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Fkdul/ Nhkrh/ dqg PfJudwwhq*v +4<<;, �qglqj wkdw d vwdqgdug prqhwdu| exvlqhvv f|foh
prgho zlwk Wd|oru +4<;3, vwdjjhuhg sulfh vhwwlqj lv xqdeoh wr jhqhudwh vx!flhqwo| shuvlvwhqw
uhdo h�hfwv ri prqhwdu| vkrfnv kdv hqjhqghuhg d jurzlqj olwhudwxuh dlphg dw ghyhorslqj
dowhuqdwlyh phfkdqlvpv iru surgxflqj juhdwhu shuvlvwhqfh1 H{dpsohv lqfoxgh Ehujlq dqg
Ihhqvwud +5333,/ zkr frpelqh d vwdjjhuhg sulfh phfkdqlvp zlwk d qrq0FHV surgxfwlrq
ixqfwlrq dqg idfwru vshfl�flw|/ dqg Nloh| +4<<:,/ zkr rewdlqv pruh shuvlvwhqw uhdo uhvsrqvhv
wr prqhwdu| vkrfnv e| hpskdvl}lqj frpsrvlwlrqdo fkdqjhv lq rxwsxw ryhu wkh exvlqhvv f|foh1
Krzhyhu/ wkh prvw srsxodu dssurdfk lq wklv olwhudwxuh dsshduv wr eh rqh lq zklfk vwdjjhuhg
zdjh frqwudfwv duh xvhg dv hlwkhu dq dowhuqdwlyh ru d frpsohphqw wr d vwdjjhuhg sulfh
phfkdqlvp +iru h{dpsoh/ Hufhj +4<<:,/ Dqghuvhq +4<<;,/ dqg Kxdqj dqg Olx +4<<;,,1

Sursrqhqwv ri wkh vwdjjhuhg zdjh dssurdfk dujxh wkdw ghvslwh lwv vxshu�fldo vlplodulw| wr
d vwdjjhuhg sulfh vhwxs/ wkh vwdjjhuhg zdjh prgho lqfrusrudwhv d yhu| gl�huhqw plfurvwuxf0
wxuh dqg/ dv d uhvxow/ |lhogv yhu| gl�huhqw uhvsrqvhv wr prqhwdu| srolf| vkrfnv +hvshfldoo|
iru sodxvleoh sdudphwhu ydoxhv,1 Kxdqj dqg Olx +4<<;, suhvhqw d prgho iru zklfk vwdjjhuhg
zdjhv dozd|v surgxfh prqrwrqh0gdpshg uhvsrqvhv iru wkh prgho*v uhdo yduldeohv +wkdw lv/
shuvlvwhqfh, zkloh vwdjjhuhg sulfhv qhfhvvdulo| surgxfh gdpshg rvfloodwlrqv +wkdw lv/ qr shu0
vlvwhqfh,1 Lq d vlplodu vslulw/ Dqghuvhq +4<<;, suhvhqwv d prgho iru zklfk vwdjjhuhg zdjhv
dozd|v surgxfh uhvsrqvhv iru wkh prgho*v uhdo yduldeohv wkdw duh vxevwdqwldoo| pruh shuvlv0
whqw wkdq wkrvh lpsolhg e| vwdjjhuhg sulfhv1 Wklv ohdgv wkhvh dxwkruv wr idyru wkh xvh ri
vwdjjhuhg zdjhv lq prqhwdu| exvlqhvv f|foh prghov�dv zdv lqlwldoo| sursrvhg e| Wd|oru
+4<;3,�udwkhu wkdq vwdjjhuhg sulflqj/ zklfk zdv odwhu vxjjhvwhg e| Eodqfkdug +4<;9, dv
dq htxlydohqw dssurdfk1

Nlpedoo +4<<8,/ krzhyhu/ kdv qrwhg wkdw wkh xvh ri vwdjjhuhg zdjhv wr jhqhudwh shuvlv0
whqw uhdo uhvsrqvhv wr prqhwdu| vkrfnv fduulhv d qxpehu ri xqdwwudfwlyh lpsolfdwlrqv1 Zdjh
vwlfnlqhvv/ iru h{dpsoh/ uhvxowv lq frxqwhuf|folfdo pryhphqwv lq wkh uhdo zdjh/ zklfk frq0
wudglfwv zkdw lv revhuyhg hpslulfdoo|1 Wklv sureohp/ krzhyhu/ fdq eh uhfwl�hg e| dvvxplqj
erwk sulfh dqg zdjh vwlfnlqhvv1 D pruh vhulrxv/ ohvv hdvlo| uhphglhg sureohp frphv iurp
wkh idfw wkdw lw lv qrw vwlfn| zdjhv wkdw duh uhtxluhg wr |lhog uhdo dqg shuvlvwhqw uhvsrqvhv wr
prqhwdu| srolf| exw udwkhu vwlfn| oderu frvwv/ zklfk duh yhu| gl!fxow wr mxvwli| jlyhq wkdw
zlwklq d vlqjoh shulrg/ zdjhv pd| qrw uh hfw wuxh oderu frvwv14 Wkhvh sureohpv duh ohvv lp0
sruwdqw zlwk dq dvvxpswlrq ri vwlfn| sulfhv/ wkxv/ li lw zhuh srvvleoh wr jhqhudwh shuvlvwhqw
uhdo uhvsrqvhv iurp d prgho zlwk vwdjjhuhg sulfhv/ vxfk d phfkdqlvp zrxog fhuwdlqo| eh
suhihudeoh ryhu dq dssurdfk xvlqj vwdjjhuhg zdjhv1

Wklv sdshu dujxhv wkdw wkh frqfoxvlrqv ri Dqghuvhq +4<<;, dqg Kxdqj dqg Olx +4<<;,

4Dujxdeo|/ hpsor|phqw wdnhv sodfh lq d frqwh{w ri orqj0whup lpsolflw frqwudfwv lq zklfk wkh zdjh revhuyhg
dw dq| jlyhq wlph lv rqo| dq lqvwdoophqw sd|phqw rq zkdw wkh lpsolflw frqwudfw vd|v lv gxh wr wkh zrunhu1
Wuxh pdujlqdo oderu frvwv dovr lqfoxgh dgglwlrqdo frpshqvdwlrq wkdw wkh �up lpsolflwo| surplvhv wr sd| wkh
zrunhu dw vrph ixwxuh gdwh iru zrunlqj dq h{wud krxu1 Dv d uhvxow/ wkh revhuyhg zdjh lq dq| shulrg grhv
qrw dffxudwho| uhsuhvhqw wkh �up*v oderu frvwv lq wkdw shulrg1
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uhjduglqj wkh uhodwlyh delolw| ri sulfh dqg zdjh vwdjjhulqj wr jhqhudwh shuvlvwhqw uhvsrqvhv wr
prqhwdu| vkrfnv uho| khdylo| rq wkhlu dvvxpswlrqv frqfhuqlqj idfwru pdunhwv= vshfl�fdoo|/
wkdw lghqwlfdo vhwv ri lqsxwv duh xvhg e| doo �upv1 Wkh sdshu ghprqvwudwhv wkdw/ e| dvvxplqj
�up0vshfl�f idfwru lqsxwv�d phfkdqlvp wkdw kdv ehhq vxjjhvwhg e| Nlpedoo +4<<8, dqg
Urwhpehuj +4<<9, dv d phdqv ri jhqhudwlqj lqfuhdvhg uhdo shuvlvwhqfh�wkh vwdjjhuhg sulfh
prgho lv fdsdeoh ri jhqhudwlqj uhvsrqvhv ri uhdo yduldeohv wr prqhwdu| vkrfnv wkdw glvsod|
wkh vdph ghjuhh ri shuvlvwhqfh dv wkrvh hphujlqj iurp wkh vwdjjhuhg zdjh prgho1 Wkh sdshu
wkxv frqfoxghv wkdw prqhwdu| exvlqhvv f|foh prghohuv qhhg qrw uho| rq zdjh vwdjjhulqj wr
jhqhudwh uhdo shuvlvwhqfh lq wkhlu prghov> wkh dvvxpswlrq ri vwlfn| sulfhv +zklfk lv pruh
hdvlo| mxvwl�hg wkdq wkh dvvxpswlrq ri vwlfn| oderu frvwv, lv htxdoo| h�hfwlyh lq jhqhudwlqj
ghvludeoh dqg lqwxlwlyh uhvsrqvhv wr prqhwdu| vkrfnv1

L ehjlq e| suhvhqwlqj d yhu| vlpsol�hg/ vwulsshg0grzq prgho> wklv doorzv ph wr rewdlq
dqdo|wlfdo vroxwlrqv wkdw L fdq xvh wr ghprqvwudwh wkh vlplodulw| ri wkh plfurvwuxfwxuhv
wkdw xqghuolh zdjh dqg sulfh vwdjjhulqj1 Lq wklv prgho/ wkh uhvsrqvhv wr prqhwdu| vkrfnv
xqghu vwdjjhuhg sulfhv duh hvvhqwldoo| lghqwlfdo wr wkrvh hphujlqj xqghu vwdjjhuhg zdjhv1
Qh{w/ L suhvhqw d pruh ghwdlohg yhuvlrq ri wkh prgho +lqfrusrudwlqj dgglwlrqdo lqwhuwhpsrudo
olqnv dqg pruh uhdolvwlfdoo| vshfl�hg htxdwlrqv, wkdw L xvh wr jhqhudwh lpsxovh uhvsrqvhv wr
prqhwdu| vkrfnv1 Wkh dqdo|wlfdo uhvxowv duh odujho| urexvw wr wkh ulfkhu vshfl�fdwlrq ri wkh
prgho> wkh uhvsrqvhv ri uhdo rxwsxw +dqg lwv frpsrqhqwv, wkdw rewdlq iurp wkh vwdjjhuhg
sulfh dqg vwdjjhuhg zdjh prghov duh djdlq hvvhqwldoo| htxlydohqw1 Dv pljkw eh h{shfwhg
iurp wkh suhylrxv glvfxvvlrq/ wkh dvvxpswlrq dv wr zkhwkhu wkh dvvxphg sulfh vwlfnlqhvv
lv orfdwhg lq wkh prgho*v idfwru ru surgxfw pdunhw kdv d frqvlghudeoh lq xhqfh rq wkh
uhvxowlqj uhvsrqvhv ri lq dwlrq dqg uhdo zdjhv1 Prvw qrwdeo|/ zkloh wkh vwdjjhuhg sulflqj
phfkdqlvp uhvxowv lq surf|folfdo pryhphqwv lq wkh uhdo zdjh/ wkh dvvxpswlrq ri vwdjjhuhg
zdjhv jhqhudwhv frxqwhuf|folfdo pryhphqwv iru vrph sdudphwhu ydoxhv1

4 Zdjh Vwdjjhulqj lq d Vlpsoh Prqhwdu| Exvlqhvv F|foh
Prgho

414 Wkh Prgho

Wkh prgho suhvhqwhg lq wklv vhfwlrq iroorzv forvho| wkh vlpsol�hg vwdjjhuhg zdjh prqhwdu|
exvlqhvv f|foh prgho ri Dqghuvhq +4<<;, dqg Kxdqj dqg Olx +4<<;,1 Wkh hfrqrp| lv
dvvxphg wr eh fkdudfwhul}hg e| wkh iroorzlqj vhw ri djhqwv= d frqwlqxxp ri krxvhkrogv
glvwulexwhg ryhu wkh xqlw lqwhuydo/ hdfk ri zklfk frqvxphv wkh hfrqrp|*v rxwsxw dqg dfwv
dv d prqrsrolvwlfdoo| frpshwlwlyh vxssolhu ri d gl�huhqwldwhg oderu lqsxw> d uhsuhvhqwdwlyh
�up/ zklfk kluhv doo ri wkh vshfl�f oderu lqsxwv wr surgxfh wkh hfrqrp|*v rxwsxw> dqg d
prqhwdu| dxwkrulw|/ zkrvh srolf| uxoh |lhogv dq hyroxwlrq htxdwlrq iru qrplqdo rxwsxw ri=
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S|\| @ S|3�\|3� h{s ^%|` +4,

zkhuh \| dqg S| ghqrwh wkh hfrqrp|*v uhdo rxwsxw dqg sulfh ohyho lq shulrg w dqg %| uhsuhvhqwv
wkh qrplqdo vkrfn wr wkh hfrqrp|15

Wkh hfrqrp|*v pdunhw0fohdulqj frqglwlrq lpsolhv wkdw=

F| @ \| +5,

zkhuh F| ghqrwhv djjuhjdwh frqvxpswlrq1

41414 Wkh Ilup*v Sureohp

Wkh �up*v surgxfwlrq ixqfwlrq lv jlyhq e|=

\| @

�] �

f

�
K�
|

�j3�
j gl

� j
j3�

+6,

zkhuh K�
| ghqrwhv wkh �up*v xvh ri wkh oderu lqsxw ri wkh lwk krxvhkrog dqg � uhsuhvhqwv wkh

hodvwlflw| ri vxevwlwxwlrq dfurvv lqsxwv1 Wkh �up wdnhv wkh zdjhv vhw e| krxvhkrogv iru wkhlu
gl�huhqwldwhg oderu lqsxw dv jlyhq/ dqg vroyhv wkh iroorzlqj frvw0plqlpl}dwlrq sureohp=

plq
] �

f
$�|K

�
|gl vxemhfw wr \| �

�] �

f

�
K�
|

�j3�
j gl

� j
j3�

zkhuh $�| lv wkh zdjh udwh iru K
�
| 1 Wklv |lhogv oderu ghpdqg fxuyhv wkdw duh jlyhq e|=

K�
| @ \| �

#
$�|
S|

$
3j

= +7,

Wkh �up vhwv wkh sulfh ri lwv rxwsxw frpshwlwlyho| +wkdw lv/ htxdo wr lwv pdujlqdo frvw/ PF|,/
vr wkdw=

S| @ PF| @

�] �

f

�
$�|

��3j
gl

� �
�3j

= +8,

5 Lq hvvhqfh/ wklv dvvxphv wkdw wkh prqhwdu| dxwkrulw| iroorzv d qrplqdo JGS wdujhwlqj uxoh/ zklfk lv lq
wxuq lghqwlfdo wr dvvxplqj/ dv lv iuhtxhqwo| grqh lq wklv olwhudwxuh/ wkdw prqh| ghpdqg reh|v wkh txdqwlw|
wkhru| ri prqh| +zlwk wkh yhorflw| ri flufxodwlrq khog frqvwdqw, dqg wkdw wkh srolf| vkrfn uhsuhvhqwv d
rqh0wlph lqfuhdvh lq wkh hfrqrp|*v qrplqdo prqh| vxsso|1
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41415 Wkh Krxvhkrogv* Sureohp

Dv qrwhg deryh/ wkh krxvhkrog vhfwru ri wkh hfrqrp| lv frpsrvhg ri d frqwlqxxp ri lq�qlwho|
olyhg uhsuhvhqwdwlyh krxvhkrogv1 Wkh suhihuhqfhv ri krxvhkrog l duh uhsuhvhqwhg e| wkh xwlolw|
ixqfwlrq=

X �
f @ Hf

+
"[
|'f

�|
k
X

�
F�
|

�
� Y

�
K�
|

�l,
+9,

zkhuh F�
| lv krxvhkrog l*v frqvxpswlrq ri wkh hfrqrp|*v vlqjoh jrrg/ K�

| lv lwv vxsso| ri lwv
gl�huhqwldwhg oderu vhuylfhv/ dqg wkh sdudphwhu � ghqrwhv wkh krxvhkrogv* frpprq glvfrxqw
idfwru1 Kxdqj dqg Olx +4<<;, gh�qh X

�
F�
|

�
@ oq

�
F�
|

�
/ zkloh Dqghuvhq +4<<;, lpsolflwo|

gh�qhv X
�
F�
|

�
wr eh olqhdu1 L pdnh qr dvvxpswlrq khuh dv wr wkh ixqfwlrqdo irup ri X

�
F�
|

�
+h{fhsw iru wkh xvxdo ghulydwlyh frqglwlrqv,/ dqg dvvxph wkdw Y

� �
K�
|

� � 3 dqg Y
�� �

K�
|

� � 31
Krxvhkrog l*v  rz exgjhw frqvwudlqw lv jlyhq e|=

E�
| � U|3�E

�
|3� . $�|K

�
| � W �

| � S|F
�
| > +:,

zkhuh E�
| ghqrwhv krxvhkrog l*v hqg0ri0shulrg w kroglqjv ri qrplqdo erqgv/ U| lv wkh jurvv

qrplqdo lqwhuhvw udwh/ $�| lv wkh qrplqdo zdjh udwh iru krxvhkrog l*v gl�huhqwldwhg oderu
vhuylfh/ dqg W �

| ghqrwhv qhw wd{hv sdlg e| krxvhkrog l1
Krxvhkrog l fkrrvhv

�
F�
| > $

�
|

�"
|'f wr pd{lpl}h lwv xwlolw| +htxdwlrq +9,, vxemhfw wr lwv exg0

jhw frqvwudlqw +htxdwlrq +:,, dqg wkh ghpdqg iru lwv gl�huhqwldwhg oderu vhuylfh +htxdwlrq
+7,,1 Wkh xwlolw|0pd{lpl}dwlrq sureohp |lhogv wkh iroorzlqj Hxohu htxdwlrq iru krxvhkrog
frqvxpswlrq= #

X �
�
F�
|

�
S|

$
@ U|�H|

%#
X �

�
F�
|n�

�
S|n�

$&
= +;,

L dvvxph wzr0shulrg Wd|oru +4<;3, zdjh vwdjjhulqj> vshfl�fdoo|/ krxvhkrogv lqgh{hg e|
l 5

k
3> �2

l
vhw qhz zdjhv lq shulrgv iw. 5nj"&'f/ zkloh wkrvh lqgh{hg e| l 5

�
�
2 > 4

l
vhw qhz

zdjhv lq shulrgv iw. 5n . 4j"&'f1 Wkxv/ iru krxvhkrog l zlwk l 5
k
3> �2

l
/ wkh �uvw0rughu

frqglwlrq iru zdjhv lv jlyhq e|=6

h$| @ �
�

� � 4

�
H|

5997\|Y
�

�
\| +h$|,3j�. �\|n�

�
�

�|n�

�
3j

Y �

�
\|n�

� h/|
�|n�

�
3j

�
\|X �

�
F�
|

�
. �\|n�

�
�

�|n�

��3j
X �

�
F�
|n�

�
6::8 +<,

zkhuh h$| ghqrwhv wkh udwlr ri zdjhv vhw wklv shulrg wr wkh djjuhjdwh zdjh ohyho +zklfk lq
wklv fdvh htxdov wkh djjuhjdwh sulfh ohyho,/ zkloh �| ghqrwhv wkh +jurvv, lq dwlrq udwh �|

�|3�
1

6 Lq zkdw iroorzv/ d wlogh ryhu d yduldeoh glvwlqjxlvkhv wkh yduldeoh*v uhdo ydoxh iurp lwv qrplqdo frxqwhusduw1
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Vlqfh krxvhkrogv uhfhlyh gl�huhqw zdjhv dqg zrun gl�huhqw krxuv ghshqglqj rq zkhwkhu
wkh| duh phpehuv ri

k
3> �2

l
ru

�
�
2 > 4

l
+hyhq wkrxjk zlwklq wkhlu vxelqwhuydo

k
3> �2

l
ru

�
�
2 > 4

l
wkh| duh lghqwlfdo,/ wkhlu dffxpxodwhg zhdowk dqg frqvxpswlrq sur�ohv duh olnho| wr gl�hu1
Wr vlpsoli| wkh sureohp dqg doorz d vlqjoh frqvxpswlrq sur�oh wr fkdudfwhul}h doo krxvh0
krogv/ L dvvxph wkdw dvvhw sruwirolrv fdq eh frqvwuxfwhg vr dv wr surylgh wkh krxvhkrog zlwk
frpsohwh lqvxudqfh djdlqvw dq| lglrv|qfudwlf ulvn1 Frqvhtxhqwo|/ d krxvhkrog*v zhdowk lv
lqghshqghqw ri wkh shulrg lq zklfk lw vhwv lwv zdjh1 Vlqfh F| @

U �
f F�

|gl/ wklv dvvxpswlrq
doorzv wkh l vxshuvfulswv wr eh gursshg iurp htxdwlrq +;,1 Wklv dvvxpswlrq lv xvhg uhshdw0
hgo| wkurxjkrxw wkh sdshu lq vlwxdwlrqv zkhuh gl�huhqw krxvhkrogv uhfhlyh gl�huhqw oderu
lqfrphv1

415 Orj0olqhdul}lqj dqg Vroylqj wkh Prgho

Dv lv vwdqgdug/ d vroxwlrq lv rewdlqhg e| orj0olqhdul}lqj wkh ehkdylrudo htxdwlrqv durxqg d
vwhdg|0vwdwh htxloleulxp17 Wkh lpsruwdqw orj0olqhdul}hg htxdwlrqv duh wkrvh iru wkh krxvh0
krogv* oderu vxsso| ghflvlrq/ wkh hyroxwlrq ri wkh lq dwlrq udwh/ dqg wkh hyroxwlrq ri qrplqdo
rxwsxw18 Xvlqj wkh vxevwlwxwlrqv doorzhg e| htxdwlrqv +5, dqg +8,/ wkhvh IRFv ehfrph=

ehz| @ �

�
4

4 . �
e\| . �

4 . �
H|

e\|n��.
�

4 . �
H|

e�|n�

e�| @ eh$| . eh$|3�> dqg
%| @ e\| � e\|3� . e�|

Wkh sdudphwhu �/ zklfk kdv wkh lqwhusuhwdwlrq ri wkh hodvwlflw| ri zdjhv zlwk uhvshfw wr
rxwsxw/ lv htxdo wr 4��34SS

�nj4��
/ zkhuh �SS dqg ��� duh wkh hodvwlflwlhv ri lqwhuwhpsrudo frqvxps0

wlrq dqg oderu vxevwlwxwlrq19 Ixuwkhu pdqlsxodwlrqv |lhog wkh iroorzlqj v|vwhp ri olqhdu
gl�huhqfh htxdwlrqv=597

�3�
�nq 3 �4

3 3 4

3 4 3

6:8
�

597 H|
e\|n�e\|eh$|

6:8 @

597 ��n�
�nq 3 3

�4 4 �4

4 3 3

6:8
�

597 e\|e\|3�eh$|3�
6:8.

597 3

4

3

6:8
�

^%|` = +43,

7Htxloleulxp lv dq doorfdwlrq t�|/�w

�w
/M|/t|�"|'f dqg d vhtxhqfh ri sulfhv

q
�|n�/h/|/-|/j��|

r
"

|'f
wkdw

vdwlvi| htxdwlrqv +4, wr +8, dqg +;, wr +<,/ jlyhq wkh vhtxhqfh ri prqhwdu| srolf| vkrfnv t0|�"|'f1 Wkh
yduldeohv wkdw frqvwlwxwh wkh htxloleulxp kdyh ehhq gh�qhg vr dv wr hqvxuh wkdw wkhlu vwhdg|0vwdwh ydoxhv
uhpdlq frqvwdqw ryhu wlph1

8 Lq zkdw iroorzv/ d fduhw ryhu d yduldeoh ghqrwhv lwv shufhqwdjh ghyldwlrq iurp lwv vwhdg|0vwdwh ydoxh1
9Kxdqj dqg Olx*v +4<<;, prgho lpsolhv 4SS ' 3�/ zkloh Dqghuvhq*v +4<<;, prgho lpsolhv 4SS ' f1

8



Dv Eodqfkdug dqg Ndkq +4<;3, kdyh vkrzq/ d xqltxh vwdwlrqdu| htxloleulxp h{lvwv zkhq
wkh qxpehu ri vwdeoh hljhqydoxhv ri wkh pdwul{D3�E lv htxdo wr wkh qxpehu ri suhghwhuplqhg
yduldeohv lq wkh v|vwhp/ zklfk lq wklv fdvh lv wzr1 E| vroylqj wkh v|vwhp dqdo|wlfdoo|/ lw
fdq eh vkrzq wkdw d xqltxh vwdwlrqdu| htxloleulxp zloo h{lvw iru sodxvleoh ydoxhv ri � dqg
� +wkdw lv/ ydoxhv ri � forvh wr 4 dqg ydoxhv ri � juhdwhu wkdq }hur,1

Fkdul/ Nhkrh/ dqg PfJudwwhq +4<<;,/ dqg Kxdqj dqg Olx +4<<;,/ xvlqj wkh vlpsol�fd0
wlrq wkdw � @ 4/ vkrz wkdw e\| hyroyhv dffruglqj wr=

e\| @ de\|3� . e%| +44,

zkhuh

d @
4�s

�

4 .
s
�

dqg e lv vrph srvlwlyh frh!flhqw1 Fohduo|/ iru � ? 4/ 3 ? d ? 4 +wkdw lv/ zh revhuyh
prqrwrqh0gdpshg uhvsrqvhv�shuvlvwhqfh, dqg iru � A 4>�4 ? d ? 3 +wkdw lv/ zh revhuyh
gdpshg rvfloodwlrqv�qr shuvlvwhqfh,1 Lq wkh fdvh ri zdjh vwdjjhulqj/ zlwk � A 4 dqg
��� A 3/ � zloo eh ohvv wkdw rqh zkhq �SS idoov lq wkh lqwhuydo ^�4> 3`/ zklfk lqfoxghv wkh
ydoxhv iru �SS dvvxphg e| Dqghuvhq +4<<;, dqg Kxdqj dqg Olx +4<<;,1 Wkxv/ dv fodlphg e|
Dqghuvhq +4<<;, dqg Kxdqj dqg Olx +4<<;,/ zdjh vwdjjhulqj qhfhvvdulo| ohdgv wr shuvlvwhqw
uhdo uhvsrqvhv wr prqhwdu| vkrfnv1

5 Sulfh Vwdjjhulqj lq d Vlpsoh Prqhwdu| Exvlqhvv F|foh
Prgho

L qrz frqvlghu d vlplodu prgho zlwk sulfh vwdjjhulqj1 Wkh remhfwlyh lv wr vkrz wkdw d
vwdjjhuhg sulfh prqhwdu| exvlqhvv f|foh prgho zlwk krprjhqhrxv idfwru lqsxwv lv xqdeoh
wr jhqhudwh shuvlvwhqw uhdo uhvsrqvhv wr qrplqdo vkrfnv zkhuhdv wkh vdph prgho zlwk �up0
vshfl�f idfwru lqsxwv lv fdsdeoh ri grlqj vr1 Wkh prgho suhvhqwhg lq wkh �uvw wzr sduwv ri
wklv vhfwlrq iroorzv forvho| wkh vlpsol�hg vwdjjhuhg sulfh prqhwdu| exvlqhvv f|foh prgho ri
Dqghuvhq +4<<;, dqg Kxdqj dqg Olx +4<<;,1

514 Wkh Prgho zlwk d Krprjhqhrxv Oderu Lqsxw

Wkh vlpsol�hg hfrqrp| lv fkdudfwhul}hg e| wkh iroorzlqj vhw ri djhqwv= d frqwlqxxp ri
krxvhkrogv/ glvwulexwhg ryhu wkh xqlw lqwhuydo/ zkr frqvxph hdfk ri wkh gl�huhqwldwhg rxw0
sxwv dqg dwrplvwlfdoo| vxsso| d krprjhqhrxv oderu lqsxw> d frqwlqxxp ri prqrsrolvwlfdoo|
frpshwlwlyh �upv/ dovr glvwulexwhg ryhu wkh xqlw lqwhuydo/ hdfk ri zklfk kluhv wkh krpr0
jhqhrxv oderu lqsxw wr surgxfh lwv ydulhw| ri wkh gl�huhqwldwhg rxwsxw +phhwlqj ghpdqg
dw vrph srvwhg sulfh,> dqg d prqhwdu| dxwkrulw| wkdw iroorzv d prqhwdu| srolf| uxoh wkdw

9



|lhogv dq hyroxwlrq htxdwlrq iru qrplqdo rxwsxw lq wkh irup ri htxdwlrq +4,1 Dv ehiruh/
pdunhw fohdulqj lv jlyhq e| htxdwlrq +5,1

51414 Wkh Krxvhkrogv* Sureohp

Wkh krxvhkrogv* sureohp lv vlplodu wr ehiruh h{fhsw wkdw qrz krxvhkrogv frqvxph hdfk ri
wkh hfrqrp|*v gl�huhqwldwhg rxwsxwv1 Krxvhkrog l*v djjuhjdwh frqvxpswlrq/ F�

| / lv gh�qhg
dv=

F�
| @

#] �

f

�
F�c�
|

� w3�
w gm

$ w
w3�

+45,

zkhuh F�c�
| lv l*v frqvxpswlrq ri �up m*v rxwsxw dqg � lv wkh hodvwlflw| ri vxevwlwxwlrq ehwzhhq

hdfk ri wkh gl�huhqwldwhg rxwsxwv1 Jlyhq wkh sulfhv vhw e| �upv iru wkhlu gl�huhqwldwhg
rxwsxwv/ krxvhkrog l vroyhv wkh iroorzlqj h{shqglwxuh0plqlpl}dwlrq sureohp=

plq
] �

f
s�|F

�c�
| gm vxemhfw wr F�

| �
#] �

f

�
F�c�
|

� w3�
w gm

$ w
w3�

zkhuh s�| lv wkh sulfh ri �up m*v rxwsxw dqg F�
| vdwlv�hv wkh Hxohu htxdwlrq jlyhq e| +;,1

Wkh h{shqglwxuh0plqlpl}dwlrq sureohp |lhogv krxvhkrog l*v ghpdqg iru wkh mwk jrrg=

F�c�
| @ F�

| �
#
s�|
S|

$
3w

+46,

zkhuh wkh sulfh lqgh{ iru djjuhjdwh frqvxpswlrq lv jlyhq e|=

S| @

�] �

f

�
S �
|

��3w
gm

� �
�3w

= +47,

Dowkrxjk krxvhkrog l*v �uvw0rughu frqglwlrq iru frqvxpswlrq lv wkh vdph dv ehiruh/ wkh
�uvw0rughu frqglwlrq iru krxuv vxssolhg fkdqjhv vlqfh zdjhv duh qrz ixoo|  h{leoh dqg krxvh0
krogv qr orqjhu kdyh pdunhw srzhu ryhu wkhlu oderu1 Vshfl�fdoo|/ wkh �uvw0rughu frqglwlrq
iru krxuv vxssolhg ehfrphv=

$�|
S|

@
Y �

�
K�
|

�
X �

�
F�
|

� = +48,

Vlqfh doo krxvhkrogv uhfhlyh wkh vdph uhdo zdjh/
�q

F�c�
|nr

r�
�'f

> F�
|nr>K

�
|nr

�
"

r'f
zloo eh lghq0

wlfdo dfurvv krxvhkrogv1 Dv d uhvxow/ wkh krxvhkrogv* �uvw0rughu frqglwlrqv +46,/ +;,/ dqg
+48, fdq eh zulwwhq zlwkrxw wkh l vxshuvfulswv1

:



51415 Wkh Ilupv* Sureohp

Wkh prqrsrolvwlfdoo| frpshwlwlyh �up m dfwv dv d sulfh0wdnhu lq klulqj wkh krprjhqhrxv
oderu lqsxw dqg surgxfhv lwv gl�huhqwldwhg jrrg dffruglqj wr wkh surgxfwlrq ixqfwlrq

\ �
| @ K�

| � IF

zkhuh IF/ zklfk uhsuhvhqwv wkh �{hg frvw idfhg e| wkh �up/ lv vhw vr dv wr ohdyh wkh �up
zlwk qr prqrsro| uhqwv lq wkh orqj uxq1 Dv ehiruh/ wklv surgxfwlrq ixqfwlrq lpsolhv wkdw
wkh pdujlqdo frvw idflqj wkh �up lv htxdo wr wkh zdjh ri wkh krprjhqhrxv lqsxw +wkdw lv/
PF�

| @ $|,1
Wzr0shulrg vwdjjhuhg sulfh vhwwlqj lv ghvfulehg lq wkh vdph zd| wkdw zdjh vwdjjhulqj

zdv prghohg deryh> vshfl�fdoo|/ �upv lqgh{hg e| m 5
k
3> �2

l
vhw qhz zdjhv lq shulrgv

iw. 5nj"&'f/ zkloh wkrvh lqgh{hg e| m 5
�
�
2 > 4

l
vhw qhz zdjhv lq shulrgv iw. 5n . 4j"&'f1

Wkxv/ wkh �uvw0rughu frqglwlrq iru sulfhv iru �up m zkhuh m 5
k
3> �2

l
lv jlyhq e|=

h{| @ �
�

� � 4

�
H|

597\| jPF
�

| .
�
�|n�

-|

�
\|n� jPF

�

|n�

�
�

�|n�

�
3w

\| .
�

�
-|

�
\|n�

�
�

�|n�

�
3w

6:8 > +49,

zkhuh h{| ghqrwhv wkh udwlr ri sulfhv vhw wklv shulrg wr wkh djjuhjdwh sulfh ohyho dqg jPF
�

|

ghqrwhv wkh uhdo pdujlqdo frvw ri surgxfwlrq iru �up m lq shulrg w1 D qxpehu ri vlpsoh
vxevwlwxwlrqv |lhogv wkh iroorzlqj h{suhvvlrq iru pdujlqdo frvw=

jPF
�

| @
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@
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�
3w

$
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$
@

4

X � +\|,
Y � +\| . IF, =

Lw lv dssduhqw iurp wkh deryh htxdwlrq wkdw ehfdxvh doo �upv xvh wkh vdph krprjhqhrxv
oderu lqsxw/ wkh| doo idfh wkh vdph pdujlqdo frvw ri surgxfwlrq dqg zloo wkhuhiruh doo vhw wkh
vdph qhz sulfh1 Dv d uhvxow/ wkh sulfh0vhwwlqj htxdwlrq +49, fdq eh zulwwhq zlwkrxw wkh m

vxshuvfulswv1 Ilqdoo|/ vxevwlwxwlqj iru pdujlqdo frvw lq htxdwlrq +49, |lhogv=

h{| @ �
�

� � 4

�
H|

597 t|
L �Et|�

Y � +\| . IF, .
�
�|n�

-|

�
t|n�

L �Et|n��
Y � +\|n� . IF,

�
�

�|n�

�
3w

\| .
�

�
-|

�
\|n�

�
�

�|n�

�
3w

6:8 = +4:,

;



515 Orj0olqhdul}lqj dqg Vroylqj wkh Prgho

Wkh �uvw0rughu frqglwlrqv duh orj0olqhdul}hg durxqg wkh vwhdg|0vwdwh htxloleulxp1: Olqhdul}0
lqj htxdwlrq +4:, jlyhv=

eh{| @ �

�
4

4 . �
e\| . �

4 . �
H|

e\|n��.
�

4 . �
H|

e�|n�

zkhuh �/ zklfk qrz htxdov
�
���

�
w3�
w

�
� �SS

�
/ ghqrwhv wkh hodvwlflw| ri sulfhv zlwk uhvshfw

wr rxwsxw1 Wkh rwkhu lpsruwdqw orj0olqhdul}hg htxdwlrqv duh wkrvh wkdw jlyh wkh hyroxwlrq
ri wkh lq dwlrq udwh dqg ri qrplqdo rxwsxw=

e�| @ eh{| . eh{|3� dqg
%| @ e\| � e\|3� . e�|=

Wkh vwuxfwxuh ri wklv v|vwhp ri vwrfkdvwlf olqhdu gl�huhqfh htxdwlrqv lv lghqwlfdo wr wkdw
suhvhqwhg lq vhfwlrq 4151 Dv lq vhfwlrq 415 zh frxog zulwh wkh v|vwhp ri olqhdu gl�huhqfh
htxdwlrqv lq pdwul{ irup> grlqj wklv zrxog jlyh xv wkh vdph vhw ri pdwulfhv D/ E/ dqg F/

zkloh wkh yhfwru ri prgho yduldeohv zrxog fkdqjh voljkwo| wr
k e\|> e\|3�> eh{|3� l

�

1 D xqltxh

vwdwlrqdu| htxloleulxp h{lvwv iru doo sodxvleoh ydoxhv ri � dqg e\| hyroyhv ryhu wlph dffruglqj
wr htxdwlrq +44,1

Dv ehiruh/ wkh nh| wr zkhwkhu zh kdyh shuvlvwhqw uhdo h�hfwv ri qrplqdo vkrfnv olhv lq wkh
ydoxh ri � uhodwlyh wr xqlw|1 Krzhyhu/ wkh ydoxh ri � lv gl�huhqw iru wkh vwdjjhuhg sulfh prgho1
Lq Kxdqj dqg Olx*v +4<<;, prgho zlwk �SS @ �4/ ��� A 3/ dqg � A 4/ wkh sdudphwhu � lv
qhfhvvdulo| juhdwhu wkdq rqh/ zklfk lpsolhv gdpshqhg rvfloodwlrqv +wkdw lv/ qr shuvlvwhqfh,1
Zkloh lw lv srvvleoh lq Dqghuvhq*v +4<<;, prgho zlwk �SS @ 3 wr jhqhudwh uhdo shuvlvwhqfh
+wkdw lv � ? 4, e| dvvxplqj ��� ?

�
w

w3�

�
/ wkh uhvxowlqj ydoxh ri � lv qhfhvvdulo| kljkhu wkdq

wkh ydoxh ri � iurp wkh vwdjjhuhg zdjh prgho/ +dqg wkhuhiruh lpsolhv ohvv shuvlvwhqfh xqghu
sulfh vwdjjhulqj wkdq xqghu zdjh vwdjjhulqj,1

Lw lv wklv vhw ri �qglqjv wkdw ohdgv Hufhj +4<<:,/ Dqghuvhq +4<<;,/ dqg Kxdqj dqg Olx
+4<<;, wr idyru zdjh vwdjjhulqj ryhu sulfh vwdjjhulqj dv d zd| wr eulqj uhdo shuvlvwhqfh lqwr
d prqhwdu| exvlqhvv f|foh prgho1 Wkh iroorzlqj wzr vhfwlrqv/ krzhyhu/ vkrz wkdw wkhvh
dxwkruv* uhvxowv ghshqg khdylo| rq wkh dvvxpswlrq ri d krprjhqhrxv oderu lqsxw dqg duh
fkdqjhg vxevwdqwldoo| zkhq �up0vshfl�f oderu lqsxwv duh dvvxphg1

:Htxloleulxp lv dq doorfdwlrq
q�
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��
�'f

c �|c
�w

�w
c M|c t|

r
"

|'f
dqg d vhtxhqfh ri sulfhvq

�|n�//w�w /h%|/-|/j��|

r
"

|'f
wkdw vdwlvi| htxdwlrqv +4, wr +8,/ +;,/ +46, wr +48,/ dqg +4:,/ jlyhq wkh

vhtxhqfh ri prqhwdu| vkrfnv t0|�"|'f1
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516 Wkh Prgho zlwk Ilup0Vshfl�f Oderu Lqsxwv

Wkh vlpsoh prgho zlwk �up0vshfl�f oderu lqsxwv lv yhu| vlplodu wr wkh prgho suhvhqwhg
deryh1 Krzhyhu/ zkloh wkh suhfhglqj prgho dvvxphg wkdw hdfk krxvhkrog dqg �up vrog ru
erxjkw lwv oderu lq d jhqhudo krprjhqhrxv pdunhw/ L qrz dvvxph wkdw hdfk krxvhkrog dorqj
wkh xqlw lqwhuydo lv frxsohg zlwk d �up dorqj wkh xqlw lqwhuydo dqg lv uhvwulfwhg wr vhoo lwv
oderu wr wkdw �up rqo|1 Iru vlpsolflw|/ L dvvxph wkdw krxvhkrog l vhoov lwv oderu wr �up m

zkhuh l @ m1
Iru krxvhkrogv/ wkh �uvw0rughu frqglwlrqv duh vwloo htxdwlrqv +46,/ +;,/ dqg +48,1; Vlqfh L

djdlq dvvxph wkdw dvvhw sruwirolrv fdq eh frqvwuxfwhg wr nhhs doo krxvhkrogv* zhdowk vwrfnv
+dqg khqfh frqvxpswlrq sur�ohv, htxdo/ htxdwlrqv +46, dqg +;, fdq eh zulwwhq zlwkrxw wkh
l vxevfulswv1

Iru �upv/ wkh nh| gl�huhqfh lv wkdw pdujlqdo frvw qrz ghshqgv rq wkh zdjh sdlg wr wkh
�up0vshfl�f oderu lqsxw=
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zkhuh wkh idfw wkdw l @ m doorzv xv wr zulwh $�| @ $�| dqg K�
| @ K�

| 1 Ilupv/ krzhyhu/ duh vwloo
dvvxphg wr dfw dv sulfh wdnhuv lq wkhlu uhohydqw idfwru pdunhwv/ vr wkh �uvw0rughu frqglwlrq
iru sulfhv lv jlyhq e| htxdwlrq +49,1< Vxevwlwxwlqj wklv h{suhvvlrq iru pdujlqdo frvw lqwr
htxdwlrq +49, |lhogv=
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zkloh olqhdul}lqj durxqg htxloleulxp43 jlyhv=
; L dvvxph wkdw hyhq wkrxjk d krxvhkrog vxssolhv �up0vshfl�f oderu lw kdv qr prqrsro| srzhu ryhu lwv

oderu1 Vlploduo|/ wkh �up wkdw sxufkdvhv wkh krxvhkrog*v oderu lv dvvxphg wr kdyh qr prqrsvrq| srzhu1
<Rqh zd| wr +lqirupdoo|, prwlydwh wklv lv wr wklqn ri hdfk srlqw rq wkh frqwlqxxp dv lghqwli|lqj d vlqjoh

idfwru pdunhw zkrvh sduwlflsdqwv lqfoxgh d odujh +wkrxjk �qlwh, qxpehu ri lghqwlfdo krxvhkrogv dqg �upv
+pruh frqfuhwho|/ zh frxog wklqn ri wklv dv d uhjlrq/ flw|/ ru lqgxvwu|,1

43Htxloleulxp lv dq doorfdwlrq
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zkhuh � htxdov
�
4��+ w3�w ,34SS
�n4��Ew3��

�
1 Wkh vwuxfwxuh ri wkh v|vwhp ri olqhdu gl�huhqfh htxdwlrqv

lpsolhg e| idfwru0vshfl�f oderu lqsxwv lv wkh vdph dv lq wkh fdvh ri d krprjhqhrxv oderu
lqsxw vlqfh wkh wzr rwkhu htxdwlrqv lq wkh v|vwhp uhpdlq xqfkdqjhg1 Rqfh djdlq/ wkh rqo|
gl�huhqfh ehwzhhq wkh wzr v|vwhpv olhv zlwk wkh sdudphwhu �1 Zlwk �up0vshfl�f oderu/
� ? 4/ dqg vr d prgho zlwk vwdjjhuhg sulfhv dqg �up0vshfl�f oderu lqsxwv qhfhvvdulo| |lhogv
d prqrwrqh0gdpshg lpsxovh uhvsrqvh iru rxwsxw�wkdw lv/ shuvlvwhqfh1

6 Glvfxvvlrq ri wkh Dqdo|wlfdo Uhvxowv

Wkh dqdo|vlv ri wkh suhylrxv vhfwlrq �qgv wkdw d vwdjjhuhg sulfh prqhwdu| exvlqhvv f|foh
prgho zlwk �up0vshfl�f oderu lqsxwv fdq |lhog shuvlvwhqw uhdo h�hfwv ri qrplqdo vkrfnv1
Wklv uhvxow ghprqvwudwhv wkh fodlp wkdw wkh frqfoxvlrqv ri Dqghuvhq +4<<;, dqg Kxdqj dqg
Olx +4<<;, uho| juhdwo| rq wkhlu dvvxpswlrqv frqfhuqlqj idfwru pdunhwv1

Wr xqghuvwdqg zk| wkh vwdjjhuhg zdjh prgho dqg wkh vwdjjhuhg sulfh prgho zlwk �up0
vshfl�f oderu fdq surgxfh shuvlvwhqw uhdo uhvsrqvhv wr prqhwdu| srolf| zkloh wkh vwdjjhuhg
sulfh prgho zlwk krprjhqhrxv oderu fdqqrw/ lw lv xvhixo wr h{dplqh wkh wkuhh prghov*
zdjh0 dqg sulfh0vhwwlqj htxdwlrqv +htxdwlrqv +<,/ +4:,/ dqg +4;,,1 Lw lv dssduhqw iurp wkhvh
htxdwlrqv wkdw wkh prghov wkdw |lhog shuvlvwhqw uhdo uhvsrqvhv wr qrplqdo vkrfnv lqyroyh
vrph ihhgedfn h�hfw wkdw dulvhv zkhq sulfhv ru zdjhv duh uhvhw1 Uhdo shuvlvwhqfh rewdlqv
ehfdxvh wkhvh dgglwlrqdo h�hfwv lqgxfh zdjh0 ru sulfh0vhwwhuv wr fkdqjh wkhlu sulfhv pruh
prghvwo|/ wkxv doorzlqj d jlyhq qrplqdo vkrfn wr kdyh orqjhu0odvwlqj uhdo h�hfwv1 Wr vhh
h{dfwo| krz wkhvh h�hfwv uhvxow lq vpdoohu sulfh fkdqjhv/ L wudfh wkurxjk wkh lpsdfw ri d
rqh0wlph lqfuhdvh lq qrplqdo rxwsxw lq hdfk ri wkh prghov1

Lq wkh vwdjjhuhg zdjh prgho dq lqfuhdvh lq qrplqdo rxwsxw ohdgv wr dq lqfuhdvh lq uhdo
rxwsxw/ zklfk lq wxuq lqfuhdvhv frqvxpswlrq dqg wkh dprxqw ri gl�huhqwldwhg oderu lqsxw
wkdw hdfk krxvhkrog vxssolhv1 Vlqfh wklv ohdgv wr d �SS sursruwlrqdo ghfolqh lq wkh pdujlqdo
xwlolw| ri frqvxpswlrq dqg d ��� sursruwlrqdo lqfuhdvh lq wkh pdujlqdo glvxwlolw| ri zrunlqj/
rqh zrxog h{shfw d +��� � �SS, sursruwlrqdo xszdug dgmxvwphqw ri wkh krxvhkrog*v srvwhg
zdjh zkhq lwv zdjh uhvhwwlqj rssruwxqlw| dulvhv1 Dq lqfuhdvh lq wkh zdjh zloo/ krzhyhu/
uhgxfh wkh ghpdqg iru wkh krxvhkrog*v gl�huhqwldwhg oderu vhuylfhv e| d idfwru �1 Wklv
uhgxfhv wkh lqlwldo lqfuhdvh lq krxuv vxssolhg dqg glvxwlolw| ri oderu sursruwlrqdoo| e| ���/�
�|n�/

q
/lw
�w

r�

�'f
/h%|/-|/j��|

�
"

|'f

wkdw vdwlvi| htxdwlrqv +4, wr +8,/ +;,/ +46, wr +48,/ dqg +4;,/ jlyhq wkh

vhtxhqfh ri prqhwdu| vkrfnv t0|�"|'f1
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exw kdv rqo| d vhfrqg0rughu h�hfw rq frqvxpswlrq1 Wkh krxvhkrog wkhuhiruh vfdohv grzq
lwv ghvluhg zdjh lqfuhdvh ri +��� � �SS, e| dq dprxqw +4 . ����,1

D vlplodu rxwfrph hphujhv iurp wkh vwdjjhuhg0sulfh prgho zlwk gl�huhqwldwhg oderu
lqsxwv1 Wkh lqfuhdvh lq qrplqdo rxwsxw errvwv uhdo rxwsxw dqg frqvxpswlrq +erwk lq wkh
djjuhjdwh dqg iru hdfk gl�huhqwldwhg jrrg,/ zklfk udlvhv hdfk �up*v ghpdqg iru lwv vshfl�f
oderu lqsxw1 Lqfuhdvhg djjuhjdwh frqvxpswlrq dqg lqfuhdvhg krxuv vxssolhg udlvh wkh uhdo
zdjh e| d idfwru

��
w3�
w

�
��� � �SS

�
iru uhdvrqv wkdw duh vlplodu wr wkrvh rxwolqhg deryh1

Wklv lqfuhdvhv �upv* pdujlqdo frvwv/ zklfk prwlydwhv wkhp wr lqfuhdvh wkhlu sulfh zkhq
wkh uhohydqw shulrg frphv durxqg1 Krzhyhu/ dq lqfuhdvh lq sulfh uhgxfhv ghpdqg iru wkh
�up*v gl�huhqwldwhg jrrg e| d idfwru �/ fdxvlqj uhgxfhg ghpdqg iru lwv vshfl�f oderu lqsxw
zklfk lq wxuq orzhuv lwv zdjh dqg pdujlqdo frvw e| d idfwru

�
w3�
w

�
���1 Wkh sursruwlrqdo

lqfuhdvh ri
��

w3�
w

�
��� � �SS

�
lv wkxv vfdohg grzq e| d idfwru +4 . +� � 4,���,/ lpso|lqj d

pruh prghvw lqfuhdvh lq sulfhv1
Wkh fkdlq ri hyhqwv wkdw fkdudfwhul}hv wkh wzr suhylrxv prghov grhv qrw/ krzhyhu/ rewdlq

lq wkh vwdjjhuhg sulfh prgho zlwk d krprjhqhrxv oderu lqsxw1 Dv lq wkh suhylrxv prghov/
wkh lqfuhdvh lq qrplqdo rxwsxw udlvhv uhdo rxwsxw dqg frqvxpswlrq ri hdfk gl�huhqwldwhg
jrrg/ zklfk irufhv xs wkh djjuhjdwh uhdo zdjh dqg hdfk �up*v pdujlqdo frvw e| d idfwru��

w3�
w

�
��� � �SS

�
1 Zkhq wkh uhohydqw shulrg dulvhv/ wkh lqfuhdvh lq pdujlqdo frvw surpswv

wkh �up wr udlvh lwv sulfh1 Lq wklv fdvh/ krzhyhu/ wkhuh duh hvvhqwldoo| qr ihhgedfn h�hfwv
iurp wkh sulfh lqfuhdvh rq pdujlqdo frvw dqg wkxv qr irufh wr dwwhqxdwh wkh lqlwldo ulvh lq
sulfhv1 D sursruwlrqdo lqfuhdvh lq sulfhv htxdo wr

��
w3�
w

�
��� � �SS

�
uhvxowv/ zklfk lv juhdwhu

wkdq wkh lqfuhdvh iurp wkh suhylrxv prgho144

44 Lw lv zruwk qrwlqj krz Fkdul/ Nhkrh dqg PfJudwwhq*v +4<<;, dssurdfk wr Nlpedoo*v +4<<8, dqg Urwhp0
ehuj*v +4<<9, vxjjhvwlrq ri �up0vshfl�f lqsxwv fruuhvsrqgv wr wkh deryh glvfxvvlrq1
Fkdul/ Nhkrh dqg PfJudwwhq +4<<;, dvvxph wkdw �upv idfh d surgxfwlrq ixqfwlrq ri=

t �
| '

�
M�
|

��3�
a� 3 8�

zkhuh M�
| lv �up �*v xvh ri wkh krprjhqhrxv oderu lqsxw zkloh a lv �up �*v �{hg xqghsuhfldeoh �up0vshfl�f

lqsxw1 Lw lv dvvxphg wkdw doo �upv duh hqgrzhg zlwk lghqwlfdo txdqwlwlhv ri wkhlu �up0vshfl�f lqsxw dqg wkdw
hdfk �upv* �up0vshfl�f lqsxw lv xvhixo rqo| wr lwvhoi1 Frqvhtxhqwo| �upv idfh qr frvw rq wkhlu �up0vshfl�f
lqsxw1 Wkh �up*v surgxfwlrq ixqfwlrq lpsolhv d vkruw0uxq Skloolsv fxuyh ri=

eh%| ' �

�
�

� n q
et| n q

� n q
.|

et|n��n
q

� n q
.|

e�|n�

zkhuh � '
�n4kkE ��4� �

�
4

4�#

�
nE ��4� �

�
#

4�#

�
�nEw3��

�
#

4�#

� 1

Wkxv/ lq wklv prgho/ ghvslwh wkh odfn ri ihhgedfn ri wkh vxevhtxhqw h�hfwv rq wkh sulfh lqfuhdvh yld wkh
zdjh udwh/ wkhuh lv vrph ihhgedfn iurp pdujlqdo frvw lqfuhdvlqj lq rxwsxw1 Khuh/ krzhyhu/ wkh �up0vshfl�f
lqsxwv gr qrw qhfhvvdulo| |lhog shuvlvwhqw uhdo uhvsrqvhv wr prqhwdu| vkrfnv +wkdw lv/ � 	 �, exw uhtxluh wkdw
w 3 4kk

�
: �1
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Zkdw lv lqwhuhvwlqj wr qrwh iurp wkh deryh glvfxvvlrq lv wkdw�frqwudu| wr wkh fodlpv ri
Dqghuvhq +4<<;, dqg Kxdqj dqg Olx +4<<;,�lw lv qrw wkh dvvxpswlrq ri vwdjjhuhg sulfhv
wkdw uhqghuv wkh prgho ri vhfwlrq 514 xqdeoh wr jhqhudwh d shuvlvwhqw uhdo uhvsrqvh wr d
prqhwdu| vkrfn exw udwkhu wkh dvvxpswlrq ri krprjhqhrxv idfwru pdunhwv1 Dqrwkhu uhvxow
wkdw frqwudglfwv wkh frqfoxvlrqv ri wkhvh dxwkruv lqyroyhv wkh vlplodulw| ri wkh frh!flhqw �
lq wkh vwdjjhuhg zdjh prgho/ zkhuh � @

�
4��34SS
�nw4��

�
/ dqg lq wkh vwdjjhuhg sulfh prgho zlwk

�up0vshfl�f lqsxwv/ zkhuh � @

�
4��+

w3�
w ,34SS

�n4��Ew3��

�
1 Wkh rqo| gl�huhqfh ehwzhhq wkh sdudphwhu

ydoxhv dulvhv qrw iurp dq| dv|pphwulhv ehwzhhq vwdjjhuhg zdjhv dqg vwdjjhuhg sulfhv exw
udwkhu iurp wkh dvvxpswlrq wkdw lq wkh prgho zlwk vwdjjhuhg zdjhv krxvhkrogv hqmr| wkh
uhqwv iurp wkhlu prqrsro| srzhu/ zkloh lq wkh prgho zlwk vwdjjhuhg sulfhv �upv* uhqwv duh
devruehg e| �{hg frvwv wkdw h{lvw lq wkh surgxfwlrq ri wkh lqwhuphgldwh jrrg1 Li wkhvh
dv|pphwulhv zhuh holplqdwhg wkh sdudphwhu ydoxhv ri � zrxog eh lghqwlfdo iru erwk vhwv ri
prghov1 Wkh htxlydohqfh ri wkh prghov lq wklv uhjdug vwhpv iurp wkh idfw wkdw lq d yhu|
vlpsol�hg prgho zlwk rqo| rqh idfwru lqsxw dqg d olqhdu surgxfwlrq ixqfwlrq/ lw ehfrphv
lppdwhuldo zkhwkhu lw lv jrrgv ru idfwruv wkdw duh ehlqj djjuhjdwhg/ dv zhoo dv zkhuh lq wkh
surfhvv ri wudqviruplqj gl�huhqwldwhg oderu lqwr djjuhjdwh frqvxpswlrq wkh prqrsrolvwlf
frpshwlwlrq dulvhv145

7 Frqvhtxhqfhv ri dq Hqgrjhqrxv Fdslwdo Vwrfn

714 D Vwdjjhuhg Zdjh Prgho

Wkh pruh ghwdlohg yhuvlrq ri wkh vwdjjhuhg zdjh prgho prgl�hv wkh vlpsoh prgho ri vhfwlrq
4 e| lqfrusrudwlqj fdslwdo dv d idfwru ri surgxfwlrq1 Wkh ixqfwlrqdo irupv wkdw L hpsor|
forvho| iroorz wkrvh hpsor|hg e| Kxdqj dqg Olx +4<<;,1

Wkh qrplqdo vkrfn wr wkh hfrqrp|/ qrz d vkrfn wr wkh jurzwk udwh ri wkh qrplqdo
prqh| vxsso|/ lv fkdudfwhul}hg e|=

�| @
�
�|3�

�4
h{s ^%|` +3 ? � ? 4, +4<,

zkloh wkh hfrqrp|*v pdunhw0fohdulqj frqglwlrq lv jlyhq e|=

L| .F| @ \| +53,

zkhuh L| ghqrwhv lqyhvwphqw lq fdslwdo1
Wkh �up qrz xvhv fdslwdo dqg oderu lq surgxfwlrq1 Rxwsxw lv jlyhq e|=

45 Lq wkh fdvh ri d frqfdyh surgxfwlrq ixqfwlrq Dvfdul dqg Jdufld +4<<<, vkrz wkdw vwdjjhuhg sulfhv gholyhu
d kljkhu ghjuhh ri shuvlvwhqfh wkdq vwdjjhuhg zdjhv1
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j3�

$�3k

N|
k +54,

zkhuh N| lv wkh hfrqrp|*v fdslwdo vwrfn dqg � lv wkh hodvwlflw| ri rxwsxw zlwk uhvshfw wr
fdslwdo1 Wkh �up*v frvw0plqlpl}dwlrq sureohp |lhogv wkh iroorzlqj htxdwlrqv iru K�

| dqg N|=

K�
| @

�
�

4� �

�
3k

\|

# h|h�|
$
3k

3C /�|
�|h|

4D3j

+55,

N| @

�
�

4� �

��3k
\|

# h|h�|
$�3k

+56,

zkhuh h�| lv wkh uhdo uhqwdo udwh rq wkh hfrqrp|*v fdslwdo vwrfn dqg h| lv d uhdo zdjh lqgh{
jlyhq e|=

h| @

3C] �

f

#
$�|
S|

$�3j

gl

4D �
�3j

= +57,

Shuihfw frpshwlwlrq lq wkh jrrgv pdunhw lpsolhv wkdw uhdo pdujlqdo frvw pxvw dozd|v htxdo
rqh= jPF| @

# h|

4� �

$�3k �h�|
�

�k

@ 4= +58,

Wkh suhihuhqfhv ri krxvhkrog l duh uhsuhvhqwhg e| wkh xwlolw| ixqfwlrq=

X �
f @ Hf

;?=
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|'f

�|

57oq#
e
�
F�
|

��
. +4� e,

#
P �

|

S|

$�$ �
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. � oq
�
4�K�

|

�68<@> +59,

zkhuh e/ � dqg � duh sdudphwhuv1 Wkh krxvhkrog*v  rz exgjhw frqvwudlqw lv=

E�
| .P �

| � U|3�E
�
|3� .P �

|3� . $�|K
�
| . �|N

�
| . surilwv| � W �

| � S|F
�
| = +5:,

Krxvhkrog l fkrrvhv
�
F�
| >P

�
| >N

�
| > $

�
|

�
"

|'f wr pd{lpl}h lwv xwlolw| vxemhfw wr lwv exgjhw frq0
vwudlqw/ wkh oderu ghpdqg ixqfwlrq vshfl�f wr lwv gl�huhqwldwhg oderu vhuylfh +htxdwlrq +55,,/
dqg wkh hyroxwlrq ri lwv kroglqj ri wkh fdslwdo vwrfn=

H|N
�
|n� @ +4� �,N�

| .N�
|M

#
L�|
N�
|

$
> +5;,

zkhuh � lv wkh udwh ri ghsuhfldwlrq rq fdslwdo dqg N�
|M

�
U�|
g�
|

�
ghvfulehv wkh frvw ri fkdqjlqj

wkh fdslwdo vwrfn1 Iroorzlqj Kd|dvkl +4<;5,/ wkh ixqfwlrq M +=, lv dvvxphg wr kdyh wkh
surshuwlhv M +�, @ �/ M � +�, @ 4/ dqg M �� +�, � 31
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Wkh krxvhkrog*v xwlolw|0pd{lpl}dwlrq sureohp |lhogv Hxohu dqg oderu vxsso| htxdwlrqv
wkdw duh vlplodu wr htxdwlrqv +;, dqg +<,=
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wrjhwkhu zlwk d prqh| ghpdqg ixqfwlrq=
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dqg d fdslwdo vxsso| ixqfwlrq=
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Wkh �uvw0rughu frqglwlrqv duh orj0olqhdul}hg dqg fdoleudwhg zlwk wkh vdph sdudphwhu
ydoxhv xvhg e| Kxdqj dqg Olx +4<<;,> ghwdlov ri wkhvh vwhsv duh jlyhq lq wkh dsshqgl{1

Iljxuh 4 glvsod|v wkh uhvsrqvh ri uhdo rxwsxw wr d prqhwdu| vkrfn lpsolhg e| wklv prgho
iru wkh ydulrxv ydoxhv ri � xvhg e| Kxdqj dqg Olx +4<<;,146 Dv zrxog eh h{shfwhg/ wkh
uhvxowv�zklfk vkrz d shuvlvwhqw uhvsrqvh ri uhdo rxwsxw�duh vlplodu wr wkrvh ri Kxdqj
dqg Olx +4<<;,1 Wkh ghjuhh ri shuvlvwhqfh lqfuhdvhv zlwk �/ vlqfh kljkhu vxevwlwxwdelolw|
ehwzhhq oderu lqsxwv uhgxfhv wkh dgmxvwphqw wkdw krxvhkrogv pdnh wr qrplqdo zdjhv1

46Vlqfh L dp pruh lqwhuhvwhg lq h{dplqlqj dqg frpsdulqj wkh shuvlvwhqfh/ udwkhu wkdq wkh devroxwh pdj0
qlwxgh/ ri wkh uhvsrqvhv/ L uhvfdoh wkh uhvsrqvh ri rxwsxw vr wkdw lw htxdov rqh lq wkh lqlwldo shulrg1 Wklv
doorzv ph wr ghwhuplqh txlfno| zkdw iudfwlrq ri wkh lqlwldo vkrfn shuvlvwv lq dq| jlyhq shulrg1
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715 D Vwdjjhuhg Sulfh Prgho

Wkh pruh ghwdlohg yduldqw ri wkh vwdjjhuhg sulfh prqhwdu| exvlqhvv f|foh prgho zlwk �up0
vshfl�f idfwru lqsxwv eurdgo| fruuhvsrqgv wr wkh prgho suhvhqwhg lq vhfwlrqv 516 dqg 517/ exw
zlwk fdslwdo lqwurgxfhg1 Wkh prqh| jurzwk surfhvv dqg pdunhw0fohdulqj frqglwlrq duh vwloo
jlyhq e| htxdwlrqv +4<, dqg +53,/ zkloh wkh xwlolw| ixqfwlrq lv jlyhq e| htxdwlrq +59, +exw
zlwk F�

| qrz gh�qhg e| htxdwlrq +45,,1 Zlwk erwk idfwru lqsxwv qrz �up0vshfl�f/ krxvhkrog
l*v exgjhw frqvwudlqw fkdqjhv vr wkdw wkh fdslwdo uhqwdo udwh lv lqgh{hg e| krxvhkrog +wkdw lv
��|, lq wkh vdph pdqqhu wkdw wkh zdjh udwh +$�|, lv lqgh{hg1 Krxvhkrogv* Hxohu htxdwlrq dqg
prqh| ghpdqg htxdwlrq duh vwloo jlyhq e| +5<, dqg +64,/ zkloh wkh fdslwdo vxsso| htxdwlrq
lv prgl�hg wr fdswxuh wkh �up0vshfl�f qdwxuh ri fdslwdo +wkdw lv/ wkh uhqwdo udwh lq htxdwlrq
+65, lv qrz lqgh{hg e| krxvhkrog,1 Vlqfh krxvhkrogv qr orqjhu kdyh pdunhw srzhu ryhu
wkhlu oderu/ wkh �uvw0rughu frqglwlrq iru krxuv vxssolhg ehfrphv=
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Ilup m qrz idfhv d surgxfwlrq ixqfwlrq zlwk erwk �up0vshfl�f fdslwdo dqg oderu lqsxwv=
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zklfk |lhogv wkh iroorzlqj �up0vshfl�f idfwru ghpdqg ixqfwlrq=
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Ilup m*v sulfh0vhwwlqj sureohp lv lghqwlfdo wr wkdw ri vhfwlrq 5/ lpso|lqj d sulfh0vhwwlqj
uxoh olnh htxdwlrq +49,1 Zlwk wzr �up0vshfl�f idfwruv ri surgxfwlrq/ �up m*v pdujlqdo frvw
ehfrphv=
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| @ +h�|,�3k
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$�|
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$k

= +6:,

Wkh �uvw0rughu frqglwlrqv duh orj0olqhdul}hg dqg fdoleudwhg dv ehiruh +vhh wkh dsshqgl{,1
Iljxuh 5 glvsod|v wkh uhvsrqvh ri rxwsxw wr d prqhwdu| vkrfn lq wklv prgho1 Wr jlyh vrph
lqglfdwlrq ri wkh lqfuhdvhg shuvlvwhqfh eurxjkw derxw e| wkh dvvxpswlrq ri �up0vshfl�f
idfwru lqsxwv/ L dovr suhvhqw lq Iljxuh 5 wkh uhvsrqvhv ri uhdo rxwsxw iurp yhuvlrqv ri wklv
prgho zlwk �up0vshfl�f oderu dqg krprjhqhrxv fdslwdo/ dqg zlwk erwk krprjhqhrxv oderu
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dqg fdslwdo1 Wkh lqfuhdvhg shuvlvwhqfh wkdw rewdlqv iurp dvvxplqj �up0vshfl�f idfwru lqsxwv
lv hylghqw iurp wkh �jxuh1

716 Glvfxvvlrq ri wkh Txdqwlwdwlyh Uhvxowv

Wkh lpsxovh0uhvsrqvh ixqfwlrqv suhvhqwhg lq �jxuhv 4 dqg 5 frq�up wkh dqdo|wlfdo �qglqjv
suhvhqwhg lq wkh �uvw sduw ri wkh sdshu/ qdpho|/ wkdw d vwdjjhuhg sulfh iudphzrun zlwk �up0
vshfl�f idfwru lqsxwv lv dv fdsdeoh dv d vwdjjhuhg zdjh iudphzrun ri surgxflqj shuvlvwhqw
uhdo uhvsrqvhv wr qrplqdo vkrfnv1 Wkh sdqhov ri �jxuh 6 vkrz +iru ydulrxv ydoxhv ri � dqg
�, wkdw wkh uhvsrqvh ri uhdo rxwsxw hphujlqj iurp wkh vwdjjhuhg zdjh prgho dqg vwdjjhuhg
sulfh prgho duh hvvhqwldoo| lghqwlfdo> wklv lv wkh fdvh dovr iru wkh uhvsrqvhv ri frqvxpswlrq
dqg lqyhvwphqw +qrw vkrzq,147 Wkh dvvxpswlrq dv wr zkhwkhu wkh dvvxphg sulfh vwlfnlqhvv lv
orfdwhg lq wkh prgho*v idfwru ru surgxfw pdunhw kdv d frqvlghudeoh lq xhqfh rq wkh uhvxowlqj
uhvsrqvhv ri lq dwlrq +qrw vkrzq, dqg uhdo zdjhv +vkrzq lq �jxuh 7 iru ydulrxv ydoxhv ri �
dqg �,1 Prvw qrwdeo|/ wkh vwdjjhuhg sulflqj phfkdqlvp uhvxowv lq surf|folfdo pryhphqwv lq
wkh uhdo zdjh/ zkloh wkh dvvxpswlrq ri vwdjjhuhg zdjhv jhqhudwhv frxqwhuf|folfdo pryhphqwv
+iru wkh ydoxhv ri � wkdw jhqhudwh juhdwhu ghjuhhv ri shuvlvwhqfh lq uhdo rxwsxw,1

8 Frqfoxvlrq

Wklv sdshu ghprqvwudwhv wkdw wkh frqfoxvlrqv ri Dqghuvhq +4<<;, dqg Kxdqj dqg Olx +4<<;,
uhjduglqj wkh ghjuhh ri shuvlvwhqfh jhqhudwhg e| vwdjjhuhg zdjh dqg vwdjjhuhg sulfh prg0
hov uho| khdylo| rq wkhvh dxwkruv* dvvxpswlrqv frqfhuqlqj idfwru pdunhw�vshfl�fdoo|/ wkdw
lghqwlfdo idfwru lqsxwv duh xvhg e| doo �upv1 E| dvvxplqj �up0vshfl�f idfwru lqsxwv/ wklv
sdshu vkrzv wkdw d vwdjjhuhg sulfh prgho lv fdsdeoh ri jhqhudwlqj uhvsrqvhv wr prqhwdu|
vkrfnv wkdw duh mxvw dv shuvlvwhqw dv wkrvh wkdw rewdlq iurp d vwdjjhuhg zdjh prgho1 Pruh0
ryhu/ wkh uhvsrqvhv ri uhdo rxwsxw dqg lwv frpsrqhqwv wkdw rewdlq lq wkh wzr prghov duh
hvvhqwldoo| htxlydohqw1 Wkhvh �qglqjv lpso| wkdw prqhwdu| exvlqhvv f|foh prghohuv qhhg
qrw uho| rq zdjh vwdjjhulqj wr jhqhudwh uhdo dqg shuvlvwhqw uhvsrqvhv wr prqhwdu| vkrfnv1
Wkh dvvxpswlrq ri vwlfn| sulfhv +zklfk lv pruh hdvlo| mxvwl�hg wkdq dq dvvxpswlrq ri vwlfn|
oderu frvwv, lv htxdoo| h�hfwlyh lq jhqhudwlqj lqwxlwlyh uhvsrqvhv wr prqhwdu| vkrfnv1

47Vhwwlqj 8� ' f lq wkh vwdjjhuhg0sulfh prgho zlwk �up0vshfl�f lqsxwv grhv qrw/ krzhyhu/ |lhog lghqwlfdo
uhvsrqvhv lq wkh wzr prghov dv lw glg lq vhfwlrq 6 +dowkrxjk lw grhv |lhog pruh vlplodu uhvsrqvhv,1 H{dfw
htxlydohqfh dfurvv wkh prghov lq vhfwlrq 6 uholhg rq wkh dvvxpswlrq ri d vlqjoh idfwru dqg olqhdu vshfl�fdwlrq
ri wkh surgxfwlrq ixqfwlrq1
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Figure 3.1 - Impulse Responses of Output in the Staggered Wage Model
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Figure 3.2 - Impulse Responses of Output in the Staggered Price Model for Theta = 10

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

0 0.5 1 1.5 2 2.5
Years After the Shock

Firm-specific Labor and Capital

Firm-specific Labor, Homogeneous Capital

Homogeneous Labor and Capital



24

Figure 3.3 - Impulse Responses of Output in the Staggered Wage and Staggered Price
Models for Various Values of σ and θ

Panel (a): σ = θ = 2
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Figure 3.4 - Impulse Responses of the Real Wage in the Staggered Wage and Staggered
Price Models for Various Values of σ and θ
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