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energy of the system and the aspect ratio
of the velocity distribution. The structure of
the wave function near the classical turn-
ing point is discussed and the drawback of
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1. Introduction

In this paper we discuss some relevant properties of of the atomic cloud, the role of the interatomic potential,
the ground state of a Bose-condensed atomic gas con-the velocity distribution, and so on. All these quantities
fined by an external potential. Our starting point is the are essential for the interpretation of the recent experi-
Gross-Pitaevskii equation which gives the proper ments on Bose-Einstein condensation in ultracold alkali
Schrainger equation for the order parameter of an in- atom gases [1-3]. An important feature is the profound
homogeneous dilute Bose-condensed gas at zero temdifference between systems interacting with repulsive
perature. Using this equation it is possible to discuss and attractive forces. In the latter case, in particular, the
various ground state properties of the system: the form stationary solution given by the Gross-Pitaevskii equa-
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tion is of metastable type. If the number of atoms is too tion. Let us puta=0 in Eq. (1) and take the external
large such a solution becomes unstable and the systenpotential as an anisotropic harmonic oscillator:
collapses. In this paper we will also discuss some rota-
tional properties of the system, in particular the struc-
ture of vortices and the critical angular frequency
needed to generate a rotational instability.

The Gross-Pitaevskii equation for the order parameter The ground state wave function becomes

¥(r) = (J(r)) has the well known form [4]:
P(r) = \/t)‘lm —3/4exp[

where\ = w,/w, . The Gaussian has different transverse
and vertical widths. In particular one has
(x?) =({y? = (1/2)a? and(z? = (1/2)A *aZ. The chemi-
cal potential is (1 #/2)%Zw, and coincides with the
energy per particle, while the kinetic energy per particle
has the simple form

)

Vodlr) :%"(wf X2+ 02 y? + w2 2.

1
p s oz (42402, 3)
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whereV,y is the external confining potential, which is
usually chosen in the form of an anisotropic harmonic
well. The role of interactions is accounted for by the
non-linear term and is parametrized by #wave scat-
tering lengtha. The quantityu is the chemical potential
and is fixed by imposing the proper normalization,
N =/ pdr, to the density of the system= . The
Gross-Pitaevskii equation ignores interaction effects due
to the atoms outside the condensate. This is an excellent
approximation for a dilute Bose gas at low temperature An interesting quantity to discuss is the ratidp2)/(pz)
where the depletion of the condensate is negligible. ~ which provides a measure of thgpect ratig character-
An important question to discuss concerning the izing the anisotropy of the velocity distribution. Using
ground state of a trapped Bose gas is the role of the the wave function Eq. (3) one finds
interatomic potential. At first sight one would in fact
expect that the role of interactions be negligible in a
dilute system, where the usual expansion paranagjer
is extremely small. Actually it turns out that the interac- Values of the aspect ratio different from 1 reflect a
tion can have a deep influence on the solution of Eq. (1), peculiar and unique feature of Bose-Einstein condensa-
where its effect turns out to be fixed by the adimen- tion.
sional parameteNa/ayo, where ayo = V 7Z/(Mwyo) is
the harmonic oscillator length. This parameter can be

Ekin_i
N ~2m

(07 =5 (1 + A 12w @

Vip2)ip}) = VOAKZ) = VA (®)

indeed rather large despite the smallnesa®f. The
final result is that the system is still fully Bose con-
densed, but the structure of its wave function can be
strongly affected by the interatomic forces.

3. The Strongly Repulsive Limit (Thomas-
Fermi Approximation)

The opposite limit is obtained when the interaction is

For the above reasons it is useful to discuss the solu-so strong, or the number of particles so large, that the
tion of the Gross-Pitaevskii equation in two relevant kinetic energy termi/? can be neglected in the Gross-
limits: the noninteracting model and the strongly repul- Pitaevskii equation, Eq. (1). It corresponds to very large
sive limit, which corresponds to the Thomas-Fermi ap- values of the dimensionless parameter
proximation. We will make a comparison with the exact
numerical solution of the Gross-Pitaevskii equation in
order to point out the role of the interaction. We will
devote special attention to the structure of the conden-
sate wave function near the boundary, close to the classi-Also in this case the solution of the Gross-Pitaevskii
cal turning point, and we will finally study the case of equation is trivial and the wave function has the form:
quantized vortices.

_8maN
==

(6)

p(r) =lp(r)F = [ = Ved(r)] (7)

4#52
2. The Noninteracting Model
if the right hand side is positive, angd= 0 elsewhere.
When the scattering length vanishes, the problem  The chemical potential is easily calculated by imposing
reduces to the solution of a one-body Sdinger equa- the normalization conditiorf p dr = N. One finds
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Due to the different scaling properties of the wave
function with respect to the varialigcompare Egs. (3)
and (7)), the aspect ratig(pZ)/(p3) in this case is equal
to A differently from the noninteracting case Eq. (5).

The wave function Eq. (7) is expected to approximate
well the exact solution of the Gross-Pitaevskii equation
Eq. (1) for largeN, apart from the structure of the
surface region where the exact wave function has to

vanish smoothly. Some relevant observables, as the ki-

netic energy, can be significantly affected by this sur-
face structure, as we will see in Sec. 5.

4. Solution of the Gross-Pitaevskii
Equation

The Gross-Pitaevskii equation, Eq. (1) can be solved
numerically [5,6]. We transform the differential equa-
tion in a functional minimization and use a steepest
descent method to solve the minimization problem on a
grid of points. As an example of atoms with repulsive
interaction we choosg€RDb, as in the experiment of Ref.
[1]. For thes-wave triplet-spin scattering length we use
a = 100y, whereay is the Bohr radius. The asymmetry
parameter is taken = w,/w, = V8 and the axial fre-
quencyw,/2w = 220 Hz. The corresponding character-
istic length isa, =1.222x 104 cm.

Results for the chemical potential and the energy per
particle are shown in Table 1. Both quantities are ex-
pressed in units ofw, , or of the equivalent temperature
7w, lkg = 3.73 nK. The partial contributions to the en-
ergy per particle coming from the kinetic energy (kin),
the harmonic oscillator potential (HO) and the internal
potential energy (pot) are also given. ThNe= 1 case
coincides with the noninteracting anisotropic harmonic

Table 1. Results for the ground state &Rb atoms in a trap with
w127 = 220 Hz and\ = w,/w, = V8. Chemical potential and energy
in units Zw,

N " (EN)  (EMN)in  (EMNo  (E/N)por
1 2414 2414 1207 1.207 0.000

100  2.88 2.66 1.06 1.39 0.21
200 321 2.86 0.98 1.52 0.36
500  3.94 3.30 0.86 1.81 0.63
1000  4.77 3.84 0.76 2.15 0.93
2000  5.93 4.61 0.66 2.64 1.32
5000  8.14 6.12 0.54 3.57 2.02
10000 10.5 7.76 0.45 4.57 2.74
15000  12.2 8.98 0.41 5.31 3.26
20000  13.7 9.98 0.38 5.91 3.68
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oscillator: in this case the total energy per particle coin-
cides with the analytic value (1 ¥/2) = 2.414. WhemN
increases the repulsion among atoms tends to lower the
central density, expanding the cloud of atoms towards
regions where the trapping potential is higher. A typical
profile of the condensate wave functigh is plotted
along thex-axis forN = 5000 in Fig. 1. The exact min-
imization of the Gross-Pitaevskii functional (solid line)

is compared with the noninteracting case (dashed line)
and the Thomas-Fermi limit (dot-dashed).
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Fig. 1. Ground state wave function (in arbitrary units) alor{@n units

a,) for 5000 atoms of’Rb. Dashed line: noninteracting case. Dot-
dashed line: Thomas-Fermi approximation. Solid line: numerical so-
lution of the Gross-Pitaevskii equation.

When N is large we observe an increase of both
interaction and harmonic oscillator potential energy per
particle (the latter effect follows from the expansion of
the cloud). Conversely, the kinetic energy per particle
decreases because the density distribution is flattened.
In the strongly repulsive limitN — oo, one should find
that the internal potential energy is much greater than
the kinetic energy. Indeed the convergence towards this
limit turns out to be rather slow as we will show in the
next section.

Another interesting quantity which can be easily cal-
culated from the ground state wave function is the aspect
ratio of the velocity distribution, that is the ratig(p2)/

(p?). This quantity is equal ta/A in the noninteracting
case and should approaahin the strongly repulsive
limit. The numerical results, as a function bf, are
shown in Fig. 2. The two limiting cases are shown as
dashed lines. One clearly sees that the convergence to
the value 2.828 3 is very slow; the aspect ratio remains
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Fig. 2. Ratio of the axial to transverse average velocity as a function
of Nin #Rb. The lower and upper dashed lines correspondé;t@nd
A, respectively.

well below the asymptotic value even ftx=20000.
The aspect ratio measured in Ref. [1] is estimated to be
about 50 % larger than the noninteracting value, while
the number of particles is of the order of 5000. The
agreement with our results is good, even if one has to
consider that the experimental estimate implicitly as-
sumes a ballistic expansion of the atoms after switching
off the external trap. The effects of the interaction on the
expansion of the gas should be explicitly taken into
account in order to draw more definitive conclusions.

As an example of atoms with attractive interaction we
choose’Li, as in the experiment of Ref. [2]. For the
s-wave triplet-spin scattering length we use — 27a,.

The axial frequency reported in Ref. [2]ds/27 = 117

Hz and the corresponding characteristic length is
a, =2.972x 10* cm. The transverse frequencyuds/

2w =163 Hz, so that the asymmetry parameter is
A=w,/w, =0.72.

The first important point to stress is that Gross-
Pitaevskii functional has no global minimum for nega-
tive scattering length. This reflects the tendency of the
system to collapse. For spatially inhomogeneous sys-

tems, however, the zero-point energy can exceed the

attractive potential, producing local minima of the func-
tional when the density of atoms is not too high.

The most striking difference with respect to the re-
pulsive case is that here the central density of the cloud
increases rapidly withN, as shown in Fig. 3. This is the
effect of adding more and more attractive potential en-
ergy. When the central density reaches a certain critical
limit the system collapses and the solution of the Gross-
Pitaevskii equation does not converge anymoréLin
with the input parameters given above, the critical num-
berN turns out to be about 1400. In [6] we have found
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Fig. 3. Ground state wave function (in arbitrary units) alor{@n units
a,) for 1000 atoms ofLi. Dashed line: noninteracting case. Solid line:
numerical solution of the Gross-Pitaevskii equation.

that a stationary solution of the Gross-Pitaevskii equa-
tion with larger values oN can be obtained if a vortex
line is present in the system. The possible occurrence of
vortices in these trapped Bose gases will be discussed in
the Sec. 6.

5. Wave Function at the Boundary

As one clearly sees in Fig. 1, the Thomas-Fermi ap-
proximation fails to reproduce the structure of the order
parameter at the surface of the atomic cloud in the case
of positive scattering length (repulsive interaction). Sev-
eral measurable quantities can be significantly affected
by the behavior of the wave function in this region. In
order to provide a good model for these quantities one
has to go beyond the Thomas-Fermi approximation. One
of these relevant observables is the kinetic energy

E= 1 [ arivuf ©)
kin — 2m .

In fact the Thomas-Fermi approximation (7) for the
wave function is not appropriate to evaludg,; it pro-
duces dogatithmic divergence in the integrand of Eq.
(9), occurring at the classical turning point, where
Vext = . This reveals that the evaluation Bf, requires
higher accuracy in the description of the boundary re-
gion. In order to provide the proper description of
the condensate wave function near the boundary we
have recently proposed [7] a suitable expansion of the
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Gross-Pitaevskii equation near the classical turning solution of the Gross-Pitaevskii equation in the external
point. The resulting analysis allows one to obtain the surface profile. An example is given in Fig. 4 for®10
proper expansion for the kinetic energy. We briefly atoms of®’Rb in a spherical trap.
sketch here the case of isotropic traps € a, = ayo).

Let R be the boundary of system spherical system, .06
determined by the equatiqn= Ve(R). Near this point
one can carry out the expansion

Ve(r) — w=(r — R)F (10) 0.04

whereF = mwioRis the modulus of the attractive exter-
nal force evaluated at=R. Close to the boundary,
where | — R| <R, the Gross-Pitaevskii equation takes 0.02
the form ’
A o 4mh’a 5 _
?nwdﬁ(r R)Fyr + om P°=0. (11)

Let us now introduce the dimensionless variable

&= (r — R) (12) Fig. 4. Condensate wave function (arbitrary units) foP Homs of
d 8Rb in a spherical harmonic trap of lengiho. Solid line: numerical
solution of the Gross-Pitaevskii equation, Eq. (1). Dot-dashed line:
Thomas-Fermi approximation, Eq. (7) (indistinguishable from the
solid line in the inner part). Dashed line: surface profile obtained from
the universal equation, Eq. (15).

where

The kinetic energy can be calculated by matching

-1/3
d= @—”2“ F) (13)
) ) ) o . properly the Thomas-Fermi approximation and the solu-
is a typical thickness of the boundary giving, as we will - jo of the universal equation, Eq. (15). This yields the
see later, the distance from the classical ra8iughere

result
the Thomas-Fermi approximation starts failing. Then
we introduce the dimensionless functigndefined by E. 5 42 R
an - = <Iog— - o.259), (16)
L N ~2mF~ a0
P(r) :d(Ta)lmﬁ(f), (14) o ,
where the radiuR is related toN by the equation
in terms of which the Gross-Pitaevskii equation, Eq. RS
(11) takes the universal form N= TBaaiy” (17)
¢" — (£+¢)b=0. (15) Equation (16) provides the proper behavior of the ki-

) , . netic energy in the largd limit whereR > ao. In Fig.
Its solution provides, via Egs. (12—-14), the proper struc- g o compare the results obtained from Eq. (16) and

ture of the condensate wave function near the classicalfrom the Gross-Pitaevskii equation. One can see that the
turning pointR. Itis worth noting that Eq. (15) does not  ¢,nyergence is reached for relatively large valuesl of
depend on the form of the external potential nor on the

size of the interatomic force. These physical parameters

enter the transformations Egs. (12) and (14) which fix, g \/ortices

together with the solution of Eq. (15), the actual behav-

ior of the wave functionjr. Equation (15) can be solved The structure of vortices in a trapped Bose gas can be
numerically. The flj,';‘Ct'ond’ beha;/les_ like'V/—¢ for naturally investigated in the present formalism. Let us
£ —o and like & ** exp[— (2/3)5 7 in the opposite - nsider states having a vortex line along thaxis and
limit £ — . The corresponding condensate wave func- 4| the atoms flowing around it with quantized circula-

tion iy matches the Thomas-Fermi wave function at the {5y One can write the axially symmetric condensate
left of the classical turning point and follows closely the ;.- function in the form

541



Volume 101, Number 4, July—August 1996
Journal of Research of the National Institute of Standards and olgyn

0.3

o
N

kinetic energy

°

104 10’

Fig. 5. Kinetic energy per particle, in unit§w.o, for ¥Rb in a
spherical harmonic trap as a function of the number of condensed
atoms. Solid line: from the solution of the Gross-Pitaevskii equation
(1). Dashed line: approximation Eq. (16).

W(r) = ¢(r) expliS(r)]

whereyi(r) = Vp(r) is the modulus, while the phase
acts as a velocity potentialt = (#/m)VS. By choosing

S= k¢, whereg is the angle around theaxis andk is

an integer, one has vortex states with tangential velocity

(18)

%
K
mr,

v=

: (19)

with r 2 = x? + y% The numbek is the quantum of circu-
lation, and the angular momentum aloné Nk7.

If the complex wave function Eq. (18) is used in the
derivation of the Gross-Pitaevkii equation, one gets

72 7%k m
|- 2 v 2 Dt 4 i)

+

SR or| s =, @0

which differs from Eq. (1) only for the addition of a
centrifugal potential. This new term forces the solution
¢ to vanish on thez-axis for k # O.

For noninteracting particles one falls again in the case
of the stationary Schbnger equation for the an-
isotropic harmonic potential. For instance the 1 so-
lution has the form

) o exp[— oo (174 AzZ)]. (21)

To get the energy per particle for the+ O states one
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has simply to sumk%w, to the energy per particle of the
ground state without vortices.

In the interacting case the kinetic energy can not be
neglected even for largé, since it determines the struc-
ture of the vortex core. In particular, the balance be-
tween the kinetic energy and the interaction energy fixes
a typical distance over which the condensate wave func-
tion can heal. For a dilute Bose gas tiealing lengthis
given by

&= (8mpa) * (22)
wherep is the density of the system. In the case of a
vortex it corresponds to the distance over which the wave
function increases from zero, on the vortex axis, to the
bulk density. For the trapped atoms in tHe— o limit

one finds
(3]
=R

Thus the healing length is small compared with the size
of the cloud ifR is much bigger tham, .

The critical angular velocity required to produce vor-
tex states is easily calculated once the energies of the
states with and without vortices is known. One has to
compare the energy of a vortex state in frame rotating
with angular frequency?, that is € — (L), with the
energy of the ground state with no vortices. Since the
angular momentum per particles#, the critical angu-
lar velocity is

¢
R (23)

Q= (/i) [(E/N). — (E/N)q. (24)
In the noninteracting case the difference of energy per
particle is simplykZw,, so that{). = w, .

We have solved numerically the Gross-Pitaevskii
equation (20) both for rubidium and lithium. In Fig. 6
we show the wave function of a cloud of 506Rb
atoms; thex = 1 wave function (Fig. 6b), which corre-
sponds to atoms flowing around theaxis with angular
momentunN7, is compared with the = 0 ground state
(Fig. 6a). The atoms are pushed away from the axis
forming a toroidal cloud. From the energy of the vortex
states we calculate the critical angular velocity, through
Eq. (24). The results fox = 1 are shown in Fig. 7. The
critical angular velocity decreases rapidly wikh For
N > 5000 it is less than 40 % of the noninteracting value,
given by the transverse angular frequenay of the
trap. Thehealing lengthis the distance over which the
wave function grows from zero to thmilk value. In the
limit of large systems it can be approximated by Eq. (22)
with p equal to the density in the central part of the
toroidal distribution. Both the estimate &f and (2
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< 0.5

0 1 | | 1
0 2000 4000 6000 8000 10000

N

T T T T Fig. 7. Critical angular velocity, in unitso,, for the formation of
0 1 2 3 4 5 « =1 vortices in®’Rb vapor as a function dfl.

This happens in the presence of a vortex. In Fig. 8 we
show the wave function for 1000Li atoms with no
vortices (Fig. 8a) and with an axial vortex of unit circu-
2 (b) lation (Fig. 8b).We use the same units in both cases, so
one can see that the maximum value of the wave func-
tion inside the toroidal distribution of the vortex is ap-
proximately a factor two lower than the central value in
the state with no vorticity (the density is four times
smaller). The critical angular frequency for the forma-
tion of the vortex state in Fig. 8 is 1.12 times the trans-
verse angular frequency of the trap. In systems with
attractive interaction the critical angular velocity is
larger than for noninteracting particles, while the oppo-
site is true for repulsive interaction. This is because it
costs internal potential energy to lower the average den-
sity, as the vortex does, for attractive interactions. How-
ever, once a vortex is created, the corresponding state is
more stable than in the absence of vorticity: one can put
5 more atoms inside the rotating cloud before reaching the
X critical density for the final collapse. Indeed we find
local minima of the Gross-Pitaevskii functional fbr
Fig. 6. Wave function, in arbitrary units, of 5006Rb atoms. Spatial much larger than 1400 ik >0. Forx=1 we find a
coordinates in units, . a) Ground state. b) Vortex state wikhe 1. critical value of N =4000; for k=2 and 3 we find
critical values of 6500 and 8300, respectively. Itis worth
obtained in this way are in qualitative agreement with mentioning that the number of particles in the conden-
the behavior of the numerical solutions. sate reported in the experimental work of Ref. [2] is an
Coming back to the question of the stability for nega- order of magnitude higher than the critical value for the
tive scattering length, we notice that, when the local stability of the Gross-Pitaevskii solution without vortic-
minimum associated with wave functions of the form ity (N = 1400). The presence of vortices might explain
shown in Fig. 3 disappears, nothing prevemfsiori the the large size of the observed Bose-condensed gas. Fur-
existence of other local minima associated with different ther experimental data are needed to draw more defini-
configurations. Such configurations should have local tive conclusions.
density lower than the critical one. A natural way to
obtain a favourable situation is to move the atoms away
from thez-axis, conserving the total number of particles.
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(o

Fig. 8. Wave function, in arbitrary units, of 1000 atoms. Spatial
coordinates in unita,. a) Ground state. b) Vortex state wik= 1.
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