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1. Introduction

The study of many-body properties of ultra-cold and optics and nonlinear atom optics to propose and analyze
low density atomic samples is a topic of considerable another measurement scheme sensitive to the coherence
experimental and theoretical interest. Substantial properties of the atomic sample under consideration.
advances in this new subfield of atomic, molecular, and Based on this analogy, we have predicted in earlier work
optical physics have been reported in the recent past, the[13] that it should be possible to achieve atomic phase
most spectacular one being without doubt the observa- conjugation from an atomic condensate. Since phase
tion of Bose-Einstein condensation in weakly interacting conjugation is aoherentoptical effect, which relies on
alkali vapors [1-3]. On the theoretical front, quantum the mutual coherence between the optical fields in-
field theories of the interaction between atoms and light volved, we argue and demonstrate numerically that
fields are being developed [4-6], and are finding appli- atomic phase conjugation is rapidly destroyed by
cations in the analysis of detection schemes for Bose incoherent processes such as spontaneous emission.
condensates, nonlinear atom optics, etc. Hence, it is not expected to occur for an incoherent

While in the experiments reported so far, Bose- atomic sample, and is a sensitive probe of the coherence
Einstein condensation has been detected via the velocityproperties and of the lifetime of the condensate.
distribution of the atoms in the condensate, it is of inter-  Section 2 discusses our physical model, and proposes
est to examine alternate techniques, such as opticalan experimental scheme where a Bose condensate is
methods, which could give clear and unambiguous diffracted from an optical grating for atoms to produce
signatures of the distinctions between a condensate andwo counter propagating condensate components, as
an incoherent atomic sample of the same density [7-12]. well as a weak “probe” which is scattered off the
In this paper, we use the analogy between nonlinear condensate. In a manner reminiscent of the optical case,
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this configuration can lead to matter-wave phase conju-
gation via four-wave mixing. The basic approximations
underlying our analysis, as well as the nonlinear master
equation which models our system, are presented.

Section 3 reiews the cherent dynamics of the atoms
and demonstrates that indeed, phase conjugation is|
possible in principle. Because the atoms under consider-
ation are modeled as two-level systems, though, the
theory of phase conjugation is somewhat more compli-
cated than in the situation of degenerate four-wave
mixing familiar in nonlinear optics, and is more remi-
niscent of the case where the polarization of the optical
fields must be taken into account. Spontaneous emission
is included in Sec. 4. In this case, the nonlinear
Schralinger equation used to describe the coherent
effects is replaced by a nonlinear Hartree-Fock master
equation, which is solved numerically. Spontaneous
emission is shown to drastically reduce the amount of
phase conjugation available, thereby demonstrating its
sensitivity to the coherence of the condensate. In addi-
tion, we compare these results to the solution of a
Hartree nonlinear Monte Carlo wave functions numeri-
cal scheme that we have recently proposed, thereby
gaining useful intuition about the way a condensate’s
description departs from Hartree as dissipation is
increased. Finally, Sec. 5 is a summary and conclusion.
Calculational details are relegated to appendices.

In order to avoid any confusion, we note now that the
nonlinear Schidinger equation that we use in this paper
is not the Gross-Pitaevskii nonlinear SéHmger
equation familiar in the description of Bose conden-
sates, but rather the nonlinear Sadinger equation of
atom optics [4,14]. In the former equation, the effective
nonlinearity results from short-range interactions

“pump’ wave to establish a grating from which a coun-
ter propagating pump wave is scattered to produce a
phase-conjugate wave. A possible way to establish this
geometry is shown in Fig. 1, which illustrates how a
Bose condensate is diffracted by a matter waves grating
produced by a periodic evanescent electromagnetic
wave.

Bose-Einstein
condensate

pump beams

/signal beam

0

LA

7

phase conjugate , ’
d

beam »
evanescent laser field

Fig. 1. Configuration of the atomic beams incident on and diffracted
from the evanescent light grating.

If the condensate impinges on the grating at the
Bragg (Littrow) angle, the incident beam will be back-
diffracted into two components, one propagating in the
direction opposite to the incident wave (first-order
diffraction) and the other, resulting from zeroth-order
diffraction, at some angle from these “beams.” We
already note at this point several important differences
between this situation and the optical case: First, the

between ground state atoms, while in the latter case it waves are now de Broglie matter waves, instead of elec-
results from the long-range, near-resonant dipole-dipole tromagnetic fields; second, these waves have several
interaction between ground and excited atoms. Becausecomponents, corresponding to all electronic states of
the diffraction grating involved in our scheme induces relevance for the system at hand, so that the fields under
real transitions between ground and excited atoms, this consideration are vector fields; finally, due to two-body
latter interaction is dominant, and hence we neglect the interactions between the atoms, their evolution is in-
short range ground-ground interactions here. After trinsically nonlinear, so that no additional nonlinear
having neglected this interaction, we do treat the dipole- “crystal” is required.

dipole interaction as local, so that our nonlinear
Schradinger equation is itself local, just like the
Gross-Pitaevskii equation. However, the physical
situation it describes is quite different, and indeed, its

In general, atoms impinging on the grating in their
ground electronic state will be diffracted in a superposi-
tion of ground and excited states, with two major conse-
guences: the spontaneous decay of the excited atoms is

Schralinger field is vectorial rather than scalar. an incoherent process that destroys the coherence
between the various interacting waves, a mechanism that
is expected to reduce the amount of phase conjugation
achievable. In addition, a spontaneously emitted photon
can be reabsorbed by another atom in the sample. This
In analogy to the optical case of phase conjugation by is the physical mechanism leading to the near-resonant
four-wave mixing, we aim to realize a situation where a dipole-dipole interaction, which is the major source of

weak probe wave interacts nonlinearly with a strong nonlinearity in the gedanken experiment at hand.

2. Physical Model
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Note that in this equation, we have dropped the imagi-
nary potentialV.. While both V and V. find their
physical origin in spontaneous emissidtonserves the
purity of the state, while in genersl. does not conserve
Tr(p?) [14]. As such, it should really be considered a

except that due to the vectorial character of the slowly
varying amplitudesF (r,t) and B(r,t) and the

exchange of excitation involved in the dipole-dipole
interaction, the nonlinear term only couples partial
waves corresponding to different electronic states. As

dissipative term, and consistently, be neglected in the such, these equations are reminiscent of those involving

coherent regime.

In complete analogy with conventional nonlinear
optics [21-23] we proceed by introducing slowly vary-
ing forwardF (r, t) = (Fe(r, t), Fg(r, t)) and backward
B(r,t) = (Be(r,t), By(r,t)) propagating components
of the effective single particle wave functieb(r, t)

¢(r. 1) =F (r, e+ B(r, e, ()

with |V2F.(r,t)] <<k|V F.(r,t)| <<k?|F.(r,t)| and
|VZ2B,(r,t)] <<k|VB/(r,t)| <<k?B/(r,t)|, where
¢={e, g} labels the electronic state of the atoms. Here,
we assume that the main direction of propagation of the
atoms is along the-axis, see Fig. 1. When substituted
into the nonlinear Sclidinger equation, Eq. (6) with the
explicit form of the dipole-dipole potentiaV/, this
decomposition yields a system of four coupled paraxial
wave equations

d d .
<ﬁ+ Zka_z> Fe=iV?Fe

—iVo(|Fg|?Fe + |Bg|*Fe + FyBg Be)

J J .
<8_t+ 2k8_2> B.=iV2B,

~IVo(|Fg|*Be + |Bg|*Be + BoF g Fe)

) d .
<a+2k(")_2> FgZIVf Fq

—iVo(|Fe|?Fg + |Be|?Fy + FeB& By)

J Jd .
(a"’Zka—Z) BQZIVL2 Bg

—iVo(|Fe|?By + |Be|?By + BLFEFg),  (8)
where we have introduced the dimensionless wave-
number k - k/ky, time t - wwd, wavefunction
oy, z,t) - ¢y, z,t)/lkg and position r — kor
variables, as well as a dimensionless potential
Vo - Vol wrec. Equations (8) reseble theusual model
equations for beam propagation in nonlinear optics [21],
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polarization coupling in nonlinear optics, although in

the latter case, terms involving self-phase modulation
would also appear. Still, the analogy with nonlinear
optics is sufficient in that we can readily adapt the beam
propagation method common in optics to the problem at
hand.

For numerical purposes, we restrict our attention to
two dimensions and to the portion of the condensate
confined by the planez= 0 andz=L and assume that
the boundary conditions are provided by the waves
incident on these planes from the outside of that
volume? If we assume that the Bose condensate consists
of ground state atoms sufficiently far from the grating,
we have

Fe(y, 0;1) = Fo(0, 1) + Fes(0, 1) €
Fq(y, 0;t) = Fy(0,t) + F4s(O0, t)e'w
Be(y,L;t)=0

Bo(y, L; 1) = Bl 1) . 9)

Here, we have introduced a spatial Fourier decomposi-
tion of the transverse variation of the amplitudes to
account for diffraction by the grating, which is assumed
to leave the atoms in a superposition of their excited and
ground electronic states. Henéy(z, t), Fx(z,t) and
Byo(z, t) are the amplitudes of the forward and back-
ward propagating pump beams along thaxis, while
Fes(Z, 1) and Fgs(z, t) are the amplitudes of the forward
propagating probe waves propagating at a small angle to
the z-axis such thak << k.

For pump waves strong enough that the undepleted
pump approximation holds, i.e.%(z,t) = const,
Bw(z, 1) = const, this problem can be solved analyti-
cally [21,22]. It was shown in Ref. [13] that the intrinsic
nonlinearity of the system results in the ground state
probe being associated to an excited state conjugate
wave propagating with transverse wave numbey and
similarly, the excited probe leads to a ground state
conjugate.

1 The x-dimension is eliminated by expressing the wave function
de(r,t) as ¢p(X)de(y, z,t) where ¢(x) is taken to be a solution
of a linear Schidinger equation. As a resul, is replaced by
Vo f dX‘d)(X)'A/ko
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We have mentioned in the Introduction that the H:2p—m+fiw00+ff—, (2)

dynamics of a Bose condensate is described by the
Gross-Pitaevskii nonlinear Scitioger equation [15],
in which the nonlinearity results from short-range
two-body collisions with a scattering length of the order
of the Bohr radius. In the presence of light fields,
however, the two-body potential is dominated at low
densities by the dipole-dipole interaction between
ground and excited atoms. Neglecting the short-range T 1
interactions, subsequently approximating the dipole- VZT(N—l){yo(ko“lZD—i {1-3(e(ry) - (e(d)%
dipole potential by a “contact” potential, and perform- N oL N
ing the Hartree approximation yields an effective single- X Yalkolraz (0" @ 07+ 0" ® 07) (3)
particle nonlinear Schidinger equation which forms
the basis of nonlinear atom optics [4]. Although this
equation has the same structure as the Gross—Pitaevsku iT
equation, it describes substantially different physics. =i = (N 1){]0(k0|l’12|)—— {1-3(e(r)-(e(d))®
However, since spontaneous emission cannot be
ignored when excited atomic levels are involved (and in x Jz(k°|r12|)}{ R - o} “)
addition is the cause of the dipole-dipole interaction) the
nonlinear Schidinger equation does not give an appro- In this expressionj;, y; are modified spherical Bessel
priate description of the system. Rather, it must be re- functions of the first and second kind respectively [20],
placed by a master equation approach. This last equationN notes the number of atoms in the sample,
results from the common procedure of eliminating the I'=|d|?k$/ 37 is the spontaneous emission rate and
degrees of freedom of the continuum of modes of the the dipole matrix element of the atomic transition. The
electromagnetic field in the Born-Markoff approxima- relative position of the atoms is denoted ande(x) is
tion. Invoking in addition the Hartree-Fock factorization a unit vector in the direction of the vectar. In the
Ansatz results in the effective single particle nonlinear following, we approximate these potentials by a contact

wherep is the atomic center of mass momentumis
the single particle masso = kocC is the atomic transi-
tion frequency andr. are the usual pseudospin raising
and lowering operators. The dipole-dipole potential
takes the explicit form [17-19]

and the imaginary potential; is

master equation [16,14] potential of the form
dp(a;b) _ i V
T__2 <a|[H ’p]|b> +<a|L”Cp|b> V+Vc:2_k.;>8 (r12)(0.+® o + 0'7® 0'+)
0

_i% fd{i}[(a C1(V+Ve)[2:3(p(2:b)p(3;1)

®otoT®o), (5
+p(3; b)p(2; 1))

—(p(@;1)p(3;2) +p(a;2)p(3;1) an approximation adequate for ultra-cold atoms when
_ _ the thermal de Broglie wavelength of the atoms is much
(1:2/(v+Vo)|b: 3)]. (1) larger than an optical wavelength.

Here p(a;b) are the matrix elements of the single

particle density operatolp, the “integration over 3. Coherent Regime

numbers” such agl{i} means a summation over a

complete set of quantum numbers for the single particle  Having established our model, we briefly review mat-

system,H is the single atom Hamiltoniarl, ..p is the ter waves phase conjugation in the coherent regime. In

usual single atom spontaneous emission term, thethis case, the dynamics of the system is described by the

two-body potentiaV describes the dipole-dipole inter- Hartree nonlinear Schdinger equation [4]

action, andV. is an imaginary potential which results

from the elimination of the modes of the thermal elec-

tromagnetic field in the Born-Markoff approximation.
We specialize to the case of a system of two-level

i 00@) a¢(a) Jd2<a|H|2>¢>(2)

atoms with lower electronic levely) and upper elec- +fd1d2d3<a, 1V]2, 3¢*(1) b (2) (3) . (6)
tronic level|e). The single atom Hamiltonian then takes
the form
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We performed numerical simulations of the coupled pump beams, the condensate being assumed to consist
paraxial wave equations, Eq. (8) for various boundary of ground state atoms. Of course, the results for large
conditions involving different fractions; of excited fractions of excited atoms should be regarded with cau-
atoms in the diffracted wave at=0. As a numerical tion, due to the neglect of the incoherent effects of
check, we verified that the atomic flux through the 0 spontaneous emission in these results. This is the object
andz =L planes is properly conserved. Fig. 2 shows an of the next section.
example of the build-up of the ground state phase conju-
gate wave of amplitudé, (— «, 0, t), and the associated

depletion of the pump amplitud®, (0, 0,t). P
0.0625
P 0.05
0.5
0.0375
0.375 0.025
0.25 0.0125
0.125
Fig. 3. Strength of the conjugate bealf (—«, 0,t)|>— dashed

20 40 60 80 100 line, and| %, (—«, 0,1)|* — solid line, in steady state, as a function of
the fractionm of excited atoms in the reflected beaw¥ ko, k = 10k,

L =40/Ko, Vo= 0.4wec, Veo=0 and "= 0.
Fig. 2. Time-dependence of the backward propagating atomic o e ey e

beams$%, (- «, 0,1)|> — dashed line, anfB,(0, 0,t)|* — solid line,
for x=ko k=10o L =40Ks, Vo=0.dwrec, Veo=0, I'=0, 4. Spontaneous Emission
Fe0= 0.5, Fos= 0.5, Fgo= 0, Fye= 0 and By = 0.7. ;

4.1 Master equation approach

In order to account for the effects of spontaneous
The dipole-dipole potentidl responsible for the non-  emission, the Hartree nonlinear Sctlimger equation,
linearity is switched on at time= 0 and the atoms are EqQ. (6) must be replaced by the nonlinear master
assumed to be left in their excited state after being equation, Eq. (1), as already mentioned. In analogy with
diffracted by the grating. In that case, the conjugate the coherent case, we now expand the effective single
beam builds up only in the electronic ground state as particle density matrix elememt., (r, r', t) as
expected from the analytical solution in the undepleted
regime [13]. The partial Schdinger waves first
undergo a transient, with discontinuities in their slope pe (r, r',t) =pll (r, r', 1)e*@2 + p 2 (r, r', t)e @2
after the beams cross the condensate an integer number
of times? The kicks become less and less pronounced as+ p2 (r, r', t)e*@? + p 2 (r, r', t)e ™ @) (10)
a new steady state correspondiny/tes O is established.
Figure 3 shows how the fraction of excited state atoms
in the reflected beam influences the intensity of the This decomposition yields 16 coupled paraxial-like
conjugate beams. As follows both from analytical con- partial differential equations of the spatial variables
siderations [13] and from our numerical simulations, no (y, z), (y',z") and t. Their explicit form is given in
conjugate beams are produced if the atoms exit the Appendix A. These equations, being first-orderiand
grating in their ground state. This is simply because in z', require boundary conditions on the four sides of the
that case, there is no spontaneous emission, and ncsquarez, z' € [0, L]. However, the boundary conditions
dipole-dipole interaction between the atoms. Note the Eq. (9) on the wave functions in the coherent case yield
asymmetry between the excited and ground state atomicboundary conditions for the density matrix at the cor-
conjugation, which results from the asymmetry in the ners of this square only. The additional boundary equa-
tions required for the sides of the square can be derived
2 This is an artifact of our numerical algorithm, which starts propagat- 110m the Hartree nonlinear Schdimger equation with

ing the states from the two boundarieszat 0 andz= L afterV is the complex potentia¥ + V., as shown in Appendix A.
switched on.
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We have numerically solved the Hartree-Fock nonlin- P
ear master equation in two dimensions for various spon-
taneous decay rates and fractiopsf excited atoms at  0.0625
the exit of the beam splitter. As we are interested in
particular transverse directions of the wave propagation
we introduce a spatial Fourier transform of the atomic 0.0375

density operator in the transverse dimension 0.025
o ko ) — 0.0125
pk(ky,z, Ky, Z',t) =
fdky dkyp2f(y,z;y', 7, t) ey ekvy, (11) 0 0.25 0.5 0.75 1 r

where @ and 8 stand for the forward and backward Fi%l; 5. Influence of I' on the strength of the conjugate beam
propagaing vave B 00 ey sl LSk
Figure 4 shows the probabilitigs;; (—«, 0; , 0,1) y%szdaﬁa’%z": oy e T TR T e R e T
and pz (0, 0; 0, 0,t) as a function of time, for the case
where the atoms exit the diffraction grating in their
excited state. As such, it is the same as Fig. 2, except that4.2 Hartree Monte Carlo Simulations
now the spontaneous emission rate has been set equal to
I"'=0.5 and the imaginary potentialN§ = 0.1, in recaoil The numerical solution of the nonlinear master equa-
units. Clearly, the amount of phase conjugation is sub- tion leads to substantial computer memory require-
stantially reduced as compared to the coherent situation.ments. In a recent paper [24], we have proposed an
This is further illustrated in Fig. 5, which shows the alternative approach to its brute force solution, based on
steady state phase conjugate probability as a function ofthe average over “quantum trajectories” resulting from

the spontaneous decay rate. the solution of a Hartree nonlinear S¢toger equa-
Already for a decay rate equal to the recoil frequency, tion, interrupted by quantum jumps. The validity of this
phase conjugation has all but disappedred. approach, which is inspired by the now well-established

Monte Carlo wave functions technique [25-27], can
however only be proven provided that the Hartree ap-

= proximation is exact, which holds strictly only for con-
densates. In addition, the two-body contribution to dis-

0.625 /\ sipation must be of the form of a complex potential,
which is the case in the present situation. A direct com-

0.5 . .
parison of the Hartree Monte Carlo and master equation

0.375 results should therefore give us not only an indicator of
the practical validity of the former method, but also a

0.25 .
sense of how spontaneous emission destroys the conden-
0.125 sate.
..................................................... t In order to Implement thls approach, we generallze
20 40 60 80 100 the Hartree nonlinear Schdimger equation, Eq. (6) to

include the imaginary potentidl., so that it becomes

Fig. 4. Master equation simulations in the incoherent regime. Time-

dependence of the backward propagating atomic beams

P60, 0; 0, 0,t) — solid line, gy (—«, 0; =, 0; t)—dashed line, for L 0¢@) _

k= ko, k= 10Ko, L = 40/Ko, Vo = 0.2mrec, Veo = 0.Joeo, I' = 0.50re, i —=—"=|d2(alH[2) $(2)
kspont= Ko, Feo = 0.5, Fes= 0.5, Fg0=0, Fgs=0 and%chO.T

+fd1d2d3(a, 1V +V¢|2,3) ¢*(1) ¢ (2) ¢ (3) .
4 The parameters of our simulations were largely dictated by com-
puter limitations. It is expected that phase conjugation will survive 12)
larger spontaneous emission rates if larger dipole-dipole potentials and

longer propagation distances are considered.

3 As it should be, our numerical results agree with the coherent ones EXpressing furthermore thénear Liouvillian L, in
for '=V,=0. Eq. (1) as the Lindblad form
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Lep ©=-3 3 (ChCup®) +p (1) Ch Cn)

+> Cnp (t) CHL (13)

where theC,’s are system operators appearing in its
coupling to the continuum of electro-magnetic field

modes, the Hartree Monte Carlo algorithm proceeds as

follows [24]. We first formally reexpress the nonlinear
Schralinger equation, Eq. (12) as

%] (1)) =Ha [[dN (1)) - (14)
where the nonlinear “Hamiltonian” Hy, [|¢ (t))]

is a functional of the effective single-particle state
vector |¢(t)), see Eqg. (12). We then decompose the
Liouvillian L, into a contributionH4 added toH,, to
yield the effective nonhermitian “Hamiltonian”

Hert [|¢’>] =Hn [|¢>] +Hqg

“HaloN-2S cicn  (15)

2

and alinear “fill-up term,” see Eq. (13). As in the
usual caseH. is responsible for the Schalmger-like
evolution of the system, while the “fill-up term” causes
randomly distributed quantum jumps.

The probabilitydp for one of these jumps to occur is
given for the small time intervait by®

_idt ($(t)[Ha—HIl4(1)
i G0lew)

(dM)]>, ChCu|o(t))

= OPm -
GO 2 %

m

(16)

A jump is said to occur if a quasi-random numlaer
uniformly distributed between 0 and 1, is less ttagn
The post-jump wave function is chosen amongst the
various possible final stateS,,|¢(t)) according to the
probability lawdpm,/8p, with

|$(t+38t)) = Cn| (1)) (Bpm/B) . 17)

® Note that we keep track of the norm of the state vector explicitly,
since only a partial volume of the system is considered explicitly, and
thus the flux, rather than the norm, is conserved in our numerical
solution.
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In case no jump occurs, the state vector evolves under
the influence of the nonlinear and nonhermitian effec-
tive HamiltonianHs, so that

D (t +5t)) = |¢(t)>_iHeff[|¢(t)>]|¢)(t)> st

F/
(18)
and the new wave function is
[p(t+3t)) =|p® (t+ 1))/ V1-dp. (19)

We performed Monte Carlo simulations within the
slowly varying envelope approximation introduced in
Sec. 2 and for the same beam configuration as in the
preceeding example (see Appendix B). As pointed out in
Ref. [24], the accuracy of the Monte Carlo simulations
as compared to the Hartree-Fockmaster equation
description is expected to depend on the amount of
dissipation in the problem. Figure 6 shows the relative
difference between the two methods as a function of the
spontaneous emission rafte These results confirm that
the Hartree Monte Carlo simulations work surprisingly
well, although the discrepancy between the two
methods increases with', as expected.

A
0.2

0.15
0.1

0.05

0.25 0.5 0.75 1

Fig. 6. Comparison of the Monte Carlo and master equation simula-
tions. Influence ofl"on 4, the standard deviation between the steady

state results of the Monte Carlo and master equation predictions,
normalized by the Master equation result.

We attribute this surprisingly good agreement to the
fact that the type of dissipation that we are considering
here is however quite special, in that the only effect of
the nonlinear LiouvillianL  is in the form of an imagi-
nary two-body potentiaV.. It corresponds to a modifi-
cation of the spontaneous decay rate resulting from the
interference of the spontaneous emission probability
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amplitudes due to the undistinguishability of the two 6. Appendix A. Master Equation

particles. In other words, it describesallectivedecay in the Slowly Varying Envelope

mechanism (albeit as a result of the Born-Markov Approximation

approximation, only two-atom effects are retained). Due

to this collective nature, it is reasonable to expect that In analogy to the wave function description in terms

this imaginary potential might not do too much violence of forward and backward propagating beams each of the

to the Hartree ansatz. four density matrix elementgee, pgg, Peg, Pge CAN be
The only other incoherent contribution to the nonlin- decomposed into four parts

ear master equationis single-particleLiouvillian L, .

But due to the indistinguishability of the particles inthe pg (r, r',t) =pll (r, r', )X + p 22 (r, ', t)e &2

sample, it describes a decay mechanism that occurs for

all N atoms simultaneously. As a result, it leaves all +pl(r, r, 0)eXED + pbl(r, 1, t)e @) (20)

atoms in the same state, albeit now described by a

product ofN identical single-particle density operators. where

It appears then that for the very specific form of decay

we are considering, the Hartree ansatz might not be as pit=F,(r,t)B% (r',t). (21)
bad as otherwise expected, a conjecture largely con-
firmed by the result of Fig. 6. The 16 coupled paraxial-like partial differential equa-

tions obtained from the nonlinear master equation,
Eqg. (1) in the slowly varying envelope approximation are
5. Summary and Conclusions of the form

In this paper we have discussed the possibility of
observing atomic phase conjugation off Bose conden- ( 2k< 0 )) (r.rt)=
sates, and to use it as a diagnostic tool to determine the ot 9z oz pee
spatial coherence properties and lifetime of that conden-
sate. Since phase conjugation results from the scattering
of a partial matter wave off the spatial grating produced
by two other waves, it offers a very natural way to

I(VL_VJ.)p (r,r;t)

—iVE [(peg (T, rit) + peg (1, 1 1)) peg (r, 15 1) +

directly measure these coherence properties, and as pad (r,r;t) pea(r,r;t)]
such provides an attractive alternative to the optical
methods proposed in the past. —iVE [(pgg(r,r; i) +pe(r,rit)) pdb(r ) +

As expected, incoherent mechanisms such as sponta-
neous emission rapidly destroy phase conjugation,
thereby demonstrating that the proposed technique bb
should easily distinguish a condensate from an incoher- FIVl(pse (M, 15 1) + pge’ (1, 1°1)) peg (1 13 1) +
ent sample of the same density. We have also compared Pan(r', r';t) pdo (r,r'; t)]

Hartree-Fock master equation results to those based on

Hartree Monte Carlo wave function simulations, thereby  + inO[(pgf{J (', r )+ pd(r, r ) pdi(r,rs t) +
obtaining a measure of the destruction of the condensate b

as a function of the rate of spontaneous emission. poa (', 15 1) pes (.1 1)]

We conclude by noting that in replacing the nonlocal
dipole-dipole potential by a local interaction, the grat-
ings established in the condensate are probed only
locally. It will be interesting to investigate if more infor-  whereV,, = V, + V. Similar equations can be obtained
mation can be gained by treativgas a nonlocal poten-  for all other components.
tial. In particular, one can expect that effects such as These first-order differential equations inand z'
spatial diffusion in the sample should be accessible by require boundary conditions on the four sides of the
such nonlocal sampling. squarez, z'= [0, L]. However, the boundary conditions

ng(r r; t)P (r,r; 0]

+{er'| Lo pdt (t)|er), (22)
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for the wave functions in the coherent case Eq. (9) yield
boundary conditions for the density matrix only at the

resenblesatomic recoil due to the spontaneous emission
event [26]. The effective Hamiltonia e [| ¢ )] is then

corners of the square. Ignoring spontaneous emission at

the boundaries, we can express the density matrix
elements api(y, z,y', 0,t) =F¢ (y, z, t)F*(y', 0,t),
etc. In this expression,F. (y,z,t) undergoes a
Schrainger evolution, whilg=*(y', 0,t) is a boundary
value. Thus, the dynamics of the system on the sides
of the square is obtained by consideringpb@undary
equationfor the master equation, which involves only
the evolution corresponding to the change of “half” of
the density matrix element.

This boundary equation can be derived from the
Hartree nonlinear Schdinger equation with the poten-
tial V + V.. In particular, we find forpdf (1, r'vound t)

d dJ .
(ﬁ"' 2k(9_2> pef(fe(r; I bounds t) =
[ Vf Peftfa (ra I bound t)
iV

5 (peg (115 1) + peg’ (1, 151)) pge (I, Mbound 1) +

pad (r, 15 t) pes (r, Iound t)]

—iVE [(pgo (r,r;t) + pgy (1,15 1)) b (r, Mooun t) +

PJS (r,r;t) Pe?ef (1, Moound 1)] (23)

Herer'young is the position coordinate on the boundary,
Moouna= (X', y', 0) for the forward propagating compo-
nent and r'paung=(X',y',L) for the backward
propagating component. Note that this situation is
different from the case of confined systems, where
pee V2, Y, Z'hounss t) = 0 0N the boundary.

7. Appendix B. Explicit Expressions
for the Hartree Monte Carlo
Simulations

The explicit form of the incoherent Liouvilliah ¢ in
Eqg. (1) leads to the system operators

3r @
. (1 _XZ) O_tetl?oe(k)r
4 , (24)

where 3 (1 +?)/4 is the dipole radiation pattern for the
two-level atoms andy = cod, 6 being the angle be-
tween the quantization axis and the direction in which the

spontaneous photon is emitted and é)ipi %e(k)r)
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Har (1901 = Hul|$)] - 2- o= (25)
and yields the quantum jump probability
_3r, e *
o= W g |0
= (26)

2 dp,.
X
Finally, the post-jump wave function turns out to be
(1)

[Tee(®)?
[6()]?

| (t+3t)) = (27)

i.e., ¢ (t+3t)=0and
g (t+8t) = & <o e (t))/ V] e[S )]

In case of decay the wave functions are given by
Eq. (19).

These simulations are carried out within the slowly
varying envelope approximation introduced in Sec. 2.
The expressions for the slowly varying amplitudes
Be(r,t+3t),Bg (r,t+3t),Fe(r,t+8t) andF, (r,t+3t) can
be found easily from the Eqgs. (17) and (19).
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