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Abstract

In this paper, we structurally model uncertainty with a micro-founded model, and
investigate its implications for optimal monetary policy. Uncertainty about deep
parameters of the model implies that the central bank simultaneously faces both
uncertainty about the structural dynamic equations and about the social loss function.
Considering both uncertainties with cross-parameter restrictions based on the
micro-foundations of the model, we use Bayesian methods to determine the optimal
monetary policy that minimizes the expected loss. Our analysis shows how
uncertainty can lead the central bank to pursue a more aggressive monetary policy,
overturning Brainard’s common wisdom. As the degree of uncertainty about inflation
dynamics increases, the central bank should place much more weight on price stability,
and should respond to shocks more aggressively. In addition, when the central bank is
uncertain about output dynamics, an aggressive policy response can be justified by the
positive correlation between policy multiplier and transmission of natural rate of
interest shock as well as the effect of loss-function uncertainty. We also show that
combining a more aggressive policy response with a highly inertial interest rate policy
reduces Bayesian risk.
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1. Introduction

With the New Keynesian Phillips curve, many recent studies have provided rich
implications for the conduct of monetary policy. The New Keynesian Phillips curve
can be derived from a variety of supply-side models." For example, it can be described
as the staggered price determination that emerges from a monopolistically competitive
firm’s optimal behavior in Calvo’s (1983) model. Roughly speaking, firms set nominal
prices based on the expectations of future marginal costs. However, the New
Keynesian Phillips curve has been criticized for failing to match the short-run
dynamics exhibited by inflation.> Specifically, inflation seems to respond sluggishly
and display significant persistence in the face of shocks, while the New Keynesian
Phillips curve allows current inflation to be a jump variable that can respond
immediately to any disturbance.

In order to solve this empirical defect of the New Keynesian Phillips curve,
several studies have proposed a hybrid Phillips curve while keeping a
micro-foundation.” This Phillips curve is a modified inflation adjustment equation
which incorporates endogenous persistence by including the lagged inflation rate in the
New Keynesian Phillips curve. That is, it nests a purely forward-looking Phillips curve
as a particular case, and allows for a fraction of firms that use a backward-looking rule
to set prices. Increasing attention has been recently given to the estimation of the
hybrid Phillips curve. However, the estimation results vary greatly among studies.
That is, there has not been any empirical consensus about what fraction of firms follow
arule of thumb. This implies that the central bank faces uncertainty about the degree of
inflation persistence, which the existing literature has identified as one of the most

critical parameters affecting the performance of monetary policy.’

' See Roberts (1995).
? See, for example, Fuhrer (1997), Mankiw (2001), and Estrella and Fuhrer (2002).

3 See Gali and Gertler (1999), Amato and Laubach (2003), Steinsson (2003), and Giannoni and
Woodford (2003).

* See, for example, Fuhrer (1997), Gali and Gertler (1999), Rudebusch (2002), Roberts (2001), Gali et
al. (2001), Kimura and Kurozumi (2004), and Giannoni and Woodford (2003).

> When inflation dynamics can be described as the purely forward-looking New Keynesian Phillips



In this study, we first investigate how the central bank should conduct monetary
policy under uncertainty about inflation persistence. We use Bayesian methods to
determine the optimal monetary policy that minimizes the expected social welfare loss,
given a prior distribution on some uncertain parameters. This approach, initially started
by Brainard (1967), has recently been followed by Estrella and Mishkin (1999), Hall et
al. (1999), Martin and Salmon (1999), Svensson (1999), Sack (2000), among others.
These studies support Brainard’s results that optimal policy should be less aggressive
in the face of parameter uncertainty.® One notable exception is Soderstrom (2002),
who finds that uncertainty about inflation persistence leads the central bank to pursue a
more aggressive monetary policy.” His analysis is based on a backward-looking model
of Svensson (1997) type with the Old Keynesian Phillips curve, and he assumes that
the coefficient on lagged inflation in that Phillips curve is allowed to take values
different from unity in order to introduce parameter uncertainty.

Instead of a backward-looking model, we use a micro-founded forward-looking
model with the hybrid Phillips curve. Because of a micro-foundation, we can
structurally model parameter uncertainty. For example, when the central bank faces
uncertainty about some structural deep parameters of price-setters, this implies that the
central bank is uncertain about both inflation persistence and the slope of the Phillips
curve. But, the central bank can impose cross-parameter restrictions on both
uncertainties by using information based on the micro-foundation of the model. The
micro-foundation suggests that weights of a social loss function are directly related to
structural deep parameters. Therefore, uncertainty on some deep parameters makes the
central bank face uncertainty about social loss-function weights as well as uncertainty
about inflation dynamics. But, again, with the information based on the

micro-foundation, the central bank can impose cross-parameter restrictions between

curve, price-level targeting performs very well. (See Vestin, 2000). But, Walsh (2003a) suggests that,
when current inflation is affected by both expected future inflation and lagged inflation, the
performance of price-level targeting deteriorates significantly as the weight on lagged inflation
increases. Similarly, Rudebusch (2002) finds that nominal income targeting does well when inflation is
forward-looking but poorly when it is more backward-looking.

% See Walsh (2003b) for a recent survey about monetary policy under uncertainty.

7 Craine (1979) also shows that uncertainty about the dynamics of the economy leads to more
aggressive policy, albeit in a univariate model.



uncertainty about loss-function weights, uncertainty about inflation persistence, and
uncertainty about the slope of the Phillips curve.®

In such a setting, we show how uncertainty can lead the central bank to pursue a
more aggressive monetary policy, overturning Brainard’s conservatism principle. Two
conditions that are necessary for Brainard’s conservatism principle are violated in our
analysis. First, our model is forward-looking and dynamic, whereas the model of
Brainard (1967) is static. This distinction is important in the presence of uncertainty
about inflation persistence. As discussed by Soderstrom (2002), when the dynamics of
inflation are uncertain, the variances of inflation and output gap increase with the
distance from target. Thus, when inflation and output are further away from target, the
uncertainty about their future development is greater. Then, it pays to make sure
current inflation is very stable by reacting more aggressively to shocks. Second, and
especially relevant for our analysis, the traditional applications of Brainard’s
conservatism principle rely on the assumption that the central bank has a fixed loss
function with known weights on the variability of a specific set of target variables.
However, when the central bank faces uncertainty about structural deep parameters,
this assumption is highly misleading. The micro-foundation of the model suggests that
the weights of social loss function are non-linear functions of the structural deep
parameters, and when this is the case, the expected weights of loss function change
drastically as the degree of uncertainty about deep parameters increases. In the case of
uncertainty about inflation-dynamics, the central bank should place higher weight on
price stability than in the absence of uncertainty, and respond more aggressively to
shocks to stabilize inflation.

We next examine the time path of optimal monetary policy. Throughout our
analysis, we assume that the central bank is able to act under commitment. Previous
literature suggests that under parameter certainty the central bank should adopt a
highly inertial interest rate policy in order to stabilize inflation, when private agents are

forward-looking. We confirm that such a principle still holds under parameter

¥ Levin and Williams (2003) incorporate the same aspect into an analysis of uncertainty about
loss-function weights.



uncertainty, and show that combining a more aggressive policy response with a highly
inertial interest rate policy reduces Bayesian risk. This result is completely opposite to
the result suggested by previous literature. With a backward-looking model,
Soderstrom (2002) finds that the central bank should return to a neutral stance soon
after the bank initially responds to the shocks aggressively, since the strong initial
move has neutralized a larger part of the shock. However, such a policy response is not
desirable, when private agents are forward-looking. If the central bank commits to
initially respond to shocks aggressively, but then soon returns to a neutral stance, the
bank cannot stabilize the current output gap and thus inflation very much. Instead, by
exploiting the expectations of the private sector and committing to an aggressive and
inertial policy, the central bank can stabilize the economy more effectively under
uncertainty.

To confirm that our results do not depend on the specific model, we conduct the
robustness analysis with alternative models which explain inflation inertia. The hybrid
Phillips curve in our main analysis is based on Gali and Gertler (1999) and Amato and
Laubach (2003). We apply our analysis to the alternative hybrid Phillips curves (and
hence alternative loss functions) suggested by Steinsson (2003) and Giannoni and
Woodford (2003).° Steinsson (2003) proposes a more general specification of
rule-of-thumb price setting than our baseline model. On the other hand, Giannoni and
Woodford (2003) propose an indexation approach to explain inflation inertia, which
differs from the rule-of-thumb approach. With these alternative models, we again find
that optimal policy response under uncertainty becomes more aggressive than under
certainty equivalence.

Finally, we apply our Bayesian approach to the case of uncertainty about output
dynamics. In this analysis, we use a modified IS curve which nests a purely
forward-looking IS curve as a particular case, and allows for a fraction of consumers
that use a backward-looking rule to decide their spending. We assume that central bank
is uncertain about the degree of endogenous persistence of output, which depends on

the weight of the rule-of-thumb consumers. We again find a more aggressive policy

’ We are grateful to Andrew Levin for suggesting this robustness analysis.



response is needed under uncertainty about output dynamics, and show that such an
aggressive response can be justified by the positive correlation between policy
multiplier and transmission of natural rate of interest shock as well as the effect of
loss-function uncertainty. The positive correlation between policy multiplier and
transmission of shocks is also based on the micro-foundation of the model, and this
correlation has been ignored in most of the existing literature that confirms Brainard’s
conservatism principle.

The outline of the remainder of the paper is as follows. Section 2 presents the
model of the economy. Section 3 poses the problem of optimal monetary policy under
uncertainty about structural deep parameters of price-setters. Section 4 presents the
simulation results of the model and quantitative analysis of optimal policy. Section 5
examines the robustness of our results with alternative models explaining inflation
inertia. Section 6 poses the problem of optimal monetary policy under uncertainty

about structural deep parameters of consumers. Section 7 offers conclusions.

2. A Simple Optimizing Model for Monetary Policy Analysis

In this section, we review a simple optimizing model with known parameters that
underlies the structural equations and the social welfare function. The model is closely
related to models discussed in Woodford (1999,2003), Giannoni (2000,2002), Amato
and Laubach (2003), and Steinsson (2003). We first describe the IS equation, and then

turn to the Phillips curve. Finally, we describe the social welfare function.

2.1. IS curve
There is a continuum of consumer-producers, each of them indexed by the product
i €[0,1] of which it is the monopolistic producer. Household i’s objective is to

maximize

0

EyY AlulCis& )+ 21 P2g )~ v(y,0:8)]. 1)

t=0



where f€(0,1) is the household’s discount factor, C! is household i’s consumption
of the usual Dixit-Stiglitz aggregate, P, is the corresponding price index, M, is the
amount of money balances held at the end of period ¢ and y,(7)is the household’s
supply of its good. The vector-valued random disturbance ¢ in (1) represents taste
shifters affecting the utility of consumption, u( - ;&), the utility of real money
balances, y( -;¢&), and the disutility of supply, v( - ;&). For each value of ¢, the
functions u( - ;&) and y( - ;&) are assumed to be increasing and concave, while
v( - ;&) 1s increasing and convex.

Expenditure minimization and market clearing imply that the demand for each

L (20"
yf(l)—( > j

t

good i is given by

Y, . ()

Here, p,(i) denotes the price that household i charges per unit of its product, 8
denotes the elasticity of substitution between products, and Y, denotes the aggregate of
individual household’s output.

Each household maximizes (1) over the sequence {C!/, M}, subject to its budget
constraint. In formulating the household’s budget constraint, we assume that financial
markets are complete so that risks are efficiently shared. Then, it follows that all
households face an identical intertemporal budget constraint, and choose identical
state-contingent plans for consumption and money balances.

Taking a log-linear approximation of the first-order condition characterizing the
optimal consumption and combining it with the goods market clearing condition lead
to the following IS equation.

%, = E[x 1~ G, ~ E [z, 11", 3)

n

where 1" =oF [y, -y, —(g..—&)]. “)

Here, x,=y,—y' denotes the output gap, where y,is the percent deviation of
aggregate output from its steady-state level, and ;' is the “natural rate of output”, the

level of output that would obtain if prices were completely flexible.'’ 7z, is the growth

' Natural rate of output can be defined as follows:



rate of the aggregate price index, i.e. 7z, =log(P/P_,), and i is the nominal interest

n

rate.'! #" is the “natural rate of interest”, the real interest rate that would obtain if all

prices were flexible, and that would correspond to the equilibrium nominal interest rate
in the case of price stability. The parameter o' measures the intertemporal elasticity of
substitution in consumption. The term g, represents variation in spending that is not
caused by changes in the real interest rate, such as disturbances to the marginal utility

of consumption caused by fluctuations in ¢&,.'

2.2. Phillips Curve
Monetary policy has real effects in this model because prices do not respond
immediately to perturbations. Specifically, we assume as in Calvo (1983) that each
period only a fraction 1—a of suppliers is offered the opportunity to choose a new
price, while the remaining suppliers have to maintain whichever price they charged
before. Suppliers are drawn randomly and independent of their own history, in
particular, regardless of the time elapsed since the last change. In addition, following
Gali and Gertler (1999) and Amato and Laubach (2003), we allow for a fraction of
agents that use a simple rule of thumb to make their decisions, and depart from the
standard Calvo framework. The rule-of-thumb behavior by a fraction of agents can be
justified by the existence of optimization costs. Optimization costs lead a fraction of
agents to deviate from behaving optimally each period, and to use a simple rule of
thumb as an alternative to optimization.

We assume that at the beginning of each period those agents who offered the
opportunity to reset their price learn whether they are choosing a new price by solving
their optimization problem, or by using the rule of thumb instead. Specifically,

whenever a supplier finds itself changing its price, with probability A it will set the

yzn = (G+a))71(0g[ +6()Z1) >

*. Y*, * % * *
where g, =— ucf(Y aO) ét, z = Vyg( 30) 5[ GE—uCU(Y ,O)Y , Q)EVW(Y sO)Y .

o, (Yo" oy, (0 u,(Y":0) v, (Y"0)
" More specifically, all log-linearizations are taken around a steady state with zero inflation. Hence, 7,
is by definition the percent deviation from its steady-state value, while i; denotes the percent deviation
of the interest rate from its steady-state value associated with zero inflation.

12-See footnote 10.



price optimally, and with probability 1-4 it will set the price at p;, following the

simple rule of thumb

p = Pz: ) > ®)

where P’ is the aggregate of the prices newly chosen in period 7 by both optimizing
and rule-of-thumb price setters. The rule (5) has the property that it relies on prices
chosen by optimizing price setters in the previous period.

Since every supplier faces the same demand function (2), all optimizing suppliers
chosen in period ¢ to adjust their price will choose the same price, p/, which

maximizes the expected present discounted profits

-0 -0

< | u (Y, 58,)) 2 p; (6)
E a J c t+j t+j Y . t o _ v Y ) t ’ ) .
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The first term in brackets represents the household’s utility of consumption in period
t+j if it chooses price p; in the current period. It is the product of marginal utility of
consumption at date #+j and total revenues from sales at price p;. The second term
represents the household’s disutility of providing the amount of goods demanded at
period #+j. The discount factor for these streams of utility is adjusted for the fact the
price chosen at date 7 remains in effect at date #+j with probability «’. Log-linearizing
the first-order conditions to the above problem and using the law of motion of the price

level, we obtain the following hybrid Phillips curve.

T, = V70 +nyt[7z-t+1]+lat’ (7)
here = -4 8
v 7%_a+ﬂ—Mﬂ—aﬂ—ﬂ»’ (8)
_ ap
yf_a+ﬂ—@ﬂ—aﬂ—ﬂn’ ©)
~_ _ al _(I-a)(1-ap)(c+w)
K_yw”y”_a+a—@ﬂ—aa—ﬂn’K_ a(l + Ow) ' (10)

Here, the parameter o measures the elasticity of the disutility function v."> In the case

13 See footnote 10.



that all price setters are optimizing, i.e. /=1, (7) reduces to the so-called “New
Keynesian Phillips Curve”

7, = PE7, ]+ K, (1)

Changes in the parameter A affect two elements of the model. First, smaller values
of 1 increase the degree of endogenous inflation persistence by increasing y, and
decreasing y,. That is, the importance of the lagged inflation relative to expected
inflation increases. Second, smaller values of A reduce the sensitivity of current
inflation to fluctuations in the current output gap by reducing « . This is because fewer
price setters take the expected future output gaps into account when resetting their

prices.

2.3. Social Welfare Function

Following Amato and Laubach (2003) and Woodford (2003), we can derive a
second-order Taylor series approximation to the representative household’s welfare.

Specifically, social welfare can be expressed in the form of a loss function

W= EOZ:IBt[”z2 + Wxxzz +w,, (7, _7[:—1)2 +Wiit2]’ (12)
=0
K 1-4
where w =—, w, =——.
0 al

As in most studies, social welfare losses depend on the variability of both inflation and
output gap. In addition, in our model, the variability of the change in inflation and the
variability of nominal interest rates also create welfare losses.

The presence of the change in inflation in the loss function results from the fact
that a fraction 1-4 of price setters is learning about the optimal price by observing the
average prices set in the previous period. Note that the weight on the social loss caused
by the variability of the change in inflation, w,_, is a non-linear function of the
parameter 4. Therefore, as the parameter 4 declines, this weight increases non-linearly.

The presence of the interest rate in the loss function results partly from transactions
frictions. Friedman (1969) has argued that high nominal interest rates involve welfare

costs of transactions. Whenever the deadweight loss is a convex function of the



distortion, it is desirable to reduce not only the level but also the variability of the
nominal interest rate. As Woodford (2003) suggests, such a loss criterion can be
obtained as a second-order approximation to the household’s utility function (1) in
which real balances are included.'* In addition, the variability of the nominal interest
rate should be included in the loss function when one takes into account the fact that
the nominal interest rate faces a zero lower bound. Rotemberg and Woodford (1997)
emphasize that for a sufficiently variable process {r"}, perfect stabilization of the
output gap requires interest-rate variability sufficiently high so that a positive
steady-state rate of inflation is necessary to avoid the zero lower bound on nominal
interest rates, and that such a steady-state inflation is welfare reducing due to its effects

on relative price dispersion.

3. Optimal Monetary Policy under Parameter Uncertainty

3.1. Uncertainty about Inflation Persistence and Loss Function

Recently, a lot of empirical attention has been given to the hybrid Phillips curve (7).
However, the empirical estimates of the degree of inflation persistence, that is, the
parameter y, and y,, have been subject to controversy. Fuhrer (1997) statistically
rejects the importance of forward-looking behavior (suggesting y, =1), although he
acknowledges that inflation dynamics without forward-looking behavior are
implausible. Rudebusch (2002) estimates y, to equal 0.71, and Roberts (2001)
suggests a range for y, of between 0.5 and 0.7. Although Rudebusch and Roberts
statistically reject the purely backward-looking Phillips curve, their estimates suggest
the weight of backward-looking behavior is larger than that of forward-looking

behavior. In contrast, the estimates of Gali et al. (2001) for y, are between 0.03 and

' In this case, the weight on the social losses caused by the variability in the nominal interest rates, w;,
is given by

Lo (=ai-ap)n,
" af(l+wb) v
where 7; is the elasticity of money demand with respect to the interest rate, and v is steady-state
velocity of money.
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0.27 with Euro area data, and about 0.35 with US data, suggesting that the weight of
forward-looking behavior is greater than that of backward-looking behavior. Kimura
and Kurozumi (2004) also estimate y, toequal 0.35 with Japan’s data. At the extreme,
Gali and Gertler (1999) conclude that inflation persistence is rather unimportant and
that the purely forward-looking Phillips curve is a reasonable first approximation to
data (suggesting 7, =0).

These different estimation results imply that the central bank is uncertain about
what fraction of price-setters follow a rule of thumb. Here, we assume that the central
bank knows the structure of the economy, the natural rate of output y', the natural rate
of interest 7", and all the structural deep parameters except /. Since the information on
the parameter A is not included in the central bank’s information set Q" ,i.e. 1¢Q",

neither are the following parameters.

1-4 cB ap cB
p = Qt , - = Q, ’
4 oz+(l—/1){l—oz(l—ﬂ)}gE & oz+(1—/1){1—oc(1—,6’)}6E (13)
Ve = o 2 Q"
a+(1-A{l-al-p)}
_u CB
Wy, = - g Q. (14)

That is, when the central bank is uncertain about what fraction of agents follow a rule
of thumb, the bank faces two different types of uncertainty: 1) uncertainty about
inflation dynamics (13); 2) uncertainty about the social welfare function (14). As
shown in (13)(14), the microeconomic foundations of the model allow us to
structurally model uncertainty, which means that cross-parameter restrictions between
two different types of uncertainty can be imposed through the unknown parameter 4.
Although in this section we focus the parameter uncertainty about 4 only, it can provide
a very rich analysis on monetary policy under uncertainty.

We assume that the central bank has a prior belief on the distribution of the

parameter A:
ECA=EA1QP =1, VEA=VA|Q% =y, . (s)

Here, the parameter A is assumed to be an i.i.d. random variable. Furthermore, the

11



realizations of the parameter A are assumed to be drawn from the same distribution in
each period, so issues of learning are disregarded in our analysis. With the prior belief
(15) and its own information set Q, the central bank conducts monetary policy

under both uncertainty about inflation dynamics and uncertainty about loss function.

3.2. Optimal Policy Plan under Uncertainty
Throughout our analysis, we assume that the central bank is able to act under
commitment. As a lot of previous literature suggests, commitment policy allows the
central bank to achieve good performance by taking advantage of the effect of credible
commitment on the way the private sector forms expectations of future variables. The
objective of the central bank is to minimize the social welfare loss (12) with its own
information set Q and its prior belief on the distribution of the parameter A.

In order to illustrate why certainty equivalence no longer holds in our model, it is
instructive to take expectations of social welfare loss (12) conditional on Qf” and to
rearrange it as follows."

) 2, = 2 .2
Ty +wxy +w, (7, — 7)) + Wi

E*[W]=E (16)

= CB CB 2 2 2 2
+ZﬁlEH [Et (ﬂ't +wx;+w, (7, -7, ) +wi )]
t=1
M 2 2 = 2 .2
Ty + WXy + Wy (my — 7)) + Wi
) CB 2 CB CB 2 CB
—EP| & [(ESmY) VS Im 1+ w, (ESIx) +wh,Flx]

= — cB 2 — 0B
= TWar (EH [z, - ”H]) +wy Vo -7 ]

xo +w, (m,— 7)) +wi; + B{A+w, W [ 1+ w VP x 1)

= EOCB < (Etcff [ﬂt ])2 + Wx (EIC:? [xt ])2 + WAH (EIC:? [ﬂ:t - ”t*l ])2 + ‘/Vll.t2
=N ((E TN A LA R A B

t+1

where w,_ = E[w,_]. The third equation shows that the expected value of social
welfare depends on not only the future deviations of the expected state variables from

their targets, but also their variances. The central bank’s prior belief leads to the

"> At time 7, under uncertainty about the parameter A, the central bank tries to set its interest rate
instrument with its prior belief. In our setting, then, inflation, output gap and interest rate are
simultaneously and instantaneously determined at time z. In this sense, endogenous variables at time ¢
are included in the central bank’s information set Q.

12



conditional variances of the inflation rate and output gap as follows.
Vo 1=v, @ 1+ Py, —a'n, x4 tip. (17)

VX 1=0 Vx4 tip. (18)
The notation z.i.p. stands for terms that are independent of monetary policy. When the
parameter /4 is known, i.e. v, =0, the conditional variances of endogenous variables are
independent of the state of the economy, thus, independent of monetary policy.
Therefore, although the expected value of social welfare depends on the conditional
variances of endogenous variables, optimal policy cannot affect these variances.
Consequently, optimal policy is independent of the degree of uncertainty in the
economy, so policy is certainty equivalent. In contrast, when the parameter A is
uncertain, 1.e.v, >0, the conditional variances of the inflation rate and output gap
depend on the state of the economy, so they can be affected by monetary policy.
Optimal monetary policy will then minimize not only the future deviations of the
expected state variables from their targets, but also their variances. Thus, certainty
equivalence ceases to hold, and optimal monetary policy depends crucially on the
degree of uncertainty on rule-of-thumb behavior.

There is another reason why certainty equivalence ceases to hold. The expected
weight that the central bank should place on the variability of the change in inflation,
i.e.w, =E”[w, ], depends on the degree of uncertainty. This is because the weight
w,, 1s a non-linear function of the parameter /.

V_VA” = EtCB [WAn] = EtCB [ﬂ:| = l(EzCB [l:l - 1} (19)
al o A

As shown in the next section, given a mean of A, larger values of v, generally
increases w,, . That is, as the degree of uncertainty on rule-of-thumb behavior
increases, the central bank should place higher weight on the variability of the change
in inflation than the weight in the absence of uncertainty.

We finally turn to the determination of an optimal policy plan. The objective of
the central bank is to minimize (16) with respect to the endogenous variables subject to

conditional variances (17)(18) and the following constraints.

20
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=y Y E T 1+ YR,

_ 1-4
where y, = = ,
a+(1-){l-al-p)}
- af
A=)l —a(-B)
_ al
7

T ar(-D)l-a(-p)
The equations (20) (21) are obtained by taking expectations of IS curve (3) and Phillips
curve (7) conditional on the central bank’s information set Q.'® As shown in
Appendix A, by deriving the first-order conditions with respect to z,, x, and i, we
obtain the law of motion for the interest rate implicit in the optimal plan, i.e. the
interest rate rule which would implement the optimal plan:

i = AE®[i )+ Aj,_ + Ai_, + AE” (%

)T AT+ A+ AT, (22)
+ AgEzCB[x 1+ A4yx, + Apx,

r+1
Here, 4; (1<i < 10) is the parameter which depends on the structural deep parameters
and the central bank’s prior belief (i.e. A and v,). This policy “rule” nests several
types of rules, which previous studies derive, as a special case. For example, when all
the structural parameters are known, (22) reduces to the rule that Amato and Laubach
(2003) derive, whose form is the same as (22) but each parameter 4; is different from
(22). In addition, when all price setters are optimizing, i.e. /=1, (22) reduces to the
following simple rule:

i, = Ay, + A, +Ax, + A (x, —x, ), (23)
which Giannoni (2000) derives.

16 Taking expectations of Phillips curve (7) conditional on the central bank’s information set Q”
leads to

7, =ECy )+ ECly 1 ECLE, (x,,))+ CovE [y E (7, )]+ EC[R)x, -
The third term on the right-hand side can be rearranged as follows.

. . l IZ‘
COVtCB[j/f,Et(ﬂ-tH)] = COVtCB |:}/f’_ﬂ’-t _&ﬂ- __xti|

t-1

'y ' 7y

Substituting this conditional covariance into the above equation and then rearranging the resulting
equation yields (21).

14



4. The Effects of Uncertainty about Inflation Dynamics on Optimal
Policy

In this section, we examine how the degree of uncertainty affects the optimal policy
response for a given mean of the parameter A. We report results for
E®[Al=4 =0.75,0.5,0.25. Before proceeding to analyze the properties of optimal

policy under uncertainty, we discuss how we calibrate the model.

4.1. Calibration and Central Bank’s Prior Belief

IS curve (3) and Phillips curve (7) contain five known structural parameters (a, £, o, @,
), for which values must be specified. These parameters are chosen to equal those
used by Woodford (2003), which he obtained based on the estimation results of
Rotemberg and Woodford (1997). That is, a=0.66/quarter, f=0.99/quarter, 6=0.157,
®=0.473, and 6=7.88. Furthermore, the social loss function (12) depends on the weight
on nominal interest rate variability, w;. We choose alternative values for w;, 0.236 and
0.077, to assess the robustness of our results. The weight w=0.236 reflects the concern
for interest rate variability in Rotemberg and Woodford’s model, which is due to the
zero lower bound on nominal interest rates. The weight w=0.077 is the implied weight
on welfare losses resulting from interest rate variability due to monetary transactions
frictions, as calibrated by Woodford (2003). With regard to the natural rate of interest
", we assume that its process follows a stationary first-order autoregressive process,
with mean of zero, standard deviation of 0.93%/quarter and serial correlation
coefficient of 0.35. This specification is again equal to Woodford’s value.

Since we allow the parameter 4 to lie anywhere in the interval [0,1], we assume
that the central bank’s prior belief about 1 formed with a beta distribution, whose
probability densities of continuous random variables take on values in the interval [0,1].
The density function of a beta-distributed random variable 4 is given by

1

1 A=), (24)
jo 27 1= A)"dA

f(A)=f(4a,b)=

where a>0, b>0. The mean is E[A]=a/(a+b) , and the variance is
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V[A]=ab/(a+b+1)(a+b)* . This functional form with a two-parameter family of
density is extremely flexible in the shape it will accommodate. (See Figurel.) It is
symmetric if a=b, asymmetric otherwise, and can be hump-shaped or U-shaped.'”’
When the central bank’s prior belief on the parameter 4 is based on the beta
distribution with mean A and variance v,, the expected weight on the social loss

caused by the variability of the change in inflation is given as follows.'®

B = EPw, 1= (A-DA0=A)-v,] @3)
v =R P T T (1= 2) =y, (14 A)]

The expected weight w, depends crucially on the degree of uncertainty. As shown in
Figure2, larger values of v, increase w,,, given a mean of A. In the following analysis,
we set the upper limit of the variance v, as A’(1-1)/(1+ 1) in order to keep the

expected weight w, positive."”

4.2. Initial Policy Response
Rational expectations equilibrium (REE) with optimal monetary policy is a triplet of
stochastic processes for inflation, the output gap, and the interest rate, such that it is a
bounded solution to the system consisting of IS curve (3), Phillips curve (7), and
optimal policy plan (22), together with the central bank’s expectations of the output
gap and inflation based on (20) (21). Here, we conduct the simulation, assuming as in
previous literature that 4 is consistent with its true value 4,ie. A =21.

As the first step, we analyze the initial policy response to a natural rate of interest
shock. The initial policy response can be given by the following parameter a, in the

minimal-state-variable REE process of the nominal interest rate:*

"7 The beta distribution reduces to the uniform distribution over [0,1] if a=b=1.
'8 When the parameter A is formed with beta distribution, whose probability densities is (24), the mean
of its inverse is E[1/A]=(a+b—1)/(a—1) . Then, substituting this mean into (19) and eliminating the

parameters a and b by using E[A]=a/(a+b) and V[A]=ab/(a+b+1)(a+b)*, we obtain (25).
' In the case of 7 = 0.5, where vy B reaches its upper limit (0.288), the beta distribution reduces to the

uniform distribution.

2 As McCallum (1983,2003a,b) suggests, the minimal-state-variable (MSV) REE is the unique
equilibrium of “well formulated” linear rational expectations models. Since our model satisfies
requirements for the well formulated models, interest rate process (26) is unique, which justifies the
comparison of interest rate processes under certainty equivalence and under uncertainty considered
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. n . .
L=ar, +a,%,_  +a7T, ,ta,x,_ +tal_ +ad, _, . (26)

We examine how the degree of uncertainty affects the initial policy response «, for a
given E°[1]= A .Simulation result, shown in Figure 3, suggests that the initial policy
response becomes more aggressive as the degree of uncertainty about 4 increases. That
is, Brainard’s conservatism principle does not hold: when the central bank faces
parameter uncertainty, the optimal response coefficients are larger than under certainty
equivalence, so optimal monetary policy is more aggressive. This is true for all values
of 2 andw;.

In order to investigate the background of this result, we decompose the total effect
of uncertainty on the initial policy response into two factors. One is the effect of
uncertainty about loss function on the policy response; another is the effect of
uncertainty about inflation dynamics on the policy response. To decompose the total
effect into these two factors, we calculate the initial policy response with fixed weight
in the social loss function, i.e.w, =(1-A)/aA . This presumption means that the
central bank cares about the effect of the uncertainty about inflation dynamics, but
ignores the effect of uncertainty about loss function in spite that the bank faces both
uncertainties. Then, the difference between policy response under total uncertainty and
policy response with fixed weight in the social loss function shows the effect of
loss-function uncertainty. The difference between policy response with fixed weight in
the social loss function and policy response under certainty equivalence shows the
effect of uncertainty about inflation dynamics.

Since we obtain the same results regardless of values of w;, we show only the
result in the case of w; =0.236. Figure 4 shows that both types of uncertainties, those
about loss function and inflation dynamics, lead to a more aggressive policy
response. The reason why loss-function uncertainty results in a more aggressive
policy is because this uncertainty causes the increase in the expected weight on the

variability of the change in inflation, as shown in Figure 2. The increase in this

here to examine the effects of the uncertainty on optimal monetary policy. See McCallum (2003b) for
details of the well formulated models. Also see McCallum (2003b) for the relationship between MSV
and determinate REE.
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expected weight does not generate any new tradeoffs between stabilization of the
three target variables ( 7,,Arx,, x, ), because price stability still achieves the minimum
of their variances simultaneously. Therefore, the only effect of the increase in
w,, = E”°[w,,] is to decrease the relative weight in interest rate stabilization. Then,
it is desirable for the central bank to achieve price stability by responding more
aggressively to shocks at the cost of the variability of the interest rate. The reason
why uncertainty about inflation dynamics leads to a more aggressive policy is
because such a policy can reduce uncertainty about the future development of target
variables. As shown in equations (17) and (18), when the dynamics of inflation are
uncertain, the conditional variances of inflation and output gap increase with the
distance from target. Then, it pays to make sure current inflation is very stable by
reacting more aggressively to shocks.

With a backward-looking model, S6derstrém (2002) finds that uncertainty about
inflation dynamics leads the central bank to pursue a more aggressive monetary policy.
We confirm his finding with a micro-founded forward-looking model. In addition, our
analysis suggests that when the central bank faces uncertainty about inflation dynamics,
it simultaneously faces loss-function uncertainty, and then it responds to shocks much

more aggressively by placing much higher weight on price stability.

4.3. Dynamic Policy Response

The introduction of parameter uncertainty also has interesting implications for the
dynamic response of monetary policy. Figures 5-6 show the impulse responses to a one
standard deviation increase in the natural rate of interest, for A =0.5 and
A =0.25 with w; =0.236. As shown in the Figures, the optimal policy response of the
nominal interest rate is very persistent, exploiting expectations for stabilization
purposes as described by Woodford(1999, 2003) by inducing a long-lived sequence of
expected negative output gap. The importance of such a highly inertial policy is
remarkably invariant to the degree of uncertainty v, as well as to changes in 4 and
w; . (We do not report the figures for 4 =0.75 and w;=0.077, since the main results do

not change.)
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We can confirm more rigorously the desirability of highly inertial interest rate
policy by investigating the optimal policy plan (22). As shown in Figure 7, as the mean
of the parameter /1 decreases, the coefficients on the two lags of the interest rate in (22),
i.e. A, and 4, decrease while the coefficients on the lead-lag of the interest rate, i.e. 4,
increases. But, the sum of 4, and A4; are still high even when A is very low, which
implies that the inertial policy is desirable. Indeed, Amato and Laubach (2003) find, in
the case of parameter certainty, that optimal policy plan (22) can be replicated by
simple policy rule (23) with 4,+45>1 even when A is as low as 0.2. In addition, what
is very important is that, as shown in Appendix A, the coefficients on the two lags of
the interest rate, 4, and A5, are invariant to the degree of uncertainty. That is, a highly
inertial interest rate policy is desirable under parameter uncertainty.

This finding is completely opposite to that of Soderstrom (2002). With a
backward-looking model, he finds that the central bank which faces uncertainty on
inflation dynamics should return to a neutral stance soon after the bank initially
responds to the shocks aggressively, since the strong initial move has neutralized a
larger part of the shock. However, such a policy response is not desirable when private
agents are forward-looking. If the central bank commits to initially responding to
shocks aggressively but then returns to a neutral stance soon, the bank cannot stabilize
the current output gap and thus inflation very much. Instead, by exploiting the
expectations of the private sector and committing to the inertial policy, the central bank
can stabilize the economy more effectively. Therefore, when the central bank faces
parameter uncertainty, it is desirable for the bank to combine an aggressive policy

response with a highly-inertial policy.

4.4. Variance Frontier
Finally, we show the expected social loss and the variance frontier. After taking the
unconditional expectation of (12), the expected social loss becomes

EW)=V[zx1+wV[x1+w, V[Az 1+wV[i], 27)

where the measure of variability for any variable z is used here defined by
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Viz]l= E{(l - ﬁ)i ﬂ’Eozf} (28)

Except for discounting, this measure corresponds to the unconditional variance of z,.
As shown in Figure 8, the weight on interest rate variability in the social loss
function introduces a tradeoff between inflation and output gap variability on the one
hand, and interest rate variability on the other. Since the central bank responds to a
natural rate of interest shock more aggressively as the degree of uncertainty increases,
this results in the lower variances of inflation and output gap and the higher variances
of the interest rate.”’ When the degree of uncertainty is very high, say, v, reaches its
upper limit 1>(1-4)/(1+A), the central bank tries to completely stabilize the output
gap and inflation. This is because the expected weight that the bank should place on
price stability becomes infinity. But, under such a highly uncertain situation, the
central bank must pay the very high cost of the variability of the interest rate to
stabilize the economy. As a result, as shown in Figure 9, in spite of the decrease in the
variances of inflation and output gap, the expected social loss rises drastically as the

degree of uncertainty approaches the upper limit.

5. Alternative Models with Uncertainty about Inflation Dynamics

In this section, we consider the robustness of our results to confirm that they do not
depend on any specific model. In the previous sections, we used the hybrid Phillips
curve (7), which is based on Gali and Gertler (1999) and Amato and Laubach (2003).
Besides that model, however, there are alternatives to explain inflation inertia. For
example, Steinsson (2003) proposes a more general specification of rule-of-thumb
price setting than ours. Instead of (5), he assumes that rule-of-thumb agents set their
prices to equal the geometric mean of the prices chosen in the previous period by both

optimizing and rule-of-thumb price setters, adjusted for the previous period’s output

*! Figure 8 shows the result in the case of w; =0.236. Although the variance of nominal interest rate
increases in the case of w; =0.077, the fundamental feature of the variance frontier remains same.
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gap as well as for the previous period’s inflation rate. (In (5), rule-of-thumb price
setters update their prices using only the previous inflation rate, but not the previous
output gap.) The hybrid Phillips curve which Steinsson (2003) derives nests both the
New Keynesian Phillips curve and the Old Keynesian Phillips curve as a particular
case. The approach of Giannoni and Woodford (2003) is different from the
rule-of-thumb approach. They assume, as in Christiano et al. (2001), that prices are not
held constant between the dates at which they are re-optimized, but instead are
automatically adjusted on the basis of the most recent quarter’s increase in the
aggregate price index, by a percentage that is a fraction of the percentage increase in
the index. Then, Steinsson (2003) and Giannoni and Woodford (2003) respectively
derive the social loss function based on a second-order approximation of the
representative household’s welfare in their models. (See Appendix B for the details.)
Although the forms of the hybrid Phillips curves and social loss functions differ in
details among alternatives, there are two important common features, which are also
held by our model in the previous sections. First, the weight of rule-of-thumb price
setters (in the case of Steinsson) and the degree of indexation (in the case of Giannoni
and Woodford) affect the degree of inflation persistence. Second, the weight of price
stability in the social loss function is a non-linear function of the weight of
rule-of-thumb price setters or the degree of indexation. In this setting, when the central
bank is uncertain about the weight of rule-of-thumb agents or the degree of indexation,
the bank faces both loss-function uncertainty and inflation-dynamics uncertainty.
Then, as the degree of uncertainty increases, the expected weight of price stability in
the loss function increases, and the conditional variances of the target variables
increase. These lead the central bank to pursue a more aggressive monetary policy.
Indeed, Figure 10 shows that, in both alternative models, the initial policy response to a
natural rate of interest shock becomes more aggressive than under certainty
equivalence. Although the degree of aggressiveness of policy response differs among

alternatives, these results are clearly opposite to Brainard’s common wisdom.*

2 In the model of Giannoni and Woodford (2003), the degree of aggressiveness of policy response is
fairly smaller than those of alternative models. This is because, in Giannoni and Woodford’s model, the
coefficient on the lagged inflation rate in the hybrid Phillips curve increases only up to 1/(1+8) even in
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We can also confirm that, in the alternative models, a highly inertial interest rate
policy is desirable under uncertainty. As shown in Appendix B, the coefficients on the
two lags of the interest rate in each optimal policy plan are invariant to the degree of
uncertainty. In addition, these coefficients are very high even when the weight of

rule-of-thumb price setters or the degree of indexation is high.

6. The Effect of Uncertainty about Output Dynamics on Optimal
Policy

Finally, in this section, we apply our Bayesian approach to the case of uncertainty
about the output dynamics. Soderstrom (2002) finds, with a backward-looking model,
that the central bank should respond to shocks less aggressively when the bank is
uncertain about output dynamics. We examine whether his finding holds in a
forward-looking model or not. We use a modified IS curve which nests the purely
forward-looking IS curve (3) as a particular case, and allows for a fraction of
consumers that follow a rule of thumb to decide their spending. Assuming that central
bank is uncertain about the weight of rule-of-thumb consumers, we examine the effect

of uncertainty on optimal monetary policy.

6.1. IS curve and Loss Function with Rule-of-Thumb Consumers
Following Amato and Laubach (2003), we assume that at the beginning of each period,
each household learns whether it is able to choose consumption optimally, or whether

instead it chooses consumption based on a simple rule of thumb. Let y denote the

the case of full indexation. On the other hand, in the hybrid Phillips curve of Steinsson (2003) and ours,
the coefficient on the lagged inflation rate converges to 1 as the weight of rule-of-thumb agents
increases. (See Appendix B1.) This implies that the model of Giannoni and Woodford nests only more
limited types of Phillips curve than that of Steinsson and ours. Therefore, even when the degree of
uncertainty about indexation increases up to the upper limit, the central bank does not face a highly
serious uncertainty about inflation dynamics and loss function. However, taking into account the fact
that the empirical results of the hybrid Phillips curve varies with studies very significantly, as discussed
in section 3.1., Giannoni and Woodford’s model does not seem to describe well enough the degree of
uncertainty which the central bank faces in the real world.
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probability that a household is able to optimize, which is independent of the
household’s history. Thus, by the law of large numbers, in each period a fraction y of
households choose consumption optimally. Since financial markets are assumed to be
complete so that risks are efficiently shared, all households that have the opportunity to
choose consumption optimally make the same choice, which we denote by C;.The
remaining fraction 1—-y chooses its consumption in period ¢, C;, following the
simple rule of thumb

C' =C,. (29)

t

Here, C, 1s aggregate per capita consumption in period ¢, which is given by
C =yC’+(1-y)C/ .

In this setting, combining the first-order condition characterizing the optimal
choice C; with the goods market clearing condition, Amato and Laubach (2003)
derives the following IS equation.

X = (1_5))“171 +6Et[x ]_Eil(iz _Et[”tJrl]_rtn) ’ (30)

t+1
where r;n = 5Ez[@}tn+l + (1 - 5)ytn—l - ytn - (§z+l - §t )] . (3 1)
The parameter y enters (30) and (31) through the following relationships.

s=—1 =Y 5 5=V o (32)
2-y 2-y 2-y

In the case where all households are able to choose optimally, i.e. w =1, (30) reduces
to the standard intertemporal IS equation (3). Changes in y affect several elements of
the model. First, smaller values of iy increase the degree of endogenous persistence in
the output gap, as captured by 6 converging to 0.5 from above as y goes to 0.
Second, smaller values of  dampen the impact of gaps between the real and natural

interest rates on the output gap, as captured by &'

converging to 0 from above as y
goes to 0. Third, smaller values of y reduce the effect of disturbance g,(through the
natural rate of interest) on current output.

Then, following Amato and Laubach (2003) and Woodford (2003), we derive a
second-order Taylor series approximation to the representative household’s welfare in

the presence of rule-of-thumb agents (but absent rule-of-thumb price setters).

23



Specifically, social welfare can be expressed in the form of a loss function

W =E,Y B+ wa +wy (v, - v,,) +wil), (33)
=0
Where Wx = E , WAy = o 1_—wa .
0 ot y

Since a fraction 1-y of households is choosing consumption following the rule of
thumb (29), fluctuations in output (not only in the output gap) create welfare losses. As
y declines, such losses increase through an increase in the weightw, , which is a
non-linear function of y. As discussed in the section 2.3., the presence of the interest
rate in the loss function results from transactions frictions and the non-negativity

constraint of nominal interest rates.

6.2. Optimal Monetary Policy under Uncertainty about Rule-of-Thumb
Consumers

Here, we assume that the central bank knows the structure of the economy, the natural

rate of output /', the marginal utility of consumption shock g;, and all the structural

deep parameters except y. Since the information on the parameter v is not included in

the central bank’s information set Q. , ie. w Q" , neither is the following

information.
5E;¢QICB= 5715L071¢ch3: ngLgtthCB’ G4
2-y 2—y 2~y
o l1-y
wy = 0 (35)

That is, when the central bank is uncertain about what fraction of consumers follow a
rule of thumb, the bank faces two different types of uncertainty: 1) uncertainty about
output dynamics (34); 2) uncertainty about the social welfare function (35). Since both
uncertainties are correlated with each other through the unknown parameter y, the
central bank takes into account the cross-parameter restrictions between different types
of uncertainty. Under these uncertainties, the central bank conducts optimal policy

with its own information set Q" and the following prior belief:
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ECy]=Ely |17 1=w , VElyl=VIy | Q7 ]=v,. (36)

See Appendix C for the details of optimal policy plan.

Here, again, we assume that the central bank’s prior belief on the parameter y is
formed with beta distribution. Using the same calibrated parameters as those in the
section 4.1, we analyze the initial policy response to a marginal utility of consumption
shock g, We assume that the process of g, follows a stationary first-order
autoregressive process, g, =p,&,., +¢&,, where p,~0.35 and ¢, is i.i.d. means zero
disturbance with standard deviation of 8.34. This specification is equal to Amato and
Laubach (2003). Fixing /4 at 1 in the Phillips curve (7), that is, assuming that all price
setters are optimizing, we report results for y =0.75,0.5,0.25. We conduct the
simulation, assuming as in previous literature that i is consistent with its true value
W, ley =y.

The simulation result, shown in Figure 11, suggests that the initial policy response
becomes more aggressive as the degree of uncertainty about y increases. That is,
Brainard’s conservatism principle does not hold in the case of uncertainty about
aggregate demand structure, either. This is true for all values of  and w;.

There are three reasons for this result. First is the effect of uncertainty about loss
function; second is the effect of uncertainty about output dynamics; third is the effect
of the positive correlation between policy multiplier and transmission of natural rate of
interest shock. The first two reasons are the same as in the case of uncertainty about
rule-of-thumb price setters. Loss-function uncertainty results in a more aggressive
policy, because this uncertainty causes the increase in the expected weight on the
variability of the change in output, i.e. E”°[w, ], and hence relatively reduces the
weight on the variability of interest rate w;.>> The reason why uncertainty about output

dynamics leads to a more aggressive policy is because such a policy can reduce

» When the central bank’s prior belief on the parameter y is formed with a beta distribution, the
expected weight on the variability of the change in output is given by

‘/_VAy = EtCB [WAy] = &(EICB |:i:|—lJ = oWy (12_ (/7)[?(1 _W)_VZ] .
oc+w v ctoly (1-y)-v,(1+y)]

As the degree of uncertainty v,, increases, the central bank should place higher weight on the variability
of the change in output.
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uncertainty about the future development of target variables. As shown in Appendix C,
when the dynamics of output are uncertain, the conditional variance of output (gap)
increases with the distances from its target. Then, it pays to make sure current output is
very stable by reacting more aggressively to shocks.

The positive correlation between policy multiplier and the transmission of natural
rate of interest shock is an additional factor that results in a more aggressive policy
response. Here, the policy multiplier measures the effect of policy on the output gap,
and is given by the coefficient of the forth term on the right-hand side of the following

rearranged IS curve.

x, =(1-6)x,_, +OE [x, 1+5'r" -6, - E[x,]) (37)

The transmission of natural rate of interest shock measures the effect of its shock on the
output gap, and is given by the coefficient of the third term on the right-hand side.
Since, both the policy multiplier and the transmission of shock depend on the
parameter &' ¢ Q| they are positively correlated by definition.”* To gain insight
into the reason why the positive correlation between them results in a more aggressive
policy response, consider the simple static problem of minimizing the expected square
value of variable Y =¢X —mC , where X is a stochastic shock, C is the control variable,
( is the transmission of shock, and m is the policy multiplier. When the central bank

can observe X but faces uncertainty about { and m, the optimal control is given by

- :(E[M]E[J];rCOV[é,m]j X (38)
(E[m])* +V{m]

Note that in the absence of uncertainty, the optimal policy is C* =(¢/m)X . Parameter
uncertainty leads to the classical attenuation result when the covariance between the

policy multiplier and the transmission of shock is zero, that is, Cov[{,m]=0. When

* The positive correlation between them results from the existence of rule-of-thumb consumers.
Because the rule-of-thumb consumers set their spending as the previous aggregate per capita
consumption, and respond to neither the interest rate nor preference shock in the current period, the
increase in the weight of rule-of-thumb consumers leads to the decline in both the policy multiplier and
the transmission of shock. This can be confirmed by rearranging (37) as follows:

Vi =1_‘//yr—1+;Ez[yt+l]_ v (it_Et[ﬁl+l])+Mgt’
2-y 2-y 2-y)o 2-y)

where p, is the serial correlation in the marginal utility of consumption shock g;.
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CoV[¢,m]>0, however, this leads to a less-attenuation or a more aggressive policy
response than that with certainty.

In order to examine how the above three effects contribute to the aggressive
policy response, we decompose the initial policy response into three factors. Figure 12
shows the result. (Since the main results do not change regardless of values of i and
w;, we show only the result in the case of ¥ =0.5 and w; =0.236.) The bold line
shows the initial policy response under total uncertainty. The solid (thin) line shows the
policy response under uncertainty with the fixed weight of loss function, i.e.
w,, =o(l-y)w, /(c+w)y , This presumption implies that the central bank ignores the
effect of loss-function uncertainty. The dashed line shows the policy response under
uncertainty with the fixed weight of loss function and the fixed transmission of
shock.” This means that the policy multiplier is independent of the transmission of
shock and that the central bank cares only about the effect of output-dynamics
uncertainty. Then, the difference (A) in Figure 12 shows the effect of uncertainty about
loss function, and the difference (B) shows the effect of the positive correlation
between policy multiplier and transmission of shock. The difference (C) shows the
effect of uncertainty about output dynamics. As clearly shown in Figure 12, all three
effects result in a more aggressive policy response than under certainty equivalence.

Our finding is opposite to that of Soderstrom (2002), who finds, with a
backward-looking model, that the central bank should respond to shocks less
aggressively when the bank faces uncertainty about the IS curve. The reason for the
difference between our finding and that of Soderstrom results mainly from our
consideration about loss-function uncertainty and the positive correlation between
policy multiplier and transmission of shock, which are suggested by the
micro-foundation of the model. S6derstrom does not take into account these two points

in his analysis.

5 In this calculation, we assume that the central bank is certain about the transmission of shock, i.e.,
w(1-p,)/(2—y) in the rearranged IS curve shown in footnote 24, but uncertain about the coefficients of

the other three terms on the right hand side.
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7. Conclusion

This paper has examined the implication of optimal monetary policy under parameter
uncertainty in a micro-founded forward-looking model. The result of our analysis is
completely opposite to Brainard’s common wisdom, which seemed to capture the way
actual policy makers viewed their decisions (Blinder 1998). Our analysis suggests that
when the central bank is uncertain about inflation-dynamics, the bank should take into
account the loss-function uncertainty and respond more aggressively to shocks by
placing much higher weight on price stability. Such an aggressive policy response also
can be justified by an action necessary to reduce uncertainty about the future
development of target variables. We also confirmed that when the central bank faces
parameter uncertainty, it is desirable for the bank to combine an aggressive policy
response with a highly-inertial policy. As first shown in Rotemberg and Woodford
(1999) and Woodford (1999), a highly inertial interest rate policy allows the central
bank to affect the private sector’s expectations appropriately. We showed that such an
inertial policy is desirable under parameter uncertainty.

In practice, in addition to the uncertainty about the structure of aggregate supply
(inflation dynamics), central banks also face uncertainty about the structure of
aggregate demand. That is, they are uncertain about the degree of output persistence,
policy multiplier, and transmission of demand shocks. Then, again, the central bank
should take into account the loss-function uncertainty, because the weights of a social
loss function are directly related to unknown deep-parameters with regard to aggregate
demand. We found that uncertainty about the structure of aggregate demand also leads
to a more aggressive policy response, which can be justified not only by the effect of
loss-function uncertainty, but also by the possible positive correlation between policy
multiplier and transmission of shocks.

The difference between our results and those of previous literature which
confirms Brainard’s conservatism principle results mainly from our consideration
about the cross-parameter restrictions between different types of uncertainties. That is,

cross-parameter restrictions between uncertainty about loss function and uncertainty
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about the structural equations, and those between policy multiplier and transmission of
shocks. These cross-parameter restrictions, which are based on the micro-foundation
of the models, have been largely ignored in most previous literature. Our results
suggest that accounting for them is critical for investigating the effect of uncertainty on
optimal monetary policy. Although further work is required to determine the
robustness of the model, we believe that the insights we pointed out deserve attention

in discussions of practical policy conduct.
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Appendix A. Optimal Plan under Uncertainty on Rule-of-Thumb Price Setters

The objective of the central bank is to minimize (16) with respect to the endogenous
variables subject to conditional variances (17)(18) and constraints (20)(21). The

associated Lagrangian then takes the form

_7[(? W Xg + Wy, (7, —7)" + Wi
+v, B (1+w,, +wo )i(a -1+ B)r,—a 'm  +xx,}’

E’| 43 (B +w (S D+, (ES 7, = 7,1 + wi . (AD
t=1

1

+v, B (1+w,, +wo ) (a" -1+ p)r, —a ' x,_ +xx,}’

0

+2Z ﬁt [¢x,t {xt Xt O-_l(it - 7Z—t+l)} + ¢7r,t(7z-t - 77177[t—1 - 7/’7[t+| - 71«th )]

t=0

where ¢ ,and ¢ , are Lagrange multipliers on (20)(21) in period ¢, respectively. The
first-order conditions with respect to 7, x;, and i are, in every period >0,
7, + WA;{ (ﬂt -7, ) - ﬂWAﬂ (EtCB [”H—l ] - 72-1) + ¢7r,t - 77[ﬂ71¢/r,t*1 - ﬂ?bEtCB [¢7r,t+l]
~ B0, v B, pwo e 14 Pl 1+ Pz, —am, ey (AD)
—v,a” (1+w,, +wo ) (a" -1+ OEP[x, 1-a ' n, +E"[x,,1} =0,

Wxxt _]7KK¢7I,I +¢x,t _ﬂil¢x,t—l
+v, kB 1+ A, + Lo D)@ =1+, —a’'z,  +xx,} =0,

t+1
(A3)
Wiit + O:I¢x,t = 0’ (A4)

together with initial conditions ¢, , =¢,_, =0. Combining the first-order conditions (A2)

-1
(A3)(A4) to eliminate all Lagrange multipliers yields optimal policy plan (22), where the

coefficients are as follows.
A =py,0+7,)", A, =p"(+7,+y k0 )A+7,)", A =-y 7 (1+7,)",
A, ==y ko w L+ 7)) {pw,, +v,A+w, +wo e +7,7. Na” =1+ )},

A, =y ko w1+ y) [1+0+Bw,. +v, B (1+w, +w.c7)
{fla@?+ )+ =1+28)a” =D+ (a” =1+ By + pr,a” 7.},

Ay =7 k0" W (14 7,) W, +v, 7 14w, +wo ) 7 (@ +7, B e =1+ B,
A =v,7,a o w ! 1+ W, +wo )(1+7,) 7,

A ==y, 0" w'i1+7,) pw, +v, > (A+w, +wo ) 1+7.a'7, ),

A,y =c"'w'1+7,) " [w, +v, B A+w, +wo ) {l+7 . (a =1+ B)}],

Ay ==7, B 7w I+ 7,) Hw, +v, 1+ W, + w0 7))
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Appendix B. Alternative Models with Inflation Inertia

B1. Steinsson (2003) model

Instead of (5), Steinsson assumes that rule-of-thumb agents set their prices according to

5
B (B1)
Pt 2 Y"

When 6=0, this rule nests (5) as a special case. Phillips curve is then given by

the following rule:

_ cB
T =Vt 7fEt (7, ]+ KX, + K%, (B2)

o Sl-a)1-2)
" a+(1-D{l-al-p)}’

and the other coefficients are the same as those in our model. In the case that all price

where x, =y x—afk,,

setters are optimizing, i.e. A=1, (B2) reduces to the New Keynesian Phillips Curve (11). On
the other hand, taking the limit asA — 0, (B2) becomes

= 1 7Ty + aﬁ Et[ﬂt+l]_ aﬂ(l_a) X + 5(1_a) X+ (B3)
1+ ap 1+ap 1+ ap 1+ ap

The unique bounded solution of (B3) is
n,=rn_,+0(l-a)x,,, (B4)
which is the so-called “Old Keynesian” Phillips curve.

In Steinsson’s model, the social loss function is given by

E, [Zﬁ’ {ﬁf + wxxt2 +w,, (7, -7, + w,xx,_l)2 + wl.itz}} ,where w, =d(1-0a). (BS)

=0
Taking expectations of the loss function (B5) conditional on the central bank’s
information set QS” leads to
”(? + Wxxg + Wy, (g — 7 + Wlxx—l)z + Wiig + A1+ "_VA;:)VOCB [z, ]+ WXK)CB [x1}
EOCB +iﬁt (EE? [ﬂt])z + W, (Eth’ [xt])2 + wAn (Etcj [ﬂ-t — 7 + ‘/lexz—l])2 + M}zlf . (B6)
=1 +ﬁ{(1 + WAM)KCB [”t+l ] + WxV;CB[le]}

From IS curve (3) and Phillips curve (B2), it follows that the conditional variance of the

output gap takes the same form as (18) and that of inflation is given by

AT

t+1

1=v,f (@ =1+ Bz, —a'n,_ +{x+ po(1-a)ix, — o (1-a)x, T +ti.p. B7)
The objective of the central bank is to minimize (B6) with respect to the endogenous

variables subject to conditional variances (18)(B7), constraint (20), and the following
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constraint (B8).
1+x.x +K5,x, ,, (B8)

= _ SA-a)1-1)
" a+(1-D{l-a(-p)}]

and the other coefficients are the same as those in our model. The associated Lagrangian is

given by
_72'3 + WXy + W, (T, =7+ WX, )+ Wil

(@' -1+ p)r,—a ', ’
+Hr+ po(l-a)tx, —da' (1-a)x

(Eth [ﬂ-t])z +w, (Eth ['xt ])2 + WAH (Etc—llg [”t T WX ])2 + Wzlzz

Jrv/lﬁ’1 d+w,, + wxaz){

E()CB . «© . ( . 1 ﬂ) 1 2 B (B9)
a —1+ n,—a T
=1 +V/1ﬂ_1 (1 + WA” + on_—z) t -1
+Hr+po(-a)tx, —da (1-a)x,
At nen
1=0 e (T =V =V T — KX, — KX, )

where ¢, and ¢, are Lagrange multipliers on (20)(B8) in period ¢, respectively. The
first-order conditions with respect to 7, x;, and i, are, in every period >0,

— CB
T, +WAﬂ(ﬂt 7 +Wlx'xt—l)_ﬂWAﬂ(Er [7[:+l]_7[t +Wlxxr)

+ Tt ﬂybEtCB [¢7r,t+1 ] - 7/‘/371¢;z,t—1 - 071ﬂ71¢x,t71

+v, B 1+ W, +w,o ) a ™ —1+ ) (a7 =1+ fyr, —a.,
v w w_ O a —

’ S x4 (- a)x, —Sa (1 - a)x, (B10)

TP . {(a‘ ~1+ PEP[x,,]-a 7, }
-v,a (1+w, +w,oc™) =
+{x+Bo(1-a)EF[x,,]-da' (1-a)x,

Wxxl + ﬂwAﬂWlx (EICB [7[1+1 ] - 7[1 + Wlxxt) - I?c¢7r,t - ﬂEbEICB [¢7r,l+l ] + ¢x,z - ﬂil¢x,z—l
+ KB + 61— )} (1+W,, +w,o7) (@ =1+ pym o’

V., 1K - w w_ O

’ MO A e+ BS(—a)yx, —da (1—a)x, (B11)
v, 007 (1= )1+, + w0 {(“_ L e }: 0
+{K + ﬂ5(1 - a)}EzCB[xH-l ] - 5(171(1 - O!)Xl

wi, +c'¢,, =0, (B12)

together with initial conditions ¢ __, =¢,_, =0. Combining the conditions (B10)(B11)
(B12) to eliminate all multipliers yields the law of motion for the interest rate implicit in
the optimal plan. The interest rate rule which would implement the optimal plan takes the

form
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i, = BlEtCB [ ]+ BzEz€f[it 1+ Byi_ + By,
+ BSEtCB[ﬂ-H—Z]—i_ B6E1CB[7[1+1] + B7Etc—lf[7zt+1]+ BSEtC—lf[ﬂt] + 3972-[ + Bloﬂ-z—l + Bllﬂ-z—Z (B13)
+ BlezCB [x.,]+ Bl3ExCB [x., ]+ B14E€?[xt+l ]+ BISEtglf[xt] +Box, + B,x,  + BiX, 5,

t

where the coefficients are as follows.
B =py,(0+7,)", By==7,7,51+7,) (& +7,K)",
B, = /B_l(1+7f' +’?c0_])(1+77b)_1 , B, = _77f/3_2(1+77b)_1 .

B2. Gianonni and Woodford (2003) model
Giannoni and Woodford assume that each period a randomly chosen fraction 1-« of all
prices are reconsidered, and that these are set optimally; but the price of each good i that is
not reconsidered is adjusted to the indexation rule

log p, () =logp, () +(A-D)7,,, (B14)
where 1 e[0,1] denotes the degree of automatic indexation to the most recently available
inflation measure. In this setting, Giannoni and Woodford then derive the following

Phillips curve and social loss function.

7=yt E m, ]+ Ky, (B15)

E{Z Blir, —(1-A)z, V" +wx + w,.if]} , (B16)
t=0

1-2 B - 1 (B17)

where y, = K=y.Kk, 7,

1+ -4 7 T pa-2) TV T
and the other coefficients are the same as those in our model.
Taking expectations of social loss function (B16) conditional on Q;° yields
(= (=73 + v, +woxg +wig + B ]+ wo[x])
EC| & HESx —(-Dr 1 +vrl, + w(ES[x1) +wi] (B18)

+>.

= 1A TR ERUN A BN )
From the IS curve (3) and the Phillips curve (B15), it follows that the conditional variance
of the output gap takes the same form as (18) and that of inflation is given by
VeIr, =v,(x, - p 'z, ) +ti.p. (B19)
The optimal plan then minimizes social welfare function (B18) with respect to the

endogenous variables subject to conditional variances (18)(B19), constraint (20), and the

following constraint (B20).
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”t 277177[:—1 +77fEtCB[”t+1]+77K’OC,9 (BZO)

1-1 B _ 1

e n = e U s M T e

The associated Lagrangian is given by

_v/lfrfl +{m, —(1- /T)ﬂ;l}z + wxxo2 + wl.io2
+ V&ﬁ{”g + (1 + on_—z )(”0 - ﬂ_lﬂfl )2}

E? +i P {ES (7, — (1= D)7 1 +w(ES XD +wi} , (B21)
t=1

+v/1ﬂ{7rl2 +(1+ wxo’2 ), — ﬂ_lﬂ,_l)z}

+2Zﬁt |:¢x,t {xt — X T O:I (it - ”t+1)} + ¢7r,t(7z-t - 7713771—1 - }7fﬂt+l - }71(th):|
L t=0

where ¢, and ¢, , are Lagrange multipliers on (20)(B20) in period ¢, respectively. The

first-order conditions with respect to 7, x;, and i, are, in every period >0,

{r,-(-)z,} - BA-2NE" [z, 1-U-)x} + 4., - BT,EN8,,.1-7,8'¢... (B22)
- ﬁ71671¢x,t71 + V/Iﬁ{ﬂ-t + (1 + on-iz){(ﬂ.t - ﬁilﬂ.t—l) - (EtCB [”Hl ] - ﬂilﬂt)} = 0’

WX, — 77KK¢n,t + ¢x,t _ﬁ71¢”71 =0 (B23)

wi, +o ¢, =0, (B24)

together with initial conditions ¢ _, =¢,, =0. Combining the conditions (B22)(B23)
(B24) to eliminate all multipliers yields the following interest rate rule that implements the
optimal plan.
i, =pr,A+7,) ECl 1+ B A+ 7)) (7, + 7 ko i =7, B (+7,) i,

+7x0 w1+ 7,) Hr, — (=)} = BA-ANE [7,.,]1-(1- D)7, }]

+v, By .xo”w ! A+7,) [z, + A+ w,o){(x, - 77, ) —(E (7, 1- 7))} ]
-prwo ' w!'A+y) EP[x, J+wo ' w! (1+7,) " x, — )7fwxﬂ'la_lwl.'l 1+7,)"'x,,.

(B25)

Appendix C. Optimal Plan under Uncertainty on Rule-of-Thumb Consumers

Taking expectations of social loss function (33) conditional on Q;° leads to
7[; + ;i'xxg + WAy (yo -V )2 + Wiig + ﬂ(VoCB [7[1 ] + WxVoCB [x1] + WAyVOCB [y1 ])

E(?B = ; (E‘t(illg[ﬂ.t])2 +Wx(Et(illg[xt])2 +WA_V(E£?[yt _yt—l])2 +Wiit2 ’ (Cl)
+>.
t=1

+ ﬂ(I/ICB [”H—] ] + WXI/ICB [xH—] ] + WAyVICB [yH—l ])
where w,, = E[w,,]. From Phillips curve (11) and IS curve (30), it follows that the

conditional variance of inflation is independent of monetary policy, and that those of
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output and the output gap are given by
VEeul=v, 0, =y —o i+ o n, kB0 'x, + (1= p,)g,}* +tip., (C2)
V1=V [+ tip. (©3)
The optimal policy plan then minimizes social loss function (C1) with respect to the
endogenous variables subject to conditional variances (C2)(C3) and the following
constraints.
¥, =(1-8)y., +E"[y.1-wéc (i, - E*[x.,)+wo(1-p,)g,, where 5=1/2-y), (CH
r, = BEP 7, ]+ K, . (€3
The equations (C4) (C5) are obtained by taking expectations of IS curve (30) and Phillips
curve (11) conditional on the central bank’s information set Q* 2
Then, the associated Lagrangian is given by
7y w0, (= v Wiy ]
9, B, + Wy )y =y =0 iy + fo my — kB0 % + (1= p,)go )
| S g (ES D +w (ES ] + 0, (ESLY, =Y )7 + wi? . (©6)

=0 +Vwﬂ(Wx + ‘/_VAy){y[ Vi~ a_lit + ﬂ_lo-_lﬂ-t - Kﬁ_la_lxz + (1 ~ Py )gt}z

+2Zﬁt[¢y,t {yt _(l_g)yt—l _ngl +V75071(lft _ﬂ-H—l)} +¢;r,t(ﬂ’-t _ﬂﬂ’-H—I _th)]
L t=0

|
where ¢, and ¢_, are Lagrange multipliers on (C4)(C5) in period 7, respectively. The
first-order conditions with respect to m, y;, and i are, in every period >0,

7[[ + ¢7r,t - ¢7r,t—l - Wé‘_ﬂilail¢y‘f*1

-1 — -1 -1__-1 -1__-1 (C7)
tv,o W Aw Wy, -y, —oc i+ o x,-kf o x+(1-p,)g}=0,

*® Taking expectations of IS curve (30) conditional on the central bank’s information set Q* leads to
v, = E =81y, + E°[6]- ELE,(v,,)]+ Cov [, E, (v, )] = E°[1/ 616, - Ef [, D)~ E v 1 2=y 1(p, — g,

The third term on the right-hand side can be rearranged as follows.
1-5 1 vp,—D }

—y ,+—((-E +
5 yr—l 55(1 t[ﬂ-tﬂ]) 5(2_(//) t

(1-eto£ 5 - -1 £y £
1 : L) |4 4
_| EB| 2| Bl S]. | _EC°B ECB _E®[s5]. E® 1
( , u C[o]-E; {&JJ@ ! [m{, {2_.,,} (0] Lz_y/)ﬁD(pg )8,
Substituting this conditional covariance into the above equation and then rearranging the resulting
equation yields (C4).

1
COVtCB[59Ez(yt+])] = COV;CB |:§’§y;
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WX, AWy (¥, =¥, ) = Py (B v ]=y) — &4, +8,, 6B ', . — BA-5)ET[P,,.]
+v, (W, +w, (B - ko )Wy, -y —ocli+Bc'n, —xfox, +(1- P£)E} (C8)
VB W AWDE [V =y, —0 i+ flo T, kB o x, +(1-p,)g,]1=0,
Aj, +yoo'§,,
, _ . o . (C9)
-v,Bo (w, W I, — Y, -0 i+pBc'r, —kB o 'x, +(1-p,)g,} =0,
together with initial conditions ¢,_, =¢,_, =0. Combining the conditions (C7)(C8)(C9) to
eliminate all multipliers yields the following interest rate rule that implements the optimal
plan.
i, =C(E”li 1-EXND+Coi + Cy iy —i,y)
+C(E [ 1-ES[m, )+ Csmr, + Cy(m, — 7, )+ Co (7, — 7, ,)
+C(EP[x,,1-EZ[x, D+ Cy(x, —x, )+ Cpo(x,, —X,,) (C10)
+CHAE Y l= ) = EZ 1=y + Col (= y) = = v
OV =) =i =y )+ Cul(g, =8 +Cis(8 = 810

where the coefficients are as follows.

C = Bll-8{1-v, Bwdc W, (w, +wy )], C,=l+wkpopf 'o™'W, ",

C, =0p  {1-v, Bwdo W, (w, + Wy )}, C,=—v, 0 B7W " (w, +w, ) {l-0(1-§)},
Cy=xpoo W, Cy=v,0’W (1+@d)w, +w,), C,=-v,00 B W " (w, +W,),

Cy =v, pro’ i, (w, + W )1-6(1-@)}, Cy=wdo W " {w, —v, ko™ 1+ '8 w, +W,,)},
Cyp =v,0k0° B, (w, +Ww,), C,, =—pwdc W, '[w,, +v, Bw, +w, )1+ (5 =D},
Cy, =oo W (W, +v, B+ ' w, +W,)},  Cy=—v,00 W, (w, +W,),

Cho =v, 807, (1= p, o, + 0y, ) 19,8 +(1- fip, Y1+ TO)}.

Cis=—v, 00 W, (1-p,)w, +w,), where W, ={w, +v, o’ (1+yd)(w, +W, )}
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Figure 1. Beta Distribution

(1)Mean=0.75

4.0 ,
----- Variance=0.01 K
3.0 Variance=0.02 '
2
@ Variance=0.04
5 2.0
)
1.0 4
0.0 1 1 T T T T T T 1
0 0.1 02 03 04 05 06 07 08 09 1
)sz
(2)Mean=0.5
4.0 - . Tt Variance=0.01
N Variance=0.02
3.0 4 " Variance=0.04
z\ B
5 2.0 -
o
1.0
0.0
0 0.1 02 03 04 05 06 0.7 0.8 09 1
)h,‘l’
(3)Mean=0.25
4.0 RN R Variance=0.01

0 01 02 03 04 05 06 0.7 08 0.9

vy

40

Variance=0.02
Variance=0.04

1



W AR

Figure 2. Social Welfare Weight on Variability of Change in Inflation
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Initial response

Figure 3. Initial Policy Response to a Natural Rate of Interest Shock

Uncertainty about Rule-of-Thumb Price Setters
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interest rate (26), which is multiplied by 4xsd[r," ] in order to adjust the scale.
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Figure 4. Decomposition of Effect of Uncertainty on Initial Policy Response
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Figure 5. Impulse Response to a Natural Rate of Interest Shock
Under Uncertainty on Rule-of-Thumb Price Setting (£ [A]=0.5)
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(Note) Inflation and the interest rate are expressed in annualized percentages,
the output gap in percentages.
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Figure 6. Impulse Response to a Natural Rate of Interest Shock
Under Uncertainty on Rule-of-Thumb Price Setting (£ [A]=0.25)
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(Note) Inflation and the interest rate are expressed in annualized percentages,
the output gap in percentages.
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Figure 7. Coefficients on Lagged Interest Rate in Optimal Policy Plan
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Figure 8. Variance Frontier
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Figure 9. Expected Social Loss
Uncertainty about Rule-of-Thumb Price Setters
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Figure 10. Initial Policy Response to a Natural Rate of Interest Shock
in Alternative Models

19 - Steinsson Model (Left Scale) - 1.12

Our Model (Amato & Laubach, Left Scale)

18 ..., Giannoni and Woodford (Right Scale) 1L 1.10

+ 1.08
+ 1.06
L 1.04
+1.02

- 1.00

+ 0.98

0.9 1 1 1 1 0.96
0 0.02 0.04 0.06 0.08 0.1
ViA]
Degree of uncertainty about weight of rule-of-thumb price setters
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(Notel) Parameters are calibrated to equal those used in Section 4.1. The central bank’s prior
belief on the parameter 4 is assumed to be formed with a beta distribution. The figure shows the
case of w;=0.236 and 1=0.5. In Steinsson's model, we set d =0.052, following Steinsson (2003).
See Appendix B for details.

(Note2) Initial policy response shows the parameter on r,” in MSV REE process of interest rate,

which is multiplied by 4xsd[r," ] in order to adjust the scale. (annualized percentage)
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Figure 11. Initial Policy Response to a Marginal Utility of Consumption Shock
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(Note) Initial policy response shows the parameter on g, in MSV REE process
of interest rate, which is multiplied by 4xsd[g,] in order to adjust the scale.
(annualized percentage).
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Figure 12. Decomposition of Effects of Uncertainty on Initial Policy Response
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(A) Effect of uncertainty about loss function
(B) Effect of positive correlation between policy mutiplier and transmission of shock
(C) Effect of uncertainty about output dyanamics
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