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Aﬁélytical Calculation of the b Matrix in Diffusion Imaging
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James Mattiello, Peter . Basser, arid Denis Le Bihan

The clinical ability to meéasure molecular diffusion non-
invasively and in vivo using magnetic résonance imag-
ing (MRI) has generated great interest (1). In tissues,
the effective diffusivity depends upon tissue anatomy,
microstructure, and gradient pulse parameters. Diffu-
sion MR spectroscopy (2-4), 2DFT spin-echo imaging
+(5-7), and echo-planar imaging (EPI) (8—11), of in vivo
- isotropic media, to estimate the apparent diffusion con-
stant (ADC) one must first calculate a b-factor from
_ the gradient pulse sequences (see Chapters 1 and 2).
The scalar effective diffusivity also depends strongly
on the direction of diffusion-sensitizing gradients with
respect to the grain or fiber direction of the sample.
This dependence has been observed in both diffusion

_‘musc'le (12) and brain white matter (13). In these het-

ve transport is characterized by an effective diffusion

mate the diffusion tensor in each voxel, one must first

b matrix) from the gradient pulse sequences (19,20).

- In anisotropic media, imaging and diffusion gra-
dients ‘appear to interact with one another, producing
““cross terms’ that are contained in the b matrix
(21,22). If these cross-terms are unaccounted for, then
the estimate of the diffusion tensor will be corrupted
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NMR spectroscopy and imaging studies of skeletal
erogeneous, macroscopically anisotropic media, diffu--

tensor, Deg, not an effective scalar diffusivity (14-18).
- Analogously, in diffusion tensor imaging (DTI), to esti- -

calculate the nine elements of its coefficient matrix (the

(see Chapter 5, Part I). In isotropic media, in principle,
these cross-terms only exist between magnetic field
gradient pulses applied along the same direction, how-
ever, in anisotropic media (17,18), additional cross- -
terms arise between magnetic field gradient pulses ap-
plied in orthogonal directions. We cannot assume a
priori that off-diagonal elements of the effective diffu-
sion tensor vanish (19).

Using imaging gradient parameters derived from
pulse sequences, one can calculate numerically or ana-
lytically all the elements of the b matrix which contain
the cross-terms between gradient pulses. Using these b
matrix values, one can estimate the effective diffusion
tensors and construct diffusion ellipsoid images as de-
scribed by Basser et al. (19,20,23). We have previously
presented data using these method to assess the quality
of the DTI protocol for isotropic media (22,24). Here
we present the analytical expressions to calculate the

~ b'matrix in 2DFT and EPI pulse sequences, as well as

the Mathematica computer code: which allows one to
calculate the b matrix.

THEORY

. General Expression for the b Matrix

To calculate an expression for the b matrix, we begin
with the solution to the Bloch equations for a 90°-180°
spin-echo pulsed-gradient NMR experiment with diffu-
sion gradients (25), as Stejskal used it to descrme free
diffusion in an anisotropic medium (18). The imaging

... pulse sequence, G(t), is defined as row vector:

G() = {Gr), G, (1), Go(0)} [1]
and functions of G(¢):
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TE

F(t) = fo "Gy dar 2] Fa) = [ cuar =0 W

The symmetric b matrix, b, as described by Basser et

and
al. (19,20,23) is given by the formula:

f= F(%TE) (3] _ TE
b=y fo (F(t) — 26(Of)F (1) — 26(f)T dt [5]

With the pulse sequence program from which all the
imaging gradient parameters are derived from satisfied

the condition:

Above v is the gyromagnetic ratio, TE is the echo
time, £(f) = 0 when ¢t < TE, &) = 1 when ¢t = TE.
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FIG. 3A: The numbered boxes ({1}), indicate interactions which may exist between gradients that
exist in a typical 2DFT spin-echo imaging pulse sequence. They are between: 1) diffusion gra-
dients in the same direction (i.e., read & read, phase & phase, or slice & slice); 2) diffusion
gradients in different directions (i.e., read & phase, read & slice, or phase & slice); 3) diffusion
gradients and imaging in the same direction (i.e., read-dephase & read diffusion gradients, or
90° slice selection gradients & slice diffusion gradients); 4) diffusion gradients and imaging in
different directions (i.e., read-dephase & slice diffusion gradients, or phase crusher gradients &
slice diffusion gradients); 5) imaging gradients in the same direction (i.e., read crusher gradients,
90° slice refocusing gradient & 90° slice selection gradient, or read-dephase gradient & readout
gradients); and 6) imaging gradients in different directions (i.e., read crusher gradients & slice
crusher gradients, read-dephase gradient & 180° slice selection gradient). Only interactions 1, 3,
and 5 had been previously considered in diffusion imaging. The imaging and diffusion gradient
intensities are defined as: Gy = (Gsl), a 90° slice-selection gradient; G2 = (Grdp, Gpe, or Gsrf),
the read-dephasing, phase-encode, or slice-refocusing gradients, respectively; G = (Gdr, Gdp,
or Gds), the diffusion gradients.in the read, phase, and slice directions, respectively; G4 = (Gcr,

Gcep, or Gcs), the crusher gradients in the read, phase, and slice directions, respectively; Gs =
(Gsl), a 180° slice-selection gradient; Gs = (Gro), the readout gradient.
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In DTI, the effective diffusion tensor is estimated in which b; is a component of the b matrix, b, Dyisa
from the measured spin-echo, using the formula component of the effective diffusion tensor, D, §(0) is
(19,20,23): : the echo intensity with no diffusion gradient applied,

, ‘ - and S(b) is the echo intensity for a particular gradient
In (ﬂé)) _ sequence.
S(0) ' (6] For a particular pulse sequence, the b matrix weights

TE : the relative contribution of the various components of |

o2 _ _ T *
Y fo (F()=26(0f) DIE@) — 260" at the diffusion tensor to the measured NMR signal. The

) . L . . b matrix consists of the sum of pairwise interactions

This equation can be simplified into the expression: between gradient pulses. Figure 3A and B show, re-

S(b) 303 _ spectively, a 2DFT spin-echo and an EPI pulse se-

In (-‘57(0—)) = - > > byDy 71 quences with some of these pairwise interactions be-
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S FIG. 3B: The numbered boxes ({IJ), indicate interactions which may exist between gradients that
e exist in a typical EPI pulse sequence. They are between: 1) diffusion gradients in the same direc-
b tion (i.e., read & read, phase & phase, orslice & slice); 2) diffusion gradients in different directions
By (i.e., read & phase, read & slice, or phase & slice); 3) diffusion gradients and imaging in the same
direction (i.e., read-dephase & read diffusion gradients, or 90° slice seiection gradients & slice
diffusion gradients); 4) diffusion gradients and imaging in different directions (i.e., read-dephase
& slice diffusion gradients, or phase crusher gradients & slice diffusion gradients); 5) imaging
gradients in the same direction (i.e., read crusher gradients, 90° slice refocusing gradient & 90°
slice selection gradient, or read-dephase gradient & read-out gradients); 6) imaging gradients in
different directions (i.e., read crusher gradients & slice crusher gradients, read-dephase gradient
& 180° slice selection gradient); 7) series of imaging gradients in the same direction (i.e., the
phase-encode gradient pulses); and 8) series of imaging gradients in- different directions (i.e.,
readout & phase-encode gradients). Only interactions 1, 3, and 5 had been previously considered
in diffusion imaging. The imaging and diffusion gradient intensities are defined as: G+ = (Gsl),
a 90° slice-selection gradient; G» = (Grdp, Gpdp, or Gsrf), the read-dephasing, phase-dephasing,
or slice-refocusing gradients, respectively; Gs = (Gdr, Gdp, or Gds), the diffusion gradients in
the read, phase, and siice directions, respectively; G, = (Ger, Gcp, or Ges), the crusher gradients
in the read, phase, and slice directions, respectively; Gs = (Gsl), a 180° slice-selection gradient;
Gs = (Gpe), the phase-encode gradients; and G7m = (Gro), the readout gradients.
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tween gradients. Each term in the b matrix is the prod-.
uct of two gradient amplitudes (G/mmz) and a timing
parameter (s*).

One approximation used is to calculate the b matrix
at the center of the k-space. As the b matrix depends
on all the gradient pulses ‘‘seen’’ by the spins at a given
time ¢, each point of the k-space should be associated
with a specific b matrix given by the expression

Mm%d=ff&@%d _ (8]

X [eiCekit v+ kg = bkl k)D. 3. 21dk. dk,, dk,
where So(x, y, ) is the signal with Ty, T2, and proton
density contribution, and k; = yF;, (i = x, y, z). Con-
sidering that diffusion contrast is given by low spatial
frequencies, the b matrix is usually calculated at the
center .of the k-space, Eq. [8] reduces to the

Sy, 2) = emre00nes [ [y 0

X [ei(xkx + yky +Zk2)] dkxdkydkz

In the case of a conventional 2DFT spin-echo. pulse
sequence, this means that the b matrix is calculated in
the absence of phase-encoding gradients at the top of
the echo in the center of the readout gradient. With
EPI, this is no longer possible, since multiple phase-
encode gradient pulses are dispersed throughout the
sequence. Furthermore, the use of very large readout
gradient pulses during the collection of the echoes may

_result in an incorrect estimate ‘of the b’ matrix if only

the center of k-space is used. For EPI we integrate up

to-the top of each echo for each readout gradient.
Appendix A contains the Mathematica computer

code used to the calculate analytical expression for the

expression; : b matrix from a given gradient pulse sequence. In cal-
: o ’ echo
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0 ‘ : . - L TE TE

}1———8———’{

A

FIG. 4. Spectroscopic gradient pulse sequences for spin-echo experiment. A: The 90° and 180°
rf pulses, and the echo signal are indicated. G; is the diffusion gradient strength along the jth
- coordinate direction. B: Rectangular dlffusmn gradlents along one coordinate axis, the x-, y-, z-
direction, where & is the pulse duration and A is the time between the onset of the first and
second gradient pulses C: Sinusoidal diffusion gradnents along one coordinate axis, the x=, y-,
z-direction, where 8 is the pulse duration and 4 is the time between the onset of the first and
second gradient pulses D: Trapezoidal diffusion gradlents along one coordinate axis, the x-, y-,
z-direction, where § is the time between the onset of a trapezoidal puise and the end of its plateau
e is the rise time of the trapezoidal ramp, and 4 is the tlme between the onset of the first and

second gradient pulses.




culating the analytical expression for the b matrix using.
Eq. [5], one could write G(¢) as the entire gradient
pulse sequence or as two gradient pulses form the pulse
sequence, for example, the read-dephase and the diffu-
sion gradients. By doing so, the calculated b matrix
expression will only show the interaction of each gra-
dient pulse and between the two gradient pulses. In this
way; one is able to examine all the possible interaction
associated with all the different gradient pulses in the
sequence.
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respectively, then for a spin-echo sequence in the pres-
ence of a constant gradient, the b matrix is:

1
For a pair of rectangular gradient pulses, with dura-
tion & separated by a time interval A as illustrated in

Fig. 4B, the b matrix is:

by = VGG (82 (A ~ %a)) [11]

General Spectroscopic b Matrix Expressions . . . ) )
With a pair of sinusoidal gradient pulses, with dura-

tion & separated by a time interval A as illustrated in

Analytical expressions relating the echo intensity ‘ al
Fig. 4C, the b matrix is:

and the apparent diffusion tensor are presented for
spectroscopic pulse sequences. Figure 4A show the rf

pulses and the echo, G; and G; are the maximum field by = 4 v*GiG; ( 52 ( A~ 1 5)) [12]
gradients-along the i™ and j** coordinate directions, v Y 4

TABLE 1. Tau table for 2DFT spin-echo pulse sequence with trapezoidal shaped diffusion and crusher gradients
' 3 4 : 5 ‘ 6

5
42 = TE — 1, A3 = 3 = ty, Ay =ty — ta,
= dift + ¢, 84 = crut + ¢

k = 1
A1 = TE,
| = 81 = sinct + ¢, 8 = idpt, 03

1 1 1, 1. | c
1. Z[8$<A1 - :—3'31) + 5663 - 68162] :

4 5
E(%(Az - 562)

05 = &1, 6 = grot + ¢,

1 1
2 ;31,32(42 - 552)

,:65(43 - '13‘63) + 51663 — %8362]
. . U

63044 4 [53(44 - -;—64) + §16E - %6462]

1 -2
3 5515343 ;325343 ‘

N

1 2 -
4 551 84l 4 ;525411 4

Tl e de)  dafs e la)  Isfse o le) Mol ld I1o 1 |
5 851(53, + 35 ) 27782(8% + 36 ) 453<3§ + 36” -454 88 + §€ 5 652 + 566 |
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The imaging parameters used to describe trapezoidal diffusion and crusher gradients for a 2DFT, ) L
pulse sequence (the functional form of the gradient pulse, e.g., its shape, duration, and magnitude) - |
--are shown in Fig. 3A. The timing parameters used in the analytical expression for the b matrix ;
derived from a 2DFT pulse sequence, are given in this table. The abbraviations used are as follows: ;
3 is the k™ gradient pulse duration (k, 1 through 6), i.e., either the time between the initial rise of . ]
a trapezoidal pulse and the end of its plateau, or the pulse duration for sinusoidal gradient pulse , !
shapes; and (e) is the rise time for the trapezoidal ramp for preparation gradients. The times at
which the gradient pulses turn on are given by t: —~ts for Gy; t» for Ga: ts; for the first diffusion
gradient Gs; t41 for the first crusher gradient Gu; ts for Gs; ts2 for the second diffusion gradient; s
for the second crusher gradient; ts for G readout gradient. The time between the kth gradient pulses
in the pulse sequence 4y, are given in the table. Note that 7 = . For sinusoidal diffusion and
crusher gradients (Gs and G.) in the pulse sequence some of these parameters are different:

1 1 4 4 4 1.\
T = ~81deds, T4 = 7010444, 23 = 20200l s, T24 = —5820444, 733 = ?55(43 - 233),

4 1 1 4 1 1 1
7—7553544 4, Tgs = '2;33<5§ + 562), Taq = ;2—33<A4 -~ 254), Tas = '2—7;34<3§ + §€2>.

1l

T34
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TABLE 2. Tau table for EPI pulse sequence with

k= 1 2 3 ‘
Ay = TE, Ay =TE — to, Az = tzz — a1,
| = 8y = sinct + ¢ 82 = idpt, 83 = dift,
1 _2 1a_ 152
1 4[51(41 361> + §6€ 6816 ]
1 4 5 '
2 ;3152(42 532) ‘77—25§<Az - 532)
) 1 4 - 4 1
3 ;3183A3 ‘ 3028345 ?55(43 - 253>
B 1. o 4
4 Lssus 020, 2 podea
‘ 1 1 1 1
5 s + =2 e, 2 2 1 1
oo+ 5] 2e{% + 3 e
, 1 2 : 2 2
 Bm ‘ —Ee_’& 2_1 (Aem — €) ——€'62 2_1 (Adem — €) 0
1 t 1 1 »
74 —1'51 [37(4 - 257> + T-2-€' - 5376 '] o '. 0.
\ 1 , 1 1 1
_;62[37(471 - 237_) + EE/Z - 5576']

The imaging parameters used to describe trapezoidal diffusion and crusher gradients for an EP| pulse sequence (the
functional form of the gradient pulse, e.g., its shape, duration, and magnitude) are shown in Fig. 3B. The timing param-
eters used in the analytical expression for the b matrix derived from an EP! pulse sequence, are given in this table. The
abbreviations used are as follows: 8 is the k™ gradient pulse duration (k, 1 through 7), i.e., either the time between

the initial rise of a trapezoidal pulse and the end of its p

lateau, or the pulse duration for sinusoidal gradient pulse

shapes; and (¢) is the rise time for the trapezoidal ramp for preparation gradients, (¢’) is the rise time for the trapezoidal

ramp for the readout and phase-encode gradients. The ti
for Gi;'to for Gz, tsr for the first diffusion gradient Gs; fas

mes at which the gradient pulses turn on are given by ;1 —t2
for the first crusher gradient Ga; ts for Gs; taz for the second

diffusion gradient; &2 for the second crusher gradient; tem for Gem the different phase readout gradients; and tzm for

Finally, for a pair of symmetric trapezoidal pulses
like those shown in Fig. 4D, where 8 is the time be-
tween the initial rise of a trapezoidal pulse and the end
of its plateau, A is the time between the initial rise of
the first and second gradient pulses, € is the rise time
of the trapezoidal ramp, the b matrix is (19):

L 1) 1., 1
by = vZGiGj(SZ (A - §a) + 3¢ 3652> [13]

These formulae reduce to the familiar one-dimensional
expressions for isotropic media (26-29).

For imaging applications, the analytical expressions
for the b matrix become too tedious to evaluate by
hand. We have used a symbolic manipulation program,

 similar to that employed by Price and Kuchel (30), to
derive analytical expressions for the b matrix for DTI.

In evaluating Eq. [5], we have included localiza-
tion, crusher, and diffusion gradients in the pulse se-
quence, which are all known to affect the echo inten-
sity (6). ‘

General 2DFT Spin-Echo b Matrix Expression

We synthesized a generalized imaging gradient pulse
sequence, G(t), from a library of individual sinusoidal
and trapezoidal pulses. The parameters, such as gra-
dient pulse shape, intensity, and duration, used to cal-
culate the analytical expression for the elements of the
b matrix, are derived from a 2DFT spin-echo pulse
sequence program as shown in Fig. 1A. From Eq. [5]
these b matrix elements are given by:
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~sinusoidal shaped diffusion and crusher gradients

4 5 6m . 71
A4 = taz — taq, ‘ Aem = TE — tom, A7¢ = TE — t71,
82 = crut, 8s = &4, “lgm = tg + (87 + €)m - 1), - 87 = grot + ¢,
_ g res |
m=1... 5

@
1 L mn 1.4
5‘3“(3?’ + 36) 2(653 + 566) )
. . ree ,
0 2 > —_ — ’
€ m§=:1 {(Zm 1)Asm (mSO 1)5 }
o 1 1
0 . 0 yd '(374 7~ 50¢ '2)
: 1 1 1
0 0 Z[5§<A 71— 567) + 566’3 - %6%':,
7m

G7m the different readout gradients. The time between the kth gradient' pulses in the pulse sequence A, are given in
the table. Note that 7y = 74, and res is the number of phase-encode steps (i.e., the resolution). For sinusoidal diffusion
and crusher gradients (Gs and G) in the pulse sequénce some of these parameters are different:

1. } 1 4 4 4 1 . :
Tig = ;515343, T4 = ;31344 4, T2z = ?525343, Toa = F6264A 4, Tag = ?65(43 --Zﬁs), Taa = %636444;
e = o5t + 1) e = Lstlan 15 s = otolog + 12
735—277_3. §€,7‘44.—7T24 4 44,7'45—2174_? §€

by=v*{(G1:Gy)T11 +(G1:Gy+ G2:G)m2+ (G1:Gyj  Inthis expression for the b matrix, G, are the gradient
. ’ intensities. The first index, , indicates the type of gra-

+GsiGy) 11 +(GuGy+ GuGy)mia+ (Gu G ~ dient pulse (e.g., slice-selection, phase-encode, etc.).
+G5,:G1)T1s +(GriGe+ GsiGyy) 6+ (GarGar) T2 - The second index, /, indicates the coordinate direction
5Gy)ns +(GuGey e W7+ (G2Ga) e in which that pulse is applied (i.e., the read, phase,
F(G2Gy+ G3:G) T3 + (G2iGaj+ G4:Ga) Tas or slice direction). The 74, are combinations of time
intervals and pulse parameters and are represented as

+(G2Gs + G5fG2f) 725 +(G2iGe + GeiGy)Tas the tau parameters in Table 1 and Appendix B. When
+(G5iG3) 733 +(Gs:Gay+ GiGaj) 734 +(GGs; the imaging parameters are specified in Eq. [14], one

can calculate all the elemerits of the b matrix.
+Gs5:G3) 735 +(G3:Ge + Go6:G3j) 36+ (G4:Gaj) T4a - '
General Echo-planar Imaging b Matrix Expression

+(GuiGsj+ Gs5iGap)Tas + (G4Gej+ Go:Gaj) a6

: ; ) ) We synthesized a generalized echo-planar imaging
+(Gs,.G +(Gs5:Ge; + Go:Gs; . . Lo

(Gs:Gy)rss +(GsiGe aGy)ss gradient pulse sequence, G(t), from a library of individ-
+(G6iGej) o6} [14] ual sinusoidal and trapezoidal pulses. The method used

: res )1 1,31,1,2‘
Tm+1 ( 3 1)[125; + 666 + '4‘8;5 - ﬁ87€ :l
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to consider all the pulses for the EPI sequence, includ-
ing all the readout and phase-encode pulses, were de-
scribed in our earlier paper (24). The parameters, such
as gradient pulse shape, intensity, and duration, used
to derive the analytical expression for the elements of
the b matrix, are derived from an EPI pulse sequence
program as shown in Fig. 3B. From Eq. [5] these b
matrix elements are given by:

by=v*{(GuG1) 11 +(GriGoy+ GGy 12+ (GG

+ 3Gy 113 +(GriGy+ GauiGi)mia+(GuGss
+ G5iGyy)7is +(GriGomy+ GemGr)Tiom
+ (G1iGryt+ G71iG1.j)""171 +(G2Gay) 22

4 (GuGy+ G3:Gy)Ta3+(GriGay+ GaiGa)as
+(GiGs + G5iG) 725 +(GaiGemy+ GomiGaj) Ta6m
+ (GuGrij+ Gr1iGap)am + (GG 733
+(G3iGyy+ GaiGa) 34+ (G3:Gsj+ GsiG3) 3
+(G3:Gomy+ GomiG)T36m + GGy
+ GGy 7371 +(GaiGap)Taa+ (GaiGs
+Gs:Gy)Tas + (GaiGomi+ GomiGa)Tasm
+(GuiGry+ Gr1iGa))an + (GsiGs) 755+ (GsiGomg
+ GoniGs)Tsom+ (GsiGry+ GriG)sn
+ (GemiGemy) Temem + (GeiGij+ G11iGe) Ten
+(G71Gr1) 77171 + (GrmiGrm + 137
+ Grom+ 1iGrm)) Trm70m + 1} - [15]

Above, Gy are the gradient intensities. The first index,
k, indicates the type of gradient pulse (e.g., slice-selec-
tion, phase-encode, etc.). The second index, [, indi-
cates the coordinate direction in which that pulse is
applied (i.e., the read, phase, or slice direction), the
index m 1ndlcates the gradient number, i.e., 1st, 2nd,

3rd, . . . , r/2th, where r is the number of' phase -encode

steps, given by the spatial resolution. The parameters
Tu, are combinations of time intervals and pulse pa-
rameters and are represented as the tau parameters in
Table 2 and Appendix C. When the imaging gradient
parameters from an EPI pulse sequence are specified
in Eq. [15], one can calculate the elements of the b
matrix.

Expressions for b Matrix

The plane of the image to be acquired specifies the
read, phase, and slice directions with respect to the

x-, y-, and z-coordinate directions. By specifying the
plane, we define the read, phase, and slice directions
with the laboratory x-, y-, z-coordinate reference
frame. For i = j, the gradient pulses lie in the same
coordinate direction (e.g., in the read direction), while
for i 5 j, the gradient pulses lie along different coordi-
nate directions (e.g., the read and phase directions).
Some of the gradient pulses may be set to zero (i.e.,
they are not used in a particular coordinate direction).
For example, G; and Gs the slice-selection gradients
are set to zero for the read direction. In some cases
it is useful to calculate the diagonal and off-diagonal
elements of the b matrix separately, Egs. [14 and 15]
allow for the accurate and quick determination of these
elements for either a 2DFT spm—echo imaging or an
EPI pulse sequence.

In an isotropic medium, in principle, we need only
consider the diagonal elements of the b matrix. In this
case Eq. [7] reduces to a linear relationship between
the logarithm of the echo attenuation, In(S(b)/S(0)),
and each diagonal component D (i.e., —bD = (b +

by, + b)) Desr) (19,20,23). When we consider diffusion

in an anisotropic medium, we must replace the scalar
diffusion coefficient with a diffusion tensor, and the
scalar b factor by the b matrix as in Eq. [7]. The di-
agonal elements (D,., Dpyp, and D,,) and their re-
spective b matrix (b,,, bpp, and by) had been con-
sidered in the context of isotropic diffusion spectros-
copy (18,27,28,30) and imaging (5,30,31); recently, so
have the remaining six off-diagonal elements of D (D,
D,s, D, D,\, Ds,, and Dy,) and their respective b ma-
trix elements (b, byrs, bps, bpr, bsr, and by,) (19). There
should be no confusion between the off-diagonal ele-
ments of the b matrix and ‘‘cross terms’’ (21) (groups
of terms that may appear within an individual b ma-
trix). Since the b matrix is symmetric (i.e., b, = by,
b,s = bsp, and b, = b,,) only three of the six off-
diagonal elements of the b matrix need to be deter-

~mined.

Elements of the 2DFT Spin-echo b Matrix

Equation [14] allows one to calculate the diagonal
and off-diagonal elements of the b matrix for a 2DFT
spin-echo pulse sequence, shown in Fig. 3A, in which .
the diffusion gradients may be applied in any direction.
The 7;, tau parameters are given in the Mathematica
computer code in Appendix ‘B, which allows one to
calculate the b matrix values from a 2DFT spin-echo
pulse sequence.

For the read direction, G; = 0; G2 = Grdp; Gs =
Gdr; G4 = Ger; Gs = 0;and Gs = Gro, the correspond-




ing read-read diagonal element of the b matrix, reduces
to:
by =y*{Grdp?- 12+ 2Gdr-Grdp 723
+2Gcr-Grdp 124+ 2Gro-Grdp T2 [16]
+Gdr? 133+ 2Ger Gdrria+ Ger? - Tas + Gro? - Tes}

In the phase direction G, = 0; Gy = Gpe; Gz =
Gdp; G4 = Gep; Gs = 0; and Gs = 0, the correspond-
ing diagonal element of the b matrix, reduces to:

byp=v*{Gpe?* -t +2Gdp-Gpe 723+ 2Gcp-Gpe s
+Gdp?-733+2Gdp-Gep T34+ Gep?14a}  [17a]

Here, b,, varies as Gpe is incremented. However,

most b matrix calculations assume that Gpe = 0, corre-

sponding to the center line of Fourier space in the
phase-encode direction (i.e., at the top of the echo) as
described above in Eq. [9]. With this condition, the
expression further reduces to:

bop = yz{de2 733+ 2Gdp-Gep-raa+ Gep? -7'44} :

[¥7b]

In the slice direétion, Gi = Gsl; G2 = Grsf; G3 =
Gds; G4 = Gces; Gs = Gsl; and Gs =0, the corre-
sponding diagonal element of the b matrix, reduces
to:

' 1
bgs =72{GS12'(7'11 +715+ZT55>

. ) .
+2Gsl - Gsrf-(m + 5125) +2Gsl-Gds-

X(Tl3+%735)+2GSI'GCS'<T14+‘;‘T45) [18]

+Gsrf?rn+ 2Gds-Gsrf-ras+2Ges Gsrfraa
+Gds? 33+ 2Gds Ges T34+ Gcs2~744}
For the read-phase interaction, the corresponding

read-phase off-diagonal element of the b matrix, re-
duces to: '

by = 72{Gpe-Grdp-Tzz + (de-Grdp + Gdr- Gpg)"m
+ (Gep-Grdp + Ger-Gpe) a4 + Gpe-Gro-*rés
+ Gdr-Gdp-rs3 + (Gep-Gdr + Gcr-gdp)-734 v
+ Gcr-ch'mg} R {19]

‘For the read-slice intefaction, the ¢orresponding
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read-slice off-diagonal element of the b matrix, reduces
to: o

brs=

1
‘)'z{GSI'Grdp'<712+-2-1'25> + Gsl-Gdr-(ns +%735)

+ Gsl-Gcr-('rM '+% 745)

+ Gro-Gsl-mi¢+ Grdp-Gsrf-122
+(Gdr-Gsrf+ Gds-Grdp) 23
+(Ger-Gsrf+ Ges-Grdp) 24

[20]

+ Gro-Gsrf 16+ Gds-Gdr-s3
+(Gds-Ger+ Gdr-Ges) t3a+ Gsc-GcrwrM}

For the phase-slice interaction, the corresponding
phase-slice off-diagonal element of the b matrix, re-
duces to: :

bps=

1 : '
YZ{GSI'Gpe'(le‘l'E 725> + GSI'de'<713 +%‘ 1'35) .

+ GSIGCP(T14+% 7'45)

+ Gpe-Gsrf-mn+(Gds Gpe + Gdp-Gsrf)-73
+ (ch~Gsff +Gcs - Gpe) 1244Gds Gdp-rs3
+(Gds-Gep +Gdp-Ges) Tau + ch-Gcs"r44} [21]

"Here, also, Gpe is usually set to zero (the center line
of Fourier space). These equations allow us to calcu-
late the elements of the b matrix for a 2DFT spin-echo
imaging pulse. sequence, shown in Fig. 3A, in which
the diffusion gradients are applied in any of the three
imaging directions. When all the values from the imag-
ing puise sequence are inserted into these b matrix
equations, one is able to calculate all the b matrix ele-
ments and use them to estimate the effective diffusion .
tensor for each voxel.

Elements of the Echo-planar Imaging b Matrix

In calculating analytical expressions for the b matrix
for a spin-echo EPI pulse sequence shown in Fig. 3B,
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we have included all gradient pulses that typically
arise. The preparation period of an EPI pulse sequence
is similar to a 2DFT spin-echo pulse sequence for
which the interactions between these gradients have
already been derived (24). The image period of an EP1
consists of a series of readout and phase-encode gra-
dient pulses. The signal generated by an EPI sequence
consists of a series of echoes, each occurring at the
center of its corresponding readout gradient. EPI’s par-
ticularities come from the remaining interactions be-
tween the phase-encode gradient pulses and the read-
out gradient pulses. In the read and slice selection
‘directionis spins are totally refocused during the first
readout gradient pulse, similar to the 2DFT spin-echo
pulse sequence. In these directions the b matrix contri-
bution of the preparation (b,) and imaging (b;) periods
may be added, (b = b, + b)), illustrated in Fig. 3B.
This additive contribution is not applicable to the
phase-encode direction since spins remain out of fo-

" cus.

Equation [15] allows one to calculate the diagonal
and off-diagonal elements of the b matrix for an EPI
pulse sequence, shown in Fig. 3B, in which the diffu-
sion gradients may be applied in any direction. The 7,
tau, parameters are given in the Mathematica com-
puter code in Appendix C, which allows one to cal-
culate the b matrix values from an EPI pulse
sequence.

For the read direction, G1 = 0; G, = Grdp; G =
Gdr; G4 = Ger; Gs = 0; and Gs = 0; G; = Gro,
the corresponding read-read diagonal element of the b
matrix, reduces to:

b= y*{Grdp? 122 +2Gdr-Grdp*73 +2Gcr-Grdp 24
+2Gro-Grdp T2 + Gdrz “T33
+2Gcr-Gdrras+ Ger? - tas + Gro?
(T Trmiem+ D)} (22]

In the phase direction, Gi = 0; G, = Gpdp; G =
Gdp; G4 = Gep; Gs = 0; and Gs = Gpe; G7 = 0, the
corresponding phase-phase diagonal element of the b
matrix, reduces to: ‘

bpp= 'yZ{Gpdpz T2 +2Gdp-Gpdp-T23
+2Gcp-Gpdp a4+ 2Gpe-Gpdp-26m+ Gdp* 733
_+2Gdp-Gep-r3a+ Gep® Tas+ Gpe* Tomem}  [23]

In the slice direction, G; = Gsl» G, = Gsrf; Gz =
Gds; G4 = GCS,' Gs = GSl,‘ and Gs = 0; G7 = 0, the
corresponding slice-slice diagonal element of the b ma-
trix, reduces to: '

1 o
by = ’)’2 {GSIZ'(TH + 135 + Z’Tss) + 2Gsl-erf
1 " 1
. (1'12 + '2' Tzs) + 2GSI'GdS‘<1'13 + '2‘ 1"35)

1 | ,
+ 2Gsl-Gcs-('rl4 + 5 1'45> + Gsrfira [24]
+ 2Gds-Gsrfrs + 2Ges-Gsrf-maa + Gds? 733
+ 2GdS‘GCS'1'34 + GCSz';T'44}

For the read-phase interaction, the corresponding
read-phase off-diagonal element of the b matrix, re-
duces to:

b,,=v*{Gpdp-Grdp 1y +(Gdp-Grdp
+ Gdr-Gpdp) to3+ (Gep-Grdp + Ger-Gpdp) 24
+ Grdp-Gpe Taem + Gpdp-Gro-Tan1 - [25]
+ Gdr-Gdp 133+ (Gcp-Gdr+ Ger-Gdp) T34
+Ger-Gepraa+ Gfo-Gpe-Tsmn} ,

For the read-slice interaction, the correspondingy
read-slice off-diagonal element of the b matrix, reduces

to:

b,s=v* {Gsl-Grdp -(1-12 +’%— 725) + Gsl-Gdr

1 1
: ‘(7'13 +'2"T35) +GSI'G_CI"(’T]4+'2“’T45)

+ GroTGsl-7171 + Grdp-Gsrftz + (Gdr-Gsrf
+ Gds Grdp)-ta3+(Ger-Gsrf + GCSjGrdp)-TM
+ GrO'GS;‘f"Tzﬂ + GdS'Gdr'T33

+ (Gds-Gcf + Gdr-Ges) raa+ Gsc-Gcr-u;}

[26]

For the phase-slice interaction, the corresponding
phase-slice off-diagonal-element of the b matrix, re-
duces to:

1 .
bps = ')’2 {GSI'Gpdp'(le + 57'25) + GSlde

1 o1
'(7'13 + ‘2-7'35) + GSl'GCp'(TM + §T4S>

+ Gsl-Gpe-ti6m + Gpdp-Gsrf-r22 + (Gds-Gpdp




+ Gdp-Gsrf)-t23 + (Gep-Gsrf + Ges-Gpdp)-124
+ Gpe GsrfTasm + Gds-Gdp-133 + (Gds-Gep

-F Gdp-Ges) 34 + Gep-Ges . }
D ) T34 D 44 27]

When all the values from the imaging pulse sequence
are inserted into these b matrix equations, one is able
to calculate all the b matrix elements and use them to

estimate the effective diffusion tensor for each voxel.

RESULTS

Equations [16-21 and 22-26] demonstrate how the

b matrix varies as a function of the diffusion gradient

strength, when the diffusion gradients, Gdr, Gdp, and

Gds in (G/mm), are varied for each image, the b is given

in (s/mm?). In Egs. [16-21 and 22--27] the terms which

are independent of the diffusion gradients are due to

- the interaction of the imaging gradient only, the linear
terms in the diffusion gradients are due to the interac-

tion between the imaging gradients and the diffusion

gradients, while the quadratic terms in the diffusion

gradient (the ‘‘Stejskal and Tanner’” terms) are due .

only to the interaction between the diffusion gradients.
The “‘cross terms” in Egs. [16-21 and 22-27] are
shown in Fig. 3A and B, are those terms that do not
depend on the square of the diffusion gradient, which
can be significant, particularly for small diffusion gra-
dient values. i

Using the Mathematica computer code in Appendi-
ces B and C, one can calculate the b matrix values
from the imaging parameters. The appropriate tau pa-
rameters and gradient intensities are for a 2DFT spin-
echo imaging and EPI pulse sequences. The method

described by Basser et al. (19,20,23) was used to esti-

mate an effective diffusion tensor from diffusion-
weighted images, from which diffusion tensor images
were generated. Our earlier papers (22,24), demon-
strated the accuracy of these analytical b matrix
expressions used to estimate the diffusion tensors. Dif-
fusion ellipsoid images were constructed from the dif-

fusion tensor for each voxel as described by Basser et’

al. (19,20,23). Figures 5 and 6 show the diffusion ellips-
oid images for a region of interest for a water phan-
tom, for both a multi-sliced 2DFT and an EPI pulse
sequence.

CONCLUSION

In order to achieve the largest value of the b matrix
for a given pulse sequence, one should choose the ori-
entation of the diffusion and crusher gradients in the
same orientation as the other imaging gradients along
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that coordinate direction. That is, if the readout gra-
dients are positive or negative, the crusher and diffu-
sion gradients should be positive or negative, respec-
tively. Likewise, if the 90° and 180° slice-selection and
crusher gradients are positive or negative, the diffusion
gradient in the slice direction should be positive or neg-
ative, respectively. Otherwise, the interactions among
the imaging, crusher, and diffusion gradients would re-
duce the magnitude of the b value.

There should be no confusion between the off-diago-
nal elements of the b matrix and cross-terms, interac-
tion between imaging and diffusion gradients. The con-
tribution of the cross-terms in the calculation of the b
matrix cén be significant for small values of the diffu-
sion gradients. Our calculations confirm that ignoring
cross-terms can introduce significant errors into the -
estimate of the diffusion coefficient, which can be elim-
inated entirely by using analytical expressions or nu-
merically evaluated b matrices (22,24). These interac-
tions between gradients are pronounced even when the
diffusion gradients are zero. Even then the components
of the b matrix are significant and off-diagonal compo-
nents can be as large as the diagonal components.
Whether the diffusion gradients are zero or hot, the
components of the b matrix are significant and off-diag-
onal components can be as large as the diagonal com-
ponents. When the diffusion gradient is zero the b
matrix may still have small nonzero values. A diffusion
gradient is applied in only one direction (such as the
read), all diagonal and off-diagonal b matrix elements
become significantly different from the zero. For the
case where two diffusion gradient directions are non-
zero (read and slice), these diagonal b matrix elements.
and all of the off-diagonal elements are significantly .
different from the zero b matrix values. When all diffu-

sion gradients are nonzero, all of the b matrix elements

are significantly different from the zero b matrix val-
ues. Using only a scalar b factor, which ignores these

- off-diagonal elements, results in an incorrect estimate

of the diffusion coefficient. These off-diagonal compo-
nents are needed to estimate the components of the
effective diffusion tensor, and to perform diffusion ten-
sor imaging (DTI) as described by Basser et al.
(19,20,23). ‘ oo

These proposed analytical expressions of the b ma-
trix permit accurate and efficient determination of the
diagonal and off-diagonal elements of the effective dif-

- fusion tensor in NMR diffusion spectroscopy and imag-

ing. These analytical expressions to calculate the b ma-
trix can be inserted into the image file headers and the
b matrix values can be calculated automatically. The
imaging data from the water, showed that the diffusion
coefficient in each of the three coordinate directions
were similar, within allowable experimental error. Our
work confirms that ignoring ‘‘cross terms’’ can intro-
duce significant errors into the estimate of the diffusion
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coefficient. Using analytical expressions or numeri-
cally evaluated b matrix values eliminates this source
of error (22,25).

Isotropic effective diffusion tensor images are dem-
onstrated for the water phantom using these analyti-
cally calculated b matrices. Our previous work demon-
strated the components of the effective diffusion tensor
images for a water phantom. The diagonal components
in this image have a bright uniform intensity, indicating
that most of the signal is due to the diagonal compo-
nents of the effective diffusion tensor. The diagonal
elements of the estimated effective diffusion tensor are
the same, within experimental error, and to the ex-
pected value of the diffusion coefficient for water. The
off-diagonal components are at the level of the back-
ground signal, indicating their nonsignificant contribu-
tion to the effective diffusion tensor. Since the effective
diffusion coefficient in each of the three main coordi-
nate directions were similar and within allowable ex-

_perimental error, the diffusion ellipsoids shown in Figs.
5 and 6 resulted in spheres. If the diagonal elements

were not similar to one another, and off-diagonal com-

- ponents were significant, these spheres would appear

more prolate and tilted off the main axis. The non-
spherical ellipsoids at the edge of the multi-slice 2DFT
water images are due to an artifact resulting from local
gradient present at the interference between the plastic
bottle and the water. These local gradients are not
known and were not accounted for in the calculation
of the b matrix, resulting in the nonspherical ellipsoids.
Although b matrices can be calculated, calibration is
still required. Control experiments, for instance in
water at known temperatures should demonstrate that
proper calibration of the instrument is obtained for cor-
rect estimation of the effective diffusion tensor. These
control studies test whether the diagonal and off-diago-
nal elements of the b matrix are calculated correctly
from the imaging pulse sequences, and whether the
estimation of the effective diffusion is being performed
properly.

These proposed analytical expressions for the diago-
nal and off-diagonal components of the b matrix permit

ter 2D-FT spin-echo

FIG. 5. An array of ellipsoids from a multi-sliced 2DFT spin-echo image, this phantom was a water-
filled plastic bottle, placed perpendicular to the main magnetic field. The spherical ellipsoids are
consistent with water being “isotropic,” indicating that correct b matrix values were, calcuiated.
The nonspherical ellipsoids at the edge of the array is an artifact resulting from local gradient
present at the interface betweén the plastic bottle and the water. These local gradients are not
known and were not accounted for in the calculation of the b matrix, resulting in the nonspherical

ellipsoids.
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" FIG. 6. An array of ellipsoids from a water-filled glass sphere, generated from an EPI pulse

sequence. The spherical ellipsoids are consistent with water being

correct b matrix values were calcuiated.

accurate and efficient determination of the diagonal
" and off-diagonal elements of the effective diffusion ten-
sor in diffusion tensor imaging (DTI). These expres-
sions allow one to take into account all possible inter-
actions between gradients and to calculate the b matrix
‘accurately, especially for small d1ffus1on gradient
strengths. :
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Chaptér b—Appendix A

 THE MATHEMATICA COMPUTER CODE USED TO DERIVE THE B MATRIX EQUATION FOR
" DIFFUSION AND IMAGING GRADIENT SEQUENCES ‘

' (* Filename = Calc_b_exp.m #)
<« ComplexExpand.m
<« DiracDelta.m

(+ define wave shapes #)
halfSinlt_,amp_,tst_,tdur_1 = amp * ((UnitSteplt-tst] - UnitSteplt-Ctst+tdur)]) »
' Sin{Pi*(t-tst)/tdurl ) : .

 Squarelt_,amp_,tst_,tdur_1 = amp * ( UnitSteplt-tst] - UnitSteplt-Ctst+tdur)] )

RampU[t_,amp_,tst_,tdur_].= amp * ( (UnitSteplt-tst] - UnitSteplt-C(ist+tdur)]) +
((t-tst)/tdur))

RampD[t_,émp_,tst_,tdur_] = amp * ( (UnitSteplt-tstl - UnitStep[t-(t5t+tdﬁr)]) *
(((ist+tdur)-t)/tdur) )
Trap[t_,amp_,tst_,irt_,tdur_] = RampUlt,amp,tst,trtl + »
Squarelt,amp,(ist + tri),tdurl +
RampD(t,amp,(tst + tri + tdur),irt]

(+ derived from the pulse sequence program see Fig. 3A for definition of parameiers Grdp = read
dephase, Gpe = phaseﬁencode or Gpdp = phase dephase, Grsf = slice refocusing, Gdi = diffusion .
in the ith direction, Gei = crusher in the ith direction, Gro = read-out, gradient pulses,
assumes trapezoidal diffusion and crusher gradient ¥)

(+ these values are only used to evaluate the unitstep function time in usec *)
timet = {te -> 85710.,rtr -> 200.,rt -» 500., sinct -> 1750., idpt -> 2000.,
' dift -> 10000, , difd ~> 5000., ecrut -> 2000.0, crud -> 1000.,
grot - 240., res - 64, sinctl -» 1750., sinct2 -> 1750. } ;

(* calculate some time parameters ¥)
time2 ={ deld -> dift + 2 rt + difd, dele -> crut + 2 rt + crud, . .
tel -» (te/2. ) - Cidpt + 6 rt + sinct + dift + difd + crud + crut ) }./. timet

(+ start time for pulse gradients »)
time 3 ={ t1 -> 0.,

t2 -> sinct / 2 + rt, Lo -

t31 -> sinct / 2 + rt + idpt + tel ,

t41 => sinct / 2 + rt + idpt + tel + deld ,

t5 -> sinct / 2 + rt + idpt + tel + deld + delc ,

t42 -» 3 sinct / 2 + 3 rt + idpt + tel + deld + delc + cfud ,

$32°-> 3 sinct / 2 + 3 rt + idpt + tel + deld + 2 delc + difd ,

161 -> 3 sinct / 2 + 3 rt + idpt + tel + 2 deld + 2 delc + 10007 5 .

t71 -» 3 sinct / 2 + 3 rt + idpt + tel + 2 deld + 2 delc + 1000, + rtr,

t72 -> 3 sinet / 2 + 3 rt + idpt + tel + 2 deld + 2 delc + 1000, + 3 rtr + grot,

t73 -» 3 sinct / 2 + 3 rt + idpt + tel + 2 deld + 2 delc + 1000, + 5 rtr + 2 grot,

t74 -» 3 sinet / 2 + 3 rt + idpt + tel + 2 deld + 2 dele + 1000, + 7 rir + 3 grot, }-/. time2 /.time!
(* define simple spectiroscopic pulses *) ’ . P

(+ a pair of square diffusion gradient pulse *) )
Gsqlt_] = Squarelt, 6d, t31, dift 1 + Squarelt, Gd, 132, diftl ;

(+ a pair of sinusoidal diffusion gradient pulse ¥)
Gsinlt_] = halfSinlt, Gd, t31, dift 1 +halfSinlt, Gd, t32, diftl ;

(+ a pair of trapezoidal diffusion gradient pulse *)
Gtrap(t_1 =Trap(t, Gd, t31, rt, dift] +Traplt, 6d, 132, rt, diftl i

91
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(* define the entire gradient pulse sequence for 2DFT spin-echo *)

Gread[t 1= halfSin(t, Grdp, 12, idptl +
Traplt, , t31, rt, diftl
Traplt, Gc, t4t, rt, crutl
Traplt, Ge, t42, rt, crutl
Traplt, 6d, 132, rt, dift]
Traplt, Gro, t71,tr,grotl 3

+ + o+ 0+

Gphaselt_l= halfSin(t, Gpe, 12, idptl +
Treplt, G6d, 131, ri, diftl
Traplt, Gc, 141, rt, crutl +
Traplt, Gc, t42, rt, crutl +
Traplt, 6d, t32, rt, diftl ;

+

. Gslicelt_ ]- Square[t Gsl, 0, sinct/2] +

' RampDlt,6s],sinct/2,rt1 +
halfSinlt, Gsrf, t2, idptl *
Traplt, Gd, 131, rt, diftl +
Trapit, Gc, 141, rt, crut] +
Traplt, 6s1/2, 15, rt, sinct] +
Traplt, 6c, t42, rt, crutl +
Traplt, Gd, 132, rt, diftl ;

(* define the entire gradient pulse §equence for EPI ¥)

Gread{t_l= halfS;n[t, Grdp, 12, idpt] +
Traplt, 6d, t31, rt, diftl
Trap(t, Gc, 141, rt, crutl
Traplt, Gec, t42, rt, cratl
Traplt, 6d, 132, , diftl
Traplt, Gro, t71, rtr ,grotl
Traplt, -Gro, t72,rtr,grotl +
Traplt, Gro, t73,rtr grotl

+ + + + o+

L Gphase[t 1= halfSLn[t Gpdp, t2, idptl +

‘ Traplt, 6d, t31, rt, diftl +
Traplt, Gc, t41, rt, crutl +
Traplt, Gc, t42, rt, crut] +
Trap(t, 6d, t32, ri, dift] +
RampUlt,Gpe,t71 - rir,rirl +
RampD(t,Gpe,t71 ,rtrl +
RampUlt,CGpe,172 - rtr,rtrl +
RampD{t,Cpe,t72 ,rtr] +.
RampUlt,Gpe,t73 - rir,rtrl +
RampDI[t,Gpe,t73 #rir,rirl

Gsllce[t = Square[t Gsl, 0, sinct/2] +
RampD(t,Csl,sinct/2,rt] +
halfSinlt, Gsrf, t2, idptl +
Traplt, Gd, 131, rt, dift] +
Traplt, CGc, t41, rt, crutl +
RampUlt, 6s1/2, 1§, rtl +
Squarelt, 6s1/2, t5 + rt, sinct] +
RampD{t,651/2, t5 + sinct + rt,rt] +
Traplt, Gc, t42, rt, crutl +
Traplt, Gd, t32, rt, diftl ;

(+ or write pulses as pair of gradients *)
G12{t_J= Squarelt, Gsl, 0, sipct/2] +

RampD[t, Gsl, sinct/2, rtl +

. halfSinlt, Gpdp, t2, idptl ;

(* diffusion and crusher are the same #*)

613(t_1= Squarelt, G6s1, 0, sinct/2] +
RampD(t, Gsl, sinct/2, rtl +
Traplt, Gd, t31, rt, dift] +
Traplt, Gd, t32, rt, diftl ;
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61501_1= Squarelt, Gsl1, 0, sinct1/2] +
RampD(t, Gslif, sinct1/2, rtl+
Traplt, Gs12/2, t5, rt, sinct2] ;

616lt_1= Squarelt, Gsl, 0, sinct/2] +
RampD(t, Gsl, sinct/2, rt] +
RampUlt, Gpe, t61, rtr] +
RampD[t, Gpe, 161 + rir, rirl;

G170t_1= Squarelt, Gsl, 0, sinct/2] +
RampD[t, Gsl, sinct/2, rtl +
Traplt, Gro, t71, rtr, grotl ;

62301_1= halfSinlt, Gpdp, t2, idptl +
Traplt, Gd, t31, rt, diftl +
Traplt, Gd, t32, rt, dift] ;

6250t_1= halfSinlt, Gpdp, t2, idptl + ,
Traplt, 6512, t5, rt, sinctl] ;

G260t_J= halfSinlt, Gpdp, t2, idptl +
RampUft, Gpe, 161, rirl +
RampD{t, Gpe, t61 + rtr, rtrl;

G270t_1= halfSinlt, Gpdp, t2, idptl +
Traplt, Gro, 171, rtr, grotl ;

G350t_1= Traplt, Gd, t31, rt, dift] +
Traplt, Gs12, t4, rt, sinct] +
Treplt, 6d, t32, rt, diftl

G330t.1= Traplt, Gd, 131, rt,dift] +~
Traplt, Gd, t32, rt, diftl ;

636l1_1= Traplt, Gd, 131, ri, dift]l +
Traplt, Gd, t32, rt, dift] +
RampUlt, Gpe, t61, rtr] +
RampD(t, Gpe, 161 + rir, rirl

G370t 1= Traplt, Gd, t31, rt, diftl +
' Traplt, Gd, t32, rt, diftl +
Traplt, Gro, t71, rir, grotl ;

656[t_1= Traplt, Gs12, t5, rt, sinct] + )
RampUli, Gpe, t61, rtrl + e -
RampD[t, Gpe, t61 + rir, rtrl ‘

6570t_1= Traplt, 6s12, 15, ri, sinctl +
Traplt, Gro, t71, rtr, grotl ;

(+ for multiple pulses *) .
(+ use FG[t_] = IntegratelG61{t]+ GE2{t] + GE3[t] + G641t] ,t1 ;3 #)
(* to check out the series *)

G61(t_] = RampUlt, Gpe, t71 - rtr, rir) + RampD({, Gpe, t71, rirl ;
6620t_1 = RampUlt, Gpe, t72 - rtr, rtr] + RamD[t, Gpe, t72 , rirl ;
663(t_1 = RampUlt, Gpe, t73 - rtr, rtr} + RampD(t, Gpe, 173 , rirl ;
664(t_1 = RampUlt, Gpe, 174 - rir, rirl] + RampD(t, Gpe, t74 ,-rirl ;

G710t_1 = RampU[t,Gro,t71,rtr]+Square[t,Gro,t71*rtr,grot/2] H

67172{t_1= Squarelt, Gro, t72 - rir - grot/2, grot/2l +
RampD(t, Gro, t72 - rir , rtrl +
RampUlt, -Gro, t72, rir] +
Square(t, -Gro, t72 + rtr, grot/21 ;
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G72730t_1= Squarelt, -Gro, t73 - rtr - grot/e, grot/2] +
RampD[t, -Gro, t73 - rtr, rirl +
RampUlt, Gro, 173 , rtrl ¢+ .
Squarelt, Gro, t73 + rir, grot/21

(+ the main program starts here *)
(+ define evaluate unistep function #)
euslz_] = If[Cz /. time3 /. time2 /, timel ) <0, 0, 1]

f* evaluate b matrix expression #)

(+ define FGIt) for the above gradient pulses, for example *)

FGIt_]1 = IntegratelGsqlit]l ,t] ;

f1 = FGIt] /7 t -> te/2 f = Simplifyl f1 /. UnitSteplx:__1 -> eusix] ]

(+ the UmitSteplx:__] -> euslx] ] will evaluate the unitstep, without *)
(vevaluating the other analytical parameters *)

b3v = Simplifyl 4 * 22 * (1e/2) ]

(+ b2 value this takes some time to calculate #)
b2i = IntegratelFGIt], {t,te/2,1e}] ;

b2 = Simplifyl b2i /. UnitSteplx:__1 -> euslx] ] ;
b2v = Simplifyl- 4 * f + b21]

(* b1 value , this takes a long time to calculate#)
e b1{t_1 = FGItI*2 ; bli = Integrate(b1lt}, {t, 0,te}]
3{, biv = Simplifyl b1i /. UnitSteplx:__1 -> eusix] ]

(+ calculate final expression #)
b= ExpandAll{b1v+b2v+b3v]

(* save it as a file #)
Writel"b_23.m"’,%]

( bésic algebra finally gives the analytical expressions; tau values x gradient amplitudes *)
Endl]
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THIS MATHEMATICA COMPUTER CODE HAS THE ANALYTICAL EXPRESSIONS FOR THE B MATRIX,
IT IS USED TO CALCULATE THE VALUES FOR THE B MATRIX GIVEN THE IMAGING PARAMETERS
AND THE DIFFUSION GRADIENT STRENGTHS FOR AN 2DFT PULSE SEQUENCE

(+ filename = 2DFT_B_matrix.m *)
(+ insert the pulse parameters, i.e., pulse duration and delays in usec, see Fig. 3A for
for definition of parameters, assumes trapezoidal diffusion and crusher gradient #)

timel ={ te -> 40000., sinct -> 2000., rt -> 200., pet -> 2000., dift -> 4000.,
difd -» 4000., atde -> 6414.5, crut -> 2000., crud -> 2000.) ;

dtime = (2 # rt + dift « difd) /. timel

ctime = (2 # rt + crut + crud) /. timel

tel = te/2 - ((sinct + 2 ri) + pet + dtime + ctime) /. timel
te2 = te/2 - (sinct/2 + 2 rt + dtime + ctime + atde/2) /. timel

(+ time the pulse turn on during sequence in usec *)
time2 ={ 12 -» sinct / 2 + rt ,
131 -> sinet / 2 ¢+ rt + pet + tel ,
t41 => sinct / 2 + rt + pel + tel + diime ,
t5 -> sinct / 2 + rt + pet + tel + diime + ctime ,
t42 -> 3 sinct / 2 + 3 rt + pet + te! + dtime + ctime + crud ,
132 -> 3 sinct / 2 + 3 rt + pet + tel + dtime + 2-ctime + difd-,
t6 -> 3 sinct / 2 + 3 rt +pet + fel + te2 + 2 diime ¢ 2 ctime ) ;

time3 = time2 /. timel

¥

gamma = 26751

deltas = {dl -> sinct + rt,
d2 -> pet ,
d3 -> dift + rt ,
d4 -> crut + rt ,
dS -> sinct + rt ,
d6 -> atde + rt ) /. time!

b19delta5 = { Bd2 -» te - t2, Bd3 -> t32 - t31 , Bd4 -> t42 - t4d
b/, time3 /. timel

taus ={
tautl” -> (d1%2 % ( te - (dt /3)) + (rt"3 /30) - ((d1 + ¥142)/6))/4,
taul?2 -» (d2 * d1 *( Bd2 - (d2 /2)) ) / P1,
tau13 -> ¢ d1 * d3 » Bd3 )/2,
tauld4 -> ( di * d4 * Bd4 )/2,
tauls -> (di # ( d5%2 + (rt*2)/3 ) ) /8, )
taul6 -> - (d1 * ( d6*2 + (rt*2)/3 ) ) /16, -
tau22 -> 4#( d2*2 » ( Bd2 - (5/8) # d2) ) / ( Pi*2 ),
1au23 -> 2 + ( d2 + d3 + Bd3 ) / Pi,
tau24 -> 2 *# ( d2 % d4 » Bd4 ) / Pi,
tau25 - (d2 * ( d5%2 + (rt*2)/3 ) ) /(2 * Pi),
tau26 -» - (d2 * € d6*2 + (rt"2)/3 1)) /(4 * Pi),
tau33 -> (d3%2 #(Bd3 - (d3 /3) ) + (rt3 /302 - ((d3 * rt*2) /6))
tau34 -> (d3 * d4 * Bd4 ),
tau3S -> (d3 « (d5"2 + (rt‘2)/3))/4,
tau3s -> 0.0, :
taudd -» (d4*2 *(Bd4 - (d4 /3)) + (rt*3 /30 - ((d4 * rt*2) /6)) ,
tauds -> (d4 * (d5"2 + (rt*2)/3))/4,
‘taud46 -> 0.0 ,
tau55 -> € d5*3/6 + (rt”3)/30)/2,
{aub6 -> 0.0,

95
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tau66 ->» (d6*3/6 + (rt*3)/30)/4
.} /. deltas /. bigdeltas /. timel

(+ 10*-18 needed to convert usec to sec *)
(+ Gdi (i = read, phase, or slice) -> 0 to max G/mm *)

(+ watch direction (+/=) #)

Brr

[l

NlExpand(gamma®2 # 10%-18 ( Grdp"2 tau22 + 2 Gdr Grdp tau23 +
2 Ger Grdp tau24 + Gdr*2 tau33 + Ger”2 taudd +
2 Ger Gdr tau34 + Gro*2 tau66 + 2 Gro Grdp tau26 ) /. taus Il

Bpp = N[Expand[gamma*2 » 10%-18 ( Gpe*2 tau22 + 2 Gdp Gpe tau23d +
2 Gep Gpe tau24 + Gdp*2 tau33 + Gep*e taudd + 2 Gep Gdp tau34 ) /. taus 1]

"

Bss = N[Expand{gamma*2 * 10%-18 ( Gsl*2 (taul1 + taul5 + taub5/4) +

2 6L Gsrf (taul2 + tau25/2) + 2 Gsl Gds (tauw!3 + tau3b/2) +
2 sl Ges (taufd + taud5/2) + Gsrf*2 tau22 + 2 Gds Gsrf tau23 +
2 Ges Gsrf tau2d + Gds*2 tau33 + Ges*2 taudd + 2 Ges Gds tau34 ) /. taus 11

u

N{Expand[gamma*2 * 10*-18 ( Gpe Grdp tau22 + Gdr Gdp tau33 +
: Gep Ger taud4d + (Gpe Gdr + Grdp Gdp) tau23 +

v (Gpe Ger + Grdp Gep) tau24 + Gpe Gro tau2b +

(6dp Ger + Gdr Gep ) tau34 ) /. taus ]I

Brp

"

N[Expandlgamma*2 * 10%-18 ( Gsl Gpe (taul2 + tau2S /2 ) +

6sl Gdp (taul3 + tau3s /2 ) + G5l Gep (tauld + tauds /2°) +-
Gpe Gsrf tau22 + (Gpe Gds + Gsrf Gdp) tau23d +

(Gpe Ges + Gsrf Gep) tau2d + Gdp Gds tau33 +

(Gds Gep + Gdp Ges) tau34 + Ges Gep taudd ) /. taus 1]

v Bps

Brs = N(Expandlgamma*2 * 10%-18 (Gsl Grdp (taut2 + tau25/2) +

65l Gdr (taui3 + taud5/2) + Gsl Ger (tauld + taudb/2) + .

6sl Gro taul6 + Gsrf Grdp tau22 + (Gsrf Gdr + Grdp Gds) taul3 +

(Gsrf Ger + Grdp Ges) tau2d + Gsrf Gro tau26 + Gdr Gds tau33 +

(G6dr Ges + Gds Ger) tau34 + Ges Ger taudd ) /. taus 1]
(* the pdlse strength-in Gauss/mm, note direction (+/-) #)
(+ Gauss/mm , for an 2DFT spin-echo imaging pulse sequence *) "
subamp = { Gsl ->- 0.281, Gsrf -> 0.248, Gpe ->0, Grdp -> 0.129, Gro -> 0.489,

Ger -» 0.20, Gep ->a 0.2,°CGcs -> -0.20 }

., Brr /. subamp /. Gdr -> {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}
Bpp /. subamp /. Gdp -> {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}
Bss /. subamp /. Gds -> {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}
Brp /. subamp /. Gdr -» { 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}

% /. 6dp => {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}
Bps /. subamp /. Gdp -» {0, 0.1, 0.2, 0.3,'@.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}
% /. 6ds -» {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0} '
Brs /. subamp /. Gdr -> { 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.8, 1.0}
v /. Gds -> {0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}

(* use these values to construct the b-matrix
[ Brr , Brp , Brs 1]
{ Brp, Bpp » Bps ]
[ Brs , Bps , Bss 1 %)

Endl]
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. THIS MATHEMATICA COMPUTER CODE HAS THE ANALYTICAL EXPRESSIONS FOR THE B MATRIX,
IT IS USED TO CALCULATE THE VALUES FOR THE B MATRIX GIVEN THE IMAGING PARAMETERS
AND THE DIFFUSION GRADIENT STRENGTHS FOR AN EPI PULSE SEQUENCE .

(+ filename = epi_B_trap.m *) ) .
(* insert the pulse parameters, i.e., pulse duration and delays in usec, seé Fig. 3B for
definition of parameters, assumes trapezoidal diffusion and crusher gradient *)

timel = {te ->» 85710.,rtr -> 200.,rt -> 500., sinct -> 1750., idpt -> 2000.,
dift -» 10000. , difd -» 5000., crut -> 2000.0, crud - 1009.,
grot -> 240. , res - 64 } ;

time2 ={d1, -> sinct + rt,d2 -> idpt, d3 > dift + rt, d4 -> crut + rt,
dS -» sinct + rt, d6 -> rtr , d7 -> grot + rtr,
deld -» dift + 2 rt + difd, delc - crut + 2 rt + crud,
Ctet -> (te/2. ) - C idpt + & rt + sinct + dift ¢ difd + crud + crut.)
: . Y /. timel

gamma = 26751

(+-start time for pulse gradients *)
time3d = { t1 -> 0.,

t2 -y sinet / 2+t , - . :

t31 -> sinct / 2 + rt + idpt + tel , ,

t41 -> sinct / 2 + rt ¢ idpt + tel + deld,

t5 -> sinct / 2 + ri.+ idpt + tel + deld + delc ,

142 -> 3 sinct / 2 + 3 rt + idpt + tet + deld + delc + crud ,

t32 -> 3 sinct / 2 + 3 rt + idpt + tel + deld + 2 delc + difd ,

t61 -> 3 sinct / 2 + 3 rt + idpt + tel + 2 deld + 2 delc ¢ 1000. , .
t71 -> 3 sinct / 2 + 3 rt + idpt + tel + 2 deld + 2 delc + 1000. + rir

Y/ time 2 /. timet

(* evaluate some parameters to define arrays and summations #)
evres = res/2 /. timel ’

evd? = d7 + rir /. time2

evie! = 161 /. time3

evte = te /. timel

evertr = rir /. timel

Array[t6,1,evre5] -

Array[Bd6,1,evres] ' T -
Do (16011 = evi6! + evd? * (i-1) , { i,1,evres}] o

Do {Bd6li] = evie - t6[i] , {i,evres}]

Deltas = { Bdt -> te - i1, Bd2 -> te - t2, Bd3 ->» t32 - f31‘,
Bd4 -> t42 - t41, Bd7 -> te - t71 + /. time3 /.time2 /1.Eime1

tausuml = SumlC Bd6li) - evrir) , {i,1,evresl}]
tausum? = SumlC €2%i-1) * Bd6lil - (i*67/30 - 1) evrir ), {i,1,evres}]

taus ={
taull -> € d1%2.# ( Bd1 - d1 / 3 ) + ri*3 /30 - Cdl * ri®2 Y/ 6/ 4,
tauf2 ->» ( d2 # d1 * (Bd2.- d2 / 2)) / Pi, ’
tau13 -> ( d1 * d3 » (Bd3 ) / 2,
tauld4 -> ( d1 * d4 » ( Bd4 )) / 2,
taulb -> (d1 * ( d5%2 + rt*2 /30 / 8,
taut -» - rir ¢ d1 * -tausum? / 2, ) ]
taul7 -> - d1 # (d7 * ( Bd7 - d7 / 4 ) + rtr*2 / 12 - ( d7 * rir Y/ 2) 1/ 4,
taul22 -> 4 » d2*2 + ( Bd2 - §/8. d2 ) / Pi*2 ,
tau23 -» 2 # d2 # d3 *+ ( Bd3 ) / Pi,
tau24 -> 2 + d2 * d4 + ( Bd4 ) / Pi,
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1au2s -» d2 + ( d5*2 + rt*2 /3) /7 €2 % Pi),
tau26 -> - 2 + rtr + d2 * tausuml / Pi,
taud? -> - d2 * ( d7 * ¢ Bd7 -d7/ 4 ) + rtr®2 /12 - Cd7 ¥ rtr)/ 23/ Pi,
tau33 -> d3*2 + ( Bd3 - d3/ 3 ) +rt*3 /30 - (d3+rt"2) /6,
tau34 -> d3 + d4 ¢ Bd4 , .
tauds -» € d3 + ( d5"2 + ri*2/3)) / 4,
tau36 -» 0.0,
tau3? -> 0.0, .
taudd -> d4%2 + ( Bdd - d4 / 3 ) + rt*3 /30 - (d4d*rth2)/ 6,
tauds ->» € d3 + ( d5°2 + rt*2/3)) / 4,
taud46 -> 0.0, '
taud? -> 0.0, :
tau55 -» d5*3/ 12. + ri*3 / 60.,
tauS6 -> 0.0 ,
taus7 -> 0.0,
tauB6 > rirt2 * tausum2- ,
taub7? -> rir * ( d7 * Bd7 - rtr*2 / 60 ) / 4,
tau77 -> ( d7%2 * ( Bd7 - d7 /3 ) +rir"37/30-¢( d7*2 + rtr )/ 23/ 4,
tau?77m ~> Cres / 2. - 1)% ( d7%3 /12 + rir*3 /60 - € d7 * rtr*2 ) f12 + (d7*2 * rtr)/4)
} /. Deltas /. time! /. time2 /. time3

_(» Gauss/mm crusher are 10 % of maximum , for an EPI pulse sequence +)
subamp ={ Gsl ->- 0.281, Gsrf -> 0.248, Gpdp > 0.123, Grdp -> 0.129, Gro -> 0.489,
Ger -> 0.201, Gep -> 0,192, Ges -> -0.191 , Gpe -> 0.0244 b

(+ 10"-18 needed io convert usec to sec *)
Brr = N[Expandlgamma*2 + 10%-18 ( Grdp*2 taug? + 2 Gdr Grdp tau23 +

2 Ger Grdp tau24 + 2 Gro Grdp tau2?7 + Gdr*2 1au33d +
2 Ger Gdr tau34 + Ger™2 taudd + Gro*2 + (tau?7 + tau?7m) ) /. taus 11

Bpp = NlExpandlgamma*2 * 10*-18 ( Gpdp"2 tau22 + 2 Gdp Gpdp tau23 +~
2 Gep Gpdp tau24 + 2 Gpdp Gpe tau26 + Gdp"2 tau33 +
2 Gep tau34 + Gept2 taudd + Gpef2 taubb ) /. taus 1]
Bss = N[{Expandigamma®2 * 10*-18 ( Gs1*2 (tault + taul5 + tauSS /4) +

2 Gsl Gsrf (faul2. + taud5 /2) + 2 Gsl Gds (tauld + tau3s /2) +
2 Gsl Ges (tauld +taudS /2) + Gsrf*2 taul2 + 2 Gds Gsrf tau23d +
2 Ges Gsrf tau2d + Gds*2 tau33 + 2 Gds Ges tau34 + Ges*2 taudd ) /. taus 11

Brp = N[Expand[gamma®2 * 10%-18 ( Gpdp Grdp tau22 + Gdr Gdp tau33 ¢
Gor Gop taudd + (Gpdp Gdr + Grdp Gdp) taued +
(Gpdp Ger + Grdp Gep) tau24 + Grdp Gpe tau26 + Gpdp Gro tau2? +
(Gep Gdr + Ger Gdp) tau34 + Gpe Gro taué? ) /. tausl]l

& Bps = N[Expand{gamma®2 * 10*-18 ( Gsl Gpdp (taul2 + tau25 /2 ) +
! Gsl Gdp (tau!3 + tau3s /2 ) + Gsl Gep (tauld + tauds /2 ) +

-Gsl Gpe taul6 + Gpdp Gsrf tau22 + (Gpdp Gds + Gsrf Gdp) tau2d +

(Gpdp Ges + Gsrf Gep) tau2d + Gsrf Gpe tau26 +

6dp Gds tau33 + (Gep Gds + Ges Gdp) tau34 + Gep Ges taud4 ) /. taus 1)

Brs = N[Expandigamma®2 * 104-18 (6sl Grdp (taul2 + tau2s /2) +
Gsl Gdr (taui3 + tau3s /2) + Gsl Ger (tauld + tauds /2) +
Gsl Gro (taul? + tauS7 /2) + Gsrf Grdp tau22 +
(Gsrf Gdr + Grdp Gds) tau23 + (Gsrf Ger + Grdp Ges) tauld +
Gsrf Gro tau?? + Gdr Gds tau33 + (Ges Gdr + Ger Gds) tau34 +
Ger Ges taudd ) /. taus 11

(* diffusion gradient Gauss/mm, 6d -» {0,.1,.2,.3,.4,.5,.6,.7,.8,.9,1.0} or whatever values *)
(*calculate b matrix values #)

Brr /. subamp /. Gdr ->{ 0,.1 .2,.3,.4;.5,.6,.7,.8,.5,1.0}
Bpp /. subamp /i 6dp -> {0,

1,
Bss /. subamp /. Gds -> { 0,.1,.2,.3,.4,.5,.6,.7,.8,.9,1.0}
_Brp /. subamp /. G6dr -> {0,.1,.2,.3,.4,.5,.6,.7,.8,.9,1.0}
% /. Gdp > ¢,.1,.2,.3,.4,.5,.6,.7,.8,.9,1.0}
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Bps /. subamp /., Gdp - {0,.1,.2, ,.4,.5,.6,,7,.8,.9,1.0}
: % /. 6ds -» {0,.1,.2,.3,.4,.5,.6,.7,.8,.9,1.0}

Brs /. subamp /., Gdr -> {0,.1,.2,.3,.4, 5,.6,.7,8,.9,1.0}
: %/, Gds -» {90,.1,.2,.3,.4,.5,.6,.7,.8,.9,1.0}

(» use these values to construct the b-matrix
[ Brr , Brp, Brs ]
{ Brp , Bpp , Bps ]
[ Brs , Bps , Bss 1%

End(]




