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We analyze the effect of labor income risk on the joint saving/portfolio-composition problem. It

is well known that when private insuran
income taxes can reduce overall saving through the precautionary saving motive. This insurance
may change the composition of saving as well, because the reduction in labor income risk may
affect the amount of financial risk that an individuai chooses to bear. We find that, given plausible
restrictions on preferences, any change in taxes that reduces an individual’s labor income risk and
does not make her worse off will lead her to invest more in risky assets. This result holds even when
labor income is statistically independent of the return to risky assets. We also find that the effect
of labor income risk on financial risk-taking can be quantitatively important for realistic chan
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in tax rates.
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What is the effect on saving of a reduction in current taxes combined with an offsetting increase
in taxes later in an individual’s life? In a world of perfect capital markets and no uncertainty, the
individual should save the entire amount of the tax cut. In the real world, however, people face
significant uncertainty about their future income, and because proportional or progressive income
taxes reduce the variance of income, those taxes provide insurance against this uncertainty. An

increase in future taxes increases this insurance and, t
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provided by higher future taxes may have another effect on saving as well: it may change the
composition of saving, because the reduction in labor income risk can affect the amount of financial
risk that an individual chooses to bear. In this paper

on the willingness to bear financial risk.

We study a two-period life-cycle model in which individuals make two choices: how much to
save in total, and how to divide that saving between a risky asset and a risk-free asset. We find

that, given plausible restrictions on preferences, any change in taxes that reduces an individual’s
labor income risk and does not make her worse off wiii iead her to invest more in the risky asset.
This result holds even when labor income is statistically independent of the return to the risky
asset, although not if the risky asset actually provides insurance for labor income risk. We also

find that the effect of labor income risk on financial risk-taking can be quantitatively important for

Consider again the deferral of labor income taxes with no change in the expected value within

neoclassical world with certain labor income, this tax reduction leaves na-
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tional saving unchanged by raising private saving as much as public saving falis. it aiso has no effect
on investment in the risky asset, because the future tax liability involves no risk and individuals
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income, however, our analysis shows that deferring labor income taxes raises investment in the
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desnrablln;y of risk-taking and the importance of the adverse selection problem that we discuss below: “This
income insurance [of progressive ta.xatlon] has the direct benefit of reducmg the income risk borne by individuals
themselves, shifting it to society as a whole, but it also provides an indireci benefii. Because housenolds will
be willing to bear more risk if they have access to income insurance, they will undertake investments (in both
financial and human capital, mcludmg intreased labor mobility) with greater risk and greater expected return.
Aggregated over all individuals, the effect of undertaking such investments is a higher expected national income.
Private markets will not offer such income insurance because the inherent difficulty of separating effort and luck
from an individual’s ability subjects private purveyors to adverse selection: those who expect poor outcomes
would be more likely to purchase the insurance. The income tax system, in contrast, applies to virtually all



to another risk.? Surprisingly, the effect of this tax deferral on overall saving becomes unclear once
we allow for changes in financial risk-taking. If the uncertainty of labor income were the only risk
faced by an individual, then the standard analysis would apply: the individual won 1sum
and national saving would fall. But when the individual has the opportunity to invest more in the
risky asset, the additional uncertainty that this action creates will tend to decrease consumption

and raise saving. In fact, we cannot rule out the possibility that this indirect precautionary effect

might outweigh the direct precautionary effect and produce a net increase in saving.

quantitatively important in people’s portfolio selections? We argue that it is likely to be important

Second, is encouraging greater financial risk-taking a sociaily desirabie or undesirabie feature of
labor income taxes? In their seminal paper on taxes and risk-taking, Domar and Musgrave (1944)
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not justify this claim, however, nor do most of the researchers who have followed them in work on
this topic. A complete investigation of this issue lies well beyond the scope of this paper, although
we can suggest several reasons why private markets mighi generate too littie risky investment.>
First and foremost is the lack of a complete market for human capital. Because human capital

risk is undiversifiable for an individual but largely diversifiable for society as a whole, there is no

presumption that individuals will undertake the socially optimal amount of risky investment in
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conditions can be approached more closely by diversifying idiosyncratic human capital risk through

Imperfections in the market for financial capital may inhibit risky investment as well. For

example, entrepreneurs may be unable to diversify away the idiosyncratic risk of their projects

economically active people, mitigating concerns with adverse selection.”

2 This result is closely related to the findings of Pratt and Zeckhauser (1987) and Kimball (1991) that, for a
broad class of utility functions, when an agent is forced to accept one risk, the agent will be less willing to
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because (a) Kimball links the interaction between risks to the effect of the risks on expected marginal utility,
which also governs consumption decisions, and (b) Kimball deals with differential changes in risk as well as
with the discrete introductions of risk treated by Prait and Zeckhauser.

We follow the literature in assuming that if individuals demand more risky assets, more risky projects will
be undertaken. For example, Feldstein ( 1983) asserts that “the net rates of return on capital in different

uses are not generally equal but: reflect t.he nsk-retum preferences of investors and their equlllbrlum portfolio
compositions” (p. 17). -

4 To evaluate this presumption, one would need to explain why there is no private insurance against human
capital risk. If the primary obstacle to private insurance is moral hazard, there is little reason to believe that
the government can improve on the private market outcome. If adverse selection is an important obstacle,
however, using the government’s coercive power of taxation may make possible a social gain. See footnote 1.
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because adverse selection discourages the participation of outside investors. Since entrepreneurs’
labor income is highly correlated with the return to their financial capital, increasing the labor
income tax rate is es

Third, the social return to risky investment will exceed the private return if there are tech-
her positive externalities from such investment. For example, Shleifer and
Vishny (1987) argue that aggregate demand externalities in an imperfectly competitive economy

make the optimal amount of risky investment greater than the amount chosen (in the absence of

levels may have powerful effects on financial risk-taking. Unfortunately, there is little theoretical or

the direction or size of these effects, as shown by Sandmo’s (1985) survey.
The paper is organized as follows. Section I discusses our work’s relationship to previous

research. Section II presents the model, and Section III gives the main results. Section IV considers

the quantitative significance of the resuits, and Section V concludes.

1. Relationship to the Literature

in its analysis of the effect of labor income taxes on the demand for risky assets, this paper
bridges two lines of research. The first is concerned with the role of income taxes in providing
insurance for risky labor income, and the resulting effect on the consumption/saving decision. The
starting point for this research is the analysis of the consumption/saving decision under uncertainty,

which began in earnest with Leland (1968)
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Sandmo (1970), Rothschild and Stiglitz (1971), and
Dréze and Modigliani (1972). Recent contributions include Skinner (1988), Zeldes (1989), Kimball
(1990a,b), Caballero (1990), Weil (1991), and Kimball and Weil (1991). Some research in this

group examines the aggregate demand efiects o

introduction. Other research evaluates the welfare effects of redistributive taxation—for example,

investment, and says little about the possible effects of these taxes on portfolio composition. For
example, Dréze and Modigliani discuss portfolio choices but determine only the conditions for their
separability from saving decisions and conclude that perfect
are essential for separation to hold. Varian determines the optimal tax schedule as a balancing of
the direct beneficial effect of social insurance on people’s utility and the detrimental effect of social

insurance on people’s saving. If it is appropriate to encourage investment in risky assets, then the

3



implicit insurance provided by taxes has an additional benefit neglected by Varian.

The second line of research is concerned with the role of capital taxes in providing insurance

artinoe tho amount of financial risk-takine in the ecanomv. Damar an
ecting the amount of inancial risk-taking in the economy. Domar an
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Musgrave (1944), and many following them, analyze optimal portfolio selection among a collection

of fully marketable securities. Some of this research (summarized by Sandmo, 1985) includes the

1 ALl

consumpuon/savmg decision (Danamo, 1565 and AnSsal, i5

r risky labor

a
income. Friend and Blume (1975) discuss the role of human capital in their empirical study of the

taxes as insurance. Feldstein (1969) notes that “the optimal portfolio behavior for an individual
is not independent of the uncertainty of his other income sources” (p. 762) but does not pursue

the idea. Davies and Whaiiey {1991) anaiyze the effects of taxes on human and physical capital

formation, but do not allow for uncertainty.
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of fundamental differences between the two assets. First, human capital can be acquired but not
resold-that is, human capital investment is irreversible except for a small amount of depreciation.
Thus, the timing of decisions to invest in human capital is different from that for investing in
most financial assets. Second, the return to human capital depends on both unobservable effort
and a large random element. This means that human capital risk is privately undiversifiable and

uninsurable. Third, the random element in human capital returns is largely idiosyncratic. This

provides the opportunity for the government to reduce each individual’s human capital risk without
taking on additional risk itself.®
This paper is also related to research on the possible ¢ crowdme in” of investment by government

debt. Consider a reduction in taxes today accompanied by an offsetting increase in taxes in the
future. Friedman (1978) argues that such a shift in the timing of taxes might reduce the cost of

equity capital (though it would raise the cost o

(it
Auerbach and Kotlikoff (1987) discuss crowding in that results

in saving caused by the transfer of some of the tax burden to future generations, crowding in will

occur. Our results show that crowding in of risky investment is in fact likely to occur, but for a

5 Merton (1983) shows that “a tax and transfer system not unlike the current social security system can reduce
or eliminate the economic ineﬂiciencies .t.hal; result from the nonmarketability of human capital. Merton is

~A alaka sl A
concerned with the effect of GGGTi r:yuu: labor income risk on financial ':sk—t.akmg, not .dzcsyncrct.‘, labor income

risk as in this paper.

His discussion of financial crowding out and crowding in abstracts from the real crowding out which would
occur in a fully-employed economy.



different reason than those previously discussed. We return to this point in the Conclusion.

II. The Joint Saving/Portfolio-Composition Problem in the Face of Labor Income Risk

Setting. Our analysis uses a simple two-period life-cycle model with additively separable

VRS LY,
uuilvy:
TTlo o — aif o) 1L B ol o (1)
Vit t ) = ) 7 & U )y \+)
S P RS S A ic carand_mermod congnmntian Doth mhoaluta niol narnnadan
wiere ¢ I1s nrst L-period LUubuuxpuUll culu C 1S SeCOoI1u-peLivu ubuulpuuu DO aUd01ULE TISK avETrdiOil

We assume that individuals earn a fixed amount of first-period labor income. That income
combined with anv initial wealth provides a fixed amount of wealth w to divide between first-
period consumption and saving. That saving can be invested in two assets—a risk-free bond with
a real after-tax gross return of R, and a risky equity with a real after-tax ezcess return of 2 (i.e.,
and repayment of the loan, the random amount $Z at the beginning of the second period).” We
assume that individuals can freely borrow or lend through the riskless asset and can freely invest
in (or short) the risky asset.

Let a be the dollar value of the individual’s investment in the risky asset at the end of the
first period (not to be confused with the share of the portfolio in the risky asset). Then at the
beginning of the second period, the value of all the individual’s investments will be R(w — c) + aZ.
We assume further that individuals hold risky human capital from which ti

the second period. The amount of human capital will be considered fixed as an approximation to

private insurance markets are assumed to be incomplete, leaving some amount of uninsured labor

income risk. Some of this risk may be due to the possibility of disability, but probably a more

ssuming that capital income taxes are linear.

8 GQee Kanbur (1981 ) and Driffill and Rngpn {1QR'%\ on the choice of how much human c.

=22 DUl =272

and Rosen (1980) on the choice of the rlskmess of human capital.

9 Bodie, Merton and Samuelson (1992) study the effect of future labor supply flexibility (as opposed to labor
income uncertainty) on the portfolio decisions of the young.
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important source of uninsurable income risk is the possibility of doing worse than expected in

one’s career. This risk is difficult to insure for both moral hazard reasons (one might be tempted

[rry

to exnend less effort
to expend less elior

n advancing one’s career if failure is cushioned by insurance) an

selection reasons (those who have private information that they will do poorly in the future will
be more likely to buy insurance than those who know they will do well). Providing insurance also
entails marketing and administrati

insurance are not important. As long we consider changes in tax parameters that are small enough

Thus, we model an individual’s second-period labor income as a random variable ¥ with a
fixed distribution. We want the joint distribution of iabor income y and the excess return Z to
reflect both idiosyncratic income risk and the empirically observed positive correlation between
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three components: a constant {, a mean-zero random variable ¢ independent of 2, plus a fraction

B of Z itself. Formally:
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(Note that § is not the mean of §, but the mean of the portion of y that is uncorreiated with z.)
As will be seen, our key conclusions hold even when 8 = 0.
The government redistributes labor income through a proportional tax on income above a

certain level (yo) and a proportional rebate on income below that level. Thus, after-tax income in

first-period labor income can be treated as if it were a lump-sum component of second-period labor

income taxes.

10 This strategy is shared by the papers cited at the beginning of the paragraph. Kaplow (1991) argues forcefully
that this approa.ch is not. adequate when the purpose of the st.udy, as in Vanan, is to Judge “the merits of
government insurance. But our goal is not to determine whether taxes are an efficient solution to private

imovsmnarman seanbaté Folliamar wea nivar nata th T, r
insurance market failure; we simply note the absence of private insurance and the existence of government

insurance, and study the effects of this situation on other features of the economic landscape.
11 See Barsky, Mankiw and Zeldes (1986).
12 Labor income taxes need not be linear as long as the contemplated change in labor income taxes is linear, since
one could let § represent after-tax labor income under the original tax policy and then let T represent a linear
surtax on what was originally after-tax labor income.
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Solution. Putting together everything above, maximizing (1) is equivalent to maximizing

max u(c) +Ev(R(w-c)+az+yo+ (1 - 7)(y+ €+ Bz — wo)).

—
(8]
~—-

To get to the heart of the mathematical structure of the problem, define £ = Rw+yo, A = (1 - 1),

=0+ (1-71)3, and h = § — yp + & Then (3) is equivalent to

max u(c) + Ev(z — Re+ \h + 63). (4)
Define the pair of functions C(z, A) and ©(z, A) as the solution to (4)—
(C(z,A),06(z, X)) = arg max u(c) + Ev(z — Rc+ Mh + 63). (5)
Then the solution to (3) is given by
=C(Rw+yo,1— 1) (6)
and
a*=O6(Rw+yy,1-1)—(1-1)8 )

Our goal is to analyze the effect of changes in the tax rate on c* and a*. Differentiating (7)

{using subscripts for partial derivatiives) reveals that
da* P A o
dr = -\ KW+ Yyo,l —T)+ P 8)

Thus, the effect of increasing the tax rate 7 on the amount of risky investment is always more

positive when 8 > 0 (there is a positive correlation between the returns on human capital and

~

financial assets) than it is when g = returns on human capital and financial assets are

0 (the
independent). In other words, when B > 0, any positive effect of labor income taxes on risky
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so that  does not aiter the effect of the tax rate 7 on consumption.

and dJL_, we must analyze the functions C'(z, A) and ©(z, A).

We begin by imposing some structure on the first and second-period utility functions «(-) and v(-).

First, we assume that u(-) and v(-) are both monotonically increasing, strictly concave functions
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that is, v(-) displays decreasing absolute risk aversion. This is a standard assumption that has a

sound empirical basis because it is necessary for risky investment to be a normal good (to vary

Decreasing absolute risk aversion also insures that v

ositivelv with wealth n
1ively witt ealtlh

p with wealth will be positive—

which implies a positive precautionary saving motive. Finally, we assume that

meaning that the precautionary saving motive decreases in strength with wes
Kimball (1990a,b), —v" /v"—or “absolute prudence” —measures the absolute strength of the pre-
cautionary saving motive, just as —v"” /v’ measures the absolute strength of risk aversion. Therefore,
the assumption in (11) is simply that the absolute strength of the precautionary saving motive is

13 and

decreasing in wealth (“decreasing absolute prudence”). This condition is plausible a priori,

is not very restrictive for utility functions that already exhibit decreasing absolute risk aversion,

in the sense that almost all commonly used utility functions with decreasing absolute risk aversion
L
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s not difficult to construct
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e now in a position to describe the effect of changes in the labor income tax rate on an
individual’s total saving and on an individual’s saving in a risky financial asset. We do so by proving
four propositions characterizing the functions C(z, A) and ©(z, A). Recall that ¢ is consumption in

the first period; z is the nonstochastic part of second-period wealth; A is 1 minus the future tax
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rate 7; and ¢ equais tne an ount of eXpiiCit TiSKy luvt:auucub, [+ 5 ylua the .mpl.at investment in the
risky asset through human capital, (1 - 7)83.

Because first-period wealth is held constant, the change in total saving equals the opposite of

13 Gee the arguments in Kimball (1990b), one of which is the following thought experiment: “Consider a college
professor who has $10,000 in the bank, and a Rockefeller who has a net worth of $10,000,000, who have the same
preferences except for their differences in initial wealth, If each is forced to face a coin toss at the beginning
of the next year, with $5,000 to be gained or lost depending on the outcome, which one will do more extra
savmg to be ready for the possibility of losing? If one’s answer is that the college professor will do more extra
saving, it argues for decreasing absolute prudence.” More mechanically, Kimball (1990b) shows that absolute
prudence is decreasing as long as the wealth elasticity of risk tolerance (which is always equal to 1 for constant
relative risk aversion ut,lln.y) does not increase too rapidly.

14 For example, all utility functions in the hyperbolic absolute risk aversion class that have (weakly) decreasing

absolute risk aversion (such as constant relative risk aversion or constant absolute risk aversion utility functions)
also have decreasing absolute prudence, and any mixture of utility functions that individually have decreasing
absolute prudence also has decreasing absolute prudence. Quadratic utility has (weakly) decreasing absolute
prudence but not the more basic property of decreasing absolute risk aversion.

3



complicated, however, because risky saving equals # minus (1 — 7). If the financial and human
capital risks are uncorrelated (3 = 0) the extra term disappears, and risky investment is measured

red below. If the risks are positively correlated, our results

are strengthened. In this case, a reduction in 7 lowers risky investment both by reducing 6 (as
shown below) and by increasing the “after-tax beta” of human capital (1 — 7)3. If the risks are
negaiively correlated, a reduction in 7 might increase risky investme

because additional risky investment would be desirable to help insure against the increased human

Which of these three cases is most likely? For most people, 3 is probably close to zero. That is,

their labor income risk is primarily idiosyncratic, and their financial risk is primarily aggregate.l®
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ve a su 3. Only

e 8. Only fo
countercyclical industries (for example, bankruptcy lawyers) will 5 be negative. Since we consider
the case of negative 8 atypical, but otherwise wish to be conservative, we concentrate on the case
of 3 = 0 to obtain a reasonable lower bound for the effect we are interested in.

We begin by considering the effects of an uncompensated change in future taxes; later we
include the effects of an offsetting change in current taxes. Given the assumptions of monotonicity,

concavity, decreasing absolute risk aversion and decreasing absolute prudence, one can prove the

Proofs can be found in Appendices A and

2 TV C LRSTs VT G

Proposition 1: Ifu/(-) > 0, u"(-) < 0, v'(-) > 0, v"(-) < 0, and v(-) exhibits decreasing absolute
risk aversion, then

Co(z,A) >0 (12)

and

A (» MY >0
8,(z,}) > 0. (13)

z k) ‘

Proving (12) requires only monotonicity and concavity. Proving (13) requires monotonicity,

concavity and decreasing absolute risk aversion. Neither (12) nor (13) depends on decreasing

absolute prudence.

15 Recall that one of the justifications for the distinction between financial and human capital is the much greater
difficulty in diversifying the latter.



Proposition 1 implies that the wealth expansion path for ¢ and 6 obtained by holding A fixed
and varying z is an upward-sloping line, as depicted in Figure 1. Proposition 2 implies that an

hifts the wealth expansion path downward—toward lower 8 for any given level of c.

increase in A shif

\ sk
In words, Proposition 2 says that a decrease in the future tar rate shifts the consumer’s optimum

toward less risky investment for any given level of consumption.®

Proposition 2: Ifu'(-) > 0, u"(-) < 0, v'(:) > 0, v""(-) < 0, and v(-) exhibits decreasing absolute

0.(z, \)Cx(2, A) — Ca(z, A)Ox(z, A) > 0. (14)

he expression in (14), ©,C — C183,

enough to guarantee that the dot product is aiways positive. This means that an increase in A
moves the point (c,6) at an acute angle to the downward perpendicular to the wealth expansion
path, and thus shifts the wealth expansion path down.

Note that the shift of the optimum toward less risky investment for any given level of consump-
tion does not mean that an individual will always undertake less risky investment. If a decrease in
the future tax rate results in a large enough increase in consumption, the individual’s risky invest-
icrease as well. Consumption in turn is affected by two opposing forces—the increase

in wealth due to the tax reduction tends to increase consumption, while the increased need for

precautionary saving due to the increase in risk tends to decrease consumption.

The key here is the expected value of the individual’s stochastic second- pernoo weau,n, n =

7 — yo + €, to which the tax is applied. If E & is very large, then a reduction in the tax rate produces
a }a,rge enough rise in expected after-tax income to override both the precautionary saving effect

after-tax income to override the precautionary saving effect and raise consumption, but not enough

to override the risk crowding effect and raise risky investment. And even smaller values of Eh

mean that a reduction in the tax rate lowers both consumption and risky

18 The simple statement here is for § = 0. if § > 0, the ievel of risky investment that goes along with any
given level of consumption will fall even more with a reduction in the tax rate 7. If 3 < 0, the level of risky
investment that goes along with any given level of consumption may rise with a reduction in the tax rate since
risky investment would provide insurance for the additional human capital risk.

i0



4 below characterizes the effect of taxes on consumption.

Proposition 3 is closely related to Proposition 2. To explain the connection, it is helpful
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“temperance” by Kimbali (1992

Dréze and Modigliani’s (1972

—is stronger than the precautionary savir

3
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finding that an increase in risk that leaves utility unchang
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1 (1992) summarizes these results

If decreasing absolute prudence makes temperance stronger than prudence, and decreasing ab-
solute risk aversion makes prudence stronger than risk aversion, then the combination of decreasing
absolute prudence and decreasing absolute risk aversion shot
than risk aversion. In particular, Proposition 3 shows that, given decreasing absolute risk aversion
and decreasing absolute prudence, even a compensated increase in independent labor income risk
to which an individual is indifferent leads to a reduction in independent risky investment.!” A

fortiori, any increase in independent labor income risk that is not compensated enough to make the

individual indifferent leads to a reduction in independent risky investment.
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Proposition 3: If u'(:) > 0, v”{-) < 0, v'{(:) > 0, v"(-) < 0, v{-) exhibits decreasing absolute risk

aversion and decreasing absolute prudence, and
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(c.6)=(C(z,)),O(z,2))
then
€x{z, A < 0. (16)

This result is exactly what is required to analyze equation (8) above. An increase in A represents

a decrease in the future tax rate and thus an increase in labor income risk. With no change in
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increased wealth may raise or lower utility. So, in what situations will condition (15) hold? Clearly,

17 Pratt and Zeckhauser (1987) note thatunder their assumptions, if a new insurance policy comes into the
market, anyone who voluntarily purchases the policy will do more of other risky investment. Proposition 3
says that the combination of decreasing absolute prudence and decreasing absolute risk aversion is enough to
guarantee that result even when the consumption/saving decision is integrated with the portfolio composition
decision.
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the precise nature of preferences plays an important role. For a given change in taxes, someone

with greater risk aversion is more likely to suffer a decline in utility and thus do less risky financial

characterize the restrictions on preferences that would be sufficient to guarantee condition (15) for

any possible tax change. Therefore, we try instead to characterize the types of tax changes that

1 o

wouid satisfy condition {15) for any preferences that meet o

r existing assumptions. We start with

the ambiguous implication for utility of a decrease in the future tax rate combined with no change

other words, the set of ina,dequateiy compensated changes in labor income risk necessariiy inciudes

tax changes that are intertemporally revenue-neutral.!®
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will be revenue-neitral? The answer depend
given to the model’s risky financial asset. Consider first the case where the risky financial asset
embodies the aggregate financial risk in the economy. Then a tax change is revenue-neutral if and
only if yo = §, or equivalently, iff Eh = E&é = 0. Tax revenue is not affected by idiosyncratic
labor income risk because of the law of large numbers.!® Tax revenue may appear to be a function
of the financial risk taken by individuals, except that the government can offset any change in its

financial risk-bearing through other actions in the financial market. If the government does use the
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risk-bearing is given directiy 'by the change in #. In this case, the deﬁning characteristic of a

revenue-neutral tax change is that it does not affect the expected present value of the part of labor
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Now consider the case where the risky financial asset represents idiosyncratic projects for

H H #n infAannmads H H 1 i
hich private information prevents adequate diversification of returns. Then a small tax change is
revenue-neutral if and only if
- D s =1 AT
n=Rii=i+ {4+ XEZ=u+60"E 2.
E4Y - g o 7 4 U
18 pemember that the model implies Ricardian equivalence for lump-sum taxes, so the timing of lump-sum taxes

is irrelevant.

19 Aggregate labor income risk will still affect both individual incomes and government revenue. Because the
government cannot insure individuals against this risk through redistributive taxes, we do not focus on it here.
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or equivalently, iff
Eh=Elj-w+&=-60"Ez<0.

In this second case, the effects on government revenue of both idiosyncratic labor income and

financial risks are canceled out by the law of large numbers. The inequality —6*E 2z < 0 follows

t the optimal exposure to a risk is always of the same sign as its expected value.

from the fact th

Since in this case taxes help to diversify financial as well as nonfinancial risks, taxes are more

valuable than in the first case where the risky asset represents aggregate financial risk. Thus, a

IS S | -
reveiiie-neutral rea the tax

case, so that Proposition 3 can be applied.

Nin

ni
wii €1

sition 3 effectively guarantees that an intertemporally revenue-neutral reduction in the future taz

rate leads to a reduction in financial risk-bearing.

r‘t\'nllnmr q
wOrSualy v

(N 0 o'{AS0
w ] S vy Uy v

\

1: IFu'()> 0
o A1 \’/\l

aversion and decreasing absolute prudence, and Eh <0, then ©,(z,)) < 0.

Intertemporally revenue-neutral tax changes include changes in the timing of income taxes
like those discussed by Barsky, Mankiw and Zeldes (1986) and Kimball and Mankiw (1989). By
Corollary 3.1, a postponement of labor income taxes—which appears here as an increase in 7 and

a reduction in A—crowds in risky investment.
To review, Proposition 3 says that a decrease in the future tax rate causes an individual to do

less risky saving as long as the individual is not made better off by the tax change. It might appear

that a similarly sirong resuit could be derived a

and total saving, but unfortunately this is not the case.
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settled by Leland (1968), Rothschild and Sti

vitu wy asciai

setting Leland (1968) shows that a single mean-zero risk leads to reduced consumption as lon

p OQ

u"” > 0. Rothschild and Stiglitz extend Leland’s result to mean-preserving spreads. Dreéze

Modigiiani show that any undesirable risk or undesirable increase in ihe scale o

[e]]

reduced consumption as long as absolute risk aversion is decreasing. This result indicates that in
the absence of an additional risky investment choice, a decrease in the labor income tax rate that

does not make the individual better off will lead to less consumption and more saving.
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What complicates the analysis of the precautionary saving effect in our model is the interaction
of the labor income risk and the financial asset risk. The direct effect of an imposed increase in

n the

the basic precautionary motive, But

situation we model there is an indirect effect as well: the induced decrease in financial capital
decrease saving through the same precautionary motive. The induced decrease in
. 1 e R . .

financial capital risk is sometimes large enough to reduce the overali riskiness of the individual’s

future income, and thus lead to a net reduction in precautionary saving. Thus, our main result

about the effect of human capital risk on other risk-taking creates ambiguity about the effect of
human capital risk tal saving
Appendix B provides a numerical counterexample to the idea that greater human capital

risk must lead to less first-period consumption and more saving. The counterexampie has a utility

function with decreasing absolute risk aversion and decreasing absolute prudence. For the parameter

!‘
!
)
s
]
)
!

vaiues chosen, even a mean-preserving scaling-iup of human capital risk increases consump
reduces saving through a strong negative effect on financial risk-taking. Appendix B also shows
that an increase in the mean of future labor income to compensate for the effect of the increased
risk on utility would reduce saving even more.

Thus, without further assum 1

one cannot prove that a scaling-up of human capital risk
raises saving. Yet, it seems appropriate to expect the direct effect to outweigh the indirect effect in

most circumstances. Can we identify some circumstances in which this will be true? In particular,

will increase total saving? By a mathematical connection, this question is equivalent to the question
eely varied will both be normal goods. Proposition

4 says that an individual will save more in response io an unpieasant iaz change whenever human

capital would be a normal good if its quantity could be freely varied.
Proposition 4: Ifu'(-) > 0, u"(-) <0, v'(:) > 0, v"(-) < 0 and

+Ah)) Y =0, (17)
|(c,6)=(C(z,)\),9(z‘,)\))

then Cy(z,A) < 0 if and only if the opiimai choice of A would have a positive wealth eiasticity at

(z,A).

Our two-period model assumes that individuals cannot change the amount of human capital
that they hold. If they could vary this amount, however, the changes in human capital risk that

result would be structurally equivalent to changes in (1 — 7), which equals A. Thus, condition

14



(17) says that the amount of human capital risk (captured by A) is optimal given the individual’s

mal choices of ¢ and 8. Using notation defined in Appendix A, Proposition 4 says that if th

1 Y. LUoillmg 22 2 13 21 LV cHlixX f 1, 2 10p0a2L0N0 T i i

[ dA*\

sign(C\) = —sign \ ) (18)

This result is exactly what is required to analyze equation (9) above. The economic logic
underlying Proposition 4 is a link between two aspects of individual behavior. One aspect of
behavior—the one we are concerned about here—is the effect on saving of an expected-utility-
preserving increase in labor income risk when the amount of risky financial capital can be chosen

vior—the one that is the basis for the proposition—is the effect of

standard portfolio problem with another

in wealth (and thus, saving). In both cases, the direct effect is a positive relationship: an increase
in risk will tend to raise saving, and an increase in wealth and saving will encourage more risk-

n both cases there is an offsetting, indirect effect that arises from the individual’s

endogenous adjustment of financial risk. This complementarity or substitutability is symmetric
across these two cases, which makes the condition in Proposition 4 a logical condition for the
problem we are interested in.

22

Proposition 4 has two corollaries.“* First, suppose that the second-period utility function

f financial asset holdi

IE.
w
=
:—P
5
0]
-]
-

ealth elas uman capital, since op

A T tim. .ment o asset holdings
ancels out any des:red changes in financial risk-bearing 1mph cit in change in human capital holdin
Therefore, one can assume without loss of generality that human capital and the financial asset have mdependent

22 Ag an aside there is alsoc one implausible set of assumptions that would guarante agrmality of b,
AS all asiiae, there is alsc cne IMPpiausio:e seyv o1 assumplions uila G guarancee nor maiity of b

therefore that an undesirable increase in human capital risk would lead to more saving: bhe combination of
increasing absolute prudence and decreasing absolute risk aversion. Increasing abolute prudence, by implying

15



is in the hyberbolic absolute risk aversion class and has decreasing absolute risk aversion. Then,

increases in wealth lead to equiproportionate increases in holdings of the risky assets, ensuring that
i1 IR X T 92 e . _ s, . . . . .
both risky assets are normai.> Thus, by Proposition 4, constant relative risk aversion implies that

onsumption and

any undesirable increase in labor income risk leads to a reduction in first-period c

rran Mo s orrasass rre

an increase in sauing.
Corollary 4.1: Ifu'(-) > 0, u"(-) < 0, v is of the form v(z) = ('x—f—-ozyl:, defined for z > zq, with
v > 0 (with v(z) = In(z — z¢) fory=1), and

a—U/\-(u(c)+Ev(:c-—Rc+02+/\i~z)) <0,
(¢,8)=(C(z,1),0(z,)))

n
uU.

IN

[ 1)
AL, A)

Second, suppose that one of the two risks has a two-point distribution. Given decreasing

absolute risk aversion, the other risk will be normal (a result that is new with this paper). Thus,

by Pronosition 4 gf the rgsky ﬁnanm ! asset has a two

Lopeiuiil =y vl v w

hattanar anas siss Aol L1
vuoeivie, anly unaesiraule increase

in labor income risk leads to a reduction in first-period consumption and an increase in saving:
Corollary 4.2: If u'(*) > 0, u"(-) < 0, v'(:) > 0, v"(-) < 0, v(-) exhibits decreasing absolute risk

aversion, % is a two-point risk, and

then Cy\(z,)) < 0.

In summary, it still appears somewhat likely that an undesirable increase in human capital
risk will reduce first-period consumption and raise saving. Yet, if the financial risk has more than
a two-point distribution and the utility function does not exhibit constant relative risk aversion, it

is possible for an undesirable increase in human capital risk to raise first-period consumption and

lower saving.?4

complementarity between two independent assets, would guarantee that the optimal quantities of the two assets
would go up and down together and so guarantee positive wealth elasticities. Even beyond the arguments given
above for decreasing absolute prudence, these assumptions are an implausible combination: given monotonicity,
concavity, and the Inada condition at infinity {u'{co) = 0), globally increasing absoluie prudence impiies
globally increasing absolute risk aversion (as one can see by reversing the direction of the proof in Kimball
(1993, Appendix B)).

In this vein, Hart (1975) shows that conditions stringent enough to guarantee that the miz of risky securities
does not depend on wealth, together with decreasing absolute risk aversion, guarantee a positive wealth elasticity
for every security.

N
[

24 - . . . . . . . .
Indeed, the numerical counterexample in Appendix R involves only a three-point distribution for the fnancial



IV. A Numerical Illustration

as the effect of human capital risk on consumption, while Proposition 3 shows that the effect is

m 4 1 . .

east as strong as the effect of human capital risk on utiiity. Thus, these results imply that

o
ct
—

changes in taxes that reduce labor income risk can have a noticeable effect on financial risk-taking.

provide more direct evidence on t we present the following simpie

=)

b

numerical illustration.
We interpret our model as a life-cycle model, with each period lasting one generation. Let the

utility function be

U = 5[In(c1) + Eln(&)],

initial resources to 2. The factor of .5 on the utility
function means that a 1 percent increase in overall resources produces a .01 increase in utility. In
the absence of human capita ¢ and an
choose to consume 1 in each period, and would achieve a total utility of 0.

Now introduce a financial risk-taking opportunity. Suppose that borrowing one unit to invest
in the risky asset has an equal chance of yieiding .5 or -.25; that is, 3 = .5 with probability one-
half and -.25 with probability one-half. It is easy to calculate that in the absence of any human
capital risk, the agent will continue to consume 1 in the first period and invest 1 in the risky asset.
Consumption in the second period will be 1.5 or .75 with equal probability, and expected utility
will be .03.

Finally, we add human capital risk, with a mean-zero symmetric two-point distribution, whose

~

standard deviation after taxes is (1 — 7)o,. Table 1 shows optimal values of 8, ¢, and U for values

o

of (1 — 7)o, between 0 and 1. Note that §, ¢, and U are measured in comparable units, with

a difference of .01 representing the effect of a 1 percent change in scale.?’ Table 1 confirms the

f human capital risk on risky investment is greater

risk, a small mean-zero human capital risk, and a utility function that is the sum of two logarithmic utility
functions with different origins, so there is not much room to strengthen Corollaries 4.1 and 4.2. Note that
a utility function that is the sum of two logarithmic utility functions could arise as a reduced form from an
underlying logarithmic utility function with a third background risk. Thus, there is no way to extend Corollary
4.1 to allow for such a third (exogenous) risk. Corollary 4.2 can readily be extended to such a situation, since
the financial risk would still have a two-point distribution, and decreasing absolute risk aversion is unaltered
by a background risk.

“® This statement is always irue for U, and is irue for § and ¢ when they are near 1. Taking logarithms of  and
¢ would make the comparison more exact.
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than its effect on consumption, which is in turn greater than its effect on utility.

(1-7)o, 0 ¢ U

0 1 1 .03
.1 99 .99 .03
2 95 .98 .02
3 89 .95 .00
4 82 .92 -.01
.5 75 .88 —.04
.6 .68 .84 -—-.07
T b1 .79 -.10
.8 54 74 —.14
S 48 .65 -.15
1.0 42 63 -.24

If the standard deviation of future labor income is .5 (within the range studied by Barsky,
Mankiw and Zeldes (1986)), then raising the future marginal tax rate from 0 to 20 percent causes

(i — Tjoy to deciine from .5 to .4. Table 1 shows that this 20 percentage point increase in the

tax rate produces close to a 10 percent increase in risky investment (from .75 to .82). Thus, the
semi-elasticity of risky investment with respect to the future tax rate is roughly one-half. A 20

percentage point increase in the tax rate fro
increase in risky investment (from .82 to .89)

The size of this effect is sensitive to the amount of human capital risk, as one would expect.
If the standard deviation of future labor income is .4, for example, then an increase in the future
from O to 25% produces an 8 percent increase in risky investment, for a semi-
elasticity of roughly one-third. As human capital risk declines further, the semi-elasticity of risky
investment with respect to the tax rate declines as well.

There is also some direct empirical evidence that the effect of human capital risk on financial

risk-taking can be substantial. Guiso, Jappelli

of Italian households using the Survey of Income and Wealth. Their estimates suggest that th

o

elimination of income uncertainty would increase the portfolio share of risky assets by 2 to 14

VI 4a 2] I 1 P’ 1 )
percentage points {Tables 5 and 7).

V. Conclusion
A narn lakhan tnmarmna to ~Fba s 0o ___I_.'_Ll, - N . ane N
O €arn 1a007 INCoine IS oiten tneir most valuable a SSet; DUt thls asset

a large and mostly unmarketable risk. A decrease in current taxes combined with
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against this risk. (And because most labor income risk is idiosyncratic, individual uncertainty can

7, et mAvraanee -

VEeIiinent reveiniuie. } arsxy Mlankiw and Zeides
(1986) show that the reduction in idiosyncratic labor income risk acts through the precautionary
saving motive to reduce saving relative to a Ricardian benchmark. In this paper we show that the
reduction in idiosyncratic iabor income risk affects portfolio decisions as well.

We analyze the effect of labor income risk on the joint saving/portfolio-composition decision
in a two-period model. We show that, given piausibie restrictions on preferences, any change in
taxes that reduces an individual’s labor income risk and does not make her worse off will lead her
to invest more in a risky security, even if its return is statistically independent of the labor income
risk. A deferral of labor income taxes with no change in their expected present value is one such

tax change.

An additional curious result is that the effect of labor income risk on portfolio composition can

[¢"]

be so powerful that consequent indirect effects overturn the usual positive effect of labor incom

risk on overall saving that is familiar from the precautionary saving literature. Ruling out this

possibility requires relatively strict assumptions, such as constant relative risk aversion or a two-

ment. Suppose that the government reduces taxes today and raises taxes in the future, although
not necessarily by a corresponding amount. The results in Section III imply that this increase in
g will crowd in risky investment whenever any of the foliowing conditions is satisfied:
(1) the expected present value of taxes faced by an individual is unchanged—i.e., there is a change

only in the timing of taxes (Corollary 3.1);

(2) the increased future taxes have a strong enough insurance effect that the policy raises expected

wding in will occur when the government reduces

taxes now and pays off the debt with higher taxes in the future.?® But our results are based on

26 Frankel (1985) estimates that portfolio effects on rates of return are very small, but that crowding in of equity
investment is more hkely than crowdmg out. We can foresee two ways in which an empirical analysns based on
our approach woulid differ from Frankei’s. First, Frankel does not aliow for the effects of future tax liabilities,
which play an important role in our analysis. Second, Frankel constrains government debt to affect asset
demands only through changes in the market portfolio, and therefore through the covariances of asset returns
with the market portfolio. In our approach, the risk aversion of the indirect unht.y function depends on expected

4‘..4".-.. taw wata
wure v

~L o~
aX Tauves; ﬁhcncfunc, \,hausxus those rates <raiiges the markei risk premlum
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a neoclassical foundation of expected utility maximization in the absence of complete insurance

markets. Moreover, individuals in our model are fully aware of their future tax liabilities, which

allows us to show that financial croWding in can coexist with Ricardian equivalence of lump-sum

tax reschedulings.

Thus, our analysis establishes clear results about the effect of labor income risk on investment

in other risky assets,?” but casts some doubt on the generality of previous results about the effect

of labor income risk on total saving.?®

27

28

It may be surprising that we can establish such clear results about labor income taxes and financial risk-taking
when the literature on capital income taxes and financial risk-taking is replete with ambiguities. The main
explanation for the difference is that individuals cannot trade away their risky human capital in the way that
they can trade away risky financial assets.

One direction for further research is to extend our results to models with more than two periods. Kimball
(1990b) gives one idea of how this might be done. In a multiperiod model, the absolute risk aversion of the
value function is equal to the product of the absolute risk aversion of the underlying period utility function and
the marginal propensity to consume out of wealth. Under conditions similar to those we assume, idiosyncratic
labor income risk raises the absolute risk aversion of the value function both by raising the marginal propensity
to consume out of wealth and by raising the absolute risk aversion of the underlying period utility function
through lowering consumption. Equivalently, Breeden (1986) finds that for continuous-time diffusion processes,
the expected rate of return differential between risky and riskless securities should be equal to the product of an
agent’s underlying risk aversion and the covariance of the rate of return differential with consumption growth.
Grossman and Shiller (1982) show that this relationship can be aggregated: the market risk premium should
be equal to the product of a weighted average of agents’ underlying risk aversions and the covariance between
the rate of return differential and aggregate consumption growth. Idiosyncratic labor income risk raises the
premium for holding risky assets in two ways: by lowering consumption, and therefore underlying risk aversion,
and by raising the marginal propensity to consume out of wealth and therefore the covariance of consumption
with the returns on risky securities in which agents have substantial positions.
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Then
(C(z,)),0(z,\) = argmax J(c,0: 2, )\). (A.2)
\ AY ad \ 7 77 o c‘s \77 7 7 VA \IA.Q/

nondegenerate and statistically independent of each other and that u'(-) > 0, v”(-) < 0, v'(:) > 0,

v”(-) < 0. Lemmas 3 and 4 rely in addition on v having decreasing absolute risk aversion. Lemma

walina A as PG PUAVESE [, 4 4 . . . -
5 relies on v having decreasing absolute prudence, bui does not rely on decreasing absolute risk

aversion. Subscripts denote partial derivatives.

Lemma 1: For all ¢, 8, ¢ and A,

JAe B2 NN=R2J (e 8:2 N\ La"( (A 2
CC\™ b} b ] A A G S I Rl IAY IR G ] \ﬂ-o}
ch(c,O;z,)\) = —RJ1‘9(C’ 9;2:,/\), (A4)
Jez(c,0;2,)) = =Rz (c, 652, M), (A.5)
Jea(e, 052, A) = —RJzx(c, 0; 2, A), (A.6)
Jog <0 (A7)
and
J.. -~ N /A o©
JAA K U (A.0)
Daen - NN dlnd A 1) _
I Irouvl. Ullicereliviale \ﬂ 1} ]
Lemima 2: Forall ¢, 8, z and A,
Jecdog — J2% > R:[Jozdos — J2,] > 0, (A.9)
Jeedar = I3 > R [ Joodan — J2,] > 0, (A.10)
T 7 72 o

—~
ms
.
s
[

——

n
Yeevrr — Yeor -~ Y
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and

Jog I — J,g/\ > 0. (A.l?)

Proof. Any sum of concave functions and any expectation over concave functions is concave. Since
both u and v are jointly concave in all ¢, 6, z, A for particular realizations of Z and iz, the function
J is jointly concave in all four arguments. The strict inequalities follow from u"(-) < 0, v"(-) < 0,

(A.7), (A.8) and from the nondegeneracy and independence of 7 and h.%%s

Lemma 3: For any random variable G, the derived utility function
o(z) = Ev(z + §) (A.13)

inherits decreasing absolute risk aversion from v.

Proof. Both Nachman (1982) and Kihlstrom, Romer and Williams (1981) give proofs of Lemma
3. Since decreasing absolute risk aversion is equivalent to convexity of In(v’(z)), Lemma 3 is a
consequence of Artin’s 1931 Theorem that log-convexity is preserved under expectations. Marshall
and Olkin (1979) give a particularly simple proof of Artin’s theorem based on the fact that any sum
of or expectation over positive semidefinite matrices is positive semidefinite. Decreasing absolute
risk aversion of v implies convexity of In(v'(z + §)) for each realization of §, which is equivalent to

positive semidefiniteness of the matrix

v'(z + §) v'(z+§+96)
[v'(z+6+6) v'(z+q+25)]' (A.14)

This implies positive definiteness of

Ev'(z + §) Ev'(z+ ¢+ 9) (A.15)
Ev(z+¢+46) Ev'(z+ 3+ 26) '
and decreasing absolute risk aversion for o(:).m

Lemma 4: If 8 > 0, then Jyz(c,0;2, ) > 0 wherever Jy(c,8;z,\) < 0. Similarly, if A > 0, then
JIrz(c,8;z,A) > 0 wherever Jy(c,0;2,A) <0.

Proof. By the symmetry between 6 and A in the definition of J (A.1), proving one half of Lemma
4 is enough to prove both halves. Letting ¢ = A — Rein (A.13),

Jo(c,8;2,)) = E3v'(z — Rc+ 6% + \h) = E 30/ (¢ + 03) (A.16)

29 The Cauchy-Schwartz inequalities which apply to the expanded versions of (A.9-A.12) hold with equality only
when the random variables are perfectly correlated or when one of the random variables is degenerate.
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and

. ool 5 A 54 z -
Jos(c,0;2,A) = EZv"(z — Re+ 02+ Ah) = E 28" (z + 03) (A.17)
. ~ 7 . . 3 ~ o' >
because of the independence of Z and h. Decreasing absolute risk aversion of ¢ makes %J,(:_t—g an
increasing function of Z, so that
v"(z +62) 0" (z)
vi(z+60z) v(z)
has the same sign as 2. Thus,
Jo(c, 0z, \)=EZ0'{(z +02) < © (A.18)
implies
~alt ~
Joz(c,0;2,A) = E 20" (z + 0% (A.19)
S Bz 03 "(z) .,
>Ezo"(z + 62) — 57(z) E z0'(z + 02)
[0"(z +82) ©"(z)]
=Ez|— ~ - o' (z + 6%)
v'(z+02) ()
>0m
Lemma 5: For any ¢, z,0 <0 and A > 0,
Joale, 852, Moale, 852, 0) — Joz{c, 82, Ny aele, 8;2,0) > O (A.20)

Proof. Decreasing absolute prudence is equivalent to convexity of In(—v"). Therefore, for any four

quantities 2y, 22, hy and hy,

In(—v"(z+02z1+ Ah1)) +In(=v" (2482, +Ah2)) > In(=v"(z+ 62 + Ah2)) +1n(=v" (z + 02, + Ahy))
(A.21)

always has the same sign as (z3 — 2;) (g — hy). Thus, if 3, 3, hy and h, are mutually independent
random variables with Z, and Z; having the same distribution as 2, and k; and ho having the same

distribution as &, then
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Joa(c, 05z, N Jzz(c, 052, A) — Joz(c, 05 2, A)az(c, 052, ) (A.22)
= {Ezhv"(c + 02 + MA)}{Ev"(z + 02 + \h)}
—{Ezv"(z + 0% + M) H{Ehv" (z + 07 + A\h)}
- iE (2 = 51) (B2 — BO[" (2 + 031 + Mha)v" (c + 635 + Mho)
— 0" (z + 02 + Aho)v" (z + 02, + Mhy)]

>0m

Remark: If v exhibits increasing absolute prudence over the interval of interest, essentially the
same proof can be used to show that JorJzz — JozJrz < 0. This converse to Lemma 5 allows one

to establish the converse to Proposition 2.s

Proof of Proposition 1

The agent’s problem can be rewritten as

max J(¢e,0;z,A). (A.23)
The first-order conditions are
Jo(C(z,A),0(z, A);z,A) = 0 (A.24)
and
Jo(C(z,A),0(z,\);z,A) =0 (A.25)

Differentiating (A.24) and (A.25) with respect to z and A and arranging the results in matrix form

yields
Jcc Jcﬂ] [Cz C/\] _ [ch JCA]
[Jca Joo | O Oxn] | Joz Jar|’ (4.26)
Define
Jee Jeo
A= L. .

[Jco Joa] : (4.27)

Then by Lemma 1,

- 1 J -J
A 1 _ L] cé

']chOO - Jgg [—Jco Jcc ] (A28)

— Al Jog RJgy
RJg: R J,z+u" ]’
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where

an

9)

(A2
by Lemma 2. Multiplying both sides of (A.26) on the left by A~! and restricting our attention for

now to the left column of the resuit,

[c.1 4t [J..]
o) = 12x] (430
rr. DT 1 frM_nr 1
— _A-l | J66 P I l NJgg
RT. 27 Lot T,
LEwix 1L vy T w J L JHr J
| - >0 1
- H(Jogdrx — I
=A 1 z .
|
The effect of wealth on ¢ given by C, is positive by Lemma 2. The effect of wealth on 8 given by

DPranf Af Drnanacitiam 9
4 AUUL Ul 1 1UPUDILIVIL &
Since the determinant of the product of two matrices ic ananal ta tha nradnet of tha dotanas?
r (824 T ALMQRULILTO G0 TYuar vwovne pivuuly O1 uil€ aeverini-
nants, (A.26) implies
2
[Jeedos — J)[CoOn — CrO] = —[Jexdon — Jerdp] (A.31)
and therefore
Jezdor — Jeadea]
C
[CrO, ~ C.0,] = (A.32)

ror 7 72 1
[ecJos — J2]
R
= —[Jordzz — J. =Jaz)
A

>0,

by Lemma 1, Lemma 5 and (A.29).s

amarl-e e nntoad in tho romarl +tA T amma B ineranaina ahonlostn ovmee doee o~ o _
ARTLLGER. A5 BULCU L wiC diHIalR O Leillidia J, HITITESIiNg a0s01lite pruaence on any interval
implies that JgrJzz — JozJaz < 0, and therefore that C1©, — C;0, < 0. Since it is always possible

Calenlatine (O and O, iuct as wa caleulatad (7 and O (that $a he wnnlefoloo L1 2 ¢
..... RS LA SUU ) gUSL 45 WE tailuidch v 4l g (bildu 15, Oy MiuIipiying ooin sides o1
A.26 on the left by A~1),
Mes L rs ;\1
—_ _ A c
la. | =-47" 7] (A.33)
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— _A-l Jos RJg. —RJ
RJy, R2J1x+ull Jox

— A1 R(JggJcn — JozJaxr)
R*(Jogdor — Jexdor) — v Jor |

Lemma 5 implies that R?(JgzJzx — JzzJex) < 0. Moreover, since J;; < 0, Lemma 5 implies that
(A.34)

The first-order condition Jy = 0, together with Lemma 4, implies that Jg, > 0, and the assumption
of Proposition 3 that J, < 0, together with Lemma 4, implies that Jx; > 0. Therefore, (A.34)

guarantees that

"y sz
-—u"Jo,\ < —u——:;——')‘— < 0. (A.35)

Thus, ©) < 0 whenever J) < 0=
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JogJdex — JozJor = [E*0"(z — Re+ M+ 02)][E hv"(z — Re+ Ak + 63))]
— [E2v"(z ~ Re+ Ah + 63)][E 2hv" (z — Re + Mh + 6z)].
The effect of a small mean-zero risk A that is independent of 3 can be analyzed by taking a second-
order Taylor expansion around h = 0 and then taking the expectation over A to obtain the m marginal
| T S I nk A

ribution over Z. With the assumption Eh = § eliminating the expectation of the first-order

terms in the Taylor expansion, this yields

JooJzr — Jazdor = [E 20" (z — Re+ 02))[0}E v"'(z — Re + 63)]
— [Ezv"(z — Re + 02)][ahE 20" (z — Re + 02)] + o(0?).

fi on saving has the same sign as

[EZ*0"(c — Re+ 02)[Ev"'(z — Re+ 02)] — [E 20" (2 — Re + 03)][E 30" (z — Re + 83)].

N

Now, let

...... A

where A is a large p wmber. Let 2 — Re= 5. It is always easy to choose a first-period utility

function u and values for z and c to satisfy the first-order condition for optimal consumption. Let
Z equal -4 with probability .5 — %, -2 with probability .5 — ﬁ-, and A? with probability 274{. Choose
¢ so that = 1 becomes the optimal amount of % as k gets very small. That is, choose & to satisfy

CJ’l

td
e
3
—
&2
|
()
+
bt

\ [ 28A% 14A2 26 [ , TA4 ]
J1

]
~14 - e
A4 AB-1 T alrT *2(5+A2+A3)_|
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E#Zy"(A\Ro"() —Ez3"(\E 3" (V= — >0
EZv'()EvT() -EZ (JEXwT() = = >0
Thus, if A gets small enough and A gets big enough, C becomes positive. Since C, is always
positive, adding a positive constant to the mean-zero human capital risk A can only make C more
strongly positive. =
oO°v
Proof of Proposition 4
From (A.33),
[N 2 RSV U N U U A S ¢ 4 7 .\ /1N
sign(Ca(z, A)) = sign{Jggdzx — JozJgnr)- (B.1)
If A were chosen optimally, the first-order condition
Ia(e,8;2,A) =0 (B.2)
would always hold. All three of the variables ¢, # and A would be functions of z alone. Differentiating

[Jee Joo Ja][%]  [Ve]
[Jeo Joo Jox| | | =— | Joz | (B.3)
LJex Joa Jan] [ 42| L Jaz ]
Define
rr 7 7 .1
I Jec Jcb Jed l
B = l ch Jga J(;,\ l . (34)
2 A A
LYcA vdx YAAX]
By Cramer’s rule,
d)\* -1 Jcc Jce ch: I
—— == |Jes Jos Joz | (B.5)
T T Jan g

u" Jce ']ca: I
=-—=c|0 Jos Jor |
det(B) | Jox s l

= m[foejx)‘ — JezJanrl,

s \L

where the second line results from subtracting R times the third column from the first column of

s

Al 3 et a4 .. 4l PO +L A aad 13 Q:
the delermnliinaliiu 11 Lie Nnuinerdiuor Ol Lile 1Ly 11ne. ol

det(B) < 0 and




Proof of Corollary 4.1

If

Ehv'(Z — Re4+ A +05) = EA(E — Re— 2o + Ah+02)77 =0

and

EEU'(f—RC+/\F¢+0§)=E§(£—Rc—zo+,\ﬁ+62 -’Y=0’
then for any & > Rc + zo,

— Re— 1z

Eiz(x_Rc._zO_l.[; _x_—_._R_c..—.._zg

Ah+ | 02)"" =0

— Re—z9 Z—Rc— 1z
and
Tz -~ Rec—zq 5 z—Re—xo .

Ef(l’ — Re — z¢ + [m/\]h‘f- [mﬂz)_"f = 0.

(B.10)

Therefore, if they were both freely chosen, the optimal values of A and 6 would be proportional to

r — Rc — zo, guaranteeing that both would increase with z.a
Proof of Corollary 4.2

By (A.33), in order to prove the corollary, we must show that

JosJzx — JozJor <0

when 2 has a two point distribution. Given the fact that Jgs < 0, this is equivalent to

de
J)\:z; +JJ\GIE' Z 0,

where

40 _ _ Jox
dz = Jge

(B.11)

(B.12)

is the optimal adjustment in § when z changes with A remaining fixed. With A held fixed, Ahis a

fixed background risk, and the decreasing absolute risk aversion of v is enough to guarantee that

28 > .

dr =

Denote the two possible realizations of Z as 2y, which occurs with probability p, and z3, which

occurs with probability (1 — p). Then, the equation Jy = 0, which characterizes an optimal value

of 8, becomes
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pzuE[v'(z — Re+ 82 + AR)] + (1 — p)»E[v'(z — Re+ 0z, + AR)] =0, (B.13)

where the expectations denoted by E here are only over h. (Note the use of independence between
7 and h in expanding out the expectation over %.) Clearly, (B.13) requires z; and z, to be of
opposite signs. Without loss of generality, let z; > 0 > 2.

Taking the derivative of (B.13) with respect to z, with # adjusting to maintain this first-order

condition, yields

dé ~ de -
pa (14250 BW(a = Rt 631 4 3R]+ (1= 2122 (142 7 ) BI (o = Re-+ 620 4 AR)] =0.

dz
(B.14)
Since z; > 0 > 21, equation (B.14) implies that both (1 + 29 %) and (1 + 2z %) are of the same
sign and therefore both positive.

Turning to the quantity of interest, (B.11) can be expanded to

do o\ - . )
Ire+Ie=—=p( 1+ 21— | E[hv"(z — Rc+ 6z, + \h)] (B.15)
dz dz
db 72,0t ~
+(1=p) (1+ 225 )| E[hv"(z — Re+ 62, + Ah)]
>0

Dividing (B.15) by the negative quantity

de = de -
—pz1 (1 + 21%) E[v"(z — Re+ 60z + Ah)] = (1 - p) (1 + 2 ﬂ) E[v"(z — Rc+ 8z + Ah)],

(B.15) becomes

1 E[hv"(z — Rc+ 0z + Ah)] iE[iw”(m — Re+ 0z, + Ah)) <0 (B.16)
(-21) E[v"(z — Rc+ 0z, + Ak)] 22 E[v"(z — Rc+ 0z + AR)] ~ '

In order to prove (B.16), use the stipulation that at the point in question, Jy, < 0, or in

expanded form,

pERv'(z — Re+ 02 + Ah) + (1 — p)Ehv'(z — Re+ 8z, + Ah) = 0. (B.17)
Dividing (B.17) by the positive quantity
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v'(z — Re+ 6z + /\ﬂ)J __l_E [iw’(x — fct 6z + ’\;l”
v'(z — Re+ 6z +Ah)] 2 E[v'(z — Re+ 60z +Ab)] ~

Note that except for involving the first derivative of v instead of the second, (B.18) is of the same

E[hv(z — Re+ 0z; + Ah)]

;= —. B.19
" E[v"(z — Rc+ 0z + Ah)] ( )
Decreasing absolute risk aversion, which guarantees that —uv” falls faster than ' in proportional
terms, implies that for any scalar realization i of the random variabie iz,
. JV'(x = Re+ 6z, + \h) | V' (x — Rc+ 0z; + \h) L
(h M <in ; (B.20)
7o (z — Rc+ 0z; + ;) v(x—Rc+02,+/\'n.)
Taking expectations of both sides of (B.20) over random A,
E[hv"(z — Re+ 8z + Ah)] — ;B [v"(z — Re + 8z; + AR)]
(B.21)
z— Rc+ 8z

left-hand side of (B.21) is also less than or equal to zero, implying

E[hv"(z — Re+6zi+ \h)] _ E[hv'(z — Re+ 0z + AR)]
E[v'(z - Re4 0z + AR)] ~ " E[v'(z — Re+ 0z + AR)] |

-n L. n 10} ¢ _12__ /T 10\
iereiore, (b.1o) uupueb \D-lU}.I

Intuitively, the key to the proof is that with a two-point distribution for z, an increase in =z
with its consequent increase in @ leads to an increase in z — Rc + 0z; for both 4 = 1 and i = 2.

This increase in  — Rc + 6z; leads to an increase in the marginal benefit of higher A relative to

(=8
I
O
N
i3
a
®
c+
>
o
o
Q
3

the expected marginal utility »’ for both 7 =1 an

that the importance of expected marginal utility for 7 = 1 and i = 2 is in a fixed ratio, this leads

to an increase in the overall marginal benefit of .
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