MRI are well established and can be
found in numerous articles and textbooks on g-space MRI
methods, such as Ref. 13. The g-space formalism used in
NMR spin-echo experiments is formally similar to earlier
quasi-elastic incoherent neutron scattering experiments
(e.g., see Ref. 39) in which one measures the intermediate
scattering function. This equivalence was also pointed out
by Callaghan (13). However, explicit relationships be-
tween g-space and DT-MRI methods have not been pro-
posed. That is the subject of the analysis below.

THEORY
Large Displacement or Large-r Limit
To establish an explicit relationship between g-space and

DT-MRI formalisms, we examine the asymptotic behavior
of the displacement distribution in Eq. [4] in the limit of
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large r. This is the case in which the diffusing species can
probe the material over a length-scale larger than the size
of inclusions and restrictive domains. Specifically, we use
a variant of an asymptotic expansion method, Laplace’s
method" (e.g., Ref. 15) to study the behavior of
limP(r,A|0,0).

r—%

We first rewrite E(q) using the following identity:

E(qg, A) = e [5]

so that Eq. [4] becomes:

P(r, A

0,0) = f et g, (6]

Now, in the large-r limit, the function e~ 9 that modulates
E(q) in Eq. [6] oscillates rapidly. Watson’s lemma (15)
guarantees that the integral can be adequately approxi-
mated by examining the behavior of the integrand only
near its maximum at q = 0. Thus, we expand the exponent,
In(E(q)), as a complex Taylor series about q = 0. However,
because P(r,, A | r,, 0) is a positive real function, the real
part of E(q) is an even function of q, and the imaginary part
of E(q) is an odd function of q. The real part of E(q) can
then be written as a Taylor series:

1 3 3
In(E() = In(BO)) + 5y E E @ [E@oiglq=0 G

+0(q). (7]

Above, g, indicates the k™ component of g, and “,;”
indicates partial differentiation with respect to g, and g;.
Since | E(0)| = 1, it follows that In(|1 E(0)|) = 0. Therefore,
Eq. [7] simplifies to:

1 3 3
IH(E(q)) = E E E qi |E(q)|’ij‘q:0 q/' + O(q4)- [8]

i=1j=1

The leading real term in Eq. [8] is a quadratic form whose
3 X 3 Hessian matrix, |E(q)l,;!, _ o, is symmetric® and
negative definite. By defining H as follows:

1 T
ifla—o @ = — 7 9Hq

N|

3 3
> > a:|EQq)
=1 j=1

where Hj;; = —|E(Q)],ilq-0 [9]

we see that H is both positive definite and symmetric. One
way to interpret H is that its three eigenvalues are the three
principal curvatures that characterize the shape of | E(q) |
near q = 0.

This method is widely used in the theory of complex variables to obtain the
asymptotic behavior of integrals.

2Technically, only the symmetric part of the matrix can make a non-zero
contribution in the quadratic form.
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Finally, to obtain the asymptotic form of the displace-
ment distribution, we substitute Egs. [8] and [9] into Eq.
[6]:

r—>

lim P(r, A0, 0) = j e V2 dtagTiariq, [10]

Eq. [10] is the 3D Fourier transform of a 3D Gaussian
probability density function of q. The result is a 3D Gauss-
ian probability density function of the random variable r:

lim P(r, Al0, 0) = e~ V/2 "0,

r—0

[11]

Further examination of Eq. [11] leads to a second interpre-
tation of H. It is the covariance matrix of a 3D Gaussian
displacement distribution obtained by taking expected
values of the mean-squared displacements along the x, y,
and z directions:

x*) (xy) <XZ>)
. [12]

H=({r")= ( xy) () (=2
(xz) (yz) (7%

Moreover, the three eigenvalues of H are the three princi-
pal mean-squared displacements along its three principal
directions at a diffusion time A.

We can now make a formal connection between the
displacement distributions measured using g-space NMR
methods (in the large-r limit) and DT-NMR. Just as the one
uses the Einstein equation to define an apparent diffusion
coefficient (ADC) (13,16) as the mean-squared displace-
ment divided by twice the diffusion time, we define the
effective or apparent DT, D, as the mean-squared displace-
ment tensor, H, defined in Eq. [12], divided by twice the
diffusion time, or:

=

H=2DA thus H'= D [13]

2

2

Equation [13] is simply a 3D generalization of the Einstein
equation (17) appropriate for a homogenous anisotropic
medium®. Substituting D™ for H™" using Eq. [13], and
incorporating the proper normalization constants in the
Gaussian distribution in Eq. [11] above, we obtain the final
result:

—rTD-11/(4A)

lim P(r, A0, 0) =

r—%

[14]

1
JDl@may ©

The Gaussian displacement distribution, Eq. [14], is ex-
actly the one we assume in DT-NMR (18) and DT-MRI (9).
Because this derivation does not depend on the explicit
details of the diffusion process, such as the number of

3The definitions of H and D are consistent with definitions of the mean-
squared displacement and diffusion coefficient in the Einstein equation de-
scribing diffusion in an isotropic medium, i.e., Trace(H) = Trace((r r")) = (r’r)
= (r-r)= (r?) = 2Trace(D)A = 6(D)A.
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distinct compartments, the conditions at their boundaries,
the exchange between compartments, etc., this result is
quite general.

We can now relate the echo attenuation and the effective
DT in the g-space MRI experiment in the large-r regime.
Substituting the Gaussian distribution in Eq. [14] into Eq.
[3], we immediately obtain:

|E(q)| = e™*™9™9*  or In(E(q))) = —4n*q"DqA.  [15]
We also recognize Eq. [15] as Stejskal’s solution to the
modified Torrey-Bloch equation for a PFG sequence in
which A >> § (10).

The form of Eq. [15] above suggests how to measure D
using g-space methods so that g-space and DT-MRI exper-
iments can be directly compared. The entire DT can be
estimated statistically from Eq. [15] by acquiring at least
seven diffusion-weighted images, at least six of which are
obtained by applying gradients that are not coplanar and
not collinear. Since each diffusion-weighted signal,
| E(q,) |, represents a projection of the DT along a different
gradient direction specified by q,, i.e., q& D q,,, the mea-
sured effective DT is the one that yields the best fit of the
| E(q,)| data to Eq. [15] (in a least-squared sense). Thus,

the optimal D can be statistically estimated by minimizing
2

X

(|E(gn)] — o *rmdusy [16]

for N (=7) diffusion-weighted signals by using Eq. [15] just
as in DT-NMR (18) and DT-MRI (9). This proposed g-space
NMR experiment to measure D does not assume a priori
that the material’s intrinsic or principal coordinate system
is given or known with respect to the laboratory frame of
reference—for example, as it is in Refs. 13 and 19.

The equation used to measure D in the DT-MRI experi-
ment (18) is based on a solution to the modified Torrey-
Bloch equation, also derived by Stejskal (10), in which the
condition A >> 3 is relaxed. Nonetheless, the effective DT
measured using g-space MRI methods in the large-r limit,
using Eq. [16] above, is the same quantity as the apparent
or effective DT one measures using DT-MRIL. So, if per-
formed correctly, g-space NMR in the small g limit should
produce the same effective DT as DT-NMR.

Long-Wavelength or Small-g Limit

Another perspective on how g-space and DT-MRI methods
are related can be attained by studying | E(q) | in the long-
wavelength limit, i.e., as ¢ — 0. In one dimension, it is
useful to rewrite the signal attenuation in Eq. [3] as the
expected value of the complex phase (20):

|E(q,, A)] = Re((e™*™9%)) ~ 1 — 2m*q(Z?) + O(qp).
[17]
The NMR signal attenuation caused by random displace-

ments along the Z direction clearly show a quadratic de-
pendence on g, in the small-g limit (20,21). If one uses the
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Einstein equation, (Z?) = 2DA, to define an effective dif-
fusivity, D, then one immediately obtains:
|E(q,, A)| ~ 1 — 4m*qzDA + O(q)). [18]

Generalization of this result to three dimensions is
straightforward:

|E(q, A)| = Re({e”#™17)) = 1 — 2w*q"(r r)q + O(q*)

=1 - 27w*q"Hq + O(q*) [19]
where we have used Eq. [12] above. Again, using the
generalized Einstein equation given in Eq. [13] to relate the
covariance of the displacement distribution and the effec-
tive DT, one immediately obtains:
|E(q, A)| =1 — 4m*q"DqA + O(q*). [20]

Clearly, to second order in q, one cannot distinguish the
decay of 1E(q)! in Eq. [20] to that of Eq. [15], which is
produced by assuming a 3D Gaussian displacement distri-
bution for r. This finding is also consistent with
Stepisnik’s analysis of Eq. [17] using the method of cumu-
lants (22) in the Gaussian limit. Thus, in the small-q re-
gime, we can treat the quadratic decay of | E(q)| vs. q as
arising from a Gaussian displacement distribution.

Finally, what remains is to establish a relationship be-
tween g-space MRI and DT-MRI. Since g-space NMR is
compatible with k-space encoding (13), the incorporation
of a PFG g-space diffusion sequence within an imaging
sequence does not inherently change the relationship be-
tween the measured echo attenuation and the measured
displacement distribution. The same holds between DT-
NMR and DT-MRI. Generally, in diffusion imaging, if the
imaging gradients are immediately refocused (23-27), or
imaging and diffusion sequences are separated, then the
effect of imaging gradients on diffusion attenuation can be
decoupled. Thus, results of a properly performed g-space
MRI experiment at large-r should be consistent with those
of a DT-MRI experiment as well.

DISCUSSION

Are DT-NMR and DT-MRI measurements informative in
the small displacement or short-wavelength limits? Prob-
ably not. While these methods certainly can be and have
been applied in the large-q regime, the interpretation of the
effective DT as a physically significant quantity is limited
to the small-g or large-r regimes, where it describes the
behavior of diffusing spins at the coarsest macroscopic
length-scales. In tissues, large-r operationally corresponds
to the regime in which the logarithm of the signal attenu-
ation decreases linearly with the amount of diffusion
weighting, as measured by Trace(b), where b is the b-
matrix* (18). In the mammalian brain, this linear range is
associated with values of Trace(b) that lie between 0 and

4In DT-MRI, the b-matrix plays an analogous role to Iql?A in g-space MRI: it
contains the factors premultiplying the elements of the DT in the formula
relating the signal attenuation and the DT.
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about 1000 (28) to 2000 s/mm? (29). If appropriate multi-
compartment models of diffusion are employed, perhaps
the range of b-values can be extended to higher b-values.

Are g-space NMR and MRI clinically feasible, even in
the large displacement or long-wavelength limits? Proba-
bly not using existing gradient technology. Unlike DT-
MRI, which makes modest demands on gradient hardware
and is currently performed on scanners equipped with
whole-body gradient sets, g-space MRI requires short-du-
ration diffusion gradient pulses with rapid rise times that
even the most advanced whole-body (or head) gradient
systems can not provide. Typical diffusion-weighted im-
aging (DWI) parameters used to acquire DT-MRIs are & ~
50 ms, A ~ 60 ms, and TE ~ 120 ms, with a maximum
diffusion gradient strength of approximately 4 G/cm.
Clearly, DWT acquired with these timing parameters fail to
satisfy either requirement of g-space NMR, i.e., that the
gradient pulse be “large and infinitely short” and that &
<< A. For comparison, a typical g-space NMR acquisition
could have parameters: 8 ~ 1 ms, A ~ 100 ms, and TE ~
130 ms, with a maximum diffusion gradient strength of
approximately 500—1000 G/cm (13).

Current U.S. Food and Drug Administration (USFDA)
regulations (30), which are based upon patient health and
safety concerns, pose another obstacle to performing g-
space MRI clinically. The peak rate of change of the mag-
netic field (dB/dt,,,,) produced during a low-r g-space
acquisition by a 100-cm whole-body gradient set is ap-
proximately 125,000 T/s (= 250 G/cm X (100/2) cm/0.01
ms). This dB/dt,,,, is orders of magnitude larger than the
dB/dt thresholds associated with peripheral nerve stimu-
lation (PNS) and pain (31-33). Recent FDA guidelines (i.e.,
dB/dt,,., ~ 20 T/s for a gradient pulse with a rise-time of
1 ms; dB/dt,,,, ~ 100 T/s for a rise time of 0.1 ms; and
dB/dt,,,, ~ 1000 T/s for a rise time of 0.01 ms) preclude
such a high dB/dt in MRI acquisitions (30). Interestingly,
even in a “large-r” g-space MRI experiment, dB/dt,,,,
would be exceeded (i.e., dB/dt ~ 10 G/cm X 50 c¢m/0.01
ms = 5000 T/s).

Conditions for performing g-space MRI on the human
brain are somewhat more favorable using a small head
gradient set, but are by no means ideal. Based on reason-
able head coil performance specifications, dB/dt is still
close to PNS and pain thresholds (i.e., dB/dt ~ 10 G/cm X
10 cm/0.1 ms = 100 T/s).

Nonetheless, Tuch et al. (7) have reported using conven-
tional DWIs acquired on a clinical scanner to measure a 3D
displacement distribution of water molecules in vivo at
high “q.” While their method, diffusion spectrum imaging
(DSI), uses the formalism of 3D g-space MRI, it does so
without satisfying its essential requirements. First, in DSI,
d is not infinitesimally short (i.e., 8~ 50 ms) (7). In brain
parenchyma, this pulse duration corresponds to a root
mean square displacement of water molecules of about
10 pm, which is comparable to the dimensions of cells and
significantly larger (not smaller) than other potentially
restrictive compartments. Second, in DSI, § =~ A (7). Thus,
virtually all of the diffusive motion takes place during
the encoding period, 3, rather than during the diffusion
time, A.

On a more fundamental level, in DSI g is no longer
meaningfully interpreted as an inverse wavelength, and
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the diffusion time, A, is ill defined. The simple Fourier
relationship (Eq. [4]) between the echo attenuation and a
displacement distribution no longer applies. Even when
one employs the “propagator” concept (34), it is not clear
how to interpret the calculated “displacement distribu-
tion” or explain how it is related to the 3D displacement
distribution one would obtain using existing and well
established g-space MRI methods (13). Finally, according
to the arguments given above, DSI should provide the
same displacement distribution and effective DT as DT-
MRI in the “large-r” and long-wavelength regimes. How-
ever, no such confirmatory study has been performed to
date.

While the intermediate q and r ranges are extremely
important biologically, there are significant obstacles to
using conventional 3D g-space MRI to probe this regime
using DWIs in which small-amplitude, long-duration dif-
fusion gradient pulses are applied. While one could apply
the formalism of Caprihan et al. (35) or Callaghan (36) in
the “forward problem” (i.e., to predict the changes in E(q)
when the structure of the medium is known a priori), there
is no comparable methodology to help us solve the “in-
verse problem” (i.e., to infer the underlying microstructure
a posteriori from E(q)). Unfortunately, the latter is the
problem we typically encounter in biological and clinical
applications. The elegant “center of mass” formalism of
Mitra and Halperin (37) clearly demonstrates that as the
duration of the diffusion gradient pulse, 8, increases, the
ability to deconvolve the details of the molecular displace-
ments decreases, and that the artifactual sharpening of the
measured displacement distribution increases as the con-
stant gradient limit is approached (38).

CONCLUSIONS

The asymptotic behavior of the displacement distribution
in g-space NMR is Gaussian in the large-r limit. In this
regime, g-space MRI yields an effective DT, D, identical to
that measured using DT-MRI methods. Our analysis re-
sults in two interesting interpretations of this quantity:
First, D is proportional to the Hessian matrix of | E(q)| at
q = 0, which characterizes the curvature of |E(q = 0)I.
Second, D is proportional to the covariance matrix of the
Gaussian displacement distribution that is obtained in the
large-r limit. A series approximation is used to examine
the signal attenuation, |E(q)!, in the long-wavelength or
low-q regime. Again, in this limit, the decay of | E(q) | with
respect to q is also consistent with a Gaussian displace-
ment distribution to order g*. These findings suggest that
the effective DT characterizes molecular motion on a
coarse length-scale, and is most appropriately used in the
large-r or low-q regimes. We also suggest a new scheme to
measure D using g-space MRI methods.

Our analysis demonstrates that DT and g-space MRI
methods are entirely complementary and compatible
methodologies, although they use different formalisms.
DT-NMR and DT-MRI can be performed meaningfully us-
ing long-duration diffusion gradient waveforms that are
closely separated in time, so they can be performed in a
whole-body scanner. However, order-of-magnitude esti-
mates suggest that the strong, short-duration gradient
pulses required for g-space MRI preclude its use on clini-
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cal scanners equipped with whole-body gradient sets, even
in the large-r or long-wavelength regimes. q-Space MRI
does provide additional spatial, temporal, and orienta-
tional information about molecular displacements which
is not provided by DT-MRI, and, at present, is particularly
well suited to studying small animals, small tissue sam-
ples, and other biological specimens.
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