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“ Correspondenceshouldbe directedto C. Thomas, MailStop#42,FederalReserveBoard,WashingtonDC20551; Tel: (202)452-3698;
Email: thomasc@frb.gov.Theauthorsare staffeconomistsin the Divisionof InternationalFinance,BoardofGovernorsof the FederalReserve
System. Thispaperrepresentsthe viewsof the authorsandshouldnot be interpretedas reflectingthe viewsof the Boardof Governorsof the
FederalReserveSystemor othermembersof its staff. Wewouldliketo especiallythankDavidBates,JonFaust,GregDuffee,ChristianGilles,
and EdGreenfor their extensivecomments. We alsothankAlIanBrunner,Neil Ericsson,Jeff Fuhrer,LudgerHentschel,andGeorgeMoore,
as well as seminarparticipantsat Vanderbilt’sOwenSchoolof Management,OhioStateUniversity,the AmericanFinanceAssociationwinter
1995meetings,the Bankfor InternationalSettlements,the UniversityofNeuchatel,the DeutscheBundesbank,the EuropeanMonetaryInstitute,
andthe FederalReserveBoardInternationalFinanceDivision. ElizabethVrankovichandDaraAkbarianprovidedvaluableresearchassistance.

‘ Otherstudieswhichfocuson the asset’sterminalpdfincludeBreedenandLitzenberger(1978),JarrowandRudd(1982),Shimko(1991),
and Malz(1996).
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t h ao i l - p r ir i si u n p r i ct he s t i mp a r a mo t s t o cp r oo t i m

d i s t r i b u t i oc ao n lr e p r e st hr i s k - n e( m a r t ie q u i vp a r ar at t t

( a c t u a r i ap a r a m e t e rS e c o nt he a re x e rf e ao A m eo pm ai d it

d e r i ~ ’a c l o sf o re x p r e s sf ot hp r io a o p tT s u rt p r ow d

b o u n do t hp r io a A m e r io p ti t e ro t r i s k -d i s to t p o t

u n d e r l ia s s ea l l o w iu t p r o cw it he s t i mo t p a r ao t a s

( ii [ r i b ui o n

( )ur m e t h o d o lr e q u iu t p l as os t r uo t f oo t i md i s

“ l - h is t r u c t ui s i m i li s p i rt t ha s s u m po a p a r t is t o cp rm i o

s t u d i e(t oe x a m p lt hj u m p - d i f fa s s u mo B a( 1 9) G it w r o

p o s s i bo u t c o md u r it hP e r sG uc r i sw a s st hm ap a r te xo

p r i c et b d r a wf r oa m i x to t h rI o g n od i s t r i bT ha s si d i

m o rf u l li s e c t i[ V

,
P l a c is t r u c to t ht e r m id i s t r i br a tt ht s t o cp rh b c

a nb e n e f i tW i tr e g at c o s tt hr e c o vd i s t r ii s ia bt e v oo t a

p r i cp r i ot e x p i r a t iT hm e at ht ht e c h nw ip r on g u if c o n

d y n a m ih e d go r e p l i c a ts t r a t ef ot ho p t iI a d d it t e cd n a t

~Evidencethat the risk-neutraland true parametersare very differentwould includea findingthat the oil futures price did not followa
martingaleprocess. Availableevidence(see Dominguez(1989),Kumar(1992),and Deavesand Krinsky(1992))indicatesthat the oil futures
price does in fact martingale. This evidenceat least allows for the possibilitythat our recoveredparametersare quite close to the actuarial
parameters

‘ I_oourknowledge,the onlyattempttoestimatethesedistributionsnon-parametricallyis thatof Alt-SahaliaandLo(1995)whichusesintra-
da} quotes for EuropeanOptions.



3

t i ms e r ip r o p e r to t hu n d e r la s st b u si e x -e v a lo t m o
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r e a s o n a bf l e x i bf u n c t i of of ot ht e r md i s t r is ua t u h c e

a c c o m m o d aa w i dv a r i eo s h a pf ot ht e r md i s t r iM a n ie qf l

p r o c e s sc ab q u id i f f i cM oi m p o r t as t a rw it t e rd i s ti a m

g e n e ra p p r o as i na g i vt e r m id i s t r i be n c o mm as t op rw a

g i v ep r o c ei c o n s i s tw io no nt e r md i s t r i bF i na s hb o b of

a g i v et e r m i nd i s t r i b uo vt hr e l eh o r it p r io A m eo pa d e

a l m o se n t i r eb t ht e r m id i s t r i br e g a ro t s t o cp rg e nt t e

d i s t r i b u t iT h um o so t hi n f o r mi t A m e ro pp rp e rt t t e

d i s t r i b u t ir a t ht h at hp a r t i cp r o cA f e ao o t e c hi t i a lt o

d a tt s p e ad i r e c tt t hs h ao t hd i s t r ir a tt hf o rt t p t ht

p o t e n t i a ld i s t o r t i o nf i l to a m i s s p e cp r o cT hf e ai p a r ti mi

s i t u a t i o ns u ca t hP e r sG uC r i sw h ei n t ei m on a tf o co p oa

p r i co u t c o mr a t ht h ao t ha s sp r ip r o c

T hr e so t hp a pi o r g a na f o l lS e cI p r eb of t ho a

A m e r i co p t io a f u t u rc o n t rc o n d i to t d i s t ro t f up a t o p

e x p i r a t i oS e c t i1 1i l l u s t rh ot hb o uc b u sw io pp rt r et

d i s t r i b u t if of u t u rp r i cS e c tI d i s c ut

w h i lS e c t iV p r e s et hr e s uo t ha p p l i c

i S e c t iV I

p a r t io a a p p lt t o m

A s u ma c o nr ea f

4 However,the methodas a whole,ratherthana particularestimate,canbe evaluatedex-postusingEDFtests. SeeFacklerandKing(1990)
and Silvaand Kahl (1993)for examples.

5 Forexample,Rubinstein(1994)beginswithanestimateof theriskneutraldistributionatexpiration,usingBreedenandLitzenberger(1978),
beforeconstructing,with binomialtrees, one processconsistentwith that distribution.
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o t hd i s t r i b u ta b o( b e l ot hs t rd i s c ob at t p r eu sa a p pi n

r a t e .F oA m e r i cs t yo p t it hr e l a t i ob e tt d i s t ra t o pp i l

d i r e co w i nt t he a re x e r cp r e m iI g e n et o p tv aw d eo t e

s t o c h a s tp r o c ef of u t u rp r i cn oj ut hd i s t r if f u tp ra t o p

e x p i r a t i oT d e aw i tt he a r

m i n i m uv a l uo a o p t ig i v

o p t i o ne x p i r a t iT h ai sf oa l

a t ho p t i o ne x p i r a t it h ea r

e x e r cp r e mw d e vb of t m aa

t ht hf u t up ri t af ra p a rd i sa t

s t o c h ap r o c et hi ma g id i s tf t f u

b o uf ot ho p t iv aw hc b e x pi t o

t h ad i s t r i b u ta l o n eI t he s t i m ar o u tt hb o ua w e it a ra a p r

v a l uf ot ho p t i o

T hl o w eb o u na rw ek n oa ns t ab ew i tp rT u pb o

h o w e v ea rn e wS o mi n t u i tb e ht hi g ii t t ea a p ri g ii A p1

T f in o t a t i ol ef d e n ot h( r a n dp r io t u n d ea sa t e x po t o

a nl eX d e n ot ho p t i os t r ip r iW i n dt ib p e rp rt t o pe x

a nd e n o ta p e r i o dl e n gb 8 ~T ht o tt it e x p i ri T T r i s

a s s u m ec o n s t aa nt ho n e - p ed i s c of a ci p e rt i e ‘ rw ht

i nr r i

d if t

t ho p t i o ne x p i r a ti e ‘ *E ,d e n oe x p e c tt at p e rp rt e x pT

b o u n da rp r e d i c ao t ha s s u m pt ht hu n d e ra sm a r tw r et t

s See Cox and Ross (1976)for a discussionof tie risk-neutralvaluationtechnique.

7Thereare martyboundsin the optionliterature,but to ourknowledgethis is the firstset of boundson thepriceof Americanoptionsin terms
of the risk-neutralterminaldistribution.Perrakisand Ryan(1984)andLevy(1985)deriveboundsfor Europeanoptionsindiscretetime in terms
of the true distribution. Grundy(1991)derivesboundsfor the true distributionfromthe momentsof the risk-neutraldistribution. Lo (1987)
derivesboundson Europeanoptionsin terms of the first two momentsof the risk-neutraldistribution.
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p r o b a b i l i t iu s ei t hE J ]T hu p pa nl o wb o uf A m ec aa p a g a

f o l l o w

iC t= m E , [- Xe “ l . E , [ m-x]]];

c ,4= m E J f- Xe * T . E , [ m-x]]];

P ,i
= m X - E J fe “ ’ . E , [ m- f ,

i
P ,= m X - E , [e “ T . E J m‘ f ,

(

(

(

(

T hi n t u i t ib e h it h eb o u ni s t r af o ra s i mf c aa p F

r e c a lt h aw a rc o n s t r u cb o u no t ho p t ip r iconditional on a given distributionfor f
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u s ei t he x p e c t a t io p e r a tB t hm a r t ia s s u mt o df up rL , e q

t o d a y ’e x p e c t a t io t hf u t u rp r ia t he x p i ro t o p tE , [S i~ - X i t

r e v e n uo nc o u lr e c e it o db e x e r c it hc ao p tt o dt c ao pc ab w

l e st h aE , [ f- X . T h ii t hf i ri ti t hm al if b ot u pa l ob oI

a d d i t i oa A m e r i co p t ic a n nb w o rl et ha o t h ei d eE u ro pT

s e c o ni t ei t hm al i sf ot hl o wb o ui s i mt v ao t E u rv eo t

o p t i o n

T hu p pb o ud i f ff rt hl o wb oo nb t d i sf au i t s

i t ei t hm al i sI n s t eo d i s c o u nt he x p ev ao t o pa e x pb t f

t i mt e x p i r a t iw d i s c oi b t hl e no o p e rT u n d ew t i a u
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w i ta g i v et e r m i nd i s t r i b u tT ho p th as ov au nt hp r oC ot t a

s e c o np r o c e

p e r i o( i n s t a n

p r o c e sS i n c

w h ii i d e n t it t hf i re x ct ha u n c ew hw r ei t l

u n dt hf i rp r o ci n or e s oi t n e x t -p eu nt s

t hu n d e r l ya s sd on om od u rt l ap e rt hi n r et d

e x e r c i s it ho p t ia f lt hu n c e r t ao n e x t - tp e ri r e s o ld ew o

p o s t p ot hr e c e io a c e r tr e v e nT ht v ao t o pu nt s ep ri

h i g h et h au n d et hf i r ss i ni t d i fo nb b ed i s cb o p el T

e x p e r i m ec ab r e p e ab s t a r tw it hs e cp r oa r e st r e m

u n c e r t a i no np e r is o o na nd i s c o ut h e vb o p el eW e s w h

f o u na p r o c ew h ig i va h i g hv a lf ot ho p tt ha t p rs tI t e w h

c o n s t r u c ta m a r t i n gp r o cw h e ra lo t u n c e ri r e vn p eU t

p r o c e st ho p t i o n sv a li g i va i t hu p pb o u

A s h o wi t ha p p e n dw ic o n t it r at u pb oi s it

u n d i s c o u n tE u r o p ev a lo t ho p t iI t e s t i mw u e v es ep ri m

a o v e r n i gc a r r y ip e r id u r iw h it h ei n t r ai t o p tF t r et

u p p eb o u nw e ri m p l e m ew ia o nd ad i s cf a ca p pt t E uv a

I I IR e c o v e r it hD i s t r i b u

E q u a t i o( 1- ( 4g ib o u nf oA m e ro p tp r it p e rb ee x pi t

o t hi n t e r er a t es t r ip r i ca nt hp e rt d i s t r if f u tp ri p eO T
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t ho p t i op r i cc o n t a

g On June 24, 1993,NYMEXbegantradingon its AccessSystemwhichallowstradingbetween5pmand8amEST. Theseextendedhours
mayjusti~ using the continuous-tradingupperboundfor data after June 1993. As a practicalmatter,however,for interest rates less than 20
percent. the upperboundsfor continuoustrading and overnightholdingswill differ by less than 0.05 percent.

.&’
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T a p p ls t a n d ae s t i m a tt e c h n ir e q ua p oe s tf t o pp r

c o n d i t i o no t he s t i m ad i s t r i b u tT g e n es ua e s t iw w et u pa l

b o u n dc o m p u ta b o vA n a t u rw at i n t e rw ht a c to pp rf ab et

b o u n di i t e r mo h oq u i c kt hm a r ke x p eu n c e ra bt f uv ao t

u n d e r l y ia s s et b r e s o l vI t hm a re x p et u n c e rt b r e sr e lq u

t h et ho p t i o nv a l uw i lb c l ot t hu p pb o ui t r ae x pt u n c et b

r e s o l v el a t e rt h et ho p t iw ib p r i cn e at hl ob o uT e s tw ec a

t h ie x p e c ts p e eo r e s o l u t iG i vt hn a to t u n c e ra bo p rd ut

c r i s i sw d e s i g nt hw e i g h ts c h es i c o uc a pd i f fs po r e sf t

u p p ea nl o w et a i lo t hd i s t r i b u tI p a r t i cw c ht e s tt w e iT f

w e i g h tw ,c a p t u rt hs p eo r e s o l ui t hl o wt aa i u sf a c o pt a i

t hm o n ea nf oa lp uo p t i ot ha ro uo t hm o ni .( > X T s ew eW

c a p t u r et hs p e eo r e s o l u ti t hu p pt aa ni u sf t c at ha o o t m

a nt hp u tt h aa ri t hm o n ei .( f< X )

T ha c t uo p t ip r i cc ab w r i ti t e ro e s t ip a r ao t

a s s u m ed i s t r i b u ta na e r rt ea f o l l o

C t [= i i iC ” [ X+ (- w iC t ’+ : c

P , [= i i iP t ” [+ (- i i iP t ’ [+ E

A
w h e ri = 1 i E [ f O> X a ni = 2 o t h e r w

(

(
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T he r r o~ , w ib t hr e so a ne ri e s t it w eo t p ao t

d i s t r i b u t ip l ua nn o ii t hs y s tt we x a mo w ha i m m eo bF M

t hs a mw e i g ha ra p p la c r oa lo p t if a g ic o n t rt hw b a p re

i n d u cb w e i g h tt ht wb o u nS e c oa c to p tp ra r ot t n ep

a l sc r e a t ie r r oi t he q u a t i

1 1 1 .F u n c t i oF oo D i s t r i b

I c h o o s ia f u n c t if of ot he s t id i s t rw t rt b af l e

p a r s i m o na ne a so i n t e r p r e t aF or e a se x p li S e cN w s pt t f

p r i ca t ho p t i o ne x p i r a ti d r af ra m i xo t hl o gd i s t( h

M L N ) .M o rf o r m a lt hd i s t r i bf u n cf f u tp r ig i g ib

g [ f= 7 c[ f+ ‘~3g3[fol

w h e r

k

(

(

U s i ne q u a t i( 5a n( 6a p r i ce q u ac b w r if a o pi t o

-rbt

e l e v ep a r a m e t( ( nP i~ iw lw zi = 1 , 2a t ho b s e( e J e “ )

T hp a r a m e to t hm o de x e m p lb e q u a( a ( a e sb

m i n i m i z it hs uo s q u ae r rf oa lo p to a g ic o n t ri mt f o

c o n s t r a i n

g Thismixtureresumptionwas also used byRitchey(1990)whoderivesEuropeanoptionspriceswhenthe pdf is a mixtureof Iognormals.
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Xi = 1; () < Wi < 1, i = 1, 2. (
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T hr e s t r i c to t hs uo t hm r e d ut n u mo p a r af e lt t A

a d d i t i o n

H o w e v e

r e s t r i c tc o ub i m p ob n o tt hu nt m a r ta s sE = ~

a d i s c u s si S e c t iV b e l op r il i mo t f u tw eb if a e

c o n t r a c t / d ad u r it hp e r i oO t h ed a yt hf u ts e tp rd n r ei e x p

a nt h ip a r a m e tr e s t r i c tw o un ob v a lI a d d ib n i m pt r e sw

w e ra b lt u st hf u t u rp r ia a m e a so t g o o d n e sf t e s td i s

D e t a i lo t hd a ta ne s t i m a ta rf o ui S e c tI

I t hp r e v i os e c t iw c l a it hf or e a s od i sf a ct b oa q

c l o s es a w e i g h ta v e r ao t hi a g oa p p r o x it t o p tv aC hO g a

f e ef oh oc l o st o g e t ht hb o u na ru s it he s t id i s t rf a t yd T t

p a n e lp l ot hd i s t a nb e t w et hb o ub oi a b s ot ea a a p eo t a c

o p t i op r i c e

F ot hd ap l o t tt ho p t ih a3 d at e x p i ra t r e lT -r w

a b o u7 p e r c e n

p e r c e nO t h i

b e t w e e$ 1a n

T h ut hd i s c of a c ti t hf o r mf t b od i fb a 0

d at hf u t u rp r iw aa b o$ 2F t d e ei n - t hc a( s t

$ 2 0t hl o wb o uw ad e t e rb t v ao e x e rt oa t

d i f f e r e nb e t w et hb o u nw al et h0 .p e r cF t c aw is ta o a $

t hd i f f e r e nb e t w et hb o u nw aa b o0 .p e r co t o pp rF t p n w

s u f f i c i e n ti t hm o nf ot hl o wb o ut b d e t e rb t v ao e x et a

t hb o u n dd i f ff r oe a co t hb a b o0 .p e r cF t v el p rp ( s t

b e l o$ 2 0 )t he s t i m au p pb o uw ab e lt a c to p tp rt t w io t

b o u n df a l lt l e st h a0 .p e r co t ha c to p tp r i
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10 Overdahland Matthews(1988),when studyinga more tranquil period in the oil market, also recoveredthe parametersof a single
Iognormal,that is the parametersfromthe standardBlack-Scholesoptionpricingmodel.
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11There were no price limits in the options market. Over the entire sample there were limits on crude oil futuresprice changesfor all
contracts except for the one closest to expiration. In Decemberof 1990the limits on crude oil futures price movementswere widened
substantially.

12We are gratetidto NYMEXBoardof DirectorsmemberJim Zamoraof ZAHRTradingand formerNYMEXemployeeBradHome for
their descriptionsof the settlementprices.
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‘3One day’sworthof data for the Decembercontractwas also excludeddue to an obviouserror in data entryon the part of NYMEX
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1’ In addition,each(p, o) pairwas restrictedsuchthat the probabilityof the futurespricereaching$150per barrelwas less than5 percent,
undereach of the Iognormaldistributions. These boundspreventedthe algorithmfromtakingunreasonablefirst steps.
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15The boundsand errorsplotted in ChartsOne and Twodifferslightlyfromthose used by the minimizationroutinefor the following

technical reason: The minimizationroutinebehavessignificantlybetter if the objectivefunctionis differentiableand if analyticderivatives
are supplied. The derivedformulaefor the boundsare not differentiablesincethey includethe maxoperator. In estimation,we used a logit
weightingschemeto constructa differentiableapproximationto the max operatorwhere the weightson the two itemsin the max moveto
zero andone as the itemsmorefartherapart. The data plottedin the chartswere constructedusingthe actualformulaefor the bounds,rather
than the differentiableapproximation,togetherwith the estimateddistributionandweights.
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‘ The nestingissue is as follows: We have two competingnon-linearmodelsthat explaina v ,

Denotethemby MLN:y = g[nl, Xz,n~,v,, Pz,y,, al, o;, al, w1,w2 I Z] and SLN: y = h[~, o 12],‘ / a data matrix containing

strikes and interest rates, g[] involves the weighted bounds and h[] involvesthe BAWapproximation II’g[] and hl] did not represent
differentfunctionalforms,SLNcouldbe nestedwithinMLNwith the restrictions(n, = nz = O,or p, = p, = L1,and al = 02= ~~)
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17See MacKinnon(1992)for a discussionof these tests.
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‘sV’henSLNis treated as Model 1 in equation(14), the derivativesof MLNwere evaluatedat o, = C2= a, = .2, WI = W2 = .5,
p2 = In(f) - G: ~z . p, = .95 pl , pl = 1.05 . V2 , Xl = ~3 = j, ~d X2 = .8. Giventhat the futuresprice f a g t rd w
not used in the estimationof the parametersfor either MLNor SLN.these derivatives,givenSLN is correct,will not be correlatedwith the
errors from SLN When MLNis treated as Model 1 in equation(14), the derivativesof SLNwere e~aluatedat the estimatedvaluesof p and
a from SLN “l’hisis a conservativeapproachthat increasesthe likelihoodof a significantF-statistic.
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‘q Deutsche Bundesbank (1995) provides examples usingrelated techniques.
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