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General analytical expressions are presented for the b matrix
used in diffusion NMR imaging and spectroscopy. These
expressions are evaluated in the case of a two-dimensional Fou-
rier-transform spin-echo imaging sequence and show the effect
of ““cross terms” between gradient pulses. The diagonal and off-
diagonal components of the b matrix are calculated for the an-
isotropic diffusion tensor. The proposed analysis allows diffusion
coefficients and tensors to be determined accurately and with
greater efficiency. © 1994 Academic Press, Inc.

INTRODUCTION

The ability to measure molecular diffusion noninvasively
and in vivo using magnetic resonance imaging (MRI) has
generated great interest and is only beginning to be exploited
clinically. Its potential applications include imaging of mo-
lecular diffusion, functional assessment, tissue characteriza-
tion, and treatment monitoring (/).

Both diffusion NMR spectroscopy (2-4) and imaging ( 5~
8) of in vivo isotropic media require the determination of
the scalar b factor from the magnetic field gradient-pulse
sequence. The diffusion coefficient, D, can be estimated using
the relation

SN _
ln(S(O)) bD. [1]

Above, S(0) is the echo intensity with no diffusion gradient
applied, and S(b) is the echo intensity for a particular dif-
fusion gradient strength.

The b factor can easily be calculated analytically for simple
pulse sequences used in spectroscopy. However, for com-
plicated imaging pulse sequences that may contain localiza-
tion, crusher, and diffusion gradients, b factors have been
evaluated either numerically or experimentally (by calibrat-
ing the diffusion coefficient from a phantom material) (9).
Accurate determination of the b factor, taking into account
all gradient pulses, is necessary for diffusion measurements.
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One complication is that imaging and diffusion gradients
interact with one another, producing additional “cross terms”
in the b factor that, if unaccounted for, can lead to an in-
correct estimate of the diffusion coefficient (/0). Another
complication is that, in order to describe effective diffusion
in some anisotropic media, such as skeletal muscle (//) and
brain white matter (/2), one must use a more general
expression than Eq. [1],

(2]

i=1

S_(bl _ 3 3
lrl(S(o)) — T2 El biDi

in which b, is a component of the b matrix, b, and D;; is a
component of the effective self-diffusion tensor, D (13). In
Eq. [2], one must determine the nine elements of the b
matrix, rather than one scalar b factor.

In this paper, we present analytical expressions for the b
matrix used in NMR diffusion spectroscopy and imaging for
a generalized two-dimensional Fourier-transform spin-echo
pulse sequence. For an imaging sequence, we show the effect
of cross terms between gradient pulses. Finally, we predict
the form of the diagonal and off-diagonal elements of the b
matrix.

THEORY

Expression for the b Factors

The solution to the Bloch equations for a 90°-180° spin-
echo pulsed-gradient NMR experiment with diffusion gra-
dients ( /4) is well known, as is the modification of Stejskal
to describe free diffusion in an anisotropic medium (15).
We use analytical expressions for the gradient-pulse se-
quences, G(7), where

G(1) =[G (1), G,(1), G(D)], [3a]

and functions of G(¢),

F(y) = J:G(l')dt' [3b]

1064-1858/94 $6.00
Copyright © 1994 by Academic Press, Inc.
All rights of reproduction in any form reserved.



132

MATTIELLO, BASSER, AND LEBIHAN

180° echo
1, TE TE
A
A
A

FIG. 1.

Spectroscopic gradient-pulse sequences for the 2D FT spin-echo experiment. (a) The 90° and 180° RF pulses and the echo signal are indicated.

G, is the maximum field gradient along the /th coordinate direction. (b) Illustration of rectangular diffusion gradients along one coordinate axis, the x,
y, or z direction, where 4 is the pulse duration and A is the time between the onset of the first and second gradient pulses. (c) Sinusoidal diffusion gradients
along one coordinate axis, the x, y, or z direction, where é is the pulse duration and A is the time between the onset of the first and second gradient pulses.
(d) Trapezoidal diffusion gradients along one coordinate axis, the x, y, or z direction, where & is the time between the onset of a trapezoidal pulse and
the end of its plateau, e is the rise time of the trapezoidal ramp, and A is the time between the onset of the first and second gradient pulses.

and

f = F(3 TE), [3c]
to derive an analytical expression for the echo intensity, using
the formula (75)

nf —3—
“(S((»)
) TE
=—72f0 [F() — 26 fID[F(1) — 26()€17dr.  [4]

Here, v is the gyromagnetic ratio, TE is the echo time, £(¢)
= 0 when ¢ < iTE, &) = 1 when ¢ > 3TE, and D is the
effective or apparent diffusion tensor. The b matrix, b, used
in Eq. [2], is given by (/3)

TE
b=72f0 [F(2) = 26O 1T [F(1) — 2&()f Jdt.  [5]

Analytical expressions relating the echo intensity and the
apparent diffusion tensor are presented for spectroscopic
pulse sequences. If G; and G, are the maximum field gradients
along the ith and jth coordinate directions, respectively, then

for a spin-echo sequence in the presence of a constant gra-
dient, the » matrix is

b,'j = 72G,GJTE3/12. [6]

For a pair of rectangular gradient pulses, with duration &

separated by a time interval A, as illustrated in Fig. 1b, the

b matrix is
b,‘j= ’yZG,-GjBZ(A—%(S). [7]
With a pair of sinusoidal gradient pulses, with duration &

separated by a time interval A, as illustrated in Fig. lc, the
b matrix is

4
b; = = v?G,G;6*(A — 13). [8]
g

Finally, for a pair of symmetric trapezoidal pulses like those
shown in Fig. 1d, where 6 is the time between the initial rise
of a trapezoidal pulse and the end of its plateau, A is the
time between the initial rise of the first and second gradient
pulses, and e is the rise time of the trapezoidal ramp, the b
matrix is (13)

by = V’GGL67 (A — 10) + > — 437 [9]
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These formulas reduce to the familiar one-dimensional
expressions for isotropic media (/6-19).

With more complicated imaging pulse sequences, how-
ever, Eq. [ 5] becomes too tedious to evaluate by hand. We
therefore used a symbolic manipulation program, similar to
that employed by Price and Kuchel (20) (who derived simple
analytical expressions for scalar b factors in basic diffusion
spectroscopy and imaging sequences), to derive analytical
expressions for the b matrix for imaging pulse sequences. In
evaluating Eq. [5], we have included in the pulse sequence
localization, diffusion, and crusher gradients, which are
known to affect the echo intensity (6).

We synthesize the generalized imaging sequence shown
in Fig. 2 from a library of individual sinusoidal and trape-
zoidal gradient pulses. The parameters, such as gradient pulse
shape, intensity, and duration, are described in the note to
Table 1. We include all gradient pulses that are typically
encountered in 2D FT spin-echo pulse sequences, as shown
in Fig. 3.

For a general imaging pulse sequence using trapezoidal
diffusion and crusher gradient pulses, as shown in Fig. 2a,
the analytical expression for the elements of the b matrix is

by = v {{GGy} i + {G1,Gy + GGy} 712
+ {GiGy + G3,G} 113 + { GGy + GyGj}71s
+{GiGs; + Gs5,G\;} Tis + { G1,Gg; + GGy} 716
+ { GG} 12 + { GGy + G3,Gy} T3
+ { Gy Gaj + G4y Gy 120 + { Gy Gs; + Gs; Gy} a5
+ { Gy Gy + GG} 126 + { G3:G3j} 733
+ {G3,Gyj + G4y Gy} T34 + {G3;Gs; + Gs;G3;} 735
+ {G3;Gg; + GGy 736 + { GaiGaj} Taa
+ {GaiGs; + Gs5;Gyj} a5 + { G4iGe; + G6iGaj} 746
+{Gs5;Gs;} 755 + { G5;Ge; + GeiGs; } 756

+ {GﬁiGéj}TGG}' [10]

In this expression for the b matrix, Gy, are the gradient in-
tensities. The first index, k, indicates the type of gradient
pulse (e.g., slice selection, phase encode, etc.). The second
index, 7, indicates the coordinate direction in which that
pulse is applied (i.e., the read, phase, or slice direction). The
74, Which are combinations of time intervals and pulse pa-
rameters, are defined in Table 1. When the imaging param-
eters are specified in Eq. [10], one can calculate the elements
of the b matrix in each coordinate direction.

We synthesize a generalized imaging pulse sequence using
sinusoidal-shaped diffusion and crusher gradient pulses, as
shown in Fig. 2b. In this case, the analytical expression for
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the elements of the » matrix is the same as that in Eq. [10].
The 714, which are combinations of the time intervals and
pulse parameters, are defined in Table 2.

The plane of the image to be acquired specifies the read,
phase, and slice directions with respect to the x-, y-, and z-
coordinate directions. For the three basic imaging planes,
the following relationships between the axis and image co-
ordinate directions are defined: axial image, x = read, y =
phase, and z = slice; sagittal image, x = slice, y = read, and
z = phase; and coronal image, x = phase, y = slice, and z
= read. For i = j, the gradient pulses lie in the same coor-
dinate direction (e.g., in the read direction ), while for i # j,
the gradient pulses lie along different coordinate directions
(e.g., the read and phase directions). Some of the gradient
pulses may be set to zero (i.e., they are not used in a particular
coordinate direction ). For example, there is no slice-selection
gradient in the readout direction. In some cases it is useful
to calculate the diagonal and off-diagonal elements of the b
matrix separately; Eq. [10] allows for the accurate and quick
determination of these elements.

Diagonal Elements of the b Matrix (b, i = j)

For diffusion in an isotropic medium, in principle, we
need only consider the diagonal elements of the b matrix.
In this case, a linear relationship exists between the logarithm
of the echo attenuation, In[S(b)/S(0)], and each diagonal
component of D (13). Figures 3a and 3b give examples of
imaging pulse sequences with trapezoidal or sinusoidal dif-
fusion gradients. The gradient intensities are as follow: G,
= (Gy), a 90° slice-selection gradient; G, = (Gyqgp, Gpe, OF
G¢), the read-dephasing, phase-encoding, or slice-refocusing
gradients, respectively; G = (Gg,, Gy , or Gy,), the diffusion
gradients in the read, phase, and slice directions, respectively;
G4 = (G, G, or G.,), the crusher gradients in the read,
phase, and slice directions, respectively; G5 = (3Gy), a 180°
slice-selection gradient; and G4 = (G,, ), the readout gradient.

In the read direction (b, = beaq), G = 0, G, = Gigp, G
= Gy, G4 = G, Gs = 0, and G4 = G,,, the corresponding
diagonal element of the » matrix reduces to

be = Y {GlpTar + 2G4 Grap23 + 2G,, GrapT2a + G373
+ Gl74a + 2G Gy 730 + Gio7e6 + 2G1oGrapTa6§- [111]

In the phase direction (bpp = bppase), G = 0, Gy = G,
G3=Gy,, G4 = G, Gs = 0, and G¢ = 0, the corresponding
diagonal element of the b matrix reduces to
bpp = 72{(;;2)6722 + 2deGpeTZ3 + 2chGpeT24

+ GczlpT33 + G(23p144 + 2chdeT34}. [12a]

Thus, by, varies as G, is incremented. However, most b-
factor calculations assume that G, = 0, corresponding to
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FIG. 2. The generalized imaging gradient-pulse sequences used to derive the analytical b-matrix expressions. In this figure Gy; (k = 1 through 6) are
the gradient-pulse strengths in the /th coordinate direction (i.e., the read, phase, or slice direction). The different gradients are G, the 90° slice-selection
gradient; G,, a phase-encode, read-dephase, or slice-refocusing gradient; G5, a diffusion gradient; G,, a crusher gradient; Gs, the 180° slice-selection
gradient; and G, the readout gradient. &, is the pulse duration, ¢ is the rise time of the trapezoidal ramp, and ¢, is the time at which the gradient pulse
turns on. In this figure, gradient pulses are shown with (a) trapezoidal or (b) sinusoidal diffusion and crusher gradients.

the center line of Fourier space in the phase-encode direction
(i.e., at the top of the echo). With this condition, the expres-
sion further reduces to
bpp = 72{G5p733 + G§p744 + ZchdeT34}. [12b]
In the slice direction (b = bgice), G1 = G, Go = G, G3
= Gy,, G4 = G, Gs = 3Gy, and G = 0, the corresponding
diagonal element of the b matrix reduces to

by = v2{Gi(7\, + 715 + 3755) + 2GyGe(712 + 3725)
+ 2GyGy (713 + ir3s) + 2G 4G (114 + 3745)
+ G + 2G Gyr7a3 + 2G Gp 724

+ G(zisT33 + G(Z:ST44 + ZGCsGdsT34}' [13]

Off-Diagonal Elements of the b Matrix (b, i  j)

When we consider diffusion in an anisotropic medium,
we must replace the scalar diffusion coefficient with a dif-
fusion tensor and the scalar b factor by the b matrix as in
" Eq. [2]. Previously, only the diagonal elements (D,,, D,,,
and D) and their respective b factors (b,,, b,,, and by) had
been considered in the context of anisotropic diffusion spec-
troscopy (15, 17, 18, 20) and imaging (5, 20, 21); recently,
the remaining six off-diagonal elements of D (D,,,, D, Dy,
D,,, Dy, and Dy,) and their respective b factors (b, bys, by,
by, b, and bg,) have also been considered (13). There should
be no confusion between the off-diagonal elements of the b
matrix and “cross terms” (/0) (groups of terms that may
appear within an individual b factor).

The diagonal b-matrix expressions by, b,,, and b are
identical to those derived above in Egs. [11]-[13]. By con-
struction, the b matrix is symmetric (b; = b;;, by, = by, bys
= by, and b,; = b,5) so that only three of the remaining six
off-diagonal elements of the b matrix need to be determined.
They are

brp = ‘YZ{ GrdpGpefzz + (deGrdp + Gd,Gpe)7'23
+ (chGrdp + GCere)TZ4 + Gerde33 + chGch44
+ (chGd, + deGc,)TM + GroGpe726},

by = ’Yz{GslGrdp(le + %725) + GslGd,(Tm + %“'35)

[14]

+ GyG (714 + 1745) + GroGati6 + GuriGrapT22
+ (G4, Gar + Ga Grap) 723 + (G, Gyr + GrapGe,) 724
+ GG 726 + Gg,Ga, 733 + G, G Tas

+ (Gc,Gds + Gd,Gcs)TZM}, [15]

and

bps = Y2 { GyGpe(12 + 3725) + GyGy, (713 + 1735)
+ 264G, (714 + 1r4s) + GuiGpeT22
T (G4, Gpe + G4, Garr) 723 + (G, Gar + GpeGe,) 24
+ Go,Gayr33 + Go,Ge,as
+(Go,Go, + Ga,Ge)73a}. [16]
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TABLE 1
7 Table for the Spin-Echo Sequence (Trapezoidal Diffusion Pulses)
k
1 2 3 4
A =TE A =TE -1, Ay =t3 — 1y Ay =ty — 14 5 6

! 8, =sinct + ¢ 8, = idpt 8; =dift +¢ 6g=crut +¢ 85 = 8, 8 = grot + ¢

3 1 1 1
1 z [5%(Al - 3 6,) + 5 & — g 6|c2]

1 1 4 5
2 - 6152(A2 -5 52) p 5%(A2 ~3 62)

1 2 1 1
3 > 8,103, - 820340, [6§(A3 3 63) + I e — 5 5362]
4 166A4 265A 83044, 62(A ]¢$)+lc2 182

- - - = — = 7 048

2 1% T 204 30454 4 4 3 4 30 6 4

1 1 1 1 1 1 1 1 1/1 1
5 E 6,(¢S§ + 332) ; 52(5§ + 3 ez) Z 5;(5% + '3'::2) Z 6‘(6§ + 5 cz) E (g 8+ -33 1:3)

| 1 1 1 1/1 1
vl R —— 8|+ —(=&+—=¢
16 ‘(‘ 3”) 4152(66 3 ) 0 0 0 4(66 30°)

Note. Listed are the imaging parameters used to describe the pulse sequence (the functional form of the gradient pulse, e.g., its shape, duration, and
magnitude) shown in Figs. 2a and 3a. The timing parameters used in the analytical expression for the trapezoidal 4 matrix are given in this table. The
abbreviations used in these parameters are as follows: 8, is the kth gradient-pulse duration (k-1 through 6), i.e., either the time between the initial rise of
a trapezoidal pulse and the end of its plateau or the pulse duration for nontrapezoidal gradient-pulse shapes, and ¢ is the rise time for the trapezoidal ramp.
The times at which the gradient pulses begin are given by ¢;: —t, for Gy; t, for G,; t3, for the first diffusion gradient G; ¢4, for the first crusher gradient G;
15 for Gs; t3, for the second diffusion gradient G3; £, for the second crusher gradient G,; and ¢ for Gs. The time between the kth gradient pulses in the
pulse sequence A is given by A, = (TE — ¢,), the interval between echo time and refocusing gradients; A; = (f3, — t3;), the interval between the diffusion
gradients; and A, = (14, — 44,), the interval between the crusher gradients. Note that 7, = 7.

Here, also, G, is usually set to zero (the center line of
Fourier space). These equations allow us to calculate the
off-diagonal elements of the b matrix for an imaging se-
quence, shown in Fig. 3, in which the diffusion gradients are
applied in any of the three imaging directions.

EXPERIMENTAL METHODS AND RESULTS

We performed numerical integration of Eqgs. [3] and [5]
to determine the scalar b-factor values, using a program
written in IDL (Interactive Data Language, Research System,
Inc., Boulder, Colorado), as described by LeBihan et al. (6).
We also calculated the analytical b-matrix values from Eqs.
[11]-[16] using Mathematica (Wolfram Research, Inc.,
Champaign, Illinois) and computed both the diagonal and
the off-diagonal b-matrix elements using the analytical
expressions from Egs. [11]-[16].

For the trapezoidal diffusion gradients, a comparison of
the numerical and analytical diagonal b-matrix values was
performed. The gradient-pulse parameters were taken from
a typical imaging protocol for a 4.7 T spectroscopy/imaging
system (GE Omega, Fremont, California), with phase-en-
code steps = 128, slice thickness = 2 mm, block size = 256,
ramp time = 200 us, and TE = 40,000 us. The other imaging

- parameters are defined in Table 3; our 4.7 T magnet is ca-

pable of producing 2.0 G/mm maximum gradient strengths
in any coordinate direction. By inserting the parameters into
the three expressions for the diagonal components of the b
matrix, Egs. [11]-[13], with no crusher gradients, G, = 0.0
G/mm, and G,. = 0.0 G/mm, we obtain

breaa = 5.96 + 68.84G,_ + 280.22G3, [17a]
Bonase = 280.22G3, [17b]
and
Bgice = 0.15 + 1.314G,, + 280.22G3,. [17¢]
With crusher gradients applied, G, G.,, and G, = 0.1
G/mm, and G, = 0.0 G/mm,
Breaa = 7.58 + 80.47G4 + 280.22G3, [18a]
Bonase = 0.28 + 11.64G4, + 280.22G 3, [18b]
and
bgice = 0.50 + 12.95G,, + 280.22G3,. [18c]

With crusher gradients applied, G, ch, and G = 0.5 G/
mm, and G,. = 0.0 G/mm,
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FIG. 3. The 2D FT spin-echo pulsed-gradient sequence used to acquire the diffusion-weighted images. The 90° and 180° RF pulses and the echo

signal are illustrated. The time at which the gradient pulse turns on during the pulse sequence (), as well as gradient pulses in the read, phase, and slice

. directions, is shown. Other parameters are identical with those given in the legend to Table 1. In this figure, the gradient pulses are shown with (a)
trapezoidal or (b) sinusoidal diffusion and crusher gradients.

The diffusion gradients, G, , de, and G4, are in G/mm; the

b,—ead = 19.66 + 127'03Gd, + 280226(21‘_, [l9a] b matrix is given in s/mmz.

bphase
and

b slice

=6.98 + 58.19G,, + 280.22(}'(219, [19b]

The parameters in Table 3 were used to compare the an-
alytical -matrix values and those calculated numerically.
The calculated diagonal b-matrix values agreed to within
four significant digits for both trapezoidal and sinusoidal dif-

= 7.47 + 59.5G4, + 280.22G3,. [19¢]  fusion gradients in the read, phase, and slice directions.
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TABLE 2
7 Table for the Spin-Echo Sequence (Sinusoidal Diffusion Pulses)
k
1 2 3 4
A, =TE A,=TE-1 Ay =ty -ty A=ty —ty 5 6

! 8, = sinct + ¢ 8, = idpt &, = dift 84 = crut 85 = 8, 3¢ = grot + ¢

1 1 1 1
1 '4- [Bf(Al - 5 51) + 3—0 &~ g 5122]

1 1 4 5
2 o '5151(A2 -3 52) = 5§(Az 3 52)

1 4 4 1
3 . 8,834, p 02034, pr 5§(A3 ~2 53)

1 4 4 1
4 ; ‘5154A4 :2 5254A4 ; 5354A4 7‘__2 53(134 - 2 54)

1 1 1 1 1 1 1 1 11 1

=58+ — 5|8+ — 8|83+ — o8t + - e —(-8+=F
5 8 ’(’ 3‘) 2«52(’ 3") 215’(’ 3”) P ‘(’ 3‘) 2(6’ 30‘)

1 1 1 1 11 1

—— 8+ —— 8|82 + =22 0 0 0 (-8 +—¢

6 16 ‘(‘ 3 ) 4r ’(‘ 3‘) 4(66 30")

Note. Listed are the imaging parameters used to describe the pulse sequence (the functional form of the gradient pulse, e.g., its shape, duration, and
magnitude) shown in Figs. 2b and 3b. The timing parameters used in the analytical expression for the sinusoidal b matrix are defined in this table. The
abbreviations for these parameters are the same as those described in the legend to Table 1. Note that 74, = 74.

To validate the diagonal b-matrix values, we obtained co-
ronal images (64 X 64 pixels) of two isotropic materials,
water and polyacrylamide gel phantoms, with the diffusion
gradient varying from 0 to 1.5 G/mm, in each of the three
coordinate directions (read, phase, and slice). We measured
the temperature of the phantom using Luxtron fiberoptic
probes, and the images were acquired when the system was
at a stable temperature. For the water phantom, the slice
thickness was 4 mm, the ramp time was 1.0 ms, the field of
view was 40 mm, and TE was 120 ms. For the polyacrylamide
gel phantom, the slice thickness was 10 mm, the ramp time
was 0.5 ms, the field of view was 64 mm, and TE was 100
ms. Other imaging parameters for these experiments are
given in Table 3.

The cross terms in Eqs. [17]-[19], consisting of those
terms that do not depend on the square of the diffusion gra-
dient (G4,Gy,), are significant especially for small diffusion-
gradient values. In order to assess the error we make in ig-
poring them, we must compare the estimates of the diffusivity
with and without these cross terms. First, we use Eq. [9],
which assumes no contribution from the imaging gradients,
to estimate the diffusivity using Eq. [1]. We then use Egs.
[11]1-[13], which take into account the other imaging gra-
dients, and repeat the estimation of the diffusivity. A linear
regression program, adapted from Bevington (22), was used
to calculate the diffusion coefficient, the standard deviation,
and the reduced weighted X ? statistics. Figures 4 and 5 show
plots of Eq. [1] in the three orthogonal directions. The di-
agonal b-matrix values used to fit the data were calculated

from Eq. [9] and Eq. [11],[12], or [13]. In using Eqgs. [11]-
[13], which take into account the cross terms, we see that
both the linearity of the data points and the equality of the
estimated diffusion coefficients in the three directions support
the conclusion that the b-matrix values were calculated cor-
rectly.

For the water phantom (Fig. 4), the diffusion coefficients
at 16.0°C estimated using Eqs. [11], [12], and [13], respec-
tively, were Dpaq = (1.74 £ 0.06) X 1073 mm?/s, X? =
0.0009, Dypase = (1.71 £0.06) X 1073 mm?/s, X% = 0.0009,
and Dgie = (1.74 = 0.06) X 1073 mm?/s, x? = 0.0018,
which are the same to within experimental error. This con-
clusion is further supported by comparing these estimated
diffusivities with the spectroscopically obtained estimated
diffusion coefficient. In this experiment, we estimated that
D =(1.74 +£0.03) X 1073 mm?/s, x> = 0.04, whereas, using
Eq. [9], which ignores cross terms, produced data points
that were noncollinear, and resulted in an incorrect estimated
diffusivity: Dyeaq = (1.50 £0.06) X 1073 mm?/s, Xx? = 0.018,
Digpase = (1.48 £0.06) X 107> mm?/s, x> = 0.02, and Dyjice
= (1.64 £ 0.06) X 1073 mm?/s, x? = 0.11.

For the polyacrylamide gel phantom (Fig. 5), the dif-
fusion coefficients at 16.0°C estimated using Egs. [11],
[12], and [13], respectively, were Dye,q = (1.47 £ 0.05)
X 1073 mm?/s, X2 = 0.003, Dpypase = (1.45 £0.05) X 1073
mm?/s, X2 = 0.0005, and Dg;.. = (1.43 + 0.04) X 1073
mm?/s, X2 = 0.0008, which are the same to within ex-
perimental error. This conclusion is further supported by
comparing these estimated diffusivities with the spectro-
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TABLE 3
Parameters Used to Calculate the b-Matrix Values for the Three Experiments

Numerical and analytical parameters

d; t G;
i (us) : (us) (G/mm)
1 2200.0 —1200.0 Gy +0.352
Gp 10381
2 2000.0 1200.0 G, 10.000
Gy —0.304
3 4200.0° Gy, 0to +1.400
1) 6000.0% Gy, 0to +1.400
Gy, 0to +1.400
4 2200.0° G, 0or+0.500
(41) 14400.0° G., 0or+0.500
G, 0or+0.500
5 2200.0 18800.0
(42) 23200.0
32) 29600.0°
6 6614.5 36592.75 G, +10.147
Water imaging parameters Polyacrylamide gel imaging parameters
3; Y G; d; t G;
i (us) (us) (G/mm) (us) (us (G/mm)
1 2950.0 —-1975.0 Gy —0.301 4375.0 -2437.5 Gy —0.061
Gp —0.241 Gap —0.122
2 2000.0 1975.0 Gp 1+0.000 2000.0 2437.5 G, +0.000
Gy +0.349 Gy +0.104
3 5000.0 Gy, 0to —1.500 4500.0 Gy, 0to —1.400
3N 24025.0 Gy, 0to +1.500 9562.5 Gy, 0to+1.400
Gs, 0to—1.500 Gs, 0to—1.400
4 3000.0 G, 0or—0.300 2500.0 G, —0.500
41) 50025.0 G, 0or+0.300 24562.5 G, +0.500
G, 0or—0.300 G, —0.500
5 2950.0 58025.0 4375.0 47562.5
42) 65975.0 72437.5
32) 89975.0 85437.5
6 2614.5 118192.75 G, —0.235 2114.5 98692.75 G, —0.147

Note. The kth gradient-pulse strengths (G,), the gradient-pulse durations (5;), and the time during which the gradient pulses are turned on during the
puise sequences (¢, ) are defined in the caption to Table 1.

¢ For sinusoidal diffusion and crusher gradients, these values are §; = 4000.0 and 8, = 2000.0 us.

® For sinusoidal diffusion and crusher gradients, these values are #;, = 6800.0, #,, = 14800.0, and #;, = 29200.0 ps.

scopically obtained estimated diffusion coefficient. In this  collinear, and resulted in an incorrect estimated diffusivity:
experiment, we estimated that D = (1.43 £ 0.06) X 107® D,q = 6.76 X 1073 mm?/s, X? = 6.57, Dppase = 6.34 X
mm?/s, X> = 0.001. In contrast, use of Eq. [9], which 1073 mm?/s, X2 = 5.70, and Dg;.. = 6.12 X 1073 mm?/s,
ignores cross terms, produced data points that were non- X2 = 8.11.
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FIG. 4. The signal intensity versus the diagonal b matrix for the three directions (read, phase, and slice) for the water phantom: (a) x direction
(phase), (b) y direction (slice), and (c) z direction (read). Using Egs. [11], [12], and [13], we see that both the goodness of fit and the agreement with
the diffusivities estimated from imaging and spectroscopic measurements indicate that the b-matrix values were calculated correctly (®). To demonstrate
the effect of cross terms on the estimation of the diffusivity, we also calculated the scalar b factors using Eq. [9], intentionally omitting the cross terms
(#). Both the poor fit and the significant disagreement with the diffusivity estimated from spectroscopic measurements demonstrate that calculating the
b factors without the cross terms leads to significant errors in the estimation of diffusivities.

The parameter values from Table 3 were used to calculate  When only the read and slice (G, and G;) diffusion gradients

a b matrix when no diffusion gradients are present: are equal to 1.0 G/mm, the b matrix is
19.66 10.34 10.62 42691 39.43 384.11
b(0,0,0)=]1034 698 7.15}. b(1,0,1)=| 3943 698 36.24
1062 7.15 1741 384.11 36.24 347.19
Similarly, when only the read diffusion gradients (G, ) are Finally, when all three diffusion gradients, read, phase, and
equal to 1.0 G/mm, the b matrix is slice, are equal to 1.0 G/mm, the b matrix is
42691 10.34 40.37 42691 383.17 384.11
b(1,0,0)=] 10.34 698 7.15]. b(1,1,1) =1 383.17 345.39 346.22

10.62 7.15 741 384.11 346.22 347.19
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FIG. 5. The signal intensity versus the diagonal » matrix for the three directions (read, phase, and slice) for the polyacrylamide gel phantom: (a) x
direction (phase), (b) y direction (slice), and (c) z direction (read ). Using Egs. [11], [12], and [13], we see that both the goodness of fit and the agreement
with the diffusivities estimated from imaging and spectroscopic measurements indicate that the b-matrix values were calculated correctly (indicated by
®). To demonstrate the effect of cross terms on the estimation of the diffusivity, we also calculated the scalar b factors using Eq. [9], intentionally omitting
the cross terms (). Both the poor fit and the significant disagreement with the diffusivity estimated from spectroscopic measurements demonstrate that
calculating the b factors without the cross terms leads to significant errors in the estimation of diffusivities.

These b matrices illustrate the significance of the cross terms,
and the magnitude of the off-diagonal compared to the di-
agonal elements.

DISCUSSION AND CONCLUDING REMARKS

The proposed analytical expressions of the b matrix permit
accurate and efficient determination of the diagonal and off-
diagonal elements of the effective diffusion tensor in NMR
diffusion spectroscopy and imaging. The goodness of fit to
Eq. [1] of the imaging data shows that the calculated b matrix
used in Egs. [11]-[13] explains the diffusion data well. The
b-matrix values are calculated in the pulse sequence and are
automatically inserted into the image file headers. The im-
aging data from the water and polyacrylamide gel showed

that the diffusion coefficient in each of the three coordinate
directions are similar, within allowable experimental error.

Our work confirms that ignoring cross terms can introduce
significant errors into the estimate of the diffusion coeflicient.
Using analytical expressions or numerically evaluated b-ma-
trix values eliminates this source of error.

In order to achieve the largest value of the b matrix for a
given pulse sequence, one should choose the orientation of
the diffusion and crusher gradients to be the same orientation
as those the other imaging gradients along that coordinate
direction. That is, if the readout gradients are positive or
negative, the crusher and diffusion gradients should be pos-
itive or negative, respectively. Likewise, if the 90° and 180°
slice-selection and crusher gradients are positive or negative,
the diffusion gradient in the slice direction should be positive
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or negative, respectively. Otherwise, the interactions between
the imaging, crusher, and diffusion gradients would reduce
the magnitude of the b factor.

Whether the diffusion gradients are zero or not, the com-
ponents of the » matrix are significant and off-diagonal com-
ponents can be as large as the diagonal components. The b-
matrix values given at the end of Experimental Methods and
Results show that, when the diffusion gradient is zero, the b
matrix may still have small nonzero values. When a diffusion
gradient is applied in only one direction (such as the read),
all diagonal and off-diagonal b-matrix elements become sig-
nificantly different from zero. For the case where diffusion
gradients in two directions are nonzero (read and slice), these
diagonal b-matrix elements and all of the off-diagonal ele-
ments are significantly different from the zero b-matrix val-
ues. When all diffusion gradients are nonzero, all of the b-
matrix elements are significantly different from the zero b-
matrix values. Using only a scalar b factor, which ignores
these off-diagonal elements, results in an incorrect estimate
of the diffusion coefficient. These off-diagonal components
are needed to estimate the components of the effective dif-
fusion tensor, and to perform diffusion tensor imaging (DTI)
as described by Basser et al. (13, 23).
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