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Abstract

Threeyearsof large-scalePDE-constraineadptimization researchanddevelopmentare sum-
marizedin this report. We have developedan optimizationframework for 3 levels of SAND op-
timization and develgped a powerful PDE prototyping tool. The optimization algorithns have
beeninterfacedandtestedon CVD problemsusinga chemicallyreactingfluid flow simulatorre-
sulting in an order of magnitudereductionin computetime over a black box method. Sandias
simulation environmentis reviewed by characterizingeachdiscipline andidentifying a possible
targetlevel of optimizaton. BecauseSAND algorithmsare difficult to teston actualproduction
codes,a symholic simulabr (Sundanceas developed andinterfacedwith a reduced-spacse-
guentialquadratigorogrammiig framework (rSQP++)to provide a PDE prototypng environment.
The power of Sundance/rSQP+is demongtatedby applyingoptimizationto a seriesof different
PDE-basedroblems. In addition, we shav the meritsof SAND methodsby comparingseven
levels of optimizatian for a source-inersian problemusingSundanceandrSQP++. Algorithmic
resultsarediscussedor hierarchicalcontrol method. The designof an interior point quadratic
programmingsolveris presented.
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Chapter 1

Intr oduction

This reportpresentshe resultsof a three-yearesearchprojectto investgatealgorithns andsoft-
warefor thesolutionof optimizationproblemsconstrainedy partialdifferentialequationgPDE).
We referto theseproblemsasPDE-constrainedptimizationproblemsor PDECO.Our emphasis
hasbeenon developing algorithns for large-scalgproblemsandthe useof parallelcomputers.

Severalexampksof PDECOareoptimalestimatiorof materialparameterggivenexperimental
dataanda physicalmodel; optimal designof a device givena simulata andthe definition of an
objective; nondestructie detectionof defects;anddeterminatia of the sourceof a contamirant,
givenaflow anddispersiormodel.All of theseproblemsexhibit large numberof stateanddesign
variablesandcanbe statedn thegeneraform

minimize f(y,u)
subj’e%tto: c(y,u) =0 (PDECO)
whereu is thesetof parameterso bedeterminedndy is thevectorof “state” variabledor the PDE
systenrepresentetly theconstraint(y, v) = 0. Theobjective functionmeasurethediscrepang
thatwe wishto reduceor, in otherproblemsthedesigncriteriawe wishto improve. In thisreport,
we concentraten equalityconstraintspur work on inequalityconstraintss lesswell developed.
We assumehat given ary value of the parametersy, we can computethe correspondingstate
variablesy.

Two generalapproachesor solving suchproblemsare available. Thefirst is to usean exist-
ing PDE solver for the constraintdo computey asa functionof © andevaluatef (y(u), u). This
approachreferredto asthe “black-box” approachis easyto usebecauseét requiresno modifica-
tion to anexisting PDE simulabr, but restrictsthe choiceof optimization algorithm to thosethat
are slowly convergentfor PDECOtype problems. Ideally, we would like to usea methodthat
convergesquickly to the optimum value, but rapid convergenceusuallyrequiresthe computatbn
of the gradientof the objective function f with respectto » . The computaibn of this gradient,
however, requiresheknowledge of the derivative of y(u) with respecto u andthisinformation is
notoftenavailablefrom mary traditioral PDE solvers.Furthermoreit is oftenextremelydifficult,

10



if notimpossibleasa practicalmatter to modify the PDE solver to computethisinformation. For
theseandotherreasongdetailedin chapter?) black-boxmethodsaretypically restrictedo smaller
sizeproblemsjn particularsmalkr designspaces.

The secondpossilility is alreadysuggestedy the above discussionnamely to modify the
PDE solver to obtainthe neededgradient,sensitvity, andadjointinformation. The ability to do
this opensup a wide variety of more efficient optimization techniquesand providesthe tools to
addresanuchlarger problems. The demonstratiorof the power of this approachwasthe major
thrustof ourwork. Theconclusiorto draw is thatPDEandsimulationsoftwareshouldbedesigned
with optimizatian in mindto enablethis powerto be appliedto themary interestingandimportant
SNL problemsdescribedelov. Onefacetof our researcthasbeento developa PDE frameavork
thatgivesoptimizationalgorithmsunprecedentedontroloverthe PDE processes.

Black-boxmethodsarealsoreferral to asnestedanalysisanddesign(NAND) andcharacterize
the majority of currentSNL approachesThe ability to interfaceseamlesslyvith any simulaton
codeis anobviouskey strengthof the black-boxmethodsand,coupledwith arangeof algorithns
andframeworks,suchDAK OTA [37, 38, 39|, have beenableto solve complex engineeringlesign
problems.As notedabove, however, mary limitationsto this stratey remain,but the continued
existenceof PDE codesfor which gradientinformationis not availablehasspurredotherresearch
at SNL in patternsearchmethodsto try to improve the efficiency of thesesolvers for problems
wherethereareno otherchoiceq57].

Optimization method thatareableto obtaingradientadjoint,andsensitvity informationfrom
the PDE solver canoftenbe evenmoresuccessfuby notrequiringexactsoluion of the constraint
equationsateachiteration. Thisis especiallyimportantin problemsvherethe PDE constraintare
nonlinear In suchcasestheconstraintareonly completelysatisfiedn thelimit ascorvergenceto
the optimal parameterss achieved. Thusthis stratgy is calledsimutaneousanalysisanddesign
(SAND) [94] [83]. Thesemethodshave greatpotentialfor solving large PDECOproblems.There
are mary assumpbns associatedvith the applicationof SAND algorithmsto productionsimu-
lation codesandprobablythe mostobviousdisadwantages the implementatiorcostnecessaryo
equip PDE solverswith the necessaryacilities to computegradientinformation. Nevertheless,
PDECOmaybetheonly option to addressarge designspaces.

1.1 Stateof the Field

To put our work into contect, we briefly surwey the historical developmentand currentstateof
algorithnms andsoftwarefor PDECO.
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1.1.1 Algorithms and applications

Severalareasf researclthave motivatedthedevelopmentof PDEconstraineaptimization,includ-
ing shapeoptimizationin computatimal fluid dynamicq2] [8] [43] [44] [21] [22] materialinver

sionin geophygs [81] [82] [3], dataassimiation in regional weatherpredictionmodeling [124]

[74], structuraloptimization[86] [92] [93], andcontrol of chemicalprocesse§l7]. A complete
discussia of all theaforementionediscipinesis beyondthe scopeof thereport. Shapeoptimiza-

tion in computatimal fluid dynamicg CFD), however, hasarguablymadethe largestcontributions
towarddirectandadjointsensitvities, which is oneof theimportantpiecesof informationneeded
by SAND algorithns, andwe thereforeprovide a brief backgroundf somekey developrents.

In generalthe shapeoptimizationproblemfor CFD is extremelyexpensve sincethe standard
solution approachrequiresthe completesolutionof computatbnally expensve flow equationdor
eachoptimization iteration. Pironeaufirst studied derivatve-basedshapeoptimizaton usingthe
adjoint formulation for minimum drag for both Stokes and incompressil# Navier-Stokes flow
[90]. Jamesorappliedthe adjoint methodto shapeoptimizatian usingthe Euler equationg62].
Numerousresultshave since beenpublisted on shapeoptimization [79] [5] [6] [7] [14] [32],
includingcompressile Navier-Stokessimuationsshapeoptimizaton of threedimensonalwings
[75] . Differentsolution procedureshave beenattemptedo try to improve the corvergenceof
shapeoptimization algorithms A “one-shot-methodivasintroducedearly in the 1990 which
usedmulti-grid methodswvherethe optimizationandforward problemsweresolvedwith different
levelsof grid fidelity [114]. Typically, the optimization problemsweresolvedon coarsemeshes.
Thesamethod still requiredcompletecorvergenceof theflow codefor eachoptimizationiteration,
but could be consideredhe first attempttoward SAND methods. The resultwas a significant
reductionof the overall solutiontime.

SAND wasintroducedn the early eightiesandnineties[52] [94] [83] andhasdevelopedmo-
mentumasthe state-of-the-artnethodobgy for optimizaton of large-scalesimulaton problems.
Significantresultshave beengeneratedor SAND methodsin particularfor the serial case[2]
[61] [8] [43] [114] [12] [67]. Lessrapid advanceshave beenmadein the areaof parallel PDE-
constrainedptimizaton. The primary reasonfor this slow progresss that forward simulaton
codedevelopnent hasonly recentlyreacheda high level of maturity Combinedwith the con-
tinuing growth in computercapabilities,large-scalePDECOfor parallel applicationsis now an
importantareaof researcij44] [20] [21] [22]. Most paralleldevelopnents,however, involve spe-
cialty simulaton codesconnectedo tailoredoptimization methodstherebyavoiding someof the
interfacingissueghatareencounteredvith legag/ productioncodes.Oneof our primarygoalswas
to addresgheseinterfacingissuesandalthoughinterfacingremainsproblematt, we have made
significantprogressn our softwaretoolsandgeneraunderstandingf productionPDE simulators.

Transientsimulation posesyet anotherevel of difficulty to large-scalé®?DE-constraineopti-
mization. Oneof the main obstacless the efficient calculationof sensitvities in a time-steppig
scheméfor large designspaces.Several approachesanbe consideredpneof whichiis to utilize
sensitvity calculationsfor differentiablealgebraicequationg DAE) for reduced-gradientalcu-
lations. By corverting a PDE systemto DAES, variousmethods suchas multiple shooing, can
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usedto discretizein time [89] [46]. Eventhoughlarge DAE systemsanbe solved,thesemethods
arelimited to smallnumberof designparametersFor alarge numberof designvariables adjoint
sensitvity in transientsimulationshave beenconsideredut arenot efficient becausef the large
storagerequirements.This resultsfrom the needto integratebackward in time to calculatethe
adjoint vector which requiresstorageof the forward problems soluion at every time step[64]
[53]. A recentandmostpromising resultfrom Akcelik etal [3] demonstrated full spaceGauss-
Newton methodin which they efficiently solved a 2.1 million variableinversbon problemusing
thetransientwave equation.Finally, work in the areaof time decompodgion andcontrolalsohas
producedpromisng algorithrrs andresults[54].

1.1.2 Software

While progres$iasbeenmadein developingalgorithmsfor PDECO thespreadf thesealgorithirs
to productionsoftwarehasbeenslow becausef thetight couplingrequiredoetweeroptimizerand
PDE simulatian software. Althoughlittl e work hasbeendoneon software frameavorksfor PDE-
constrainedptimizationand,with the exceptionof the work presentedn this report,virtually no
work hasbeendoneon object-orientedramenorksfor PDECO,several attemptshave beenmade
to collect PDECOalgorithns in libraries (Veltiso and TRICE) [21] [22] [34]. An encouraging
trendis that optimization codesare startingto be written in termsof flexible linear algebrain-
terfacessuchas PETSc[9], the Equatian Solver Interface(ESI) [103], the Hilbert ClassLibrary
(HCL) [51], rSQP++[10], Trilinos[55] andthe Trilinos Solver Frameavork (TSF) [56]. Simi-
larly on the PDE simuation side,the stateof the art is evolving away from codesspecializedo a
particulardiscipine andtoward general-purpostramenorks suchasSIERRA andNevada[111].
Identifying theadditionalchangeso thedesignof bothoptimizationsoftwareandPDE simulators
thatwill berequiredfor theuseof PDECOhasbeena majorfocusof thisLDRD project.

1.2 Accomplishmentsof this Project

1.2.1 Classificationof PDECO Problems

Large-scald®?DE-constrainedptimization comesn mary formsandthevarietyof algorithnms and
interfacingmechanismgresentsa comple rangeof optionsfor a heterogeneousimulationervi-

ronmentsuchasthe onethatexistsat SNL. To achierze agenerabpproactor SAND optimizaton

for a large rangeof simulaton codesis a lofty challenge becausdy definition SAND methods
leveragethelinearalgebraof the simuation codeandthereforeeachinterfaceneedso be custom
designedThisresearctprojectaddressethesenterfacingproblemshrougha variety of software
toolsandestablishes systematimomenclaturendapproactfor the consideratiorof SAND op-

timization. Chapter2 will introducea sequencef levels of couplingbetweenPDE solver and
optimizer, with Level 0 beingthe mostlooselycoupledandLevel 6 beingthe mosttighty coupled
andpotentally yielding the highestperformanceCurrently mostSandiaapplicationsarecapable
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of LevelsO andl only.

Chapter2 containsa discussia of the mathematal foundationsof PDECO,anda systematic
enumeratiorof the levels at which PDE and optimization codescanbe coupled.Briefly, Level O
is the mostloosely coupledblack-boxalgorithm and Level 6 is the mosttightly coupledfull-
spacealgorithm which potentialyy yields the highestperformance.Currently mostSandiaPDE
applicationsare capableof Levels0 and1 only. In Chapter3 we discussthe generalsimulaton
environmentat Sandiaandpossibilties for PDECOin variousdisciplines. In Chapter7 we shav
performanceesultsfor differentlevelsof PDECO.

1.2.2 Software Development

Softwareis amajorchallengen PDECO,andmuchof ourwork hasbeento develop softwaretools
thatwill aidtheexplorationof researchdeasin PDECO provide guidanceor futuredevelopnent
of production-quaty PDECO capability and provide immediatePDECO capability for Sandia
problems. Thesetools have beendesignedfrom the startwith PDECO and interoperabiliy in
mind. We have developed:

A softwareframenork (rSQP++) for solving reduced-spaceDECOproblems.

A softwareframavork (Split/O3D)for solvingfull-spaceandinequality-congainedPDECO
problems.

A PDE simulationcomponensystem(Sundancedhatis capableof providing the additional
operationgequiredby the morestronglycoupledevelsof PDECO.

An interfacebetweernrSQP++andanexisting productionPDE code MPSalsawhich allows
SAND capabilitythroughLevel 4.

All of thesetools have beenimplementedin C++, all inter operatevia the Trilinoslinearalgebra
componentsandall have parallelcapability

1.2.3 Numerical Experiments

We have conductedhumericakexperimentgo evaluatethedifferentlevels of PDECO.In Chaptel5,
we shaw resultsof Level 4 (c.f. Chapter2) couplingbetweerntherSQP++optimizer anda Sandia
productioncode,MPSalsa.This resultedin anorderof magnitudespeedupelative to a Level 1
“black box” method. Theseexperimentshave alsogiven usinsightinto the accurag requiredin
Jacobiartalculationsin Chaptef7, we presentisurwey of PDECOproblemssolvedusingrSQP++
andSundanceBecausef Sundances veryflexible nature we have beenableto exploreall levels
of couplirg for PDECO;aswith MPSalsagoingto Level 4 yieldsanorderof magnitudespeedup
relative to Level 1, andthengoing to the highestdegreeof couplirg (at this point, possitbe only
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throughusingSundanceasthe PDE solwer), Level 6 yields a further orderof magnitudespeedup
beyondLevel 4. Figurel.1and1.2 shav the resultsof a numericalexperimentsolving a source
inversionproblemconstrainedy a corvectiondiffusionproblem.Large differencesn numerical
efficienciescanbe be obseredat eachlevel of optimization.

1.2.4 Hierarchical Control

Althoughnot originally partof the proposalaninterestingclassof problemsarosethatwe spent
sometime considering.In particulay it often occursin applicationsthat thereis morethanone
objectve. Theso-called'multi-objective” optimizationproblemhassomespecialpropertiesvhen
the constraintsaare PDEs. Supposefor example,onewantsto drill a well into anaquiferto help
in preventing contaminant$rom enteringa city watersystem.The primary objectie is to reduce
the contaminantsn the systembelow a giventhreshold.Secondarybjectves may include mini-

mizing cost,minimizing thetime to completon, andminimizing theamountof watertaken out of

theaquifer Thereis no singleway to handlethe multi-objective problem,but, building on work

donein thearea,we wereableto shav how aformulation, called“hierarchicalcontrol; thattakes
into accountan orderingof the objectvescanyield soluions thatare significantlysmootherand
thus more usefulin mary applications. This work is describedn Chapter8 wherewe demon-
stratethe effectivenesf our full-spaceSAND approacton a problemwith significantinequality
constraints.

1.3 Conclusionsand Recanmendaions

With theincreasingpowerof ourmassvely parallelcomputirg platformsandtheincreasingophis-
tication of our PDE-basedsimulatonscomesan increasingdemandfor optimization procedures
that can exploit this power to improve designssignificantly to control processebetter andto
solve complex inversbn problemsmorerapidly. As we have indicatedabove, traditiona] NAND
approacheso solve PDECOproblemsare not up to the taskandtraditional PDE solversare not
designedwith optimizationin mind andthusaredifficult to usewith fastermethod. The major
resultof this researb projectis a demonstratin thatthe potental speedupesultirg from modern
SAND approachesanbe achiesed. This demonstrationvasmadepossibé by developgng a pow-
erful PDE ervironmentandtwo advancedoptimization codeswhich wereto nontrivial problems.
For SNL to realizefully this potental will requirechangesn how SNL developsits simulaton
codesandPDE solwvers. Thefollowing recommendatiaaddressheseassues.

1.3.1 Recommendations

1. Becauseof the large speedupresultirg from sensitvities and SAND optimization, future
simulatorsandPDE solversshouldbe designeawith optimizationin mindand,in particulay
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with enhancementthat include gradients,sensitvities, and adjoints. Thesefeaturesare
difficult to add as an afterthought. Along thesesamelines, Sierraand Nevadashouldbe
extendedo includethesecapabilities.

. ISQP++and Split/O3D shouldbe further developedand also interfacedwith DAKOTA.
DAKQTA is alreadyinterfacedwith SIERRA, andwill eventwally be interfacedto Nevada,
sothe rSQP++/Split/O3Dinterfaceto DAKOTA will facilitate PDECOwith SIERRA and
Nevada.

. Thedevelopnentof Sundancesa prototypirg andrapiddevelopnentervironmentfor par
allel PDECOshouldbe continued.In additian, the possbility of interfacingthe Sundance
symbolc problemdefinitioncapabilitywith SierraandNevadashouldbe exploredasa path
to providing improved PDECOcapabilityto thoseframeworks.

. SNL shouldemphasizehe developmentof framewvorks andtoolsin C++ in a true object-
orientedmanner Developersshouldbe encouragedo exploit existing framewnorks suchas
DAKOQOTA, rSQP++,Trilinos,andTSFandto developinteroperablecomponents.

. Incorporatethe sensitvity procedureghat we have demongatedwith MPSalsainto on-
goingprojectssuchasXyce andPremo.

. Extendthe researb andtools begun hereto transientproblems,inequality constraintsand
real-timeoptimizatian.

. Apply PDECOtechnologyto homelandsecurityapplicatimmssuchasimproving theresponse
to chemical/biobgical/radiologtal attackson facilities, waterdistribution networks,andur-
banfacilities.
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Chapter 2

Mathematical Overview: Sensitvities and
Levelsof Optimization

2.1 Overview

An introducton of theappropriatanathematisis presentedo emphasizeheimportantlinearal-
gebraiccomponentshatarenecessarfor interfacingvariouslevelsof optimizaton methodsThis
discussia is primarily designedo provide the PDE developer with the fundamentaknowledge
for consideringmoreefficient waysof solving optimization problems.Optimizationmethodsare
classifiedinto two maincateyories,NAND andSAND, eachof which arefurtherbrokendown to
additionallevels. Theoptimzationlevelsdefinedifferentinterfacedor achieving higherefficiency.
The calculationof the derivatives(sensitvities) of “state” variableswith respecto “design” vari-
ablesis a crucial steptoward moreefficient levels of optimization usingso-calledreduced-space
methods. The incorporationof differenttypesof sensitvities determinewhich levels of NAND
andSAND optimizationarepossibé.

We considerequality-congstinednonlineamprogramgNLPs) of theform

min  f(y,u) (2.1.1)
Y,u
st e(y,u)=0 (2.1.2)
where:

y € R™

u € R™

fy,u) : RMwim™) 5 R
c(y,u) : ROwtne) 5 R,
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Equation(2.1.2) represents setof nonlinearsimuation equationswhich we refer to asthe
constaints. In this notation, c(y, u) is a vector function where eachcomponentc;(y, u), j =
1...ny, represents nonlinearscalarfunction of the variablesy andw. Here,u areoftencalled
the design(or control, inversion)variableswhile y are referred to as the state(or simulaton)
variables. Note thatthe numberof statey anddesignu variablesaren, andn, respectrely. A
typical simulaton coderequiresthatthe userspecify the designvariablesu andthenthe square
setof equationg:(y, u) = 0 is solvedfor y. In the optimizationproblemin (2.1.1)—(2.1.2) f (y, u)
is a functionthatwe seekto minimize while satisfyingthe constraintsthis functionis calledthe
objectivefunctionor justthe objective In anoptimizationproblem,the designvariablesu areleft
asunknovns which aredeterminedalongwith the statesy, in the solution of (2.1.1)—(2.1.2).In
someapplicationareasthe partitioning into stateanddesignvariabless fixedandknown a priori,
while in otherapplicationareaghe selectiormaybearbitrary

Here we discussthe issuesinvolved in modifying an existing simuation codeor developing
a new codethat can be usedto solve optimization problemsefficiently using variouslevels of
gradient-basethethods.

The developmenteffort requiredto implementthe neededunctionality for a simulation code
to beusedin agradient-basedptimizationalgorithmvariesdependingnthelevel of optimizaton
method.The goalof this discussioris to be preciseaboutwhatthe requirementsrefor a simula-
tion codefor differentlevelsof intrusive optimization. We defineintrusive optimizationasmethods
thatrequiremoreinformation from the simulation codeandmay requiremoreeffort to interface.
We startwith sensitvities for the lower-level optimization methodsandthenmove onto the sen-
sitivities for the moreinvasve, higherlevel methods This discusgn shouldgive thereadersome
ideawhattheexpectedmprovementsn performanceanbeby goingto higherlevel optimizaton
methods.An additionalgoal of this treatmenis to motivate simulatian applicationdevelopersto
considerthe potentialof higherlevel optimization methodsandto studyoptimizationmethodsn
furtherdetail. Referenesaremadeto morethoroughdiscussion of specificoptimizationmethods
andresultsfrom variousapplicationareador theinterestedeader

We shouldalsomentionthatall of thevariouslevelsof optimizaton methodghatarediscussed
here can also handleextra constraintsbeyond the stateconstraintsshaovn in (2.1.2). From the
standpoih of anapplicationdeveloper the sensitvity requirementdor theseextra constraintsare
the sameasfor the objective function. In generalthe sametypesof computatbnsthat mustbe
performedor theobjective functionmustalsobeperformedor theextraconstraintsThehandling
of theseextraconstraintss notdescribedere butis describedn thecontext of reduced-spac8QP
in Sectior4.1.3.
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2.2 Implicit State Solution and Constraint Sensitvities

The setof nonlinearequations:(y, u) = 0 canbe solvedfor y usinga variety of methods Using
the soluion methodit is possibé to defineanimplicit function

y =y(u), s.t.e(y,u) = 0. (2.2.3)

Thedefinitionin (2.2.3)simplyimpliesthatfor any reasonablselectionof the designvariablesu,
thesolution methodcancomputethestateg;. Notethatevaluatingthisimplicit functionrequiresa
completesimuation or “analysis”to be performedby the soluion method.The costof performing
theanalysismayonly beanO(n,) computatiorin a best-case-scenaribyt for mary applicatios
the compleity of theanalysissolutionis muchworse.

In the remainderof this section,we derive the sensitvities of the statesy with respecto the
designsu asrelatedthroughthe implicit function (2.2.3). We begin with a first-orderTaylor ex-
pansiorof ¢(y, u) about(yo, ug) givenby

oc dc
c(y, u) = (o, uo) + 8—y5y + 5 0ut O(|16y11?) + O(]|dul [*) (2.2.4)

where:
‘9—; is asquareR™-by-R™ Jacobiammatrix evaluatedat (yo, uo)
3—2 is arectangulaiR™-by-R"* Jacobiammatrix evaluatedat (yq, uo)-

In this notation,the Jacobiamatrix 3—5 is definedelement-wises

aC 80]' )
(ay)w) = E» Jforj=1...ny,l=1...n,.

If thematrixg—; exists andis nonsingudr thentheimplicit functiontheoren{80, B.9] stateghat
theimplicit functionin (2.2.3)existsandis well definedin aneighborhod of asolution(yo, ug). In
someapplicationsthe matrix g—; is alwaysnonsingudr in regionsof interest.In otherapplication
areasvheretheselectiorof stateanddesignvariableds arbitrary thevariablesarepartitionedinto
statesanddesigngasedon thenon-singulariy of g—;. Notethattheonly requirementor thelatter
caseis for the Jacobiarof ¢(y, u) to befull rank.In ary casewe will assumédor theremainderof
this discussia that, for the given selectionof statesanddesignsthe matrix g—; is nonsinguar for

every point(y, u) consideredy anoptimizationalgorithm Thenon-sirgularity of g—; allowsusto
computearelationshp betweerchangesn y with changesn u. If we requirethattheresidualnot
changsg(i.e. c(y, u) = ¢(yo, uo)) thenfor sufiiciently smalléy anddu thehigherordertermscanbe
ignoredand(2.2.4)gives

—d0y + —du = 0. (2.2.5)



If % is nonsingilar thenwe cansolve (2.2.5)for
Y

dc~toc
= —— —du. 2.2.
oy 9 auéu ( 6)

The matrix in (2.2.6)representshe sensitvity of y with respecto u (for ¢(y, u) = constan}
which defines

9 o _9¢ "¢ 2.2.7)

We referto the matrix g—z in (2.2.7)asthedirectsensitiviy matrix.

2.3 NAND

Now considethow theabove canbeusedto helpsolve optimizationproblemsof theform (2.1.1)—
(2.1.2).Theimplicit functiony(u) allowsthenonlineareliminationof the statevariablesy andthe
constraints:(y, u) = 0 to form thereducedbjectivefunction

flu) = fy(u),u). (2.3.8)

This nonlineareliminationleavesthe following unconstraine@ptimizaton problemin the space
of thedesignvariablesonly: X
min f(u). (2.3.9)

The unconstraineaptimizationproblemin (2.3.9)canbe solved usinga variety of methods.
Notethateachevaluatian of f(u) requirestheevaluaton of y(u) which involves a completesimu-
lation or analysigo solve c(y, u) = 0 for y. Therefore acompleteanalysiss nestednsideof each
optimizationor designiteration. Optimization approachesf this type are broadly cateyorizedas
nestedanalysisanddesignor NAND.

NAND optimizaton approacheshat do not computegradientswill be referred to aslevel-0
approacheand,asmentioredin the chapterl, aregenerallyrestrictedto searchmethods.These
will notbediscussedurtherhere.As we will seebelow, thereareseveralhigherlevel approaches
thatusesensitvities (i.e. derivatives).

Gradient-basedptimization methodsfor (2.3.9)requirethe compuation of the reducedgra-
dient A
of

ou
Thereare several relatively fastoptimization methodsthat rely only on the reducedgradientin
(2.3.10)suchasquasi-N&vton method (i.e. BFGS[85, Chapter8]). Thesemethodscanachiere
superlinearatesof corvergencewhenw is of moderatedimenson. A generaloutline for these
optimizationalgorithns is givennext in Algorithm 2.3.1.

e R, (2.3.10)
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Algorithm 2.3.1 : Outline for NAND Algorithmsfor Unconstained Optimizaton

1. Initialization: Chooseolerancen € IR andtheinitial guessu, € R™, setk =0
2. Sensitiviy computation Computethereduceogradientg—i aty = y(ux), u = ug

3. Corvemgenceched: If |\g—£|| < 7 thenstop,soluion found!

4. Stepcomputation Computedu € R"™ s.t. g—jjéu <0
5. Globalization: Find steplengtha thatensuesprogressto the soluion

6. Updatethe estimateof the solution:
Upr1 = Ug + @ U
k=k+1
gotostep2

A simple choicefor the stepcomputationn step4 of Algorithm 2.3.1is the steepestiescent
;T
of

directiondu = —3-  for whichtherequireddescenpropertyholds
~ A~ AT
of . Ofof

if g—i # 0. Most quasi-Nevton methodscomputea searchdirectiondu by maintainng a positive-
;T

definitematrix B andthencomputingdu = —B—l% (whichis alsoeasyto shov hasthedescent

property).

The simpestway to computethe reducedgradientis to usefinite differences.For example,
usingone-sidedinite differenceseachcomponentf thereducedyradientcanbeapproximateds

(af) o Tt e we+ee) = fly(we)we) oy (2.3.11)

ou ¢

NAND optimization approacheshat usefinite differencesasin (2.3.11)will be referredto as
level-1approaches.

2.3.1 Exact ReducedGradients

Themajordravbackof optimizationapproachethatrely on thefinite-differencereducedgradient
in (2.3.11)is thatn, analysesrerequiredperoptimizationiterationandtheaccurag of thecom-
putedoptimal soluion is degradedbecaus®f thetruncationerrorinvolvedwith finite differences.
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An alternatie approachis to computethe reducedgradientin a more efficient and accurate
manner The exactreducedgradientof f(u) = f(y(u),u) is

of _ofdy , of
ou Oy ou + ou (2.3.12)

where:
g—i is aR™™ row vectorof thegradientw.r.t. y evaluatedat (i, uy)

% is a R™™ row vectorof thegradientw.r.t. v evaluatedat (yy, uy)

andg—z is the direct sensitvity matrix definedin (2.2.7). By substititing (2.2.7)into (2.3.12)we
obtain

of  9fdctoc of

- = . 2.3.1
ou 0y dy 8u+8u (2.3.13)

The first termin (2.3.13)canbe computedin one of two ways. The first approachcalledthe

direct sensitiviy approach, is to computethe direct sensitiity matrix 3¢ = —g—;_l% first and
thencomputethe product 2 . The adwvantageof this approachs thatmary simulaton codesare

dy du

alreadysetupto solvefor linearsystemswith g—; sincethey usea Newton-typemethodto solve the
analysisproblem. The disadwantageof the directsensitvity approachs thatto form g—g, n, linear
systemanustbe solvedwith the Jacobian% for eachcolumnof % asaright-handside. Thisis
generallya greatimprovementover the finite-differencereducedgradientin that the solution of
an, linear systemswith % is cheapetthana full simulation to evaluatey(u) andthe resulting
reducedgradientis muchmore accurate.Optimizationalgorithmsthat usethis direct sensitvity
NAND approachwill bereferredto aslevel-2 optimizationmethods

Thesecondapproactor evaluating(2.3.13),calledtheadjoint sensitivityapproach, is to com-
pute

dc TofT ny
A= 3 € R (2.3.14)
first, followed by the formationof the product/\T%. The columnvector ) is calledthe vectorof
adjointvariables(or theLagrangemultipliers, see(2.4.16)).Theadwantageof thisapproachs that
only a single solve with the matrix g—;T is requiredto computethe exactreducedgradient. This
removesthe O(n,) compleities of thelevel-1 andlevel-2 optimization approachesHowever, at
leastone completeanalysisis still requiredper optimizatian iterationto computey = y(uy) in
step2 of Algorithm 2.3.1. Thedisadwantageof theadjointsensitvities approachs thatsimulaton
codeswhich solwe linear systemswith the Newton Jacobiang—; may not be ableto solve a linear
systemefficiently with its transposelt canbe a majorundertakingo revise a simuation codeto
solve with transposedystemsespeciallyif the Jacobians a parallelobject. NAND approaches
thatuseadjointsensitvities will be categyorizedaslevel-3 optimizationmethods
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2.4 SAND

To this point we have only consideredNAND optimization approacheshat requireat leastone
full simulation problemc(y,u) = 0 be solved at every optimizatbn iteration. Thereare also
optimizationapproachestartingwith aninitial guess(yg,uq) wherec(yo, uy) # 0 thatwill solve
the simulaton (analysis)problemandthe optimizaton (design)problemssimultaneously These
higherlevel optimizationapproachearereferredio assimultaneosanalyss anddesignor SAND.

Many of the SAND approachesequirethe samereducedgradientin (2.3.13).We referto SAND

methodghat usedirect sensitvities aslevel-4 methodsandthosethat useadjoint sensitvities as
level-5 methods. In additionto the reducedgradient,level-4 and level-5 SAND methodsalso
requirethat the simdation code (now to be referredto asthe application)be able to compute
Newton stepsof theform

Syy = — ¢ (2.4.15)

where g—;fl and ¢ are the Jacobianand the residualof the constraintsc(y, u) computedat the
currentestimae of the solution (yx, ux). This is usually not a very difficult extra requirement
giventhe requirementdor the reducedgradient. In addition to the requirementhatthe reduced
gradient% vanishes, SAND methodsmustalso be responsibl€for solving ¢(y,u) = 0 to an
acceptablaolerance. The conditionthat ||c(y, u)|| (where]|.|| is somenorm) mustbe reduced
belowv a smalltolerances known asthe feasibiity conditin. Whenwe saythatan optimizaton
stepimprovesfeasibility, we mearthatit decreasetheinfeasiblity ||c(y, )||. In additionto design
variablesu, SAND method mustalsoexplicitly handlethe stateg; asoptimizationvariables.The
numberof statevariables, canbeverylargeandthis hasasignificantimpacton themethod and
implementationapproachethatcanbe usedfor SAND methods.In someapplicatiors (e.g.those
requiringtime-dependensimulations),the amountof storaggust neededo storevectorsof size
n, canexhaustthe RAM of evenhigh-endsupercompurs. Algorithm 2.4.1givesthe outline for
abasiclevel-4/level-5 SAND method.

Algorithm 2.4.1 : Outline of a BasicLevel-4/Level-5SAND OptimizationAlgorithm

1. Initialization: Choosetolerancesn,, n; € R andtheinitial guessy, € R"™ andu, € R,
setk =0

2. Sensitiviy computation Computethereducedyradient g—i andtheresidualc at (yg, ux)

3. Corvemgenceched: If Hg—iH < ny and||c|| < 7. thenstop,solution found!
4. Stepcomputation

(a) Feasiblity step: ComputeNewtonstepdyy = g—;‘lc at (yx, u)

(b) Optimality step:Computedu € IR™ s.t.g—féu <0

5. Globalization: Find steplengtha thatensuesprogressto the soluion
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6. Updatethe estimateof the solution:
Yer1 = Yi +  (dyny + %516)
Uk+1 = Ug + du
k=k+1
gotostep2

NotethatAlgorithm 2.4.1hasthe samebasicstepsasAlgorithm 2.3.1andthatthesestepsare
commonto mary optimizationalgorithms.However, the first major differenceis thatthe reduced
gradientcomputedn step2 is computedat the currentestimateof the solution y,, insteadof the
fully corvergedsoluion y = y(uy) asin Algorithm 2.3.1. Anothermajordifferenceis the explicit
handlingof the statevariablesy andthe constraints:. Thisis seenin the sensitvity computaton
andtheconvergencecheck. The samemethodghatcanbeusedin aNAND algorithmto compute
du, suchas steepestiescentand quasi-Ne&vton, can also be usedin step4b. While the global-
izationmethodusedin a NAND algorithmmay befairly simple,moresophisicatedglobalizaton
stratgiesare neededor SAND andthesestratgliesmay have to be applicationdependent.The
lastmajordistinctionto pointoutbetweenrAlgorithm 2.3.1and2.4.1is theupdateof the statevari-
ablesy in step6. It is easyto seethattheupdatedy,,; satisfieghelinearizedconstraintshovnin
(2.2.4)(with thehigherordertermsdroppedout andsettinge(y, v) = 0 anddy = (yx+1 — Yx)/ ).
Therefore,one iteration of Algorithm 2.4.11is essentiallya Newton iteration for the equations
c(y,u) = 0 wherebothy andu aremodified. Hence,mary SAND methodsshowv quadraticrates
of local corvergencein the constraintgwhich is commonfor Newton method).

What differentiatesa level-4 from a level-5 SAND methodin Algorithm 2.4.1is how there-
ducedgradientin step2 andtheupdatefor the statesn step6 arecomputed.The SAND algorithm
shown in Algorithm 2.4.1is essentiallyequivaent to areduced-spac8QPmethodthatusesa co-
ordinatevariable-reductiomull-spacedecompodion (seeSection4.1.3). While thereare other
examplesof level-4 andlevel-5 SAND method thanthe oneshown in Algorithm 2.4.1,the major
typesof compuationsremainsthe same(i.e. intialization, sensitvity computationcorvergence
check,stepcompuationandglobalization).

It hasbeenshavn in mary differentapplicationareasthat level-5 optimization methodscan
computea soluion for optimization problemsof the form in (2.1.1)—(2.1.2 at costwhich is a
small multiple of the costof solving a single analysisprobleme(y,u) = 0 for NLPs with a
moderatenumberof designvariables(i.e. n, = O(100)). However, thesemethod, which use
guasi-Nevton or similar techniquegfor step4b in Algorithm 2.4.1),generallyrequiremoreand
more optimizationiterationsto solve an NLP asthe numberof designvariablesn,, is increased.
The total numberof optimization iterationsrequiredto reachan acceptablesoluion toleranceis
generallyO((n,)*?") whereagy is somenumbergreaterthan0 but generallylessthan2.

2.4.1 Full Newton SAND

All of thelevel-2 throughlevel-5 optimizationmethod=nly requirefirst dervatvesin theform of
theJacobiarmatricesg—; and% andobjectve gradientsg—g and%. However, if secondderivatives
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for the constraintsand objective function are available, then potentially more efficient higher
level optimization methodsare available. Before discussg thesehigherlevel methodsandthe
requirementdrom applicationcodeswe mustfirst presenthe formal optimality conditionsfor a
solutionto (2.1.1)—(2.1.2).

We begin with the definition of animportant aggreyatefunction calledthe Lagrangian given

by
Ly, u, \) = f(y,u) + Xe(y, u) (2.4.16)

where:
A € R™ isthevectorof Lagrange multipliers.

Giventhedefinition of the Lagrangianthe optimalty conditions(alsoknown asthe KKT condi-
tions[85]) statethatthefollowing arenecessaryequirementgor the soluion of (2.1.1)—(2.1.2):

oL o1 + arde

3_y — 3y 3 =0 (2.4.17)
oL of 7 0c

= - ZL — = 24.1
ou ou +A ou 0 ( 8)
oL

o = c(y,u) = 0. (2.4.19)

All SAND methodsseeka solutionof this setof nonlinearequations.Note that (2.4.17)can
besolved for A andthensubsitutedinto (2.4.18),yielding thedefinitionof thereducedyradientin

. . .- . . of
(2.3.13).Therefore the optimality conditiorsin (2.4.17)and(2.4.18)areequvalentto % =0.

The systemof nonlinearequationsn (2.4.17)—(2.4.19¢anbe solved usingNewton’s method
which hasthefollowing linearsubproblen{known asthe KKT systen

2L LT acT 5 LT

dy?2  dydu 8y [ ) -| By

2L 8L  acT Su | =—| aLT | . (2.4.20)
dydu du? du du

%c dc 5)\ c

dy du
The above Hessian®f the Lagrangiarfunctionarecomposite®of the following Hessiarmatrices
for the objective andtheconstraints:

o°f
0y?

0 f
Oyou
o0 f
Yz J R X Ty
ou? <

€ R™w*x™y

2.4.21
e R™*™e ( )
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0y? <

d%c; c M > j=1...n,. (2.4.22)
Oyou

626]' Ty XN

W e R )

Optimizationmethodsthat usesecondderivatives, or approximationsto them,will be classified
aslevel-6 methods.Theseoptimizationmethodsareamongthe mostsophisicatedgradient-based
methodsdevelopedto dateandcontinueto be a topic of active researchthroughouthe scientific
communty. The generaloutlinefor alevel-6 SAND optimization methodis givenin Algorithm
2.4.2.

Algorithm 2.4.2 : Outline of a Level-6 SAND Optimizaton Algorithm

1. Initialization: Choosetolerancesn., n,, 7, € R andtheinitial guessy, € R™, u, € R™
and )\, € R",setk =0

Sensitiviy computation Computell, 2& 2L L 9°L

dy' Bu Oy2' Bydu' Bu? andc at (yk7 Uk)

Convergenceched: If [| 5L < n,, [|5L| < 7, and||c|| < 7. thenstop,solutionfound!
Stepcomputation Solvethe KKT systemin (2.4.20)for (dy, du, 6 \)

Globalization: Find steplengtha thatensuesprogressto the soluion

o g &~ w N

Updatethe estimateof the solution:
Yk+1 = Yk + @0y

Uk+1 = Ug + du

)\k—l—l = )\lc + o oA

k=k+1

gotostep2

Notethatalevel-6 SAND methodmustalsomaintainestimatesof the Lagrangemultipliersin
additionto estimate®f the stateg; andthedesigns:. Level-4 andlevel-5 SAND methodsusually
do not needan initial guessfor \q anddo not maintainestimatef \. The sameglobalizaton
stratgiesusedin level-4 andlevel-5 SAND methodscanbe used,unaltered;n a level-6 SAND
method.In mary applicationsareastheselevel-6 optimizationmethodsarequadraticallycorver-
gentwith algorithmc compl«ities thatscaleindependentlyf the numberof designvariablesn,,
[20]. One of the main disadwantagesof this level of invasvenesss thatit is difficult for mary
differenttypesof applicationcodesto generateaccuratesecondderivativesin a reasonablyeffi-
cientmanner Therefore therecanbe a large developmentoverheadand compuationalexpense
involved in applyinglevel-6 methods.The KKT systemin (2.4.20)is expensve to solve andits
solution is a bottleneckin a level-6 SAND method. Therefore the mostcritical partof a level-6
SAND methods how theKKT systemn (2.4.20)is solvedandtherearemary differentdirectand
iterative approacheghe bestapproachs, of courseapplicationdependent.
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2.5 Implementation Issuesand Summary

In this section,we discusssereral issuesthat relateto the implementatn of sensitvities, the
overall optimization methodcompleities/scalabilies, andthe interfaceto optimizationmethods.
Firstthe7 levelsof optimizationaresummarizedelow:

Level 0isaNAND nongradientblack box” approactwheretheoptimizerdoesnotrequireary
informationfrom the PDE codeotherthanthe objectie functionvalueperoptimizationiteration.
This zerolevel is perfectlysuitedfor simulation problemsandcodesthatarecomple anddo not
calculateexactJacobiangnddo notrequirethe investpationof large designspacesLevel 0 may
betheonly option for PDE codeswherethe compleity of the physicsprecludeghe calculationof
analyticderivativesandwherestandardapproximatbnsarepoor. Theinterfacingcostis minimal,
becausenostblack-boxmethodscancommuncatethroughthefile system.

Level 1isaNAND gradient-basetblack box” approactwherethe optimizer requireshatthe
PDE codecomputethe objectie function valueandthe gradientper optimizationiteration. The
gradientis typically calculatedusinga finite differencemethod. Level 1 is suitedfor simulaton
codesthatare comple, but smoothenoughto allow reasonabl@ccurag in the finite difference
calculation.Level 1 is alsosuitabk for problemsthat poseaninsurmountablesoftwarechallenge
and/ordo not requirethe invegigation of large designspaces.Similar to level O approacheshe
interfacingeffort is minimal.

Level 2 is a NAND gradient-basethethodthat usesdirect sensitvities from the simulaton
code. Thereare a few simulation codesat Sandiathat calculatedirect sensitvities. Black-box
approachesantypically take advantageof thesesensitvities to calculatethe objective function
gradient. The costof this calculationis more thanrepaidby the fact that no extra simulations
areneededunlike the useof finite differences.Besidesthe computationakfficiengy, directsen-
sitivities are more accuratewhich resultsin a fastercorvergencerate and bettersolutiors. The
level of effort to develop direct sensitvities is highly dependenbn the designof the simulaton
code. However, it is the obviousfirst stepto improve efficiency andthe obviousfirst steptoward
SAND optimizaton. As explainedin chapter2, mostsimulaton codesare alreadydesignedo
solve thelinear systemandthe implenmentationof directsensitvities requiressolvingthis system
with differentright handsides.

Level 3 is a NAND gradient-basedhethodthat usesadjoint sensitvities from the simulaton
code. Black-boxapproachegan againtake advantageof thesesensitvities to calculatethe re-
ducedgradientof the objective function. Thereare significant computatbnal savings becauset
requiresonly onesolution involving the transposesystemof the Jacobiarof the forward simula-
tion (independenof thenumberof designvariablesn,). Similarto directsensitvities, the adjoint
methodproducesaccurategradients.The effort to developdirectsensitvities is highly dependent
on the designof the simulaton code. If the simulation codehasaccesdo the Jacobiarfor the
forward simulaton andthe simulaton codesolverscanbe usedon the transposef the Jacobian,
thenthe implementations relatvely inexpensve andstraightorward. The adjointformulationis
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anecessargteptoward SAND optimizationmethods Oncetheadjointvectorcanbecalculateda
considerableamountof theimplementatioreffort is completefor a SAND method

Level 4 is a SAND gradient-basethethoddependenbn directsensitvities. Theimplementa-
tion effort associatewvith directsensitvitiesis thesameasdescribedor level 2. Insteadof passing
thisinformation to a black-boxoptimizer, it is passedlirectly to algorithmscloselycoupledto the
simulation. Additionalimplementatioreffort is thereforeinvolved to make useof a closelycou-
pled algorithm The extent of the effort dependshighly on how amenablea codeis to coupling
with otheralgorithns.

Level 5 is a SAND gradient-basednethodthat is dependenbn the “adjoint formulation”.
Thesealgorithnsrequirethesolutionof systemsnvolving thetransposef thestateJacobianThis
methodis similarto level 3, exceptthatfor a nonlinearproblemit is considerablynoreefficient.

Level 6 is known asthe full-spacemethod[20] and hasthe mostcomputatbnal potental for
very largedesignspacesThelevel of intrusivenesss the highestasa resultof having to assemble
andsolve the full KKT systemor the relatedQP subprobém. A full-spacealgorithmgenerally
requiresthe calculationor approximatiorof secondderiativesin theform of Hessiammatrices.

It is very importantto understandhe implicationsof computinganaccurateeducedyradient
in (2.3.13)thatis usedin level-2 throughlevel-5 methodsandhow this differs from the way that
simulationcodesareusuallyimplemenéd. In asimulation codethatusesNewton’smethodo solve
c(y,up) = 0, it is notcritical thatexact solveswith 2—; be performed even nearthe solution. All
thatis requiredis a solution thatimprovesfeasibility (i.e. decrease§c(y, u)||). Therefore mary
advancedsimulation codesaredesignedo computeapproximatelacobiangi.e. operatorsplitting
andotherinexactmethods}o make thecomputatiorof thesoluionscheaperFor optimizationthis
is generallyunacceptableAny significanterrorin the Jacobiansvill be reflectedin the reduced
gradient. In otherwords, inaccurateJacobiannformationis reflectedin inaccuratesolutionsto
the optimization problem. This alsoappliesto the Jacobiammatrix g—;. While a simulaton code
may be designedo useexact Jacobianandto solve linear systens accuratelywith g—; andmay

. . T . . .
even be ableto solve systens involving g—; accurately sucha codeis certainly not designedo

computeefficient sensitvities for the designvariables%. This matrix % can be approximated
usingfinite differencesbut thiswill potentiall imposeanadditionalO(n,) costperoptimizatbn
iteration,evenfor the level-3 adjointsensitvity approachln addition,this sensitvity matrix must
be exact(or asaccurateaspossible)or thewrongreducedgradientis computed.In sometypesof
applicationsthe developrent effort and compuationalresourcesequiredto compute% canbe
quitesmall,while in otherareascomputng this matrix canbe difficult and/orexpensve.

While exactfirst dervativesare essentiafor level 2-5 methods exact secondderivatives for
level-6 methodsarenot ascritical sincesecondderivativesdo not alterthe optimalty conditiors,
but only the efficiency of theoptimizationalgorithm Quasi-Nevton approximatbns,for example,
may not be accurateat all, but they have drasticallyreducedthe computatbnal time on mary
problemd85, Chapterl0]).
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In general,going from onelevel of optimizationmethodto the next, interfacinga simulaton
codegetsmoredifficult, but the resultingoptimizatian algorithmbecomesnoreefficient. There-
fore, thereal trade-of usually betweendifferentlevels of intrusive optimizationis thatof devel-
oper (i.e. human)resourcesrersuscomputatbnal resources.For applicationswith fewer design
variables)evel-5 methodsnayactuallybefasterthanlevel-6 method$ecaus®f the costof com-
puting (or approximatiig) andusingsecondderivatives. For mary otherapplicatiors, reductions
in compuationaltime (which may not be very significant)do not justify the sometmessubstan-
tial investrentin developer resourcesieededo implenenta level-6 method. However, in cases
with large numbersof designvariables)evel-6 methodsffer the only hopeof beingableto solve
difficult optimization problemsusingreasonablemountof computing resources.

Tables2.1 and2.2 summarizethe variouslevels of intrusive optimization andthe generalre-
guirementgrom simulationcodesfor NAND andSAND optimizationmethods.Oneof themore
significantpiecesof informationin thesetablesis the specificrequirementérom simulaton codes
to be usedwith a particularlevel of intrusive optimization. The applicationrequirementsn each
tableareadditive. For exampk, all of therequirementgor level-2 methodsareincludedin there-
guirementdor level-3methodsHowever, theavailability of aquantityfrom alower-level method
in ahigherlevel methoddoesnot meanthatthatquantitywill actuallybe computedFor example,
the ability to computethe directsensitvity matrix % in alevel-5 methoddoesnot meanthatthis
matrix is actuallycomputed.To compuge % in alevel-5 methoddefeatghe whole purposeof the
adjointcomputaibn.

Note that the complity per optimization iterationand the generalnumberof optimizaton
iterationsfor level-2 methodss the sameasfor level-4 methodsandthe samecomparisorapplies
for level-3 andlevel-5 methods. The differenceis that the higherlevel methodshave a smaller
constanthanthe lower-level methodsandtheseconstantsare not shovn in O(...) notation. The
ratio of NAND versesSAND solution timeswill be applicationdependentbut therecanbe an
orderof magnitidedifferenceor morewith mary applicationdor variousreasonghatwe cannot
discusdn detailhere.In otherapplicationsthedifferencesn performancewvill besmaller

Thelastissueis how the requirementdisted in Tables2.1 and2.2 canbe methby anapplica-
tion codeandhow this functionalty canbe usedby an optimization algorithm. Oneof the major
complicatimsis thatthesesimuation codesrunin avarietyof computng ernvironmentghatrange
from simple serialsingle-procesprogramgso massvely parallelprograms.Furthermorethe way
thata linear systemis solved may vary greatlyamongapplicationareas.In someapplicationar-
eas directsparsesolversmay be preferablele.g.in chemicalprocesssimulaton) while massvely
parallel preconditimed Krylov-sulspaceiterative solvers (e.g.in mary PDE simuators) arethe
preferredmethod. Or the linear adjointequationin (2.3.14)could be solved usinga nonmatrix-
basedmethod(e.g. using a time-steppng adjoint solver). Matrix operatorinvocationscan also
be performedin a variety of ways using differentdatastructures. In addition, specializeddata
structuresanbeusedin mary applicationareasandcangreatlyimprove performanceTherefore,
a linear algebrainterfacethatis flexible enoughto allow for all of this variability is key to suc-
cessfullybeingableto interfacean advancedsimulation codeto a generalpurposeoptimizaton
algorithm Thedetailsof onesuchinterfacearedescribedn Sectior4.2.3.
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Approximate

Approximate

Optimizaion Application requrements compleity per numberof
level (addtive betweenevels) optimization optimization
iteraon iterations
Evaluaton of objedive _
polynomial to
/(y, u), see(2.1.1) exporentialin
level-0 Analysis solution O(nynu) P
y(u), see(2.2.3) M
level-1 Smoothnesof f(y,u) andy(u) O(nyny) O((ny)®ew)
Evaluaion of dired sensitvity matrix
% see(2.2.7)
level-2 Evaluatfon of objedive gradents O(nyn) O((na)*e)
5L and9l, see(2.3.12)
Computain of adjants
level-3 A= e TorT see(2.3.14 O(ny) O((ny)en)

— Oy oy
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Table 2.1. Summaryof level-0 to level-3 NAND optimization
methods.




Optimizaion
level

Application requrements
(addtive betweerlevels)

Approximate
compleity per
optimization
iteraon

Approximate
numberof
optimization
iterations

level-4

Evaluaton of objedive

f(y,u), see(2.1.1)

Evaluaion of congraintsresidal
c(y,u), see(2.1.2)

Evaluaton of dired sensitvity matrix
% see(2.2.7)

Evaluaion of objedive gradents

5L andgl, see(2.3.12)

Evaluaion of Newton step

dy = g—;ilc(y, u), see(2.4.19

O((nu)*ev)

level-5

Action of g—;_l on arbitrary vectas,
see(2.4.15)

Action of 3—;_T on arbitrary vectas,
see(2.3.14)

Action of % on arbitrary vectors
Action of %T on arbitrary vectors

O((nu)*e")

level-6

Evaluaion of (or matrix-vector prod

uctswith) Hessias

62 . 82 ) 82 ) i

ch, 8:1/%' WCZJ, fOI’] = ]....'n/y, see
(2.4.22

2 2 2
%, i 5k S€e(2.4.29)
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Table 2.2. Summaryof level-4 to level-6 SAND optimization
methods.




Chapter 3

PDE Environment

3.1 Overview

The engineeringcommurity hasa critical needto simulatecomplex physcsand,for thelastfew
decadeshasdevelopednumerougroduction simulaton codesto addressigh fidelity problems.
Most of thesecodeshave beenparallelizedandscaleto hundredsandsometo thousand of pro-
cessors. This monunental developrrent and parallelizationeffort hasconsumedievelopersfor
the last ten yearswith the somevhat unfortunateabsenceof ary capabilitiesto addressSAND
optimization, althoughsomecodescan producelimited sensitvity information, which as previ-
ouslydiscusseds aninitial requiremenfor SAND optimizaton. The useof NAND method in
combinatim with large scalePDE simulaton codesare limited to orderten designvariablesfor
the foreseeablduture assunmg the currenttrendsin compuer hardware growth do not change.
PDECO is thereforea critical developnentstrateyy for thoseinterestedn thecombinatia of large
designspaceandgradientbasedoptimization of large scalecomplex problems. Usingthe seven
levelsof optimization,we review thedifferentsimulaton disciplinesfor SNL andattemptto iden-
tify appropriateoptimizationlevels.

Before categorizing SNL simulaton codesadditioral issuesegardingsimuation codesneed
to bediscussed:

1. Implicit vs explicit - The more efficient methodsassumethat the solution mechanismis
implicit andthat a Jacobianis formed so that Newton’s methodcan be applied. Explicit
codegdependnusingsolutionsfrom theprevioustime stepandJacobiangareneverformed.

2. Exactor inexactJacobian- Thetheoreticabptimality conditionsrequirethatthe Jacobian
is exact. Rolustnesof the optimizationalgorithmdependsn the accurag of the gradient
calculations.Any useof approximatbns could significantly affect the solution. Neverthe-
less,usefulsoluions have beenobtainedfor mary problemswith finite-difference or other
approximategradients.
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3. Transient vs steadystate - Although methodshave beendevelopedfor transientPDECO,
significantefficiencgy problemsstill needto be resohed for the generaloptimization algo-
rithms.

4. Continuum or non-continuum - SAND methodgequiresmoothproblemsto date thereis
noreasonablevay for non-continuuntodedo take advantageof SAND basedechnologies.
A classicexampleof non-continuunmethodss thedirectsimulaton MonteCarlotechnique
[18][4] [77].

5. Level of multi-physics- Couplingdifferenttypesof physicscodescreatedifficult issues
for thehigherlevel SAND method. Issuessuchasexplicit soluion proceduresindoperator
spliting aremajorhindranceso SAND methods.

6. PDE smoothness- Gradientmethodsrequire smooh behaior. Applicationsinvolving
chemicalreactionsandstatechangesypically make useof databaséenformation andimpose
additioral non-differentiablefunctions.Anotherexamplethatgivesriseto nondifferentabil-
itiesis thegainor lossof materialduringthe courseof the computatios.

3.2 SandiaApplications and Classfications

At Sandia,a large rangeof complex simulation codeshave beendeveloped to addressa variety
of high fidelity, complex physicsproblemsin the areaof structuraldynamics,solid mechanics,
thermal/radiatia transportcomputationafluid dynamicsfire, shockphysicsandelectricalsimu-
lation. The scopeof providing large-scaleptimizationcapabilitiego this engineeringgommunty
in anefficientandpracticalfashionis considerabl@andcontinuego beasourcefor futureresearch.

The following sectionsdiscussgeneralcharacteristicsor eachdiscipline and an attemptis
madeto identify the potental optimizationlevel.

3.2.1 Structural Dynamics

Finite-elementstructural-dynanus simulation capabilitieshave beendeveloped that are ableto
performstaticanalysisdirectimplicit transientanalysis eigervalueanalysismodalsuperpositn-
basedfrequeny responseandtransientresponse Nonlinearcapabilitiesare currentlybeingde-
veloped.Shapeoptimizationproblemsaretheultimatedesigntargetfor structuraldynamicsandat
Sandiatherearea multitude of structuraldesignchallengesThe structuralintegrity of electronic
packages$or re-entryvehicless anexampleof animportantdesignproblem.Althoughthenumber
of designparametersareontheorderof a hundredasmoresophisicationto the structuraldesign
is addedthedesireto investgatelargerdesignspacewill increase.

Staticanalysiswith nonlinearmaterialbehaior is anotheraspeciwof structuraldynamicsthat
can benefitfrom a SAND formulation. So-calledinversiontechniquego find the mostlikely
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materialsin a mediumis a potentialareaof interestthat could lead to large numberof design
variables.However, the ultimategoalfor structuraldynamicsis shapeoptimizationwhereSAND

methodscan have a significantimpact. Developirg efficient optimizaton methodsfor transient
problemsremainasignificantresearctchallenge.

3.2.2 Solid Mechanics

Nonlinearsolid mechanicss fundamentafor investigating manufcturingandgeomechanicak-
sues.Finite-elementodeshave beendevelopedthat canhandlelarge deformationstemperature
dependeng andquasi-statt mechanicproblemsn threedimensons. A materialmodelfor elastic
andisothermalkelastic-plasti behaior with combinedkinematt andisotropc hardenings avail-
able. An eight nodeLagrangianuniform-strainelementis employed with houmglassstiffnessto
controlthezero-enegy modes Highly nonlineareffectsincludematerialnonlinearitiesgeometric
nonlinearitesdueto largerotatiors, large strains andsurfacesthatsliderelative to eachother El-
ementbirth anddeathalgorithis are available to handlemanugcturingsituatiols wherematerial
is eitheraddedor removed, suchassolderingandmilling. Contactbetweensurfacescanalsobe
modeledwith or without friction, which allows for simulating mary difficult processessuchas
connectoiinsertion

In additionto manufcturingexampkes,thesecodesareusedto modelgeologicalsystemsub-
jectto avariety of stressesThe YucaMountain nuclearstoragefacility is an examplewherethe
maximumsafetymaiginsfor stressesieedto be calculatedasa function of variousdeformations
to the storagdacility andasa functionof variousloadsontothefacility.

Although significantoptimizationissuesexist in solid mechanicgn addition to large design
spacestherea numberof issuesthat preventsconsideratiorof intrusive methods. Perhapghe
mostobvious impedinmentto SAND method is the fact that solid mechanicscodesdo not for a
Jacobiarandusean explicit pseudaime steppingschemeo cornverge to a solutian. Non differ-
ential quantitiesasa resultof severe materialdeformationalsoposesa problem. Theremay be
somepossililities for calculatingdirectsensitvities for a subsebf problems put presumablythis
would requirerestructuringhetypical solid mechanicgode.Certainly birth/deathalgorithmsare
not differentiableandwould requirea completenew approach.

3.2.3 Thermal

Thermalsimuationcapabiliteshandleanalysiof systensin whichthetransporbf thermalenegy
occursprimarily througha conductia process.This nonlinear finite elementmulti-dimensional
capability hasbeenextendedto handlesolid phasechemicalreactionsandradiationtransfer A
steady-statenonlinearthermalproblemwithout a chemicalreactionis well suitedfor any SAND
level optimization scheme.However, the usualdifficulties are associatedvith the multi-coupled
phystcsandtransientanalysis.
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3.2.4 Computational Fluid Dynamics
3.2.4.1 CompressibleFluid Flow

Compressibldluid mechanicxodesareneededo simulateaccuratelythe aerodynamic$or sub-
sonic, transonicand supersonidlight. Many configurationsandflight situatons cannotbe ade-
guatelytestedbecausef high Mach numbershigh Reynoldsnumbersandenthalfy conditiors.
Aerodynamicsimulationscalculatepressuresshearstresdields, andforcesandmomentsexerted
on a structureby the surroundig compressitd fluids. If the assumptnsfor a rigid body fail,
the structuralresponsef the systemneedso beincluded. This is often an explicit couplingand
thereforea difficult issuefor SAND optimization. However, therearenumerouslesignproblems
in compressibldluid flow, suchassteady-stat&ulerbased shapeoptimizaton that cantake ad-
vantageof ary level of optimizaton method. A potentialproblemwith compressile fluid flow
problemsis that the preferredsolution mechanisnis either matrix-freeor pseudatime-steppig
with multi-grid methods.The Jacobians notformedandsensitvities cannotbe easilycalculated.

As aresultof this LDRD project,developrentof anadjointformulation is undervay for San-
dia’s new compressibldluid flow code. The goalis to initially conductshapeoptimizaton with
the steadystateEuler equations.An adjointformulationfor the Roe schemehasbeendeveloped
andaforward Newton basedsoluion is forthcoming.

3.2.4.2 DirectSimulation Monte Carlo

Computatioal fluid flow dynamicslocally refinesthe simulation meshin an attemptto resole
small-scalephenomena.However, hydrodynant formulations breakdown asthe grid spacing
approachethe molecularscale.Direct SimulationMonte Carlo (DSMC) methodq18, 4, 77] are
usedasan alternatve to continuumformulatiors. In DSMC, the stateof the systemis given by
the posiion andvelocities of particles,but the processdecouplegshe movementfrom collisions
andchemistry First of all the particlesare moved within a time stepalonga grid independery
of eachother At the endof thetime stepthe particlesaresampledn eachgrid cell to determine
collision behaior and speciedistributions using probabilstic techniques.At SNL, DSMC has
beenusedo simulatdow-densityapplicationsvith Knudsemumberontheorderof 0.2subjected
to electromagneti@ields. Numerousotherexamplesn theliteraturecanbefound[1, 107].

Clearly the lack of a continwum prevens the use of standardSAND methodsand an entire
simulation needsto be solved for any aspectof an optimization algorithmto occur Sensitvity
informationwill alsobedifficult to acquireby meanstherthanthe useof finite differences.

At SNL therearelargedesigncodegshatpredictthe affectsof certaingeometrieonthebeha-
ior of rarefial gases.Thesehigh-fidelity problemsare computatimally intensve; applyingshape
optimization, even with a small numberof designparametersrequiresan enormousamountof
computatimal resources.
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3.2.4.3 IncompressibleFluid Flow

Several Navier-Stokes codeshave beendevelopedto solve a numberof comple< designprob-
lems. We describeonesuchcodein Chapter5 for a chemicalvapordepositionreactorproblem.
The generaNavier-StokesCFD simulata is well suitedto take advantageof SAND optimizaton
methods Eventhoughseveral Navier-Stokescodeshave beenextendedto includechemistry tur-

bulence moving interfaces andelasto-viscosticmaterials greatcarehasbeentakento include
capabilitiesto form a full andexactJacobian.Thesecodesarecomplicated,however, anda level
6 interfacemayrequirea completerevision. Level-5optimizatia is possiblesincethe Jacobiann

accessiblandthe solution of systemasusingits transposeés available.

3.25 Fire

Thefire ervironmentsimuation softwaredevelopnentprojectis directedat providing simulations
for bothopenlarge-scalgoolfiresandbuilding enclosurdires. Oneclassof codesncludesturbu-
lence,buoyantly drivenincompressile flow, heattransfer masstransfer comhusion, sootforma-
tion, andabsorptiorcoeficientmodelirg. Anotherclassof codegepresenthe participatingmedia
thermalradiationmechanics.Thesefire codesrank as someof the more complex codesandare
mostly developedwith explicit solution method to couplemulti-physics,includeapproximatios
for differentphyscs processesjseinexact Newton methodsandaccommodatéhe lossof mate-
rial.

Theoreticallyanimplicit couplingof the differentphystcs could make a fire simulatian a can-
didatefor higherlevels of optimization. The complity of sucha simulaton suggestEomple
designproblemsandcomputeintensie simulations.However, the mostproblematidssueassoci-
atedwith fire simulaton is the lossof material. As in solid mechanicsthesealgorithms are not
differentiable. Even assunmg lossof materialis not anissue, the currentexplicit couplingstill
preventsthe useof levels 3 or higher Level 2 method could be consideredout would require
crosssensitvities to accommodatehe mary different physicscomponents.The calculationof
crosssensitvities for multiple physcs componentss anactive areaof research.

3.2.6 ShockPhysics

ShockPhysicgs handledhrougha family of codeshatmodelcomplex multi-dimensionalmulti-
materialproblemsthatarecharacterizedthy large deformationsand/orstrongshocks.The solution
strat@y consistsof a two-step,second-ordeaccurateEulerianalgorithmto solve the mass,mo-
mentum,andenegy conseration equations Modelsexist for computng materialstrength frac-
ture, porosity and high-explosive detonationandinitiation. The problemsthat canbe analyzed
include penetrationand perforation,compressionhigh explosie detonationand initiation phe-
nomenaandhypenelocity impact. Strongshocksimuationsrequiresophisicatedandaccurate
modelsof thethermodynant behaior of materials.Phasechangesnonlinearbehaior, andfrac-
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turesareimportantto predictbehaior accurately Equation-of-sate packagesre usedto predict
phasechanges.

More recently Lagrangiansolid mechanicscapabilitieswere developedto include arbitrary
meshconnectvity, superiorartificial viscosity andimproved materialmodels. Problemscanbe
solved usingLagrangianEulerian,or anarbitraryLagrangian-EuleriaALE) meshthatis based
onalinearfinite-elemenformulation andmay have arbitraryconnectvity amongthe elements.

Many issuesneedto beaddressetb implementary intrusive optimizationalgorithmfor Shock
physts codes,including transientanalysis,non-smoth behaior, explicit solution procedures,
materialadditionanddeletionmechanisra. Similarissuesexist asin fire simuation.

3.2.7 Electrical Simulation

A substantll numkber of electricalsimuationsareconductedit Sandiseandacommonproblemis to

matchexperimentaldatafrom a network of circuitsto thesesimulations.Capabilitieso solve very

large circuit problemsare currently beingdeveloped. This effort will supportanalysisof circuit

phenomenatavarietyof abstractiorievels includingdevice-level, analogsignals digital signals,
and mixed signals. Although electrical simuation shoutl be smooh, old device modelshave

beenknown to uselimiter processeshat are non-differentable. Typically, large-scaleelectrical
simulation consistsof millions of deviceseachof which canhostat leastone designparameter
Therefore electricalsimuation is a reasonablygood SAND optimizationcandidateprovided the

device modelissuescanbe resolved andalso provided optimization methodsto handletransient
modelsefficiently canbe develgped. Algorithmsto handletransientprocessesare available, but

they arememoryandstorageintensve sincethey requirea large numberof designvariablesand
large numberof time steps.

The solution approachgeneratesionlinearsystemsof DAEs and usesNewton’s methodto
solve the resultingnonlinearequations.Thus Xyce generates Jacobiarsimilar to thoserequired
by PDE-basedimuations andtheoreticallyadjoint sensitvities can be calculated. Similarly to
compressitd fluid, additionalsensitvity developmentis undervay to develophigheroptimizaton
levelscapabilities.

3.2.8 Geoplysics

Geophysishaslong beenthe sourceof largeinversionproblemsthataresolvedto identify mate-
rials andrelatedpropertiesandto detecttargets. Eachof theseproblemsdealswith large number
of design/nversionparametersThey areoftensolvedin the frequeny domaintherebyavoiding

the issuesrelatedto transientphenomena.Considerableesearcthasbeenconductedat Sandia
to solve inversionproblemsand,althoughthe solutionproceduresrenot entirely alongthe same
linesdescribedn this report,thesecodesdo use Gauss-Neton methodsand conjugategradient
solvers[81] [82].
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Seismicinversion,structuralinversian, and sourceinverson are all importantproblemsthat
areamenableo the highestievel SAND methodsIn fact,the state-of-the-alSAND methodshave
beenappliedto a seismicinversionproblemwhere2.1 million inversionparametersvereusedfor
atransiensimuation[3]. Theseproblemsareimplicit, they useexactJacobiansandcanbesolved
in eithersteady-stater transientmode.In addition they aresinglephysicsandtheir solutionsare
smooth

3.2.9 Observations & Strategies
Severalconclusioms have beendravn from our review of the SandiaPDE ervironment:

1. A wide rangeof physicsare simulatedby a variety of method incorporatingboth linear
and nonlinearsolvers. An increasingnumberof complex design,control, and inverson
problemsjnvolving alarge numberof designéontrol/inversion parameterslemancefficient
optimizationmethods.

2. Mostof thecritical Sandiasimulationcodesrunin parallelandthusnew optimizationalgo-
rithmsneedto be designedwvith large-scalgarallelismin mind.

3. The predominanprogramminganguages C++; we stronglysupportthe continueddevel-
opmentof frameworks,algorithns, andtoolsin C++.

4. High-fidelity, multi-physicssimulatbnsarecrucialto solve Sandias scienceandengineering
problems. The initial stepto createa multi-physics capability is to use explicit solvers.
However, asdiscusse@bove, thiscreateslifficultiesfor a SAND optimizationmethod.Thus
theuseof implicit methodseedgo be explored.

5. Transientsimulation dominateghe problemspaceat Sandisaand SAND optimizationmeth-
odsfor transienfproblemsneedto beinvestigated.

6. Individualforwardsimulatorsarebeingconsolidatednto two principalframevorks,namely
SIERRAandNevada.Optimizationmethodsandinterfacesneedto be consideredspartof
theseframenorks.

Althoughimplementhg PDECOrequiresa customdesignandanindividualapproacho each
simulation code,it hasbeenour goal to develop methods algorithns, and framewnorks that can
be leveragedin other PDE simulation codes. Assumirg that sensitvity information is available
from the simulaton codesandthe simuation codeconformsto the SAND assumptns,we have
developed a framework called rSQP++that can be interfacedwith mostcodes. The strengthof
this state-of-arbbjectorientedcodeis thatalgorithns canbe modifiedvery quickly to adaptto the
needsof the optimizationproblem.In addition,we have interfacedthis codeto a PDE prototypng
code (Sundance}o that algorithmscan be easily testedfor a rangeof PDE systems. The next
few chaptersarededicatedo describingthe rSQP++framewvork, Sundanceanda full-spaceSQP
methodthatrelieson solvingquadratigorograms.
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Chapter 4

rSQP++ Framework

Describedhereinis a new object-orientedOO) framework for building successie quadraticpro-
grammingAlgorithms, calledrSQP++,currentlyimplementedn C++. The goalsfor rSQP++are
quitelofty. TherSQP++ramework is designedo incorporatemary differentSQPalgorithmsand
to allow externalconfigurationof specializedinear algebraobjectssuchasvectors,matricesand
linearsolvers.Data-structurendependenckasbeernrecognizecsanimportantfeaturemissirg in

currentoptimization software[123]. In addition,it is possibé for anadvanceduserto modify the
SQPalgorithns to meetotherspecializecheedswvithout having to touchary of thedefault source
codewithin therSQP++ramawork.

Successie quadratiqprogramming SQP)methodsareattractve mainly becaus¢hey generally
requirethefewestnumberof functionandgradientevaluatonsto solve a problemascomparedo
otheroptimizationmethodg4105|. Anotherattractve propertyof SQPmethodss thatthestructure
of theunderlyirg NLP canbe exploited moreeffectively thanothermethodq118]. A variationof
SQPR known asreduced-spac8QP (rSQP),workswell for NLPs wheretherearefew degreesof
freedom(dof) (seeSectiord.1.1)andmary constraintsQuasi-Netonmethoddor approximating
the reducedHessianof the Lagrangianare alsovery efficient for NLPs with few dof. Another
advantageof rSQPis thatthe decompodion usedfor the equalityconstraintonly requiressolves
with a basisof the Jacobiar(andpossiblyits transposedf the constraint{seeSection4.1.3).

4.1 Mathematical Background for SQP

4.1.1 Nonlinear Program (NLP) Formulation

The SQPalgorithns implementedwith rSQP++solve NLPsin the standardorm:
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min  f(z) (4.1.1)
st c(x)=0 (4.1.2)
2 Sz <2y (4.1.3)

where:
T, 2, cy € X
flz): X >R
clx): X =>C
X CR"
CCR™

Above,we have beenvery carefulto definevectorspacedor therelevantvectorsandnonlinear
operatorsln generalonly vectorsfrom the samevectorspacearecompatibleandcanparticipate
in linear algebraoperations.Mathemattally, the only requiremenfor the compatibilty of real-
valuedvectorspaceshouldbethatthe dimensonsmatchup andthatthe sameinnerproductsare
used. However, having the samedimensiomlity will not be sufficient to allow the compatilility
of vectorsfrom differentvector spacedn the implementation. The vector spacesbecomevery
importantlaterwhenthe NLP interfacesandthe implementabn of rSQP++is discussedn more
detail (seeSectiond.2.3.2).

We assumehatthe operatorsf (x) andc,(z) for j = 1...m in (4.1.1)—(4.1.2 arenonlirear
functionswith atleastsecond-ordecontinuos derivatives. The rSQPalgorithmsdescribedater
only requirefirst-orderderivative informationfor f(z) andc;(z) in theform of avectorV f(z) and
amatrix Ve(x) respectrely. Theinequaliy constraintsn (4.1.3)may have lower boundsequalto
—oo and/orupperboundsequalto +o0o0. The absencesf someof theseboundscanbe exploited
by mary SQPalgorithrrs.

It is very desirablefor the functions f(z) andc(x) to at leastbe defined(i.e. no NaN or Inf
returnvalues)everywheren the setdefinedby therelaxedvariableboundsr;, — 0 < z < xy + 6.
Here,o (seethemethodmaxvar _bounds viol()  intheNLP interfacein Section4.2.3.2)is a
relaxation(i.e. wiggle room)thatthe usercansetto allow the optimizationalgorithmto compute
f(z), c(x) andh(z) outsde the strict variableboundsz; < z < zy in orderto computefinite
differencegndthelike. The SQPalgorithnswill neverevaluatef (z) andc(z) outsidethisrelaxed
region. Thisis animporantissueto considewhendevelopingthe modelfor the NLP.

TheLagrangiarfunction L(\, v, vy) (andthe Lagrangemultipliers (A, vy, vy)) andits gradi-
entandHessiarfor thisNLP are
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L(z, \vp,vy) = {f(@)+Ac(z) +vi(zr —2) + v (z —zr)} € R (4.1.4)

V.L(z, A\, v) ={Vf(z)+Vc(x)A\+v} € X (4.1.5)
V2 L(z,\) = {VQf(a:)JrZA(j)v?cj(m)} e XX (4.1.6)
where:
Viz): X - X
Ve(z) = [ Ve (z) Ve(z) ... Vep(x) ] : X = X|C
Viei(z): X = XX forj=1...m
Aec

v=vy —vp € X.

Above, we usethenotation) ;) with the subscriptin parenthese® denotethe j th component

of the vectorandto differentiatethis from a simple mathaccent. Also, Ve(z) : X — X|C is
usedto denoteanonlinearoperator(thegradientof theequalityconstraintsVc(x) in thiscasehat
mapsfrom the vectorspaceX’ to a matrix spaceX’|C wherethe columnsandrows in this matrix
spacdie in the vectorspacest and( respectiely. The returnedmatrix objectA = Ve € X|C
definesalinearoperatomwhereq = Ap mapsvectorsfrom p € C to g € X'. Thetransposednatrix
objectA” definesalinearoperatowhereq = A”p mapsvectorsfromp € X toq € C.

Note how the vectorand matrix spacesn the above expressionsnatchup. For exampk, the
vectorsandmatricesn (4.1.5)canbereplacedoy their vectorandmatrix spacess

{Vix)+Ve(x)A+v}=>{X+(XIC)C+X} = X.

The compatibilty of vectorsand matricesin linear algebraoperationss determinedby the
compatibilty of the associatedrector spaces. At all times, we mustknow to which vector or
matrix spacea linearalgebraguantitybelongs.

Given the definition of the Lagrangianand its derivativesin (4.1.4)—(4.1.6),the first- and
second-ordenecessarKKT optimality conditiors [80] for a solution (z*, \*, v}, v;;) to (4.1.1)—
(4.1.3)aregivenin (4.1.7)—(4.1.8). Therearefour differentcategoriesof optimality conditions
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shavn here: linear dependencef gradients(4.1.7),feasibility (4.1.8)—(4.1.9)hon-ngaivity of
lagrangemultipliers for inequalities(4.1.10), complementarity(4.1.11)—(4.1.12)and cunature
(4.1.13).

Vo L(z", X", v") = Vf(z") + Ve(z") A" + " =0 (4.1.7)
c(z®) =0 (4.1.8)

zr, < 2" <y (4.1.9)

(ve)", (vy)* >0 (4.1.10)

()i (@) — (2%)@) =0, fori=1...n (4.1.11)

()i (%)@ — (2v)@) =0, fori=1...n (4.1.12)

d* V2 L(z*,\*)d >0, for all feasibledirectionsd € X. (4.1.13)

Sufficient conditionsfor optimality requirethat strongerassumptias be madeaboutthe NLP
(e.g.constraintqualificationon ¢(z) andperhapsconditionson third-ordercurvaturein case0 is
obtainedn (4.1.13)).

To solve a NLP, a SQPalgorithmmustfirst be suppledaninitial guesgor the unknavn vari-
ablesz, andin somecaseslsothe Lagrangemultipliers \q andv,. The optimizationalgorithis
implementedin rSQP++generallyrequirethatz, satisfythevariableboundsn (4.1.3),andif not,
the elementsof z, areforcedin bounds. The matrix V¢(z) is abstractedehinda setof object-
orientedinterfaces.TherSQPalgorithmonly needso performmatrix-vectormultiplication with
Ve(z) andsolve for a square nonsingilar basisof V() througha Basi sSyst eminterface.
Theimplementatn of V¢(z) is completelyabstractedway from the optimizationalgorithm A
simpler interfaceto NLPs hasalsobeendevelopedwherethe matrix Ve(z) is never represented
even implicitly (i.e. no matrix-vector products)and only specificquantites are suppliedto the
rSQPalgorithm(seethe “Tailored Approach”in [104] andthe “direct sensitvity” NLP interface
onpage69).

4.1.2 Successie Quadratic Programming (SQP)

A popularclassof methoddor solvingNLPsis successie quadratigprogramming SQP)[26].
An SQPmethods equialent in mary casesto applyingNewton’s methodto solve the optimality
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conditiorsrepresentebly (4.1.7)—(4.1.8) At eachNewtoniterationk for (4.1.7)—(4.1.8 thelinear
subproblen{alsoknown asthe KKT systen takestheform

wWw A
AT

d]::—[VGL] (4.1.14)

d)\ C

where:
d=xky1 —xp € X
dyx =M1 — M €C
W~ V2 L(zg, \p) € XX
A =Ve(xg) € X|C
c=c(zy) € C.

The Newton matrixin (4.1.14)is known asthe KKT matrix. By substiutingd, = A\x11 — M
into (4.1.14)andsimgifying, this linear systembecomesquiaent to the optimality conditians
of thefollowing QP

min  g"d+ hd"Wd (4.1.15)
st. ATd+c=0 (4.1.16)
where:

g=Vf(zx) € X.

The advantageof the QP formulation over the Newton linearsystemformulationis that in-
equalityconstraintcanbe directly addedto the QP anda relaxationcanbe definedwhich yields
thefollowing QP

min  g"d+ Jhd"Wd + M(n) (4.1.17)
st. ATd+(1-n)c=0 (4.1.18)
rr — 2 < d < xy — 28 (4.1.19)
0<n<1 (4.1.20)
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where:
M) € R—R.

Nearthesolutionof theNLP, thesetof active constraintgor (4.1.17)—(4.1220)will bethesame
astheoptimal active-setfor theNLP in (4.1.1)—(4.1.3]85, Theoreml18.1].

The relaxationof the QP shown in (4.1.17)—(4.1.20)s only oneform of a relaxationbut has
theessentiapropertiesNotethatthe solutionn = 1 andd = 0 is alwaysfeasibleby constructon.
The penaltyfunction M (n) is eithera linear or quadraticterm whereif al‘g—é")\ﬂzo is sufficiently
large thenan unrelaxed solution (i.e. n = 0) will be obtainedif a feasibleregion for the original

QP exists. For example,the penaltyterm may take a form suchas M (n) = (M)n or M(n) =
(M)(n + Y%n?) whereM is alarge constanbftencalled“big M.”

Oncea new estimateof thesolution (x4 1, Ak+1, Ykr1) IS cOmputedtheerrorin theoptimality
conditiors (4.1.7)—(4.1.9)s checled. If theseKKT errorsarewithin somespecifiedtolerance,
the algorithmis terminatedwith the optimal solution. If the KKT error is too large, the NLP
functionsand gradientsare then computedat the new point z,; and anotherQP subprobém
(4.1.17)—(4.1.2pis solved which generatesnotherstepd andsoon. This algorithmis continued
until a solutionis foundor thealgorithmrunsinto trouble(therecanbe mary causedgor algorithm
failure), or it is prematurelyterminatedbecauset is takingtoo long (i.e. maximun numberof
iterationsor runtime is exceeded).

The iteratesgeneratedrom z,,, = x; + d aregenerallyonly guaranteedo corverge to a
local solution to the first-orderKKT conditionswhen closeto the solution Therefore,global-
ization methodsare usedto insure(given a few, sometimesstrong,assumpbns are satisfied)the
SQPalgorithmwill corverge to a local solution from remotestartingpoints. One popularclass
of globalizationmethodsarelinesearchmethods In a linesearchmethod,oncethe stepd is com-
putedfrom the QP subproblema linesearchprocedures usedto find a steplength« suchthat
Tr+1 = T + ad givessufiicient reductionin the value of a meritfunction ¢(zx41) < ¢(xx). A
merit functionis usedto balancea trade-of betweerminimizing the objective function f(x) and
reducingtheerrorin theconstraints:(x). A commonlyusedmeritfunctionis the ¢, definedby

¢e () = f(z) + plle(2)]]; (4.1.21)

wherey is apenaltyparametethatis adjustedo insuredescentlongthe SQPstepz . + ad for
a > 0. An alternatve linesearchbasedon a “filter” hasalsobeenimplementedvhich generally
performsbetterand doesnot requirethe maintenanceof a penaltyparametern: [122] . Other
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globalization methodssuchastrustregion (usinga meritfunctionor thefilter) canalsobe applied
to SQP

BecauseSQPis essentiallyequiaent to applying Newton’s methodto the optimality condi-
tions,it canbeshovn to bequadraticallycorvergentnearthesolution of theNLP [84]. It is thisfast
rateof corvergencethatmakes SQPthe methodof choicefor mary applications However, there
aremary theoreticalndpracticaldetailsthatneedto be consideredOnedifficulty is thatin order
to achiere quadraticcornvergencetheexactHessiarof theLagrangianV is neededywhichrequires
exactsecond-ordeinformation V2 f(z) andV¢;(z), j = 1...m. For mary NLP applicatiors,
secondderivativesare not readily available andit is too expensve and/orinaccurateo compute
themnumerically Otherdifficultieswith SQPincludehow to dealwith anindefiniteHessianl¥’.
Also, for large problemsthe full QP subproblemn (4.1.17)—(4.1.2Dcanbe extremelyexpensve
to solve directly. Theseandotherdifficultieshave motivatedtheresearclof large-scaledecompo-
sition methodsfor SQP One classof thesemethod is reduced-spacéor reduced-HessiarBQR
or rSQPfor short.

4.1.3 ReducedSpaceSuccessie Quadratic Programming (rSQP)

In a rSQP method,the full-spaceQP subprobém (4.1.17)—(4.1.20)s decomposedhto two
smallersubproblera that, in mary cases,are easierto solve. To seehow this is done,first a
null-spacedecompositin [85, Section18.3]is computedor somelinearly independensetof the
linearizedequalityconstraintsd, € X|C; wherecy(z) € C; € R ™ arethedecomposednd
cu(z) € C, € R ™) aretheundecomposedqualityconstraintsand

c(z) = [ Cd(x; ] € CyxCy == Ve(xp) = Vea(zr) Veyu(zy) i| = [ Ay A, i| € X|(CqgxCy).

culT
(4.1.22)
Above, the vector spaceC = C; x C, denotesa concatenatedector space(alsoknown asa
productof vector spaces)with a dimenson which is the sum of the constitient vector spaces
IC| = |Cq| + |Cu| =7+ (m — 1) = m. Thisdecomposion is definedby a null-spacematrix Z and
amatrix Y with thefollowing properties:

7 € X|Z st(A)TZ=0

: : (4.1.23)
Y € XY st [ Y Z] is nonsirgular
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where:

It isimportantto distinguishthespacesZ and) fromthethematricesZ andY'. Thenull-space
matrix Z € X|Z is alinearoperatorthatmapsvectorsfrom thespacex € Z to vectorsin the
spaceof theunknowvnsv = Zu € X'. ThematrixyY € X|Y is alinearoperatoithatmapsvectors
from thespaceu € )Y tovectorsin thespaceof theunknavnsy = Yu € X.

In mary presentationsf reduced-spac8QR the matrix Y is referredto asthe “range-space”
matrixsinceseveralpopularchoicesof thismatrixform abasisfor therangespaceof A,. However,
notethatthe matrix Y neednot be a true basismatrix for the rangespaceof A, in orderto satisfy
thenonsinglarity propertyin (4.1.23).For thisreasonherethematrix Y will bereferredto asthe
“quasi-range-spaceahatrix to make this distinction.

By using(4.1.23) thesearctdirectiond canbebrokendownintod = (1—7)Yp,+Zp,, where
py € Y andp, € Z aretheknown asthequasi-norma(or quasi-rangespacepndtangentialor
null space)stepsrespectiely. By substititingd = (1 — n)Yp, + Zp, into (4.1.17)—(4.120) we
obtainthe quasi-norma(4.1.24)andtargential (4.1.25)—(4.127) subproblers. In (4.1.25),( < 1
is adampingparametewhich canbe usedto insuredescentf themeritfunction¢(zy,1 + ad).

Quasi-Normal (Quasi-Range-Spacepubproblem

py=—R'cg €Y (4.1.24)
where:R = [(4,)TY] € €4 (nonsinguér via (4.1.23)).

Tangential (Range-Spacg Subproblem (Relaxed)

min  (¢"+ Cw)"p. + op; [Z"W Z)p. + M (n) (4.1.25)
st. Up,+(1—nu=0 (4.1.26)
b, < Zp, — (Ypy,)n < by (4.1.27)
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where:

g =72% € Z
w=Z"WYp, € Z
¢ eR

U.=[(A)7Z] € Cu|2
Uy = [(A)TY] € CJY
u=Uypy+c, € Cy

bp =2 —2,—Yp, € X
by =2y —xr — Yp, € X.

By usingthis decomposibn, the Lagrangemultipliers A\, for the decompose@quality con-
straints((44)" d + ¢, = 0) donotneedto becomputedn orderto producestepsd = (1 — 7)Y p, +
Zp,. However, thesemultipliers canbe usedto determinethe penaltyparamete for the merit
function [85, page544] or to computethe Lagrangianfunction. Alternatively, a multiplier-free
methodfor computirg 1 hasbeendevelgped andtestedwith goodresults[104]. In ary case,it
is usefulto compue thesemultipliers at the solutionof the NLP sincethey give the sensitvity of
the objectie functionto thoseconstraintg80, page436]. An expressio for computng A4 canbe
derivedby applying(4.1.23)to YIV L(x, ), v) toyield

A=-RT YT (g+v)+ (U)"\) € Ca (4.1.28)

Therearemary detailsthatneedto beworkedoutin orderto implementarSQPalgorithmand
thereareopportuniiesfor alot of variability. Someof the moresignificantdecisionghatneedto
be madeare: how to computethe null-spacedecompositin thatdefinesthe matricesZ, Y, R, U,
andU,, andhow the reducedHessianZ” W Z andthe crosstermw in (4.1.25)arecalculated(or
approximated).

There are several differentways to computedecomposibn matricesZ andY that satisfy
(4.1.23)[105]. For small-scaleSQR anorthonormalz andY (Z7Y = 0,272 =1,YTY = 1)
canbecomputedusinga QR factorizationof A, [84]. Thisdecompositin givesriseto rSQPalgo-
rithmswith mary desirablgropertiesHowever, usinga QR factorizationwhen A, is of verylarge
dimensim is prohibitvely expensve. Therefore otherchoicedor Z andY have beeninvestigaed
thatare more appropriateor large-scaleeSQP Methodsthat are more computatbnally tractable
arebasednavariable-reductiomlecomposion [105]. In avariable-reductiomecomposion, the
variablesarepartitionedinto dependent , andindependent;; sets
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Xy € X[ (4130)
¢ = [“ ] € Xpx X, (4.1.31)
Xy
(4.1.32)
where:
Xp C R"
XI g R "

suchthatthe Jacobiarof the constraintsA” is partitionedasshown in (4.1.33)whereC is a
squarenonsinglar matrix known asthebasismatrix. Thevariablest p andzx; arealsocalledstate
anddesign(or controls)variableg20] in someapplicatiors or basicandnonbasicvariables[78]
in others.Whatis imporiantaboutthis partitioning of variabless thatthe x  variablesdefinethe
selectionof the basismatrix C, nothingmore. Sometypesof optimizaton algorithmsgive more
significanceto this partitioning of variables(for example,in MINOS [78] the basicvariablesare
alsovariableghatarenotatanactive bound)however no extra significancecanbeattributedhere.

Thisbasisselections usedto defineavariable-reductiomull-spacematrix Z in (4.1.34)which
alsodetermined/, in (4.1.35).

Variable-Reduction Partitioning

AT = Ejdii = g ]P\f (4.1.33)
where:
C € Cq|lXp (nonsinglar)
N € C4|Xr
E € C,|Xp
F € C,|A;.

Variable-Reduction Null-SpaceMatrix
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-1
Z = CI N (4.1.34)
U = F-EC'N (4.1.35)

Therearemary choicedor thequasi-range-spaceatrix Y thatsatisfy(4.1.23).Two relatively
computatimally inexpensve choicesarethe coordinateandorthogonadecomposibnsshowvn be-
low.

Coordinate Variable-Reduction Null-Space Decomposition

1
Y = 0] (4.1.36)
R = C (4.1.37)
U, = FE (4.1.38)
Orthogonal Variable-Reduction Null-SpaceDecomposition
_ 1
Yy = NTO-T (4.1.39)
R = CUI+C'NNTC™) (4.1.40)
U, = E—-FN'C™T (4.1.41)

The orthogoral decompogion (Z7Y =0, Z7Z # 1, Y'Y +# I) definedin (4.1.34)—(4.1.35)
and(4.1.39)—(4.1.41)s morenumericallystablethanthe coordinatedecomposittn andhasother
desirablepropertiesin the context of rSQP[105]. However, the amountof denselinear algebra
requiredto computethe factorizationsneededo solve for linear systemswith R in (4.1.40)is
O((n — r)*r) floating point operationgflops) which can dominae the costof the algorithmfor
larger (n — r). Thereforefor larger (n — r), the coordinatedecompogion (Z7Y # 0, ZTZ # I,
YTY # I) definedin (4.1.34)—(4.1.3pand(4.1.36)—(4.1.38is preferral becausét is cheapebut
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the downsideis thatit is alsomore susceptibleo problemsassociatedvith a poor selectionof
dependenvariables.lll-conditioning in the basismatrix C' canresultwith greatlydegradedper
formanceandevenleadto failure of anrSQPalgorithm Seethe option range _space _matrix
in Sectior4.3.1.1.

Anotherimportantdecisionis how to computethereducedHessianZ "W Z. For mary NLPs,
second-devative informatian is not availableto computethe Hessianof the LagrangianiV di-
rectly. In thesecasesfirst-derivative informationcanbe usedto approximateB ~ Z7W Z using
quasi-Nevton method (e.g.BFGS) [84]. When(n — r) is small, B is smallandcheapto update.
Underthe properconditionsthe resultingquasi-Nevton rSQPalgorithmhasa superlinearate of
local corvergencelevenusingw = 0in (4.1.25))[15]. Evenwhen(n —r) islarge,limited-memory
guasi-Nevton methodscanstill be used,but the price onepaysis in only beingableto achieve a
linearrateof corvergence(with a smallrateconstanhopefully). For someapplicationareasgood
approximatbonsof theHessianl areavailableandmayhave specializegropertieqi.e. structure)
that makescomputingthe exactreducedHessianB = Z7W Z computatbnally feasible(i.e. see

NMPC in [10]). Seetheoptionsexact reduced _hessian andquasi _newton in Section
4.3.1.1.

In additionto variationsthat affect the corvergencebehaior of the rSQP algorithm, such
as null-spacedecompositias, approximaibns usedfor the reducedHessianand mary different
typesof merit functionsandglobalizationmethodstherearealsomary differentimplementation
options For example linearsystemsuchas(4.1.24)canbe solved usingdirector iterative solvers
and the reducedQP subproblemin (4.1.25)—(4.1.2) can be solved using a variety of methods
(active setvs. interior point) andsoftware[106).

Figure4.1 summarizedive differentcategoriesof algorithmt optionsfor a rSQPalgorithm
mary of which weredescribedabove. This setof catgyoriesandthe optiors in eachcategory is
by no meanscompleteand may otheroptionshave beendevelopedandwill be develgpedin the
future. In generalarny optioncanbe selectedndependentlyrom eachcategory andform a valid
algorithmwith uniqueproperties.An exceptionis that merit functionsare not usedby the Filter
line-searchandtrust-region globalzationmethodsso it makesno sensedo selecta merit function
whenusinga Filter method. While somepermutatiois of optiors are not reasonabldi.e finite-
differencew with an exactreducedHessianB), mary permutationsare. Justthis setof options
canproduce480distinctly differentalgorithmsthatmayperformvery differentlyonary particular
NLP.
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| Null-Space Decompositions for Z and Y | | Reduced Hessian Approximations for B |

A

[
| Variable Reduction | | Orthonormal QR | | Quasi-Newton B || Exact B || Finite-Diff B |

| Orthogonal || Coordinate | BFGS
| QP Cross Term Approximations for w | | DenseBFGS || Limited Memory BFGS |
[ I I ]
| w=0 || Exact w | | Broyden w | | Finite-Diff w | Globalization
[t [ ] et |
L1 | Powdl's L1 | Augmented Lagrangian | | Merit FuncLS || Filter LS || Merit Func TR || Filter TR |

Figure 4.1. UML andysis classdiagr.am: Differentalgorithmic
optionsfor rSQP

4.1.4 Generallnequalitiesand Slack Variables

Uptothispoint,only simgde variableboundsn (4.1.3)have beenconsidere@ndthe SQP/rSQP
algorithns have beenpresentedn this context. However, the actualunderlyingNLP mayinclude

generainequalitesandtake theform

min  f(%)
¢

S.t.

where:
i ¥ by € X
flz): X =R
dz): X —=C
h(z): X - H
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NLPswith generalinequalitesare corvertedinto the standardorm by the additionof slack
variabless (see(4.1.49)). After the addition of the slack variables,the concatenatedariables
and constraintsare then permuted(using permutatbn matrices@, and@.) into the orderingof
(4.1.1)—(4.1.3)Theexactmappingfrom (4.1.42)—(4.1.45)0 (4.1.1)—(4.1.3)s given below

T = Qg x] (4.1.46)
S
:fL_
r, = @ i (4.1.47)
Ty = Q z“ (4.1.48)
o)
c(z) = Q. B(i)—é] (4.1.49)

Here we considerthe implicationsof the above transformationn the context of rSQPalgo-
rithms.

Noteif @, = I andQ@. = I thatthematrix V¢ takestheform:

Vé Vh

o (4.1.50)

Ve =

Onequestiorto askis how theLagrangamultipliersfor theoriginal constraing canbeextracted
from the optimal solufon (z, A\, v) that satisfiesthe optimality conditins in (4.1.7)—(4.1.13)?
First, considerthe linear dependencef gradientsoptimality condition for the NLP formulation
in (4.1.42)—(4.1.45)

VaL(Z*, X, N[, 7)) = V(&) + VEE)N + VR(E)X, + 7 =0. (4.1.51)



To seehow theLagrangemultiples\* andv* canbeusedtio compute\*, XI* andr* onesimgy
hasto substitite (4.1.46)and(4.1.49)with @), = I and@. = I into (4.1.7)andexpandasfollows

V.L(z,\,v) = Vf+Vecr+v

A7 ve VE [ Rz

Lo I || N\ vy

_ | VIV + VRN + v 4.1.52)
i —)\;L—i-l/g

By comparing(4.1.51)and(4.1.52)it is clearthatthe mappingis X = \s, A\; = Ay = vz and
v = vg. Forarbitrary @, and@). it is alsoeasyto performthe mappingof the solution. What
is interestingabout(4.1.52)is thatit saysthatfor generalinequalites 77,j (z) thatarenot active at
thesolufon (i.e. (vs);) = 0), the Lagrangemultiplier for the corvertedequalityconstraint(\; ) ;)
will bezero.Thismeanghatthesecorvertedinequalitescanbe eliminatedfrom the problemand
notimpactthe solution,which is expected.Zero multiplier valuesmeanshatconstraintswill not
impactthe optimality conditionsor the Hessiarof the Lagrangian.

The basisselectionshavn in (4.1.22)and(4.1.31)is determinedy the permutatio matrices
Q. and(@. andthesepermutatiormatricescanbe partitionedasfollows:

[ QmD
. = 4.1.53
%= | o ] (4.1.53)
[ QcD
c = . 4.1.54
%= o ] (4.1.54)

A valid basisselectioncan always be determinedby simply including all of the slackss in
the full basisandthenfinding a sub-basidor V¢é. To shav how this canbe done,suppos that
V¢ is full rank andthe permutatior matrix (Q,)7 = [ (Qan)T (Qu1)T | selectsa basisC' =
(VE)T(Qun)T. Thenthefollowing basisselectionfor the transformed\LP (with Q. = I) could
alwaysbe usedregardlesf the propertieor implementatiorof V7
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Q: = I (4.1.55)
| QUII
S

C = ngvicz))T —1] (4.1.56)

(4.1.57)

Notice thatbasismatrix in (4.1.56)is lower block triangularwith non-singlar blockson the
diagonal.lt is thereforestraightforvardto solve for linear systens with this basismatrix. In fact,
thedirectsensitvity matrix D = —C !N takestheform

__ (QunVE) T(Qur VT

The structureof (4.1.58)is significantin the contet of actve-setQP solversthat solve the
reducedQP subproblemn (4.1.25)—(4.1.27¥singa variable-reductiomull-spacedecompositn.
The rows of D correspondindo generalinequality constraintsonly have to be computedif the
slackfor the constraintis at a bound. Also notethat the above transformatiordoesnot increase
the numberof degreesof freedomof the NLP sincen — m = n — m. All of this meansthat
addinggeneralinequalitiesto a NLP impatrtslittl e extra costfor the rSQPalgorithmaslong as
theseconstraintarenotactve.

For reason®f stability andalgorithmefficiency, it may be desirableto keepat leastsomeof
the slack variablesout of the basisandthis can be accommodatedlso but is more comple to
describe.

Most of thestepsin a SQPalgorithmdo not needto know thattherearegenerainequalitesin
theunderlyingNLP formulationbut somestepsdo (i.e. globalization methodsandbasisselection).
Therefore,thosestepsin a SQP algorithm that needaccesgo this information are allowed to
accesghe underlyingNLP in a limited manner(seethe Doxygendocumentatn for the class
NLPInte rfacePack : NLP).
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4.2 Software designof rSQP++

TherSQP++ramework isimplementedn C++ usingadwancedbject-orientedoftwareengineer
ing principles. However, to solve certaintypesof NLPswith rSQP++doesnot requireary deep
knowledge of object-orientatioror C++. Exampleprogramscanbe simpde copiedandmodified.

4.2.1 An Object-Oriented Approachto SQP
4.2.1.1 Motivation for Object-Oriented Methods

Mostnumericalsoftware(optimization nonlinearequationsetc.) consiss of aniterative algorithm
that primarily involvessimpleandcommonlinear algebraoperations.Mathematiciansisea pre-
cisenotationfor theselinear algebraoperationsvhenthey describean algorithm. For example,
y = Ax denotesnatrix-vecta multiplicationirrespectve of the specialpropertiesof the matrix A
or thevectorsy andz. Suchelegantandconciseabstractionsareusuallylost, however, whenthe
algorithmis implementedn mostprogrammingernvironmens andimplementationdetailssuchas
sparsedatastructuresobscurethe conceptuakimgicity of the operationsdeingperformed.Cur-
rently it seemghat developershave to choosebetweeneasyto useinterpretive ervironmentsor
moretraditionalcompiled languages.Interpretve ervironmentslike Matlab© are popularwith
userssincetheabstractionshey provide arevery similar to thoseusedin the mathematicalormu-
lation[33]. The problemwith interpretve language$ik e Matlabis thatthey arenot asefficient or
asflexible asmoregeneralpurposecompiledlanguagesWhenthesealgorithmsareimplemented
in acompiledproceduralanguagelik e Fortran,the syntaxis muchmoreverbosedifficult to read,
andproneto codingmistales. Every datastructureis seenin intimatedetailandthesedetailscan
obscurewhat may be an otherwisesimplealgorithm While the level of abstractiorprovided by
ervironmentdike Matlabis very useful,moreelaboratedatastructuresandoperationsareneeded
to handleproblemswith specialstructureandcompuing ervironments.

Modernsoftwareengineeringnodelirg anddevelopmentmethod, collectively known asObject-
OrientedTechnology(OQT), can provide much more powerful abstractiontools [97], [96]. In
additionto abstractindinearalgebraoperationsQbject-OrientedProgramming OOP)languages
like C++ canbe usedto abstractry specialtype of quantityor operation.Also OOT canbeused
to abstractarger chunksof analgorithmandprovide for greaterreuse.While newer versiors of
Matlab supportsomeaspectof OOT, its proprietarynatureandits loosetyping are major disad-
vantages.A newly standardizedjraphicallanguagdor OOT is the Unified Modeling Language
(UML) [96]. The UML is usedto describemary partsof rSQP++. AppendixF providesa very
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shortoverview to the UML.

Thereare primarily two advantagedo using dataabstraction:it improvesthe clarity of the
program.andit allows theimplementationof the operationgo be changecandoptimizedwithout
affecting the designof the applicationor evenrequiringrecompilationof muchof the code. The
conceptof OOT anddataabstractiorarediscussedn moredetaillaterin thecontect of rSQP

4.2.1.2 Challengesin Designingimplementations for Numerical SQP Algorithms

Therearemary typesof challengesn trying to build a frameavork for SQP (aswell asfor mary
othernumericalareas}hatallows for maximalsharingof code, andatthesametimeis understand-
ableandextensble. Specifically threetypesof variability will bediscussed.

First, we needto comeup with away of modelingandimplemening iterative algorithirs, such
asSQRthatwill allow for stepgo bereusedetweenelatedalgorithmsandfor existing algorithns
to be extended. This type of higherlevel algorithmicmodelirg andimplemenétionis neededo
make the stepsin our rSQPalgorithrs moreindependenso thatthey are easierto maintainand
to reuse A framework calledGeneral lIteration Pack hasbeendevelopedfor thesetypesof
iterative algorithmsandsenesasthebackbondor rSQP++.

The secondtype of variability to deal with is in allowing for differentimplementationsof
variouspartsof the rSQPalgorithm. Thereare mary exampleswheredifferentimplementation
optionsare possitle andthe bestchoicewill dependon the generalproperties(i.e. sizesof n, m,
andn — r etc.) of the NLP beingsolved.

An exampleis the methodusedto implementthe null-spacematrix 7 in (4.1.34).0Oneoption,
referredto asthe direct (or explicit) factorization,is to compue D = —C~'N up front. This
methodrequires(n — r) solveswith thebasismatrix C andalsothestorageof adenser x (n —r)
matrix D. Later, however, the tasksof performingmatrix-vecta productsof the form Z7¢ and
Zp,, andbuilding the inequality constraintan (4.1.27)areimplenmentedusingthe precomputed
densematrix D. Therefore,no further solves with the basismatrix C' are required. The other
option, calledthe adjoint (or implicit) factorization|s to defineZ implicitly andthento compute
productdike ZTg = —NT(CTg¥) + g,. Whentherearefew active variablebounds(i.e. # active
bounds= nact<< (n — r)), theadjointfactorizationis guaranteedo requirefewer solveswith C
anddemandessstoragehanthedirectfactorization. However, it is difficult to determinehebest
choiceapriori. Seetheoption null _space _matrix in Section4.3.1.1.

Anotherexampleis theimplementationof the Quasi-Nevton reducedHessianB ~ ZTW Z.
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Thechoicefor whetherto store B directly or its factorization(landwhatform of the factorization)
dependsn the choiceof QP solver usedto solve (4.1.25)—(4.1.2) If therearea lot of degrees
of freedom((n — r) is large) then storingand manipulathg the densefactorsof B will become
too expensve andthereforea limited-memoryimplementatiommay be preferred. Seethe option
guasi _newton in Section4.3.1.1

Yetanothemrxampleof variability in implemenationoptionsis in allowing for differentimple-
mentation®f the QP solver asdescribedn Section4.2.6(Seetheoptiongp _solver ).

A third sourceof variability is in how to exploit the specialpropertiesof anapplicationarea.
Issuegelatedto the managemenwf variousalgorithnic andimplementaibn optionsare more of
a concernto the developersandimplementorf the optimizationalgorithmsthanto the usersof
the algorithns. As long asanappropriatanterfaceis availablefor userto selectvariousoptions
(seeSection4.3.1.1),the underlyingcompleity is not really their concern. However, whatis a
concernto advancedusersof optimizaton softwareis a desireto tailor the numericallinear alge-
brato the specificpropertiesof their potentally very specializedapplicationarea.Datastructures,
linear solversand even computingervironments(i.e. parallelprocessingusingMPI) canbe spe-
cializedfor mary applicatiors. For exampk, a NLP may have constraintsvherethe basisof the
JacobiarC' is block diagonal. Thereforeinearsystemsanbe solvedby working with the blocks
separatehandpossiblyin parallel. Examplesof thesetypesof NLPsincludeMulti-Period Design
(MPD) [118] andParameteEstimationandDataReconciliation(PEDR)[116]. Anotherexample
of aspecialized\NLP is onewherethe constraintarecomprisedf discretizedPartial Differential
Equations(PDES). For thesetypesof constraintsjterative solvers have beendevelopedto effi-
ciently solve for linear systens with the basisof the JacobianC'. Abstractinterfacesfor matrices
andlinear solvers have beendevelopedthat allow the rSQPalgorithmto be independenof the
implenmentationof theseoperations.The abstractionghatallow for this variability are described
in Sectior4.2.3.1.

For someNLPs, the matrix V¢(z,) cannot even be formedimplicitly (i.e. no matrix-vector
products). And, linear systemswith the basisof the JacobianC' in (4.1.33)can not be solved
with arbitraryright handsides.Or, solveswith CT arenot possilte (se€[104]). For thesetypesof
NLPs,aspecial'direct sensitvity” interfacehasbeendeveloped(seeSectiord.2.3.2).For a“direct
sensitvity” NLP, thenumberof algorithnic andimplementatioroptionsis greatlyconstrainegand
is thereforean exampleof additional compleity createdby the interactionof all threetypesof
variability.

Abstractinterfacesto vectorsand matriceshave beendevelopedandaredescribedn Section
4.2.3.1that sere asthe foundationfor facilitating the type of implementaton andNLP specific
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Figure 4.2. UML objed diagram : Coursegrained objed dia-
gramfor rSQP++

linearalgebravariability describecabove. In addition theseabstracinterfacesalsohelp manage
someof thealgorithmc variability suchasthe choiceof differentnull-spacedecompogions.

4.2.2 High-Level Object Diagram for rSQP++

Therearemary differentwaysto presentSQP++ Here,we take a top-davn approachwherewe
startwith the basicsandwork our way down into moredetail. This discussioris designedo help
thereaderto appreciatdhow acomplex or specializedNLP is solved usingrSQP++.

Figure4.2 shaws a high-level objectdiagramof a rSQP++application,readyto solve a user
definedNLP. TheNLP objectaNLP is createdby the useranddefinesthe functionsandgradients
for the NLP to be solved (seeSection4.2.3.2). Closelyassociateavith a NLP is aBasi sSys-

t emobject. The Basi sSyst emobjectis usedto implementthe selectionof the basismatrix
C. This Basi sSyst emobjectis usedby a variable-reductiomull-spacedecompogion (see
Section4.2.5). EachNLP objectis expectedto supplya Basi sSyst emobject. The NLP and
Basi sSyst emobjectscollaboratewith theoptimizationalgorithmthougha setof abstractinear
algebrainterfaces(seeSection4.2.3.1). By creatinga specialized\NLP subclasgandthe associ-
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atedlinearalgebraandBasi s Sy st emsubclassegheimplementatiorof all of the majorlinear
algebracomputatios canbe managedn a rSQPalgorithm. This includeshaving full freedomto

choosethe datastructuredor all of the vectorsandthe matricesA, C, N andhow nearlyevery
linearalgebraoperations performed.This alsoincludestheability to usefully transparenparallel
linearalgebraon a parallelcomputereventhoughnoneof the corerSQP++codehasary concept
of parallelism.

OnceauserhasdevelopedNLP andBasi sSyst emclassesor their specializedapplication,
a NLP objectcanbe passedn to a rSQPppSolver object. The rSQPppSolver classis a
convenient‘facade”[42] thatbringstogethemary differentcomponerd thatareneededo build
a completeoptimization algorithmin a way thatis transparento the user TherSQPppSolver
objectwill instantate an optimizationalgorithm (given a default or a userdefinedconfiguration
object)andwill thensolvetheNLP, returningthesolution(or partialsolutiononfailure)to theNLP
objectitself. Figure4.2alsoshavsthecoursegrainedayoutof arSQP++algorithm.An advanced
usercansolve eventhe mostcomplex specializedNLP without needingto understandhow these
algorithmc objectswork togetherto implementan optimization algorithm. Understandinghe
underlying algorithmic framework is only necessaryf the optimization algorithns needto be
modified. Thefoundationfor thealgorithmicframework is discussedh Sectior4.2.4.A complete
exampleof a simplebut very specialized\NLP thatoverridesall of thelinearalgebraoperationss
describedn Sectior4.4.

While rSQP++offerscompleteflexibili ty to solve mary differenttypesof specializedNLPsin
divers application areassuchasdynamicoptimizationandcontrol[16] andPDES[19] it canalso
be usedto solve moregenericNLPs suchasare supportedy modelingsystemdike GAMS [29]
or AMPL [41]. For serialNLPswhich cancomputeexplicit Jacobiarentriesfor A, a userneeds
to to createa subclas®f NLPSerialPrepro  cessExpld ac anddefinethe problemfunctions
andderivatves. For thesetypesof NLPs, a default Basi sSyst emsubclasgs alreadydefined
which usesa sparsalirectlinearsolver to implementall of therequiredfunctionalty.

Figure4.3shavsa UML packagediagramof all of the majorpackageshatmake up rSQP++.
At the very least,eachpackagerepresent®ne or more libraries and the packagedependencies
alsoshaw thelibrary dependenciedn mary caseseachpackages actuallya C++ namespace
(e.g.namespace Abstra ctLinAlgP ack { ... }) andselectedclassesand methodsare
importedinto higherlevel packagesvith C++ using declarations.Thefollowing arevery brief
descriptionf eachpackage.The packagesre describedn moredetailin Sections4.2.3-42.5
andin AppendixC.

MemMngPak containsbasic(yetadvanced)memorymanagemenrfoundationakcodesuchas
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Figure 4.3. UML package diagran : Package making up
rSQP++

smartreferencecountedpointersandfactoryinterfacesseeAppendix8.8). Theseclassegprovide
a consisent memorymanagemenstyle thatis flexible andresultsin robust code. Without this
foundation,much of the functionality in rSQP++would have beenvery difficult to implement
correctlyandsafely

RTOpPackis comprisedf anadvancedow-leve interfacefor vectorreduction/transforiation
operatorghatallows the developnent of high-level linear algebrainterfacesandnumericalalgo-
rithms (i.e. rSQP++). The basiclow-level operatorinterfaceis called RTOpwhich allows the
developmentof arbitrary userdefinedvectoroperators.The designof this interfacewascritical
to the developmentof rSQP++in a way thatallows full exploitation of a parallelcomputerand
specializedapplicationwithout requiringrSQP++to have arny concepiof parallelconstructs.The
adwancedconceptdehindthedesignof RTOpPak aredescribedn moredetailin [10].

AbstractL inAlgPack is a full-featuredsetof interfacesto linearalgebraquantites such
asvectorsandmatricegor linearoperators)A vectorinterfaceis the foundationfor all numerical
applicationsandprovidessomeof the greatesthallengesrom anobject-orientediesignpoint of
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view. Thevectorinterfacein Abstrac tLinAlgPa ck is built onthefoundationof RTOpPak
andallowstheefficientdeveloprmentof mary advancedypesof optimizationalgorithms Thereare
basicinterfacesfor general,symmetrc andnonsingudr matrices.The Basi sSyst eminterface
mentionedabove is alsoincludein this package. Theselinear algebrainterfacesare devoid of
ary concreteémplemenationsandform the foundationfor all the linear algebracomputationsn
rSQP++. Theseinterfacesare describedn moredetail alongwith the NLP interfacesin Section
4.2.3

LinAlgPac k containsconcretedatatypesfor denseBLAS-compatble linear algebra. Part
of this packages a portableC++ interfaceto a Fortran BLAS library. This packageforms the
foundationfor all denseseriallinear algebradatastructuresand computatios thattake placein
rSQP++.

SparseLin AlgPack includesmary differentimplementationsof linear algebrainterfaces
definedin AbstractL inAlgPac k for serialapplications.In additionto a default serialvector
class,denseandsparsamnatrix classesarealsoprovided. Several otherimportantmatrix interfaces
arealsodeclaredhatareusefulin circumstancesvhereseriallinear algebraquantitesare mixed
with more general(i.e. parallel) linear algebraimplementations. The implemenationsand the
interfacesincludedin this packageprovide a (nearly) completelinear algebrafoundationfor the
developmentof ary advancedoptimizaton algorithm

SparseSol verPack providesinterfacedo directseriallinearsolvers,subclassefor several
popularimplemenations(suchasseveral Harwell solvers and SuperLU)andincludesa subclass
of Basi sSyst emthatusesoneof thesedirectsolvers.

NLPInterf acePack definesthe basicNLP interfacesthat are neededo implementvari-
ousoptimization algorithms(particularly SQPmethods).Thesebasicinterfacescommunicateto
an optimization algorithmthroughlinear algebraquantitiesusingthe Abstrac tLinAlgPa ck
interface. Thesebasicinterfacesare describedalongwith the linear algebrainterfacesin Section
4.2.3.This packagealsocontainsseveralNLP nodesubclassetor commontypesof NLPs. These
subclassemale it very easyto implementa serialNLP.

Constrain  edOptimiz ationPac k is a mixed collectionof several differenttypesof in-
terfacesandimplementations.Someof the major interfacesandimplemenationsdefinedin this
packagearefor null-spacedecompositins,QP solvers merit functionsandgenericline searches.

Generallt erationPa ck is aframework for developing iterative algorithms Any type of
iterative algorithmcan be developedandthereis no specializatiorfor numericsin the package.
Thisframenork providesthe backbondor all rSQP+ optimizationalgorithns andis describedn
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moredetailin Section4.2.4

ReducedSp aceSQPPack is the highestlevel packaggnamespacen rSQP++. It contains
all of the rSQP specificclassesand containsthe basicinfrastructurefor building rSQP++algo-
rithms(suchasstepclassespswell asotherutilities. Also includedaretherSQPppSol ver fa-
cadeclassandtwo built-in configuratiorclassesor active-setrSQP(rSQPAIgo _ConfigMa maJamg
andinterior-pointrSQP(Algo _Config IP ). Basicinteractionwith a rSQP++algorithmthrough
arSQPppSolver objectis describedn the Doxygendocumentatio startingat

RSQPPEBASEDOC/ReducedSpaceS QPPack/ht ml/index. html

It is notimportantthatthe userunderstandhe deatilsof all of thesepackageut somepack-
agesare of moreinterestto an advanceduserandthesepackagesare describednext. Someof
the otherpackagesre describedn AppendixC. For detailson the installation of rSQP++,see
AppendixB.

4.2.3 Overview of NLP and Linear Algebra Interfaces

All of the high-level optimization codein rSQP++is designedo allow arbitraryimplementations
of thelinearalgebraobjects.It istheNLP objectthatdefineghebasidor all of thelinearalgebraby
exposirg a setof abstract'f actories’[42] for creatinglinearalgebraobjects.Beforethe specifics
of theNLP interfacesaredescribedthebasiclinearalgebranterfacesarediscussedirst. Theseare
theinterfacesthatallow rSQP++to utilize fully parallellinearalgebrain acompletelytransparent
manner

4.2.3.1 Overview of Abst ract Li nAl gPack: Interfacesto Linear Algebra

Figured.4shavsaUML classdiagramof the basiclinearalgebraabstractionsThefoundationfor
all thelinearalgebrais in vectorspaces.A vectorspaceobjectis representethoughan abstract
interfacecalledVect or Space. A Vect or Space objectprimarily actsasan“abstractfactory”
[42] and createsvectorsfrom the vector spaceusingthe cr eat e _nenber () method. Vec-

t or Space objectscanalsobe usedto checkfor compatibilty usingthei s _conpati bl e()
method.Every Vect or Space objecthasa dimension.Thereforea Vect or Space objectcan
not beusedto represenaninfinite-dimensionalectorspace.Thisis nota serioudimitation since
all vectorsmusthave afinite dimensionwhenimplementedin a computer Justbecausawo vec-
torsfrom differentvectorspacehave the samedimensiordoesnotimply thattheimplementations
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Figure 4.4. UML class diagram: Abstr actL inAlg Pack,
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will becompatibé. For example,distributed parallelvectorsmay have the sameglobaldimenson
but thevectorelementsnaybedistributedto processorglifferently (we saythatthey have different
“maps”). Thisis animportantconcepto remember

Vectorimplementationsreabstractedehindinterfaces.Thebasicvectorinterfacesarebroken
upinto two levels: Vect or Wt hQp andVect or Wt hOQpMut abl e. TheVect or Wt hQp in-
terfaceis an immutable interface where vector objectscan not be changedby the client. The
Vect or Wt hOpMut abl e interfaceextendsthe Vect or W t hQp interfacein allowing clients
to changethe elementsn the vector Thesevectorinterfacesare very powerful and allow the
client to perform mary different types of operations. The foundationof all vector function-
ality is the ability to allow clientsto apply userdefinedRTOp operatorswhich perform arbi-
trary reductionsand transformatios (seethe methodsappl y r eduction(...) andap-
ply_transformation(...)1). Theability to write thesetypesof userdefinedoperatorss
critical to the implementationof advancedoptimization algorithns. A single operatorapplica-

INote that bothappl y r educti on(...) andapplytransformation(...) canperfom reductios
andretun redwctionobjectsreduct _obj . Assumingthatonlyappl y r educti on(...) canperformareduction
is acomma misuncerstanding The differencesbetweerthesetwo methalsis subtleandthe readershouldconsult
thethe Doxygendoamentatio for moredetails.
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tion methodis the only methodthat a vectorimplenentationis requiredto provide (in addition
to sometrivial methodssuchasreturningthe dimensionof the vector)which makesit fairly easy
to adda new vectorimplemenation. In additian to allowing clientsto apply RTOpoperatorsthe
othermajorfeatureis the ability to createarbitrarysubviews of a vector(usingthesub vi ew( )
methods)asabstractvectorobjects.This is animportantfeaturein thatit allows the optimizaton
algorithmto accesghe dependen(i.e. state)andindependenti.e. design)variablesseparately
(in additionto arny otherarbitraryrangeof vectorelements).Supportfor sutviews is supported
by default by every vectorimplementatiorthroughdefault view classegseethe classVecto r-
WithOpMutableSub view ) thatrely only on the RTOpapplicationmethods. The last bit of
major functionality is the ability of the client to extractan explicit view of a subsef the vector
elementsThisis neededn afew partsof anoptimizationalgorithmfor suchtasksasdensejuasi-
Newton updatingof the reducedHessiarandthe implemenation of the compactBFGS matrix.
Asidefrom vectorsbeingimportantin theirown right, vectorsarealsothemajortypeof datathatis
communcatedbetweerhigherlevel interfacessuchaslinearoperatorgi.e. matrices)andfunction
evaluatorqi.e. NLP interfaces).

The basic matrix (i.e. linear operator)interfacesare also shovn in Figure 4.4. The Ma-

t ri XW t hQp interfaceis for generatectangulamatrices Associatedvith any Mat r i xXW t hOp
objectis acolumnspaceanda row spaceshovn asspace _cols andspace _rows respectrely
in the figure. Sincecolumnandrow Vect or Space objectshave a finite dimension,this im-
pliesthatevery matrix objectalsohasfinite row andcolumndimensons. Therefore thesematrix
interfacescannot be usedto represenaninfinite-dimensionalinear operator Note thatall finite-
dimensimal linear operatorscan be representeés a matrix (which is unique)so the distinction
betweena finite-dimensioal matrix anda finite-dimensonal linear operatoris insignificant. The
columnandrow space®f amatrix objectidentify thevectorspacegor vectorsthatarecompatible
with the columnsandrows of the matrix respectrely. For example,if thematrix A is represented
asaMat ri xXW t hQp objectthenthe vectorsy andz would have to lie in the columnandrow
spacesgespectiely for the matrix-vectorproducty = Ax.

Thesematrix interfacesgo beyond what mostotherabstractmatrix/linearoperatorinterfaces
have attemptedOtherabstractinearoperatotinterfacesonly allow theapplicatimsof y = Ax or
thetransposéadjoint)y = ATz for vectorvectormappings Every Mat ri xW t hOp objectcan
provide arbitrarysubviews asMat r i XW t hQp objectsthroughthesub vi ew( . . . ) methods.
Thesemethodshave defaultimplementationsbasedon default view classeswhich arefundamen-
tally supportedoy the ability to take arbitrary subview of vectors. This ability to createthese
sulviews is critical in orderto accesghe basismatricesin (4.1.33)given a JacobianobjectGc
for Ve. Thesematrix interfacesalsoallow muchmoregeneralypesof linearalgebraoperations.
Thematrix Mat r i XW t hQp interfaceallows the clientto performlevel 1, 2 and3 BLAS opera-
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tions (seeAppendixE for a discussiorof the corvention for namingfunctionsfor linearalgebra
operations)

B = aop(A)+ B

y = aop(A)z+ By
C = aop(A)op(B)+ pC.

Oneof thesignificantaspect®f thesdinearalgebraoperationss thatanabstractivat r i xXW t hOp
objectcanappeainntheleft-hand-sideThisaddsawholesetof issueqi.e. multiple dispatcH 76,
Item 31]) thatarenot presenin otherlinearalgebrainterfaces.

The matrix interfacesassumehat the matrix operatoror the transposef the matrix operator
canbeapplied.ThereforeacorrectVat r i xXW t hQp implementationrmustbeableto performthe
transpose@dswell asthe non-transposedperation.This requirements imporantwhenthe NLP
interfacesarediscussedater.

Several specializationsof the Mat ri xXW t hQp interface are also requiredin order to im-
plementadwancedoptimization algorithis. All symnetric matricesare abstractedy the Ma-
tri xSymAN t hQp interface. Thisinterfaceis requiredin orderfor the operation

C = aop(B) op(A) op(BT) + 5C

to be guaranteedo maintainthe symmetryof the matrix C. Note that a symnetric matrix
requiresthat the column and row spacesbe the samewhich is shavn by the UML constraint
{... }inFigure4.4.

The specializationvat r i XW t hOpNonsi ngul ar is for nonsinguhr squarematricesthat
canbeusedto solve for linearsystens. As aresult,thelevel 2 and3 BLAS operations

y = op(A )z
aop(A~) op(B)
C = aop(B)op(A™)

Q
|
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are supported.The solution of linear systemgepresentedby theseoperationscanbe imple-
mentedin a numberof differentways. A directfactorizationfollowed by backsolvesor alterna-
tively apreconditionedterative solver (i.e. GMRESor someotherKrylov subspacenethod)could
beused.Or, amorespecializedoluion processouldbeemployedwhichis tailoredto the special
propertieof the matrix (i.e. bandedmatrices).

The lastmajor matrix interfaceMat r i xSymA t hQpNonsi ngul ar is for symmetre non-
singularmatrices.This interfaceallows theimplenmentationof the operation

C = aop(B)op(A™")op(B")

andguaranteethatC' will bea symmetricmatrix.

A moredetaileddiscussio of thesebasiclinearalgebranterfacescanbefoundin theDoxygen
documentatin.

A majorpartof arSQPalgorithm,basednavariable-reductiomull-spacedecomposion (see
Section4.2.5),is the selectionof a basis. The fundamentabbstractiorfor this taskis Basi s-
Syst em(asfirstintroducedn Figure4.2). Theupdat e basi s() methodtakestherectangular
JacobianGce (V) andreturnsa Mat r i xXW t hOpNonsi ngul ar objectfor the basismatrix C.
This interfaceassumeshat the variablesare alreadysortedaccordingto (4.1.31). For mary ap-
plications the selectionof the basisis known a priori (e.g. PDE-constraine@ptimization). For
otherapplicationsit is not clearwhatthe bestbasisselectionshouldbe. For the lattertype of ap-
plication,the basisselectioncanbe performedon-the-flyandresultin oneor moredifferentbasis
selectiongduring the courseof arSQPalgorithm. The Basi sSyst enPer mspecializatiorsup-
portsthis type of dynamicbasisselectionandallows clientsto eitheraskthe basis-systenobject
for agoodbasisselection(sel ect _basi s() ) or cantell the basis-syem objectwhat basisto
use(sel ect _basi s() ). Theselectionof dependent , andindependent; variablesandthe
selectiorof thedecomposed,(z) andundecompsedc, (x) constraintss representetly Per mu-

t at i on objectswhicharepassedo andfrom theseinterfacemethods.The protocolfor handling
basischangess somavhatcomplicatedandis beyondthe scopeof this discusgn.
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4.2.3.2 Overview of NLPI nt er f acePack: Interfacesto Nonlinear Programs

Thehierarchyof NLP interfaceghatall rSQP++optimizationalgorithmsarebasednis shovnin

Figure4.5. TheseNLP interfacesact primarily asevaluatorsfor the functionsandgradientsthat
definethe NLP. Theseinterfacesrepresenthe variouslevels of intrusivenesdnto an application
area.

The base-lgel NLP interfaceis calledNLP anddefinesthe nonlinearprogram. An NLP ob-
jectdefinesthe vectorspacedor thevariablesY andthe constraint€ asVect or Space objects
space x andspace _c respectrely. The NLP interfaceallows accesdo theinitial guessof the
solution zy andthe boundsz; andz;; asVect or Wt hQp objectsx _init , xI andxu respec-
tively.

The NLP interface allows clientsto evaluatejust the zero-orderquantitiesf(z) € R and
c(x) € C asscalarandVect or Wt hQpMut abl e objectsrespectiely. Many different steps
in anoptimization algorithmdo not requiresensitvities for the problemfunctions Examplesn-
cludeseveraldifferentline searchandtrustregion globalzationmethodgi.e. Filter andexactmerit
function). Nongradient-basedptimizationmethodsouldalsobeimplemenédthroughthisinter-
facebut smoothnessnd continuity of the variablesand functionsis assumedy default. Note
that this interfaceis the sameasa NAND (nestedanalysisanddesign)approachf thereareno
equality constraintg(i.e. removed using nonlineareliminaion). The NLP interfacecanalso be
usedfor unconstraineptimization (i.e. |C| = m = 0) or for a systemof nonlinearequations
(i.e.|X| =n=|C| =m).

Thenext level of NLP interfaceis NLPCbj G- adi ent . Thisinterfacesimply addsthe ability
to computethe gradientof the objective function Vf(z) € X asaVect or Wt hCpMut abl e
objectGf. For mary applicationsit is far easierandlessexpensve to compuge sensitvities for the
objectve functionthanit is for the constraints.Thatis why this functionalityis considerednore
generalthan sensitvities for the constraintsandis thereforehigherin the inheritancehierarchy
thaninterfacestheincludesensitvities for Ve.

Sensitvities for the constraintsV¢ are broken up into two separaténterfaces. Theseinter-
facesrepresenthe capabilitiesof the underlyingapplicationcode. The mostgeneral(from the
standpoih of the optimizationalgorithm)interfaceis NLPFi r st Or der | nf 0. This NLP inter
faceassumeshat the applicationcan, at the very least,form and maintaina Mat ri xXW t hQp
object Gc for the gradientof the constriantsVe. Recall that this implies that operationsof
theform v = Vcl'v andu = Vewv canboth be performedwith arbitrary vectors. Note that
while operationf theform v = Vv canbe approximatedisingdirectionalfinite differences
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NLP

X_init : VectorWithOp
xl : VectorWithOp
xu : VectorWithOp

calc_f(in x)
Zﬁ space_c space_x

calc_c(in x)

NLPObjGradient AbstractLinAlgPack:: VectorSpace
calc_Gf(in x)
NLPFirstOrderinfo NLPFirstOrderDirect
calc_Gc(in x) calc_point(in x, out f, out c, out Gf, out py, out D)
Zﬁ basis_sys
NLPSecondOrderinfo
calc_HL(in x, in lambda) [AbstractLinAlgPack:: BasisSystem

Figure 4.5. UML classdiagram: NLPInter faceP ack, ab-
strad interfacesto nonliner programs

(i,e. Vel v = lime o(c(z + ev) — ¢(x))/€)), operationsof the form v = Vewv cannot, sothis
interfacecannot simply be approximatedisingfinite differencesA NLPFi r st Or der | nf o ob-
jectcanoptionally supplyaBasi sSyst emobjectthatis specializedor applications G¢c matrix
object. By implementingthe NLPFi r st Or der | nf o interface(with the associated/ect or -
Space, Matri xWithOp andBasi sSyst em subclasses)the critical linear algebracompu-
tationscan be performedin a rSQP algorithm SeeSection4.2.5for a descriptionof how the
variable-reductiomull-spacedecomposibnsusea Basi sSyst emobjectto defineall of there-
guireddecomposittn matrices.An exampleof a very structured\LP is describedn Section4.4
whereall of thelinearalgebraobjectsarespecializedor the NLP.

For applicationghatcannot satisfythe NLPFi r st Or der | nf o interface,thereis the NLP-
Fi rst Order Di r ect interface.As thenameimplies,theNLPFi r st Or der Di r ect interface
only requiresthe direct sensitvity matrix D = —C~'N andthe solutimn to the Newton linear
systemgp, = C'c. With usuallyminor modificatiors, almostary applicationcodethat usesa
Newtonmethodfor theforwardsoluion canbeusedo implementheNLPFi r st Or der Di r ect
interface (seeChapter5 for an example application). Both the orthogonaland the coordinate
variable-reductiomull-space decomposibns can be implementedwith just the quantites D =
—C~'N andp, = C'c.

Finally, the mostadwancedNLP interface definedis NLPSecondOr der | nf 0. This NLP
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interfaceallows the optimization algorithm to computea Mat r i XxSymW t hQp matrix objectHL
for the Hessiarof the LagrangianV = V2 L = V?f(z) + }_7", A;V?¢;(z). How this Hessian
matrix objectis usedcanvary greatly This matrix objectcanbeusedto computeheexactreduced
HessianB = ZTW Z or canbe usedto form the full KKT matrix. Many otherpossiblities exist

but the bestapproactwill bevery muchapplicationdependent.

The NLP, NLPFi rst Order Di rect, NLPFi r st Or der | nf o andNLPSecondOr der -
| nf o interfacesrepresenfour differentlevels of invasvenesdo the application. The NLP in-
terfacewithout equalityconstraintanusedto implementa basicNAND optimizationalgorithm
while on the otherextremethe NLPSecondOr der | nf o interfacecanbe usedto implementa
fully coupledinvasive SAND methodwith accesgo secondderivatives.

4.2.4 OverviewofGeneral | t er ati onPack : Framework for General It-
erative Algorithms

Generallt erationPa ck is aframework for building iterative algorithns in C++. This
framawork is not specificto numericalapplicationsandcanbeusedfor any applicationareawhere
it may be useful. The challengesn building sucha framework arein trying to keepthe stepsand
othercomponert in the algorithmas decoupledas possibé so thatthey canbe reusedin mary
differentrelatedalgorithms.

To illustrate the designand the underlyingconcepts considerthe iterative algorithmshowvn
in Figure4.6. In suchan algorithm quantitiescompuéd in one stepare usedby one or more
other steps. In the example, the iteration quantitiesare z, p, ¢, andr. Thesequantitiesmay
represenarything from scalardo vectorsor matricesall theway up to arbitrarily comple< objects.
Suchalgorithmsmustbe initializedbeforethey canberun asshavn in the exampk. Oncesome
minimumi initializationis completedthe algorithmstartsto run. The averageiterationis executed
sequentiallyfrom step1l to step4 andthenloopsbackto stepl againwith theiterationcounter
k incrementedy one. During someiterations,however, oneor moreminor loopsbetweensteps
2 and 3 may be required. The stepsin the algorithmare dependenbn the other steps(at least
implicitly) throughcommoniteration quantites. For example, steps2, 3 and 4 all accesshe
iteration quantityg. Stepsmay also have algorithmc control dependenciesequiredto perform
minor loops. In the exampk, steps2 and 3 areinvolved in a minor loop andthis suggestsome
type of dependeng betweenthem. The lasttype of dependengthatexistsis alsobetweensteps
andtheiterationquantitiesthatare updatedor accessedndis relatedto the storagerequirements
for iterationquantites. For example,stepl only requiresonestoragdocationfor p to updatep”,
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[ xk=x° Step 1 Major Loop

@ viim

Step 2 _ Minor Loop
g = f(pkp<t) €

Step 3
Finish EARRECY)
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«—  gep4

[f 2] (= fa(dr

[f(k* )< e]/k=k+l

Figure 4.6. UML Activity Diagram: Exampleiterative algo-
rithm

while step2 requiresdual storagefor p (p* andp*~1) in orderto updateg®. Supposestepl were
implementedlong beforestep2. In this case,it may have beenassumedhat only one storage
locationwasneededor p. Whenstep?2 is laterimplemenéd, will stepl have to be modifiedto
accommodatehe additional storagelocations? Many implementatn techniquesvould require
the codeimplementingstepl to be modifiedin this case therebycouplingstepl to step2 aswell
asto theimplementabn of theiterationquantityp. Finally, theremustbesometerminatiorcriteria
for thealgorithm This checkfor terminationoccursafterstep4 is completedn theexample.

Figure 4.7 shovs a UML ? diagramfor the Gener allterati onPack framework. At the
centerof the frameawvork is an Algori  thm object. Associatedwith an Algorithm  objectare
oneor moreAl gor i t hntt ep objectswhereeachis identifiedby a uniquename(step _name).
Stepobjects,which areinstantiatons of subclassesf Al gor i t hnSt ep, implementthe stepsin
thealgorithm. Using objectsto represent sub-algorithimis a well known OO designpattern(see
the “Strategy” patternin [42]). Iteration quantitiesare abstracteehindthel t er Quantity
interfaceandareaggreatedinto a singleAlgorith  mState object. The Algorith mState
objectactsasa centralrepositoryfor thesequantities. Individual I t er Quant i t y objectsare
identifiedby a uniquename(ig _-name). Aggregatingall of the iterationquantitesinto onecen-

2The UML [96] hasa conventionfor the names of classesandobjectswhich is usedin this pager. The namesof
conceteclassesisethefontConcreteCl ass . Thisis alsothefontusedfor objects.An objectis aninstantiatiorof a
conceteclass.Abstractclassnames, aswell asabstracbpeationnamesarein italics suchasAbst r act d ass and
Abstract d ass: : operation(...). While aconaeteclassmayhave directobjectinstantiationsanabstract
class(interfaceg maynot(i.e. becaus¢heseclasseslwayshave oneor moreundefinedabstracbpeation).
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tral locationhelpsto remove the datadependenciebetweenStepobjects. The Stepobjectsuse
thel t er Quant i t yAccess<. . . > interfaceto updateandaccessterationquantites. The op-
erationset k( of f set) is calledto updatea quantiy for the specificiterationk + of f set,
while get k( of f set) is usedto accessa quantityalreadyupdated.Suchaninterfaceto itera-
tion quantitesrelieves Stepobjectsfrom having to know if a quantityrequiressingleor multiple
storage Soin thepreviousmentionedscenaridor ourexamplealgorithm,whentheclassfor step2
isimplementedafterstepl, theclassfor stepl would nothave to bemodifiedatall or evenrecom-
piled. Also, the operationget k( of f set) validatesthatthe quantitywasindeedupdatedfor
theiterationk + of f set . Thisfeaturehasbeeninvaluableduringthe developmentof rSQP++
in catchingmistalesin algorithmlogic and/orimplementabn. Finally, anAl gori t hnilr ack
objectis usedto outputintermediatenformationaboutthe algorithmby examining the Algo-
rithmSt ate object. By creatinga subclas®f Al gori t hnilr ack, clientscaneasilymonitor
the progressf analgorithm If moresophisicatedmonitoring andcontrolof analgorithmby the
clientis required,additioral Stepobjectscanbe insertedinto an alreadypreformedalgorithm In
addition, an algorithm can be alteredwhile it is runningby addingand removing Stepobjects,
therebyallowing it to be adaptedor changingneeds.

Figure 4.8 showvs an object diagramfor the exampk algorithmin Figure 4.6. In this dia-
gram,theiterationquantites are shovn aggreatedinside the Algorith  mState objectwhere
thelink qualifiernamesaregivenfor eachquantiy. Theconcretelypeof eachof thesequantitiess
IterQua ntityAcce ssContigu ous<...> whichprovidessequentiastoragdor successie
iterations.

This designalsoallows for distributed algorithrmic control. Algorithm controlis sharedbe-
tweenthe Algori  thm andAl gor i t hntSt ep objects. The Algorit  hmobjectis responsible
for executng stepssequentiajl (from Stepl to Step4 in our example). Al gor i t hntSt ep ob-
jectsareresponsibldor initialing minor loopsthroughthe Algori  thm object(Step3 initiates
theMinor Loop in theexample).Figure4.9shavs a UML collaborationdiagramillustrating how
algorithmcontrolis implemenédfor our examplealgorithm. Thescenaricshavn is for two major
iterations(k = 0, 1) wheretheminorloopis executedoncein thefirst (k = 0) iteration.

The detailsfor the interfacesandthe collaborationsbetweerthe objectsin this frameavork are
documentedh the Doxygengeneratedlocumentatiorstartingin thefile

RSQPPEBASEDOC/Geneallterat ionPack/h tml/index .html
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Generallteration Pack

Algorithm
,,,,,,,,,,,,,,,, - Central hub for algorithm
«configuration» - Executes steps along major loop
«start algorithm»
do_algorithm() %
«runtime configuration» P 0,1
step_name (@ Algorithm Step
«algorithmic control»
do_step_next(step_name) * do_step(...):bool
terminate(bool) 1
¢ . Algorithm Track - Strategy interface
output_iteration(:Algorithm &) - Pe,’,fo”“s gomputatlons
Algorithm State output_final(:Algorithm&, algo_return - Initiates minor loops

next_iteration() N
iter_quant(ig_name):lterQuantity& - Interface for outputting
information about the algorithm
during each iteration

0,1 Iteration Quantities

[ - Central Repository for ﬁ

- Encapsulates iteration

IierQuantity g quantities for one or more
name():string& T Iter‘atlons
next_iteration() | Tl | - Hides knowledge of storage
IterQuantityAccess |- - ... requirements

- Runtime checks for updates

set_k(offset:int):T_info&
get_k(offset:int):const T_info&

Figure 4.7. UML Class Diagram: Generall tera -
tion Pack: An objed-orientedframenork for building iterative
algarithms
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&l—' . ConcreteStepl

"Step2" : ConcreteStep2

: Algorithm. "Step3" : ConcreteStep3

ﬂl—' . ConcreteStep4

| track |
| .ConcreteTrack |

state

. AlgorithmState

;l—)I . IterQuantityAccessContinuous<...> |
Il—)I . IterQuantityAccessContinuous<...> |
Il—)I . IterQuantityAccessContinuous<...> |
:|—>| _lterQuantityAccessContinuous<...> |

Figure 4.8. UML Object Diagram: Instartiations (objects) of
Generall terat ionP ack classfor theexamplealgorithmin
Figure4.6

Step2

Stepl

1.2: do_step(algo,2) 1
1.4: do_step(algo,2) 1
1.10: do_step(algo,2) 1

1.1: do_step(algo,1) t
1.9: do_step(algo,1) t

1: do_algorithm() -
—_— algo: Algorithm ‘ Step3

1.3: do_step(algo,3) —
1.3.1: do_step_next("Step2") —
1.5: do_step(algo,3) —
1.11: do_step(algo,3) -

1.7: output_iteration(algo) | .
— 1.6: do_step(algo,4) |
18: . X 1.13: output_final(algo 1.12: do slz((agl 02‘) .
.8: next_iteration() | - TERMINATE_TRUE) | -12: do_step(algo,

1.12.1: terminate(true) t

state: AlgorithmState ‘ ‘ track Step4

Figure 4.9. UML Collaboration Diagram: Scenariofor the
examplealgaithm in Figure4.6
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DecompositionSystem

update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy)

T

DecompositionSystemOrthonormal

DecompositionSystemVarReduct |

update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy)

DecompositionSystemVarReductimp

update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy) basis_sys
update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy)

AbstractLinAlgPack:: BasisSystem

+update_basis(in Gc, out C, out D, out ...)

DecompositionSystemCoordinate DecompositionSystemOrthogonal

update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy) update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy)

Figure 4.10. UML ClassDiagram: Inheritancehierarchy for
null-spacedecmpositons

4.2.5 Overview of Interfacesfor Null-SpaceDecompositions

An importantcomputatbn in a rSQP algorithmis the null-space decompositia usedto project
thefull-spaceQP subprobleninto thereducedspace.ln rSQP++,the decomposibn matricesZ,
Y, U, andU, in (4.1.23),(4.1.26)—(4.1.27arerepresentetdy Mat r i xXW t hOp objectswhile the
nonsinglar matrix R in ((4.1.24)is representedby a Mat r i xXW t hOpNonsi ngul ar object.
Oncethesematrix objectsareinitializedfor the currentiteration,therestof therSQP++algorithm
canbe implemenéd by interactingonly with thesematricesthroughthe Mat ri xW t hQp and
Mat ri xXW t hOpNonsi ngul ar interfaces.ThebasicinterfacethatarSQP++algorithmuseso
constructhematrices?, Y, U,, U, and R from thematrix A is Deconposi t i onSyst em This
interface,aswell asmorespecializednterfacesfor variable-reductiomecompositins,is shovn
in Figure4.10.

The Deconposi ti onSyst eminterfacehasan operationcalledupdat e deconp(. . .)
whichtherSQP++algorithmcallsto updatethedecomposion matrices.TheDeconposi ti on-
Syst eminterfacealsoexposesa setof factoryobjects(not shavn in the figure) that cancreate
matrixobjectsfor Z, Y, R, Uz andUy thatarecompatilbe with theconcretalecompositin-system
object.

Deconposi ti onSyst enVar Reduct is a specializednterfacethatall variable-reduction
decomposionsinheritfrom. Deconposi t i onSyst enVar Reduct | np is animplementation
nodesubclasshatprovidesa commonimplemenéationthatall variable-reductiomlecompogions
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canshare.This matrix subclasglefinesthe factoryobjectsfor Z andU z. The key to makingthe
variable-reductiomlecomposion subclassesmdependensf the specialpropertiesof theunderly-
ing NLP andlinear solver is to usea Basi sSyst emobjectwhich takes careof the basishan-
dling. TheBasi sSyst emobjectprovidesaccesdo the basismatrix C asaMat ri xXW t hOp-
Nonsi ngul ar objectaswell asthematricesN, F, andF asMat r i XW t hQp objects.Givena
Basi sSyst emobject,the Deconposi t i onSyst emVar Reduct | np subclassanfully de-
fine the null-spacematrix Z in (4.1.34)andthe projectedmatrix Uz in (4.1.35). This subclass
performsall of the interactionwith the Basi s Syst emobjectto form the basismatrices.How-
ever, this subclassannot definethe matrix objectsfor Y, R andUy sincethesedependon the
definitionof thequasi-range-spagratrix Y. Thecomputatio of thesematrix objectsaredeferred
to subclassethroughthe pure-virtualmethodupdat e mat ri ces(. .. ). This methodpasses
thebasismatrix objectsfor C, N, F, F andpotentiallythedirectsensitvity matrix objectfor D to
the subclassvhich thenreturnsupdatedmnatrix objectsfor Y, R andUy.

The coordinatedecompodion definedin (4.1.36)—(4.1.38)s implementedby the subclass
Deconposi ti onSyst enCoor di nat e. The implementationof this subclasgs very simple
asR=C,U,=FE.

The orthogonaldecompodgion definedin (4.1.39)—(4.1.4) is implementedby the subclass
Deconposi ti onSyst entr t hogonal . Theimplementatiorif this subclasss morecomple
because®f themorecomplicateddefinitionsof Y, R, andU,. Seethe Doxygendocumentatin for
this subclasgor moredetailson how thesematricesareimplemented.

Thelastdecompodion systemsubclasss Deconposi t i onSyst enOr t honor mal which
implementsa differenttype of null-spacedecompogion basedon a QR factorization.The linear
algebraperformedin this classusesdensecomputation@ndis thereforeonly applicableto small
serialNLPs.

Sincethe null-spacedecomposibn is suchanimportant part of a rSQPalgorithmit is very
importantto validatethatdecomposibn matrices?, Y, R, U, andU, obey the correctproperties.
ThetestclassDecompositionSy stemTeste r hasbeendevelopedfor thispurposeThetests
performedby this classdo not significantlyincreasehetotal runtimefor the applicationandcan
beperformedon eventhelargestandmostdifficult problems Thetestsperformedof coursecatch
grossprogrammiig andothererrorsbut arealsosensitve to ill conditionng in the problem.If any
of thetestsfail, theoverallrSQPalgorithmis terminated This classacceptsnary differentoptions
thatcontrolthelevel of outputproducedo therSQPppJo urnal.out  file (seetheoptionsgroup
DecompositionSys temTester ).

The decompodion systeminterfacesand subclassesre part of the package(namespace)
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Constra inedOptim izationPa ck andaredocumentedn the Doxygencollectionstarting

n

RSQPPBBASEDOC/ConstrainedOp

4.2.6 Interfacesto Quadratic Programming Solvers

timizatio

nPack/htm lI/index.h

tml

Anothervery importantnumericalcomputaibn in arSQPalgorithmis the solution to thereduced-
spaceQP subprobémin (4.1.25)—(4.1.2) In orderto decoupleherSQPcodeaway from the QP
solver usedto solve the QP subprobleman abstracinterfaceto QP solverscalled QPSol ver -
Rel axed hasbeendeveloped.TheQ@PSol ver Rel axed isverygenerabhndhasseerapplication
in areasotherthanSQP(suchasMPC in [11]). The QP solvedby thisinterfaceis of theform

min g'd+fhd"Gd + M(n)
ae R™

st. n"<ng

where:
d,dt, dV € R™
n,n" € R
Mm € R - R
g € R™
G:GT c Rndxnd
op(E) € R™in*nd
el eV, b € R™n
op(F) € RMeaxmd
[ € R™

(4.2.59)

(4.2.60)
(4.2.61)
(4.2.62)
(4.2.63)

As shawvn in (4.2.59)—(4.2.68 a very simple relaxationof the constraintsis built into the
formulation Theform of this relaxationis biasedtowardusein a SQPalgorithm.Theform of the
function M (n) in theobjective (4.2.59)is specifiedoy thesubclassethatimplementhisinterface.
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An appropriatéorm of thisfunctionfor acorvex QPsolvermightbe M (1) = (n+ Y%n?) M, where
M is alarge constant.For a QP solver capableof handlingan indefinite Hessian M (n) = nM,
when) is alargeconstantmaybeabetterchoice.No matterhow thefunctionM (n) is definedas
longasd(M (n))/d(n)|,—,: is suficiently large, thenn will beatits lowerboundy = 1" (" = 0
usually)in (4.2.60)if anunrelaedfeasibleregion exits for (4.2.61)—(4.2.68

ThemethodQPSol ver Rel axed: : sol ve _gqp(. . .) iscalledto passheagumentdefin-
ing the QP to the QP solver andto returnthe solutian. If the solution is not found, thena partial
solution will bereturnedandsomeinformationasto the statusof thereturnedpointwill be given
(i.e.dualfeasible primal feasible etc.). The problemvectorsg, b, f, d*, dV, el andeV arerepre-
sentedasVectorWit hOp objects.Whatmakesthis interfacedifferentfrom otherQP interfaces,
suchasdescribedn [115], is thatthe definingmatrix objectsarerepresentethroughthe abstract
interfacesivat r i xSymW t hQp for theHessianG andMat r i xXW t hQp for the Jacobiammatri-
cesE andF'. In thisway, theclient(i.e. therSQPalgorithmin the caseof rSQP+) neednotknow
aboutthe specialpropertiesof the Hessiaror the Jacobiamrmatricesor how the QPis solved.

For someQP solvers thatimplementthe QPSol ver Rel axed interface,suchasQPOPTand
QPSOL,interactionwith the matricesG, E and F' throughthe Mat r i xXW t hQp interfaceis all
thatis neededo solve the QPin areasonablefficientmanner(with respecto thespecificsolver).
However, mostimplementation®f the QPSol ver Rel axed interfacecannot efficiently solve
the QP with justtheinterfaceprovidedthroughMat r i xSymW t hCp andMat ri xXW t hOp. For
mary of theseQP solver subclassesimore specializedmatrix interfacesmust be supporéd by
matrix objectsfor GG, E and/orF'. For exampk, the subclasgor QPKWIK [106] mustbe ableto
extractthe densenverseof the Choleslky factorof the HessianG. In orderto do this, the matrix
objectfor G mustsupportthe Mat r i xExt r act | nvChol Fact or interface. Thereforeto use
QPKWIK efficiently, the HessianG is usuallystoredand manipubtedusingthe densenverseof
the Cholesly factor For other QP solvers, otherlessintrusive matrix interfacesare all thatare
required. For example,with QPSchur(see[10] ) the QP canbe efficiently solved if G supports
theMat ri xSymW t hGpNonsi ngul ar interface.Otherapproachefor solving the QP defined
in (4.2.59)—(4.2.6Bwith QPSchumndtheinterfacesthatthe HessiarandJacobiamatrix objects
mustsupportarediscussedn [10].

In addition to passingn the matricesandvectorsthatdefinethe QP, the clientcanalsopassn
initial guessefor thesolution d (primalvariablesandtheLagrangemultipliers(dualvariables¥or
thesimpleboundv, generainequality. andgeneralkequality A constrains. Givengoodestimates
for theprimalanddualvariablesanactive-seiQPsolvercanfind thesoluionin veryfew iterations.

At thetime of thiswriting, QPSol ver Rel axed subclassebave beendevelopedfor QPOPT
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(QPSolver RelaxedQP OPT) [47], QPSOL(QPSolverR elaxedQPS OL) [45], QPKWIK (QPSolver-
Relaxed QPKWIK[106],LOQO(QPSolverRelaxed LOQQ[117] andQPSchufQPSolve r-
Relaxed QPSchur) [10].

Therealvariability amongdifferenttypesof QPsis in theform of the HessianG andJacobian
E and F' matrices.By defininga singleinterfacefor QP solvers mostof the samecodethat sets
up the QP vectors,calls the solver, and interpretsthe returnedsolution can be reusedfor mary
differentQP solver implementations.Usingthis QP interfacemakesit relatively easyto swap QP
solversin andoutof rISQP++.

Another major advantageto having a single interfaceto mary different QP solversis that
it was possibleto implementa testingclasscalled QPSolve rRelaxedT ester . The method
QPSolve rRelaxedT ester::ch  eck optim ality _conditio ns(...) checksheopti-
mality conditiors of the QR, definedin (4.2.59)—(4.2.63)given the solution (or partial solution)
returnedfrom QPSol ver Rel axed: : sol ve gqp(...). Itis critical to stresshow important
this testingclassis andhasbeenfor easingthe developmentof new QP solver subclasseandin
regressiortestingexisting QP solvers. In addition,thistestingmethodcompuestherelative errors
in the optimaity conditonsandis usefulin determininghow muchlossof precisionhasoccurred
dueto roundoff andill conditioning. This helpsto diagnosevhena QP solver maybeunstableor
whenthe QP beingsolvedis veryill conditiored. A lot of work hasgoneinto the developrent of
the QPSolve rRelaxedT ester testingclass,andthis work canbe leveragedvheneer a new
QP solverimplemenationis created.

4.3 Configurationsfor rSQP++

An algorithm configurationobject,as shavn in Figure 4.2, is requiredto build a valid rSQP++
algorithmandto initialize it beforethe algorithmis run. This is wherea lot of the compleity
involved with arSQP++algorithmoccurs.Theindividual stepobjectsusedto build the algorithm
generallyare very compactand performsimpler, well definedtasks. Most of thesestepobjects
are built to be fairly autonomouswith little specificknowvledgeaboutother steps. For the most
part, Step objectscommunicatewith eachother throughthe iteration quantites that they have
in common. Becausdhe individual Stepobjectsare decoupledthey canbe usedandreusedn
mary relatedrSQP++algorithms However, asis the casewith ary non-trivial applicatia, the
total compleity of the softwareis asgreator greaterthanthe compleity of the algorithmit is
implementing. Thisincreasan overall compleity is unavoidabke. Whathasmadeobject-oriented
methodssuccessfuin somary areagds thatthisoverallcompleity is decomposethto manageable
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chunksthatmostof uscancomprehendThereis a continwousstrugglein softwaremodelingand
designbetweenmore encapsulatioito make entitiesappearsimpler on the outsde versesless
encapsulatiomith finer-grainedobjectsthataremoreflexible but arealsoharderto dealwith and
understanésa whole. It is our aim to implementalgorithns in rSQP++that strike a reasonable
balancebetweersimpicity andflexibility.

Onceanalgorithm is configured(i.e. Stepobjectshave beenaddedto therSQPAIg o object,
anditerationquantity objectshave beenaddedto the rSQPState object)it is largely self con-
tained. Automatc garbagecollectionis usedextensvely in the form of smartreferencecounted
pointers(seetheclassref _count _ptr<...> in Section8.8). Thesesmartpointersallow theal-
gorithmto bemodified (Stepanditerationquantityobjectsto beaddedandremaoved)with minimal
dangerof causinga memoryleak or othermemoryusageproblemoftenassociatedavith develop-
mentin C andC++.

A universal rSQP++solver encapsulatiortlasscalledrSQPppSolver hasbeendeveloped
that hidesmary of the detailsof usinga configurationobjectto setupand algorithm and then
solve a NLP. This encapsulatiorlassusesan algorithmconfigurationclasscalledrSQPAIg o-
_ConfigM amaJama (seeSection4.3.1) asthe default but other configurationscan be usedas
well. TheclassrSQPppSolver providessimpleaccesso arSQP++solver andshouldbe used
by eventhe mostadvanceduserasthe entrypointto rSQP++.

Doxygengenerateadlocumentabn for muchof whatis discussedherebeginsin thefile
RSQPPBEBASEDOC/ht ml/index. html .

It is importantto stressvhataradicaldeparturdrom typical algorithnic implemenationmeth-
odsthatthis designrepresentsln atypical numericalcodethatsupportsseveraldifferentoptiors,
eachpart of the algorithmis augmentedvith “if ” statement®r “select-case’control structures
thatimplementthe logic for the differentoptions. Adding a new optionto thesetypesof codes
requiresaddinganother‘else if” or “case” clause. If the codealreadysupportsmary different
options thenthe existing “if 7 or “select-case’logic may be fairly complex anda developer may
befearful (andrightly so)to adda new optionwithout understandtig all of thelogic in all of the
existing “if 7 or “select-casetontrol structuresNow considerthe designusedfor rSQP++.All of
the complicatedlogic usedto sortout the userspecifiedoptiors is containedn the configuration
object. However, oncethe configurationobjectconstructsan algorithm thatalgorithmis usually
muchsimplersinceit doesnot have to considerall of the possibé optiors andtherearefar fewer
controlstructuredor differentalgorithmmic options.As aresult,it is mucheasierfor adeveloperto
reasoraboutwhatthealgorithmdoesandhow to modify it to meetmorespecializecheedsAll of
this canbe donewithout having to know very muchat all aboutthe ugly configurationobjectthat
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wasusedto configurethealgorithm

4.3.1 MamaJdama Configurations

Thereis arSQP++classcalledrSQPAIg o_ConfigM amaJamathatis usedto configuremary

relatedreduced-spac&QP algorithms. This single configurationclasswas usedduring much
algorithmdevelopnmentandcontinuego be modifiedandenhancedThe name“MamaJama'was
usedfor a completelack of something moreappropriateandis meantto signify thatthisis a do-

all configurationclass. In the future, more specializedSQP++algorithms will mostlikely be
modificationsof thealgorithns constructedby objectsof this configurationclassor initially based
onits sourcecode.

4.3.1.1 Solwer options

Variousoptiors canbe setin a flexible anduserfriendly format (seethe classOption sFrom-
Stream in Appendix8.8). Optionsare clusteredinto different“options groups”. An example
excerptfrom an optionsfile is shavn in Appendix8.8. Theseand mary otheroptions may be
includedin therSQPpp.o pt file.

Thefull setof optiors thatcanbe usedwith rSQPppSolver andthe“MamaJama’configu-
rationis describedn the Doxygendocumenrationstartingin thefile

RSQPPBBASEDOC/ReducedSpaceS QPPack/ht ml/rSQPpp Solver*.h  tml

DocumentingrSQP++is a major task andthis issueis discussedn more detail in the next
section.

4.3.1.2 Documentation,Algorithm Description and Iteration Output

Oneof the greatesthallengesn developing software of ary kind is in maintainng documenta-
tion. Thisis especiallya problemwith software developedin a researchernvironment. Without
good documentationsoftware can be very difficult to understandand maintain. In additionto
the Doxygengenerateadlocumentationwhich is very effective in describinginterfacesandother
specificationsthereis alsoa needto documenthe more dynamicpartsof an optimizaton algo-
rithm. Highly flexible anddynamicsoftware,whichrSQP++is designedo be,canbevery hardto
understangust by looking atthe sourcecodeandstaticdocumentation
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A problemthat often occurswith numericalresearb codesis thatthe algorithmdescribedn
somepaperis not whatis actuallyimplemenéd in the software. This cancausegreatconfusion
lateronwhensomeonelsetriesto maintainthe code.Someof thesediscrepancieareonly minor
implenmentationissueswhile othersseriouslyimpactthebehaior of thealgorithm.

Primarily, two featureshave beenimplementedo aid in the documentatin of a rSQP++al-
gorithm: the configuredalgorithmdescriptioncanbe printedout beforethe algorithmis run, and
informationis outputabouta runningalgorithm.

Thefirst featureis thata printoutof a configured SQP++algorithm canbe producedy setting
the option rSQPppSolver::pri nt algo = true in rSQPpp.optwherethisis shorthand
fortheprint _algo optionin therSQPppSolver optionsgroup.With thisoptionsetto true
the algorithmdescriptionis printedto the rSQPppAIl go.out file beforethe algorithmis run.
The algorithmis printed using Matlab-like syntax. The identifier namesfor iteration quantites
usedin this printout are largely the sameas usedin the sourcecode. Thereis a very careful
mappingbetweenthe namesusedin the mathematicahotation of the SQP algorithm and the
identifiersusedin the sourcecodeandalgorithmprintout This mappingfor identifiersis givenin
AppendixA. Eachiteration-quantig namein thealgorithmprintouthas’ k' ,” kpl or’ kml’
appendedo theendof it to designateheiteration,(k), (k + 1) or (k — 1) respectrely, for which
it wascalculated.Much of the difficulty in understandig an algorithm,whetherin mathematical
notationor implementedn sourcecode,is knowing preciselywhata quantity representsBy using
acarefulmappingof namesandidentfiers, it is mucheasierto understanéndmaintainnumerical
software.

This algorithmprintoutis put togetherby the rSQPAI go object(throughfunctionalityin the
baseclassGeneral Iteration Pack::Alg orithm ) aswell asthe Al gorit hnt ep ob-
jects. Eachstepis responsibldor printing outits own partof thealgorithm The codefor produc-
ing this outputis includedin the samesourcefile aseachof thedo step(.. .) functionsfor
eachAl gor it hnt ep subclassThereforethis documentations decoupledrom otherstepsas
muchastheimplenmentationcodeis, andmaintainingthe documerationis moreurgentsinceit is
in the samesourcefile. An exampleof this printou for arSQPalgorithmis shavn in Appendix
8.8. EachStepobjectis given a namethat other stepsrefer to it by (to initiate minor loopsfor
instance).Also, the nameof the concretesubclassvhich implemens eachstepis includedasa
guideto helptrackdown theimplementations.

Many of theoptionsspecifiedn theinputfile areshavnin theprintedalgorithm Theusercan
thereforestudythe algorithmprintou to seewhat effect someof the optionshave. For example,
the optionrSQPSolve rClientin  terface:: opt tol isshavnin step5 (“CheckCorver-
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gence”)in Appendix8.8. Someof theoptionsdeterminghealgorithmconfigurationwhich affects
what stepsareincluded,how stepsare setup andin whatorderthey areincluded. Theseoption
namesarenot specificallyshavn in the algorithmprintout. For exampk, the optionrSQPAIg o-
_ConfigM amaJama:: max.dof _quasi _newton _dense determinesvhenthealgorithmcon-
figurationwill switchfrom usingdenseBFGSto usinglimited-memoryBFGS but this identifier
namemax.dof _quasi _newton _dense is not shavn anywherein the listing. However, the
configurationobjectcanprint outa shortlog (to therSQPppAlgo.out  file) to shav theuserthe
logic for how theseoptiors impactthe configurationof the algorithm

In additionto this printedalgorithm,outputcanbesentto ajournalfile rSQPppJournal.ou t
while thealgorithmis runto displayinformation abouteachsteps compuations. Thenamegjiven
to quantitiesin the journaloutputarethe sameasin the algorithmprintout. The level of outputis
determinedyy theoption rSQPSolv erClientl  nterface: :journal  print Jlevel and
thevaluePRINT_ALGORITHMSTEPSIs usuallythe mostappropriateanddoesnot produceex-
cessve output.Lower outputlevelscanbe setfor generatindessoutputfor fasterexecutiontimes
while higheroutp levelscanbe setto generatdots of informationthatis usefulin detuggingor
for otherpurposesSeeAppendix8.8for anexampleof thistype of printout

A moredetailedlook at the outpu files rSQPppAlgo.out  andrSQPppJou rnal.out  is
givenin Section4.5in the context of a specificexampleNLP.

4.3.1.3 Algorithm Summary and Timing

In additionto themoredetailednformationthatcanbeprintedto thefile rSQPppJournal.ou t,
summaryinformationabouteachrSQP++iterationis printedto thefile rSQPppSummary.ou t .
Also, if theoption rSQPppSol ver::algo  timing = true isset,thenthisfile will alsoget
asummarytableof therun-timesandstatigics for eachstep.Thesdimingsareprintedoutin tatu-
lar formatgiving thetime, in secondseachstepconsumedor eachiterationaswell asthe sumof
thetimesof all thesteps.Thebottomof thetablegivesstepstatistcs: thetotaltimefor eachstepfor
all theiterationg(total(  sec) ), theaveragesteptime periteration(av(sec)/k ), theminimum
steptime (min(sec ) ), themaximumsteptime (max(sec) ) andthetotalpercentageftimeeach
stepconsumed%total ). SeeAppendix8.8for anexampleof arSQPppSummary.out file.

This timing informatian canbe usedto determinewherethe bottlenecksarein an algorithm
for aparticularNLP. Of coursefor very smallNLPstheruntimeis dominatedoy overheadandnot
numericalcomputatios sothetiming of smallproblemss notterribly interestim.

Lessdetailednformationcanalsobeprintedto theconsoleghroughtherSQPppSolver class
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(seeAppendix8.8).

A moredetailedook attheconsoleoutputandtheoutputfile rSQPppSunmmary.out isgiven
in Sectiord.5in the context of a specificexampleNLP.

4.3.1.4 Algorithm and NLP Testingand Validation

Many computatbnsareperformedn orderto solve a nonlinearprogram(NLP) usinga numerical
optimizationmethod If thereis a significanterror (programming bug or round-of errors)in ary

stepof the computatio, the numericalalgorithmwill not be ableto solve the NLP, or at least
notto a satishctorytolerance Whena usergoesto solve auserdefinedNLP andthe optimizaton

algorithmfails or thesolutionfounddoesnotseenreasonableheuseris left to wonderwhatwent
wrong. Couldthe NLP be codedincorrectly?ls therea bug in the optimization softwarethathas
goneuptill now undetectedFor any non-trivial NLP or optimizationalgorithmit is very difficult

to diagnosesucha problem,especiallyif theuseris notanexpertin optimization. Evenif theuser
is anexpert,thetypical investicative processs still very tediousandtime consumirg.

Fortunatelyit is possibleto validak the consisteng of the NLP implementation(i.e. gradients
are consistenwith function evaluatons)aswell asmary of the major stepsof the optimizaton
algorithm Suchtestscanbeimplementedn away thatthe addedcost(runtimeandstorage)s of
only thesameorderasthe computatios themseles andthereforearenot prohibiively expensve.
Thereareseveralpossiblesourcedor sucherrors. Thesesourcesf errors,from themostlikely to
theleastlikely areerrorsin the NLP implementaton anduserspecializegartsof theoptimizaton
algorithm(e.g.aspecializedasi sSyst emobject),errorsin thecoreoptimizatian code,or even
errorsin thecompilersor runtimeervironmens used.

Therearemary waysto make a mistale in codingthe NLP interface. For instanceassumig
the users underlyingNLP modelis valid (i.e. continlousanddifferentiabg), the usermay have
madea mistale in writing the codethatcomputesf (z), c¢(z), V f(z) and/orVe(z). Supposehe
gradientof theconstraintsnatrix V¢ is notcalculatedn someregions. Thematrix Ve maybeused
by agenericBasi sSyst emobjectto find andfactorthe basismatrix C' andtherefore the entire
algorithmwould be affected. To validateV ¢, the entirematrix could be computedoy finite differ-
encesof courseandthencomparedo the Ve computeddy the NLP interface,but thiswould befar
too expensve in runtime (O (nm)) andstorage(O(nm)) costsfor larger NLPs. Computingeach
individual componenbf the gradientsby finite differencess an option but it mustbe explicitly
turnedon (seethe optionNLPFirs tDerivati  vesTester :fd testing _method). Asa
compromig, by default, directionalfinite differencingcanbe usedto showv that Ve is not calcu-
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lated properly but cannot strictly prove that V¢ is completelycorrect. This works as follows.
The optimization algorithmasksthe NLP interfaceto computeVe¢, atthepointz,. Then,atthe
samepoint z, for arandomvectorw, the matrix-vectorproductVe(zy)v is approximatedusing
centralfinite differencedor instanceasVe(zg)v =~ t1 = (c(zg + hv) — c(zx — hv))/2h where
h =~ 1075. Thenthe matrix vectorproductt, = Vv is computedusingthe V¢, matrix object
computedby the NLP interfaceandthe resultantvectorst,; andi, is thencompared.Evenif the
userdoesanexemphry job of implementngthe NLP interface thecomputed and¢, vectorswill

not be exactly equal(i.e. t; # t;) dueto unavoidabk round-of errors. Therefore we needsome
type of measureof how well ¢; andt, compare.For every suchtestin rSQP++therearedefined
error (error _tol ) andwarning(warning _tol ) toleranceghatareadjustalé by the userbut
are given reasonablaefault values. Any relative error greaterthanerror _tol will causethe
optimizationalgorithmto be terminatedwith an error message.Any relative error greaterthan
warning _tol will causea warningmessageo be printedto the journalfile to warn the user
of somepossibleproblems.For example,relative errorsgreatethanwarning _tol =10"'2 but
smallerthanerror _tol =10~% mayconcernus,but thealgorithmstill maybe ableto solve the
NLP. Thefinite-differencetestingof the NLP interfacecanbe controlledby settingoptionsin the
NLPFirs tDerivati  vesTester andCalcFini teDiffPro d optionsgroupsasshavnin

Appendix8.8. Testingthe NLP’s interfaceat just one point, suchasthe initial guessz?, is not
sufiicient to validatethe NLP interface. For example,supposeve have a constraintc;o(z) = z3

with dcyy/0z, = 3z3. If the derivative wascodedasdc,y/dx, = 3z, by accidentthis would
appearexactly correctat the pointsz, = 0 andz, = 1 but would not be correctfor arny other
valuesof z,. Thereforejt isimportantto testthe NLP interfaceat every SQPiterationif onereally
wantsto validatethe NLP interface. Of coursejust becaus¢he NLP interfaceis consistentdoes
notmeanit implementsthe modelthe userhadin mind, but thisis a differentmatter If theNLP is

unboundedinfeasibleor otherwiseill posedthe SQPalgorithmwill determinehis (but theerror
messag@roducedoy thealgorithmmaynotbe ableto stateexactly whatthe problemis).

Every major computaibn in a rSQPalgorithm canbe validated,at leastpartially, with little
extra cost.For example aninterfacethatis usedto solve for alinearsystemr = A b suchasthe
Mat ri xXW t hQpNonsi ngul ar canbechecledby computingg = Az andthencomparingy to
b. Theinterfacescanalsobevalidatedfor the null-spacedecompositin (seeDecomposition-
SystemT ester in Section4.2.5)andQP solver (seeQPSolverRelaxe dTester in Section
4.2.6)objects.Sincesophsticateduserscancomein andreplaceary of theseobjects,it is agood
ideato be ableto testeverything that canrealistically be testedwheneer the correctnes®f the
algorithmis in questionor new objectsarebeingintegratedandtested.Much of this testingcode
is alreadyin placein rSQP++ but moreis neededor morecompletevalidation.

Suchcarefultestingandvalidationcodecansave a lot of dehuggingtime andalsohelp avoid
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reportingincorrectresultswhich canbe embarrassingh anacademiaesearclsettirg or costlyin
businessetting. Testingandvalidationis no smallmatterandshouldbetakenseriouslyespecially
in adynamc ervironmentwith lots of variability like rSQP++.

4.3.1.5 Debugging

Wheneer softwareis involved, the needfor detuggingis unavoidable.Whena new userattempts
to solveaNLP usingrSQP++ themostlikely bugswill bein theNLP implemenationthattheuser
hasto provide. Here,somestratgiesfor deluggingarediscussedhat shouldhelp a userto track

down bugsassociatedvith the NLP implementatiorandfix themas quickly aspossble. There
aremary differenttypesof errorsthatcanoccurandgoinginto all of thesetypesof errorswould

requirealong discussion However, below area few of the morecommontypesof errorsthatare
worth mentionirg.

1. Sgmentatiorfault do to runtime memorymanagemengrror.
2. A linearalgebrancompatibility exceptionis thrown.

3. Gradientsof problemfunctionsdo not matchfunction values(i.e. finite-differencetesting
failed).

4. Algorithm prematurelyterminateddueto somealgorithmic error.

5. Unexpectedor unreasonablsoluion is found.

Segmentatiorfaultsor thrown exceptionsaresomeof the easies{or the hardestpugsto track
down. Theseare almostalways causedoy someprogramming error and are not relatedto the
validity of the mathematicaformulationfor the NLP beingimplemented. The othererrorsare
harderto trackdown andareusuallycausedy a malformedNLP.

Theeasiesof theseerrorsto trackdown is whena gradientof the objective or constraintgloes
not matchthe function valueto an acceptabldolerance.lt is this type of errorthatis discussed
here. Delugging a large NLP with lots of variablesand constraintss generallyvery difficult.
Therefore seriousdeluggingshouldbe performedon the smallestandsimplestexampk thatdoes
not exhibit the corrector expectedbehaior. For example,the smalkst possibé meshsize and
discretizationmethodshouldbe usedfor a scalableNLP suchasa PDE solver using the finite-
elemenmmethod.Assuning thata problemcanbederivedthatis sufliciently small(i.e.n, m < 20)
here are the stepsto follow in orderto diagnosea problemwith the NLP formulation. First,
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the initial point for the NLP needsto be dumpedto the file rSQPppJo urnal.out andeach
componenbf the gradienthasto be checled independentlyi.e. component-wise).To do this,
setthe optiors NLPTeste r::print all=true and NLPFir stDerivat ivesTeste r-
fd _testing _method=F D_.COMPUTRLL. Thiswill causethe print out of theinitial guess
x0 (xinit ), theboundszy, (xI ), zr (xu), the valueof the objective f(z°) (f ), constraints:(z°)
(c), the gradientsof the objective V f(z°) (Gf), constraintsVc(z?) (Gc) andthe relative error
in every gradientcomponent From this informatian it will be easyto seewhich componenof
V f(2°) or Ve(2°) is causingthe problem.

4.4 Examples NLP subclasses

ThereareseveralexampleNLP projectsthatcomewith the basedistribution of rSQP++. Several
of theincludedexampk projectsimplementthefollowing simpleNLP

min 'z (4.4.64)
st. ¢ = $j(x(j+n/2) -1) - 102 (jyns2) =0, forj=1.. .n/2. (4.4.65)

This scalableNLP has(n — m) = n/2 = m degreesof freedomandis referredto asexample
#21in [115] and[104]. This NLP hasvery specializedstructureanda valid selectionof dependent
andindependenvariablesis straightforvardto find. Selectingthefirst m variablesasdependent
variableggivesthefollowing definitionsof the basisandnonbasisnatrices

Tm+1 — 1
|
C = 2 _ (4.4.66)
Tm+m — 1
T — 10

o — 10
N = . (4.4.67)

Ty — 10
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which both happento be diagonalmatrices. Also, the exact Hessianof the Lagrangiani?’
andthereducedessiarof the LagrangianB (usinga variable-reductiomlecompositin) take the
simple forms

I A
W= 4.4.68
AT ] ] ( )
B = NICTCIN—-ACIN-NTCTA+I (4.4.69)

whereA is a diagonalmatrix with componentgA) ; ;) = A for j = 1...m. Notethatthe
reducedHessianB in (4.4.69)is alsoa diagonalmatrix.

This NLP andits specificstructureare of no practicalinterestbut this NLP is sufiicientasa
simple exampleto shov how rSQP++canbe usedto fully exploit the structureof a classof NLPs
from a specializedhpplicationarea.

Threedifferentimplementationsof this NLP aredescribed.Thefirst NLP subclasss derived
from the genericNLPSeria |IPreproce ssExplJac nodesubclass.This exampleNLP sub-
classis includedto shonv how this genericNLP interfacesubclassanbe usedandto provide a
contrastto the more specializedmplementations. The lasttwo NLP subclasseslerive directly
from the NLPFi r st Or der | nf o and NLPFi r st Or der Di r ect interfacesand demonstrate
how to exploit the structureandpropertiesof a NLP.

Thisfirst NLP subclasss calledExampl eNLPSeria IPreproc  essExplJa c andthesource
codefor this projectcanbefoundat

$RSQPP _BASEDIR/rSQ Ppp/examp les/Examp leNLPSeri alPreproc essExpld ac.

ThefilesExampleN LPSerialP reprocess ExplJac.h andExample NLPSerial Preproces s-
ExplJac .cpp containthedeclarationsnddefinitionsfor theNLP subclassandthefile Exampl e-
NLPSeri alPreproc essExplJa cMain.cpp containghesimpledriver programthatusesa
rSQPppSolver objectto solvetheNLP.

Thesecondwo NLP subclassearecalledExampeNLPFirs  tOrderinf o0 andExample -
NLPFirs tOrderDir ect . Both of thesesubclasseslerive from a nodesubclassExampl e-
NLPObjGradient  which implementsthe bulk of the commonfunctionality. The Exampl e-
NLPObjGradient subclasdakesa Vect or Space objectasan argumentin its constructor
Using this single Vect or Space objectthis entire NLP’s implementabn canbe defined. This
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vectorspaces usedto definethe spacestp, X7 andC which happento all be the samefor this
NLP. A composie vectorspaceobjectof type VectorSpa ceComposi teStd is usedfor the
spaceY = Xp x A;. A SpecializedRTOpoperatoiis usedto implementthethe constraintgesid-
ual computatiorin (4.4.65).Notethatthe objectivein (4.4.64)is simply adot productfor whicha
default RTOpoperatoralreadyexists.

TheNLP subclas€Exampl eNLPFirs tOrderinf o derivesfrom NLPFi r st Or der | nf o
and Example NLPObjGra dient . A specializedBasi sSyst emsubclassalled Exampl e-
BasisSy stem derivesfrom the standardasis-syfem subclasdBasisS ystemComposite-
Std . TheBasisS ystemCompositeStd  subclassmplementsthe Basi sSyst eminterface
for thecasewherethematrix objectGceis simplyanaggregateof aMvat r i XW t hOpNonsi ngul ar
matrix objectfor Canda Mat r i xXW t hOp matrix objectfor N. For the NLP, the standardmatrix
subclasdMatrix SymbDiagon alStd is usedfor the matricesC' and N sincethey arediagonal.
Theonly functionalty thatthe ExampleBasisSy stem subclassddsis the specializedorma-
tion of the directsensitvity matrix D = —C~' N which s alsodiagonalfor this simpleNLP and
is alsorepresentedsinga MatrixSy mDiagonal Std object. Thecomputatiorof thediagonal
vectorsfor C'andN is alsoperformedby aspecializedRTOpoperatobject. Thecompletesource
codefor thisexamplecanbefoundat

$RSQPP_BASEDIR/rSQ Ppp/examp les/Examp leNLPFirs tOrderinf o.

ThelastNLP subclas&xampeNLPFirs tOrderDir ect derivesfromNLPFi r st Or der -
Di r ect andExampleNL PObjGradi ent . Thissubclassmplementghecal ¢ point (...)
methodto computethe diagonaldirect-sensitiity matrix D = —C!N. Again, this direct-
sensitvity matrixis implementedasa MatrixSym DiagonalS td object. For completesource
code,seethedirectory

$RSQPP_BASEDIR/rSQ Ppp/examp les/Examp leNLPFirs tOrderDir ect .

SincetheinterfacesNLPFi r st Or der | nf o andBasi sSyst emcanbeimplementedeasily
for theNLP in (4.4.64)—(4.4.6) therewasreally no practicalpurposefor implementingthe NLP-
First Order D rect interfacesinceit providesonly a subsetof the functionality The only
purposefor implementingthe Exampl eNLPFirst OrderDire ct subclassvasto provide a
simple completeexamplefor theNLPFi r st Or der Di r ect interface.

All of thelinearalgebrafor theseNLP subclasss basednasingleVect or Space objectas
mentionedabove. Thereforeary valid Vect or Space objectcanbe usedalongwith thevectors
it creates.As aresult,serial, parallelor othervectorimplementationganeasilybe used. These
NLP subclassebave beenusedvariousserialandparallelvectorimplementabns.
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n n—m | Np | Wall Clock Time (sec)| Scalabiity

2,000 1,000, 1 0.21 1.00
2,000 1,000, 2 0.27 2.57
2,000 1,000, 4 0.53 10.10
20,000 10,00 | 1 1.50 1.00
20,000 10,00 | 2 0.96 1.28
20,000 10,00 | 4 0.75 2.00
200000 100,0®m| 1 21.00 1.00
200000 100,0@| 2 11.00 1.05
200000 100,0m| 4 5.60 1.07
2,00Q000| 1,000,000| 1 190.00 1.00
2,00Q000| 1,000,000| 2 93.00 0.97
2,00Q000| 1,000,000, 4 47.00 0.98

Table 4.1. CPU timesand scalalility for the exampleNLP in
(4.4.64—(4.4.65 whereN,, is thenumter of processos and’Scal-
ability’ is the wall-clock CPU time multiplied by the numberof

processorslividedby the CPUtime for oneprocessor
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Table4.1shavsthe CPUtimesandscalabilitesfor usinganexampk parallelVect or Space
class(usingMPI) on a distributed-memoryBeowulf cluster The exampleNLP wasrun with bad
initial guessesandthe numberof rSQP iterationswas cut off at 100 in orderto get consistent
timings. The rSQPalgorithmuseda limited-memoryBFGS approxination [31] with very good
parallel scalability As a result, all of the linear algebracomputatios for this simple NLP are
all fully scalable.Herewe definescalabilty asthe ratio of the wall-clock CPU time multiplied
by the numberof processorslividedby the wall-clock time for runningthe problemon only one
processarGiventhis definition, perfectscalabilityis 1.00which simdy meanghatif we double
the numberof processorsthe bestthat we can usually hopefor is to have the wall-clock time
halved. Thetimingsin Table4.1 aretypical for scalableparallelprograms.Whenthe amountof
computatim versescommunicatn is small,the communcationtendsto dominatewhich is seen
for vectorsof sizem = n — m = 1,000 wherethereis actually an overall slovdown asmore
processorsre utilized. However, for vectorsof sizem = n — m = 10,000 we seea definite
speedumsmoreprocessorareaddedout the scalabilityis lessthanperfect. Whenthe sizeof the
vectorsareincreasedo m = n — m = 100, 000, the algorithm shavs almostperfectscalability
Notethat25,000unknovnsperprocessor§i.e.for N, = 4) is consideredmallfor PDEsimulators
thatuseparalleliterative solvers. Finally, for very large vectorsof sizem = n — m = 1, 000, 000,
thetimingsshav betterthanperfectscalability(i.e. 0.97 < 1.00) which canalsobe seenin other
parallelprogramdrom time to time (usuallydo to cacheor otherhardwareissues).

Notethatall of thelinearalgebraoperationgor this simde exampleNLP arevectoroperations
which offer theworstcomputatiorto communcationratios. Therefore theseresultsrepresenthe
worst-caseacenaridor rSQP++with respecto parallelscalability For morepracticalapplicatiors,
theamountof computatio perprocesss muchhigherandthereforeheseapplicationshow better
overall scalabiliyy for smallerproblemsizes.

Theseresultsshav thattherSQP++rameawvork impartsvery littl e serialoverheadcandtherefore
allowsfor theimplemenationof very scalableoptimizationalgorithmsfor applicationareasvhere
parallelismcanbe exploited (e.g. PDE constrainedptimization). Therefore the burdenis com-
pletelyonthe developersof applicationsandparallellinearalgebraibrariesto achiese scalability

4.5 Detailed Desciptions of Input and Output Files

In this section,a detaileddescriptionof the input and outputto rSQP++is given. Hereit is as-
sumedhata NLP subclasss developedandadriver programhasbeenwritten asexplainedin the
examples(seeAppendixB for a descriptionof addinga new projectto the build system).For this
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discussio, we will usetheincludedexampleNLP calledExampeNLPBand ed which projectis
locatedat

SRSQPP_BASEDIR/rSQ Ppp/examp les/Examp leNLPBand ed.

Thisis afairly simple NLP thatis designedo allow theindependenscalingof n» andm sothat
basicserialalgorithmscalabilitiescanbe tested.For a more detaileddescriptionof this NLP see
the Doxygengeneratedlocumentatin at

RSQPPEBASEDOC/ExanpleNLPBan ded/html/ index.htm | .

Beforesolving this NLP a working directoryneedgo be createdo storethe inputandoutput
files asfollows

$ mkdir $RSQPPPBASE_DIR/tests/Exa mpleNLPBanded
$ cd $RSQPPPBASE_DIR/tests/E = xampleNLP Banded

Thenext stepis to createa symbdic link to the preluilt executable Assumingthetestsuitefor
thereleaseversionwashuilt thislink canbe createdasfollows

$ In -s $RSQRPP_BASE DIR/i nter mediate/E xampleNLP Banded/
rele ase/ solve _example_nlp

The options file rSQPpp. opt needsto be created(usingemacs for instance)asshown in
Appendix8.8. Notethatmostof the optionsarecommentedut andmostof thosethatarenotare
atthedefaultvalues.

ExecutingNLP create®utputto theconsoleandtheoutputfilesrSQPppAlg o.out ,rSQPppSummary.out
andrSQPppJournal.o  ut whichareshavnin AppendixD.

4.5.1 Output to Console

Theconsoleoutputshavnin Appendix8.8is generatedby adefaultAl gor i t hmlr ack objectof
typerSQPTrackConsol eStd whichis automaticallyinsertedoy therSQPppSolver object.
Thefirst thing printedis the sizeof the NLP wheren = 30400 is thetotal numter of variables,
m = 30000 is the total numberof equality constraintsandnz = 599910 is the numberof
nonzerosn the JacobiariV ¢ (Gc) for this example.Next, atablecontainingsumnary information
for eachiterationis printed. Eachcolumnin thistablehasthe following meaning

92



e k : TheSQPiterationcount. Thiscountstartsfrom zerosothetotalnumkerof SQPiterations
in oneplusthefinal k.

e f : Thevalueof the objective function f(x) at currentestimaé of the solution z

e | | c| | s: Thescaledesiduabf thenormof theequalityconstraints:(z) atcurrentestimate
of the solutionz. The scalingis determinedoy the corvergencecheck(seestep6 in Ap-
pendix8.8 & 8.8) andthis valueis actuallyequalto theiterationquantityfeas kkt _err
(seethefile rSQPppAIlg o.out ). Thisistheerrorthatis comparedo thetolerancaSQP-
SolverC lientinte rface::f  eas _tol inthecornvergencecheck.Theunscaledon-
straintnorm canbe viewed in the moredetailediterationsummarytable printedin thefile
rSQPppSummary.ou t .

e | | r G| | s : Thescaledhormof thereducedgradientof the LagrangianZ "V, L atcurrent
estimateof thesolutionz;. Thescalingis determinedy thecornvergencecheck(seestep6in
Appendix8.8& 8.8)andthisvalueis actuallyequalto theiterationquantiyy opt kkt _err
(seethefile rSQPppAlg o.out ). Thisistheerrorthatis comparedo thetoleranceSQP-
SolverC lientinte rface::o  pt tol inthecornvergencecheck. The unscalechorm
canbe viewed in the moredetailedsummarytable printedin the file rSQPppSummary-
.out .

e QN : Thisfield indicateswhethera quansi-N&ton updateof the reducedHessianvasper
formedor not. Thefollowing arethepossiblevalues:
— | N: Reinitialized(usuallyto identity 1)
— DU : A dampenedipdatewasperformed
— UP: An undampedipdatewasperformed
— SK: Theupdatewasskippedon purpose
— | S: Theupdatewasskippedbecausdt wasindefinite
e #act : Numberof active constraintan the QP subprobém. This field only hasmeaning

for anactive-setalgorithirs. For interior-point algorithrrs, thiswill justequalthe numberof
boundedvariablesanddoesnot provide ary interestirg information

e || Ypy| |2 : Thell|.||2 normof the quasi-normakontritution (Yp,),. This normgives a
senseof how largethefeasibility stepsare.

e | | Zpz| | 2 : Thell.||2 normof thetangentiakontribution (Zp,),. Thisnormgivesasense
of how largethe optimality stepsare.
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o | [d|[|inf: Thell.||wx normof thetotal stepd, = (Yp,)r + (Zp.)r. Thisnormgivesa
senseof how largethefull SQPstepsarein x.

e al pha: Thesteplengthtakenalongz;.; = zx + adi. A steplengthof o = 0 represents
a major eventin the algorithmsuchasa line searchfailure followed by the selectionof a
new basisor a QP failure followed by a reinitialization of the reducedHessian. A small
numberfor « indicatesthat mary backtrackindine searchiterationswhererequiredandis
anindicationthatthe computedsearchdirectiondy, is apoordirection.

After theiterationsumnary is printed,the CPU time is givenin Total time . Thisis the
CPUtime thatis consumedrom the time thatthe rSQPTrackConso leStd objectis created
up until the time thatthe final stateof the algorithmis reported. Therefore this CPU time may
containmorethanjustthe executian time of the algorithm. For moredetailedbuilt-in timings see
thetableatthe endof thefile rSQPppSummary.out .

Following the total runtime,the numberof function andgradientevaluatiors is givenfor the
objectve andtheconstraing (i.e. 96 evaluationof f () andc(z) and15evaluationsof V f(z) and
V¢(z)). Notethatthereasorthereis anexcessve numberof functionevaluatiansis thattheoptions
rSQPppSolver::te st nlp = true andrSQPSolve rClientin  terface:: check-
_results = true arebeingusedwhichresultsin mary finite-differencecomputatimsfor var
ious tests. The resultsfrom somethesetestsare shavn in the file rSQPppJou rnal.out  in
Appendix8.8. If theseoptionsaresetto false thenthe numberof function evaluatbnscome
down to only 20 for this exampleNLP.

Below, themajortypesof outputthatarewrittento eachoutputfile arediscussedThe purpose
of thisdiscussiornis to familiarizetheuserwith the contentof thesdfiles andto give hintsof where
to look for acertaintypesof information.Much of theoutputproduceddy rSQP++is omittedfrom
thefilesincludedin Appendix8.8—8.8for the sale of space.

Before goinginto the detailsof eachindividual file, first a few generalcommentsare made.
At thetop of every outputfile is a headerthatbriefly describeshe generalpurposeof the output
file. This headeris followed by an echoof the optiors form the OptionsF romSteam object.
Theseoptionsincludethosesetin the input file rSQPpp.opt or by someothermeans(e.g.in
the executableor onthecommandine). The purposeof echoingthe optionsin eachfile is to help
recordwhatthe settingwerethatwereusedto producethe outputin thefile. Of coursethe output
is alsoinfluencedby other factors(e.g. other command-lie options propertiesof the specific
NLP beingsolvedetc.) andthereforetheseoptiors do not determinethe completebehaior of the
software.
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4.5.2 Output tor SQpppAl go. out

After theinitial heademndthe echoedptions

**  Algorithm informatio  n output el
*kk *kk
***  Below, information about how the the rSQP++ algorithm is Fkk
** gsetup is given and is followed by detailed printouts of the  ***
** contents of the algorithm state object (i.e. iteratio n ok
***  quantities) and the algorithm descriptio  n printout i
¥+ (if the option rSQPppSolver :print_algo = true is set). rkk

*kkk

**  Echoing input options

the concretetype of the configurationobjectis printed (in this case’class  Reduced-
SpaceSQPPack::rS QPAIlgo ConfigM amaJama’) followed by a headerproducedby the
configurationobjectit self. The next few lines of outpu simply tracessomeof the tasksthe
configurationobjectperforms.For example theline

Detected that NLP object supports the NLPFirstOrder Info interfac e!

stateghatthe configurationobjecthasdetectedhatthe users NLP supportgshe NLPFi r st -
O der I nf o interface which will determinewhat type of algorithmwill be configured. This
detectionis performedusingthebuild-in dynamic _cast< ...> C++operator

The next bit of outputgives thelogic for how the configurationobjectdecideswhich features
to usewith the given NLP. For example the output

range_space _matrix == AUTO:
(n-r)2*r = (400)°2 * 30000 = 5050327 04 > max_dof _q uasi_newton_d ense2 = (500)"2 = 250000
setting range_spa ce_matrix = COORDINAE

shaws thatthe O((n — r)?r) flops requiredfor the orthogoral variable-reductiomull-space
decomposibn exceedsnumberof flopsfor thedensequasi-naton updateandthereforethe coor
dinatedecomposibn will be used.Similar logic is usedto determinef densequasi-Nevton or a
limited-memoryapproximatiorwill be usedby thealgorithm.

Laterin thefile, the outputline
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Configuring an algorithm for a nonlinear equality constra ined NLP ( m> 0 & ml == 0 && num_bounded_x == 0) ...

stateghatanalgorithmwill be configuredfor a NLP without arny inequalityconstraints.

This type of outputshavs how a configurationobjectcantailor the algorithmit constructgo
the specificdemandsf the NLP beingsolved. This is a fundamentadifferencefrom the way
that most numericalsoftware is written. In most numericalsoftware, the codeis written with
switchstatemerstfor every possibé optionthatis supportedmakingthe codehardto developand
understandln rSQP++,the complity of supportinga large setof optionsis first-and-foremost
handledoy differentobjectconfigurationsNo matterhow comple thelogic is thatis usedto setup
analgorithm theresultantconfiguredalgorithmbecomes muchsimplerself-containeentity that
is easierto understand.

Theremainderof therSQPppAlgo.opt file givesdetailson the configuredalgorithm. The
first bit of information is a list of stepobjectsthatthe rSQPppAlgo objectis configuredwith
alongwith the namesof the concreteclassesisedto implementthe steps.This outputbeginswith

**  Algorithm  Steps ***

1. "EvalNew Point"
(class  ReducedSpaceS QPPack::EvalN ewPointStd_Ste p)

Thislist of Stepobjectsis followedby alisting of theiterationquantities

**x |teration Quantities i

thathave beenaddedo the Algorithm  State object. Theséterationquantitiesareof more
interestto algorithm developersbut they also show the list of possibleiteration quantitiesthat
an adwancedusercould queryin a userdefinedAlgorithm Track objectthatis passedo the
rSQPppSolver object.

Nearthe end of the rSQPppJournal.ou t file is a fairly detaileddescriptionof the con-
figured algorithm, step-by-stepin a Matlab-like format. The purposeof this algorithmdescrip-
tion is to documentthe major aspectf the algorithmin a way that the user(or algorithmde-
veloper)shouldbe able to reasonaboutthe implenentedalgorithm A short sub-algorithmis
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output for eachstepobject. Each step object shawvs all of the iteration quantitiesthat it ac-
cessesand updates. For example, the null-spacecontritution Zpz k is computedfirst in step
{7.  "NullSp aceStep" } beforeit canbeusedto computethefull directiond Kk in step{8.
"CalcDF romYPYZPZ' }. This type of informatian is very helpful in determiningwhat order
guantitesmustbe computedn andwhatthedependencieare.

Thelaststepin thealgorithmprintoutis alwaysthestep"Major  Loop" whichis animplicit
stepthatsimgy stateshelogic build in to the Algor ithm classfor performingthe majorloop
(i.e. transitionng form & to £ + 1) andin prematurelyterminatingthe algorithmif the maximum
numberof iterationsor the maximumruntimeis exceeded.

Thevery lastpartof thisfile containghefollowing

Warning, the following options  groups where not accessed.

An options group may not be accessed if it is not looked for
or if an "optiona I" options group was looked from and the user
spelled it incorrectly:

Here,the nameof any optiongroupthatwasspecifiedin the file rSQPpp. opt (or by some
other means)that was not readby someobjectis printed. In this example,all of the specified
optionsgroupswherereadby at leastone objectduring algorithmconfiguration.The purposeof
this printou is to shav any optionsgroupsthat may have beenspelledincorrectly or were just
not readfor somereason.None of the option from arny of theseprinted optionsgroupshadary
influenceon the algorithmwhat so ever. This informationhelpsa userto avoid the frustrating
situation whereanoption is changedut thealgorithmrunsunalteredlf thereis everary question
asto why anoption did not seemto have the desiredeffect, this outputin the the textttrSQPpp-
Algo.outfile is thefirst placeto look for anexplanation

4.5.3 Output tor SQoppSunmar y. out

The file rSQpppSummary.out is usually the first placeto look (after the consoleoutputas
describedabore) to investgatethe runtimebehaior of a configuredalgorithm

After theinitial headeandechoedptionsareprintedtheresultsof theNLP testing(if rSQPpp-
Solver: :test _nlp=true )isgiven.Thisisfollowedby atablewhereeachline isasummary
of eachiteration. Eachcolumnof this tableis describedn the Doxygendocumentatio for the
track classrSQPSummayStd . The summarytableis followed by a printout of the numberof
functionevaluatonsandthetotal solution time (justasin the consoleoutput).
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TherSQpppSummary.out file alsoproducesatable(if rSQPppSolver::pri nt _algo
= true ) of the CPUtimesper step,periteration. This outputbeginswith the following header
andalist of majorsteps

*

**  Algorithm  step CPUtimes (sec) ***

Step names

1) "EvalNew Point"

Thesearethe samestepsthatareprintedin therSQPppAIl go.out file.

Thetablethatfollows this makesit easyto determinewhich stepobjectsandwhich computa-
tionsareconsunng themostCPUtime. Thistypeof grosstiming is veryimportantin determinhg
wherethebottlenecksareoccurringandwhatstepsrequirethe mostattentionfor a particularNLP.
Note that the information producedin this table suppementstraditional profile timings that are
producedbut toolslike gprof . For example,the samelinear solver may be calledin several dif-
ferentstepsandthe profiler outputmay malke it difficult to determinein what stepsmostof the
solveswherebeingperformed. In this exampleNLP, for the optionsused,the bulk of the run-
time (83.93%)is consumedy thestep{1) "EvalNe wPoint" }. By lookingin therSQPpp-
Algo.ou t file, it is easyto seethatthe major compuationsin this stepis the evaluationof the
functionsandthe gradientf the NLP andthe formationof thedecomposittn matrices. By com-
paringiterationsk=0 andk=1 onecanseethattheruntime dropsdramaticallyfrom 18.96seconds
to only 2.xxx seconddor subsequeniterations. Therefore,one could quickly infer thatthe ini-
tializationthatgoesonin this stepis quite significant. Furtherinvestgationwould revealthatthe
dominatetime in this stepis consumedy the direct sparsesolver (MA28 in this case)andthe
initial analyze-andddor usedto selectthe basisis adominatecost.

4.5.4 Output tor SQoppJdour nal . out

Theoutputfile rSQpppJ ournal.ou t containdetailed step-by-stepteration-by-iteratio out-
put for a runningalgorithm. The algorithmdescriptionin the outputfile rSQPppAlgo.out is
very helpful in understandinghe journal output Dependingon the outputlevel for the option
rSQPSol verClient Interface  ::journal print  level setinrSQPpp.opt thisout-
put canbe fairly minimal (i.e. PRINT_ALGORITHMSTEPS or dumpeverything(i.e. PRINT-

ITERATI ONQUANTITIES). The outputshovn in Appendix 8.8 is the outputlevel PRINT-

_ALGORITHMSTEPSandthereforethe amountof outputis independenbf the NLP sizewhich
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is usually the most appropriatelevel (unlessdehugging). For small NLPs, settingthe level to
PRINT_ITERATION_QUANTTIES usuallyproducesnoughoutputfor deluggingthatopening
anddehuggeris unnecessarin mary cases.

After the headerandthe echoedoptionsare printed,the tracefrom the initial NLP testirg is
given(if rSQPppSolver::it  est _nlp=t rue ). Thefirst partof thetestingoutputis the basic
testson the Vect or Space objectsreturnedfrom the NLP interface. More detailedoutputfor
thesevectorspacdestscanbe producedoy settirg optionsin the optionsgroupVector Space-
Tester (seethe Doxygendocumentatn). Following the basictestsof the vectorspaceobjects
andthe vectorobjects(which are createdoy the vectorspaceobjects)are finished,othersimple
testsare performedwhich basicallycomprisea unit testfor the NLP interface. Following this
simple unit test,the derivative objectsGf and Gc computedoy the NLPFi r st Or der | nf o are
checledagainstthefunctionsf andc usingdirectionalfinite differencing.This outputshavs the
following relative errorsfor a singlerandomdirection

rel_err(Gf’ *y,FDGf*y) = rel_err(6.53 040559e+002,6. 53040559e+002 ) = 1.9347756 5e-011

rel_err(sum  (Gc™y),sum(F DGc™y)) = rel_err(2 .20905038e+00 8,2.20905038e+ 008) = 1.37878129e-0 13

This outputshows thatthe finite-differencedirectionalproductsagreewith the analyticdirec-
tional productsby approximatelyl0 and 12 significantdigits for Gf and Gc respectiely. Such
a high accurag for the finite-differenceproductsis a resultof the fourth-orderfour-point finite
differencingthatis usedby default. To setdifferent(andcheaperfinite-differencingstrategiessee
theoptionsgroupCalcFini teDiffPro  d (seeAppendix8.8).

After theinitial NLP testingcompleteqsuccessfully)the rSQPalgorithmis startedwith the
line

*** Starting rSQP iterations

Most of the outputproducedfor this exampleNLP is omitted for the sale of spaceandthe
outputthatis includedis usedto pointout severalimportantitems.

First note that eachstep prints out somebasiclogic and someinformationfor mostof the
iterationquantitesthatarecomputed.For exampk, "EvalNew Point" printsoutthe objectve
functionvaluef _k andthe infinitely normsof the gradientof the gradientof the objectve Gf k
andthe constraintsc k. The numberof significant digits printedfor floating point numbersin
thejournaloutputis controlledby the optionrSQPSol verClien tinterfac  e:journa |-
_print _digits  (whichis 6 by default).
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Notethatif rSQPSolv erClientl  nterface :check result s=true thatthe"Eval-
NewPoint" stepwill performfinite-differencetestsof the NLP gradientdor eachrSQPiteration.
Also note that the resultsare slightly differentthanfor the initial NLP testingsincea different
randomdirectionalvectoris generated.This time the relative error for the gradientof the ob-
jective Gf is greaterthanthe default warningtoleranceof NLPFir stDerivat ivesTeste r-
warni ng_tol=1e- 10. Thisresultedn thefollowingwarningbeingprinted

For Gf, there were 1 warning toleranc e

violations out of num_fd_direct ions = 1 computation s of FDGf*y and
the maximum violation was 4.408797e-0 10 > Gf waring _tol =
1.000000e-0 10

If therelatveerrorhadbeengreatethanNLPFirst Derivativ  esTester: :error ol ,
thenanerrormessag&ould have beenprintedandthealgorithmwould have beenterminated For
somedifficult ill-conditioned NLPs, the finite-differencetestsmay fail eventhoughthereis not
a programmig bug. Eitherthe errortolerancecanbe increasedr the testscanbe turnedof all
togethelin thesecases.

Thelastimportantdetailto pointoutis thecorvergencecheckin step{5:  "Check Convergen ce" }.
Theoutput

(0) 5: "CheckConv ergence"

scale_opt_f actor = 1.000000e+00 O (scale_opt_ error_by = SCALE_BY ONE)
scale_feas_ factor 1.000000e+0 00 (scale_fea s_error_by SCALE_BY_ONE)
scale_comp_ factor 1.000000e+0 00 (scale_com p_error_by SCALE_BY_ONE)

opt_scale_f actor = 1.100000e+00 1 (scale_opt_  error_by Gf = true)
opt_kkt_err  _k = 1.230623e+00 2 > opt_tol = 1.000000e-0 08
feas_kkt_er r_k = 1.208973e+00 7 > feas_tol = 1.000000e-0 10
comp_kkt_er r_k = 0.000000e+00 0 < comp_tol = 1.000000e-0 06
step_err = 0.000000e+00 0 < step_tol = 1.000000e-0 02

Have not found the solution yet, have to keep going :-(

shaws exactly how optimality and feasibility errors are computedand how they are com-
paredto the corvergencetolerancesopt _tol andfeas _tol thataresetin the optionsgroup
rSQPSol verClient Interface . Seethe step”"CheckCo nvergence " in the printedal-
gorithm descriptim in the file rSQPppAlgo.out  in Appendix8.8for the detailson how each
of thesequantitiesarecomputedandcomparethesecomputecerrorsto thecolumng||c||s  and
[[rGL|| s intheconsoleoutputasshovnin Appendix8.8.

Thefinial corvergencecheckin iterationk=13 shawsthefinal KKT errors

100



opt_kkt_err  _k
feas_kkt_er r_k

3.273859%e-01
1.518593e-01

opt_tol = 1.000000e-0 08
feas_tol 1.000000e-0 10

O ONDN
AN N NN

comp_kkt_er r_k = 0.000000e+00 comp_tol = 1.000000e-0 06
step_err = 0.000000e+00 step_tol = 1.000000e-0 02
Jackpot! Found the solution!!! m (k = 13)

andthenthe algorithmis terminatedand the optimal solutian is commurncatedto the NLP
object.
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Chapter 5

MPSalsafSQP++ Interface and Results

5.1 Intr oduction

Ouir first prototyping projectconsistedof interfacinga rSQPalgorithmto a chemicallyreacting
flow simulatorin an attemptto solve an optimization problemfor a ChemicalVaporDepositon
(CVD) reactor We selectecchemicallyreactingfluid flow becausdoththe simulkation andopti-
mizationhave very large-scalegpotential.In additionthis problemdid not requiretransientmodel-
ing. Theinitial designprobleminvolvedonly a single velocity valueasthe designparameter

Consideringhatvery littl e informatian exists aboutinterfacingrSQPalgorithmsto large and
massvely parallel productioncodes,the primary goal wasto identify issuesassociatedvith in-
terfacingintrusive algorithmsto existing parallel productioncodes. Our stratgy wasto startas
simple aspossibé andthenconsiderhigherlevels of optimization. We thereforestartedwith the
directapproach.(level 4). We were not ableto completelydevelop the adjointinterface but we
couldnot corveniently solve thetransposedacobiarmatrix within the code.

Small numberof designvariableshave beentestedin serial and parallel. For the parallel
implementation,rSQPis duplicatedon eachprocessandthat causedimited scalability rSQP++
hassincethenbeenmodifiedandhasdemonstratedoodscalabilityasshovn in table4.1.
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5.2 CVD Reador Optimization Problem

The rotatingdisk reactoris a commonconfigurationfor performingChemicalVapor Depositon
(CVD) of thin films, includingmary importantsemiconductig materials.The optimizatian prob-
lem formulatedin this paperis generatedrom the work of Sandiaresearcherattemptingto im-
provethedesignof theinlet of arotatingdisk CVD reactorfor usein growing thin films of Gallium
Nitride (GaN). GaN is usedin bluelight emiting diodesandotherphotonc devices. The qual-
ity of the electronicdevice is highly dependenbn the uniformity of the growth rate at different
positionsin thereactor We areattemptingto usesimuationsandoptimization algorithmsto de-
termineif a new reactor designedwith a restrictedinlet for reducingthe costsof reactantgases,
canachieve highly uniform GaN film growth.

Thefinite elemenimeshfor the baseshapeof thereactoris shovn in Figure5.1(a).

This is an axisymnetric (2D) model,wherethe left sideis the axis of symmetry A mixture
of trimethylgallium, ammona, andhydrogen gaseqGa(CHs)s, N Hs, and Hy) enterthe top of
the reactor flow over the disk, which is heated,andthenflow down the annularregion out the
bottomof the mesh.At the heatedlisk, the Ga(C H3); and N H; reactto deposita GaN film and
releasethreemoleculesof methangC H,). This simplified mechanismhasbeenshowvn to work
well in modelingGaN film uniformitiessincethe growth rateis predominantlytransportimited
[88]. This meshdepictsa restrictedinlet design,wherethetop of thereactorhasa smallerradius
thanthelower partof thereactor

The main parameteusedin this paperis the inlet velociy of the gases). Two additional
parametersn this modeldefinethe shapeof the inlet, namelythe ShoulderRadiusand Shoulder
Height, which definethe posiion wherethe meshtransitonsfrom the inlet radiusto the larger
reactorradius. Themeshis movedalgebraicallyandcontinwouslyasa functionof thesegeometric
designparameterskigure5.1(b)shovs how themeshchange$or adecreasedhoulderadius,and
Figure5.1(c) shavs how the meshdeformscontinuousy for larger valuesof the shoulderadius
andshoulderheight.If the optimumoccurstoo far away from wheretheinitial meshis generated,
it would be appropriate¢o remeshthe nev geometryfrom scratch.

The objective function measureshe uniformity of the growth rateof GaN over the disk. We
chosean L? norm over an L™ norm so that the objective is continuais and hasa continuas
derivative. Sincethe L? normhadvery smallvaluesover arangeof parametershelog wastaken.
Thefinal form of the objective functionis

Objective Function= F = log(SD + 1071?) (5.2.1)
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Figure 5.1. Threedifferentmeshedor therestictedinlet design

of therotating disk reacbr areshowvn: (a) the basline case mesh
wherethe shouber radiusis above the edgeof the disk andthe
height is half of theinlet height; (b) a meshwhenthe shaulderra-
dius paraneteris decieased(c) ameshwherethe shouder radius
andheight arebothincreasedabove the basecase
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whereS D is the standardleviation squaredandis definedas

N,
1 - Gi — Gave 9
SD = — e (5.2.2)
n 12:1:( ga'ue )
Here N, is thenumberof nodesonthesurface,g; is thegrowth rateof Ga/N atnodei, andg,,. IS
theaveragegrowth rate.

5.3 Numerical Methods

5.3.1 ReactingFlow Simulation

The governing equationsand numericalmethodssummarizedn this sectionhave beenimple-
mentedn theMPSalsacomputeicode developedat SandiaNationalLaboratoriesMore complete
descriptionsof the codeand capabilitiescan be found in the following references[108], [100],
[109], [101], [88], [40]. Thefundamentatonserationequationdor momentumheat,andmass
transferare presentedor a reactingflow application. The equationdor fluid flow consistof the
incompresdile Navier-Stokes equationdor a variable-densityfluid andthe continuity equation,
which expressconseration of momentun andtotal mass. The steady-statenomentim equation
takestheform:

plUeViu—VeT — pg=0, (5.3.3)

whereu is thevelocity vector, p is themixturedensity andg is gravity vector T is thestresgensor
for a Newtonianfluid: 5
T=-Pl - gu(V o U)l + u[Vu+ VuT] (5.3.4)

HereP is theisotropic hydrodynant pressurey is themixture viscosiy, andl is theunity tensor
Thetotal masshalances givenby:

Ve(pu)=0 (5.3.5)
Thedensitydepend®nthelocaltemperatur@andcomposiion via theidealgaslaw. For non-dilute
systemsthe multicomponenformulationis used:

Ng
P,y WX,
7j=1

p= — RT
whereP, is thethermodynart pressureR is thegasconstant]” is thetemperatureX ; is themole
fractionof the ;' species}¥; is the molecularweightof the j* speciesand N, is the numberof
gas-phasspeciegwhichis 4 for themodelin this paper

(5.3.6)
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Thesteady-statenegy conseration equations givenas:
pChr(Ue V)T =V e (A\VT) — S, (5.3.7)

whereép is the mixture heatcapacityand ) is the mixture thermalconductvity. Thelasttermon
theright handside S is the sourcetermdueto the heatof reaction,which is negligible underthe
processonditionsin this exampleproblem.

Thespeciesnassbalancesquationis solvedfor N,-1 species:
pueV)Y,)=Vej, +Wiew, fork=1,...,N,-1, (5.3.8)

whereY; is the massfraction of the ;™ speciesj, is the flux of speciest relative to the mass
averagedvelocity u andwy, is the molarrate of productionof speciest from gas-phaseeactions.
A specialspeciessquation,which enforcesthe sumof the massfractionsto equalone,replaces
oneof thespeciedalancegusuallythe specieswith thelargestmassfraction):

NQ
Y V=1 fork=N, (5.3.9)
k=1

Thediffusive flux term(MulticomponentDixon-Lewis Formulation)includestranspordueto both
concentratiomgradientsandthermaldiffusion (Soreteffect):

N,
I Di VT
i = oYk | === D) W;DyVX; — 2 — 5.3.10
Jk pk(Xng kg j kaT> ( )

WhereX; is the molefraction of speciesj, D is the ordinarymulticomponentiffusion coefi-
cient,and D is thethermaldiffusion coeficient. W is the meanmoleculanweightof the mixture
givenby:

W=> X,W = L (5.3.11)

Y = =2 X, (5.3.12)

At the disk surface,surfacechemicalreactiongake place. In generalthesecanbe very com-
plicated,but for this modelproblemthe reactionhasbeenshavn to be approximatediery well by
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atransportimited model.In this case thegrowth rateof Ga/N onthe surface(aswell asthecon-
sumptonof Ga(C H3); and N H3, andtheproductionof C'H,) is proportionako theconcentration
of trimethylgallium (Ga(C Hs)s) atthesurface.

In generalthenumerougphyscal propertiesn theabove equationsaredependenonthelocal
temperaturandcompodgion. In the MPSalsacode,we usethe Chemkinlibrary anddatabaséor-
matto obtainthesephysicalproperties.Thesetermsaddconsiderableonlinearityto the problem.

Theabove systemof 9 coupledPDEs(for unknovns u,, U,, Ug, P, T, Yga(cHy)s» Yors Ynm,
andYy,) aresolvedwith the MPSalsacode.MPSalsausesa Galerkin/least-squardmite element
method[109] to discretizetheseequationver the spatialdomain.While this codeis designedor
generalunstructuredneshesn 2D and3D, andrunson massvely parallelcompuers,this appli-
cationis 2D, useghemeshshownn in Figure5.1(a),andwasrun on asingleprocessoworkstaton.
Thediscretizedsystemcontains22000 unknowns.

A fully coupledNewton’s methodis usedto robustly calculatesteady-statsolutiors. While
analyticJacobiarentriesaresuppliedfor derivativeswith respecto the solution variablesandthe
density derivativesof theotherphysicalpropertiesareonly calculatedvith thenumericallacobian
option. This option usesfirst orderfinite differencingon the elementievel. The resultinglinear
systemat eachiterationis solved using the Aztec packageof parallel, preconditimed iterative
solvers. In this paper we exclusively usedanILU preconditimerandthe GMRESsolver with no
restarts.On a singleprocessofSGI workstaton, a typical matrix formulationrequired9 seconds
for the inexact analytic Jacobianand 96 seconddo calculatethe (nearly) exact finite difference
numericaldacobianA typical linearsolve required40 seconds.

Parametercontinuation methodshave beenimplementedn MPSalsavia the LOCA library
[99], [102]. LOCA includesan arclengthcontinuaton algorithmfor trackingsolution branches
evenwhenthey go aroundturningpoints(folds). As will beseenin Section5.4,thisis a powerful
tool for uncovering soluion multiplicity. In addition,a turning pointtrackingalgorithmhasbeen
implementedto directly delineatethe region of multiplicity asa function of a secondparameter
A complenentarytool for performinglinearizedstabilty analysisoy approximatiig thefew right-
mosteigervaluesof thelinearizedtime dependenproblemhasalsobeensuccessfullymplemented
[69], [102], [30].
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Objective Function

5.4.1 OneParameter Model

The first resultsare shovn in Figure 5.2 for the one parametesystem. Here the inlet velocity
V is the designparametemwhile the ShoulderRadiusand ShoulderHeight parametersre held
fixed at 6.35 and 5.08 asin Figure5.1(a). Startingat a velocity of V' = 20 (cm/sec),a simple
continuatio run down to a velocity of V' = 7 shaved a clear minimumnearV = 11.7 and
Objectve FunctionF = —6.9.

Two runsof this problemusingthe rSQP optimizer were performed. For this run, the exact
numericallacobiarwasused andupto 5 secondbrdercorrectionstepseriterationwereallowed.
Thelinearsolver tolerancewvassetatarelative residuareductionof 10-8. WhenstartingatV = 20

o

|
o)

Continuation Run
—>= Optimization Runs -

10 15 20

Inlet Velocity

Figure 5.2. Resultsfor a 1 paraneter continuation run (bold
line), showingthe Objecive Function as a function of the inlet
velodty of thereadantgases.Two restuts for therSQPoptimizer
areshavn, wheretherun startng at V- = 14 (circle symbds with
conrectingarron) corverged to theexpectedlocd minimumwhile
therunstarting atV' = 20 (squaresymbolswith conrectingarrow)
converged to a point not seenon the continuation run.

5.4 Results
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Figure 5.3. Radialprofilesof the surfacedepodion rateat three
differentsolutions: theinitial gues at V' = 20, andthefinal solu-
tionsfrom thetwo optimizationrunsatV = 11.67 andV = 9.00.

andcorverged PDE constraintsthe optimizer corvergedin 15 iterationsto a pointat V' = 9.00
and F = —6.36 (in about3 hourscomputetime). However, whenstartingat V' = 14 andwith
a corverged steady-statesoluion, the optimizer reachedhe minimum at V' = 11.67 and F =
—6.967 in 14 iterations.As canbe seenin Figure5.2, thefirst run doesnot appearo evenbeon
thesoluion branchof corvergedPDE constraints.

Threedepositon profilesasa function of radial positionareshowvn in Figure5.3. The profile
attheinitial conditiors of V' = 20 hasa minimum growth rateatthe centerandhasa 8.5% nonuni-
formity. The solution foundby the optimizeratV = 11.67, thatalsoappeargo be the minimum
from the continuaton run, shavs a muchflatter profile with aninternalmaxinmum, andanoverall
nonuniformity of 1.2%. The othersolutionfoundby the optimizerat V' = 9.00 hasa very similar
shape a smalleroverall growth rate,anda 1.8% nonuniformiy. Growth rate nonunformitiesin
theneighborhod of 1.0% aredesirable.

Subsequenparametecontinuaton andlinearizedstability analysiscalculationsrevealedthat
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Figure 5.4. Resuls for a 1 paramete continuation run with arc
lengh corntinuaion and linearized stablity analsis are shavn.
The dasted lines representungable soluion branches The sym-
bolsshav theresults of thetwo optimizationrunsfrom Figure5.2.

thissolutionis indeeda solutionto the PDE constraintsyetasolution thatis linearly unstable The
resultsof anarclengthparametecontinuationrun with linear stabilty determinationsareshowvn
in Figure5.4. The dashedine indicatedphystally unstablesoluions while the solid lines are
locally stable.Onecanseethattherearethreelocal minimain the objective function,only oneof
whichis linearly stable.Over a large rangeof inlet velocites,6.11 < V' < 15.86, therearethree
solutionsthat exist at the sameparametewalues. The rSQPoptimizer, whenstartedat V' = 20,
jumpedinto the basinof attractionfor alocal minimumat V' = 9.00. The phystal basisfor the
multiplicity is well understod. Recirculationflow cells candevelop asa resultof the buoyang
force of theheatedeactorsurface.

5.4.2 ThreeParameter Model

The one parametemodel shaved that it is imperatve to be aware of solution multiplicity and
unstablesoluion branches.Continuationruns on the turning points defining the boundariesof
multiplicity were performedto seehow the region of multiplicity changesas a function of the
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Figure 5.5. Resuts of turning point continuation runs shaving
how the region of multiplicity idertified in Figure5.4 changesas
afunction thegeometic Shoulder Radiusparaneter

additionalgeometrigparametersTheeffectof ShouldeiRadiusonthemultiplicity regionis shavn
in Figure5.5,andtheeffectof ShouldetHeightontheregion of multiplicity is shavnin Figure5.6.
Theresultsshav thatthe maximum velocity wheremultiplicity occurshasa directdependencen
the ShoulderRadiusandis relatively insensitve to the ShoulderHeight. The minimum velociy
wheremultiplicity occursis insensiitve to the ShoulderRadiusbut hasaninversedependencen
the ShouldeHeight.

A singke three-parameteoptimization run was performed,starting at the sameconditions
wherethe one-parametemun thatcornvergedto the stableminimumwasstarted:Velocity = 14.0,
ShoulderRadius= 6.35, andthe ShoulderHeight= 5.08. The run wasperformedwith upto 5
secondrdercorrectionstepsperoptimizationiteration. After 60 iterations the objectve function
hadbeendriven dovnto F' = —6.32, which is not aslow asthe FF = —6.967 achievedin the 1
parameteoptimization. Possiblereasondor this arethatthe three-parametemodelis converg-
ing to a local minimum or thatthe singuhritiesin the region are causingcornvergenceproblems.
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Figure 5.6. Resuts of turning point continuation runs shaving
how the region of multiplicity idertified in Figure5.4 changesas
afunction the geometic Shoulder Heightparaneter
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Figure 5.7. A compaison of the 3-pammeteroptimizaion run
after60 iteraionsandthe 1-pamameterun, staredatthe samecon
ditions,which corvergedafter 14 iterations.

Futurerunswill needto be madeto fully understandhis preliminary result. The resultof the
three-parametaunis comparedo theone-parameteamunin Figure5.7.

5.4.3 Effectsof JacobianInexactnessand SecondOrder Corrections

To testtheeffectsof inexactnessn the JacobiarandSecondOrderCorrectionStepsonthe corver
genceof the optimization algorithm,threemorerunsof the 1-parametemodelwere performed.
Theseall startedat V' = 14 for comparisorwith the successfubptimizationrun, whichwascom-

putedwith a full numericalJacobiarandup to 5 secondordercorrectionstepsperiteration. The
resultsareshaovn in Figure5.8.

In thefirst additionalrun, the analytic(inexact) Jacobiarwasused,andthe secondordercor-
rectionswereretained.This Jacobiarieavesout the derivativesof all the physicalpropertieswith
respecto thelocal state(temperatur@ndcomposiion), only including the correctdensitydepen-
dence.TheFigureshawvs thatthis run corvergesvisibly to the sameoptimum asthe original case,
bothin iteration11, thoughthe original casereachedhe optimumin 14 iterationsandtheinexact
casefailed to meetthe corvergencecriterion after 40 iterations. Two morerunswere performed
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Figure 5.8. A compari®n of 4 runs for the 1-parametemodel,
compamg exad andinexactJacdians andwith andwithout sec-
ondorde corredion steps(S.0.C.).

114



whereno secondrdercorrectionstepsvereallowed. Therunwith theinexactJacobiarcorverged
visibly to the optimum after 86 iterationsthoudh hadnot corvergedwithin the toleranceafter 100
iterations.Therunwith theexactnumericallacobiarwithoutsecondrdercorrectionshadnotyet
convergedto the optimumandwasprematurelystoppedafter120 iterations surprisirgly perform-
ing worsethantherun with theinexactJacobian.

For this problem,MPSalsarequired96 secondso fill thefull numericalJacobiarascompared
to only 9 seconddgor the analyticJacobianwhile aniterative linear solve requiredapproximately
40 secondsTherunswith secondrdercorrectiongequired,on average linearsolvesperitera-
tion, while therunswithout secondrdercorrectiongequiredexactly 2 linearsolvesperiteration.
Thereforefor this problem the quickestnumericalapproacHor visibly reachinghe optimumwas
using the inexact analytic Jacobianand with the secondorder correctionsteps. The runs with
the inexact Jacobiardid not trigger the corvergencetolerancesetin the algorithm andtherefore
performedmary wastediterationsafter visibly reachingthe optimum Sincethereare numerous
approximatbnsin themodel,particularlywith the chemistrymechanismgheoptimumneedsonly
be convergedto two digits of accurag.

5.5 Optimization problem- Sourcelnversion

TherSQP/MPSalsaodewasalsousedto investgate sourceinversionproblems Potentialappli-

cationof this problemis chemical/bological/radiolagical attackson our nation’s infrastructure,
suchaswaterdistribution systemsJarge facilities, andurbanareas.Given concentratiordataat
severalsensoliocationswithin afacility, the goalis to determinethe original locationandmagni-
tudeof the attacksubjectto Navier Stokesfluid flow. We assumehat chemicaltransportfollows

diffusive behaior andthereforewe useheatasa chemicalsource,andtemperatureas chemical
concentrationsEventhoughthis applicationis arealtime optimizationproblem,our initial devel-

opmentefforts wereconfinedto the steadystateproblem. Two modelswereinvestigated,thefirst

wasa simplebox geometryandthe secondvasa two dimensonal modelemulatingactualairport
terminaldimensonsandoperatingconditions.

Figure 5.9 shaws the box geometrythat was initially usedto testour inversian algorithns.
Theleft figure shaws the corvective steamlines, enteringat the top left (Dirichlet condition)and
leaving at the bottomright (appropriateoutflow conditians). The right figure shows the diffusion
behaior asaresultof introducingthreesourcesnarked on the sideof the box with their relative
magnitues.
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Prior to conductingthe inverseproblem,the forward problemwas executedto calculatethe
concentratiorvaluesat variouspointsin thebox geometrymarkedwith ared“x”. Theconcentra-
tionsatthese25 sensotocationswerethenusedto solve the following optimizationproblem:

A forward problemwassolved usingMPSalsawith a 1600elementfinite elementdiscretiza-
tion. This led to 1681 constraintdor the discretizedNavier Stokes PDE. Threeout of 16 fluxes
were setnonzero(of magnitdesl,2, and5 asseenin the figure) andsensordatawasrecorded.
Thentheinverseproblemwassolvedfrom atrivial initial guesausingrSQP/MPSkaasfollows:

minimize:

% > /dQ 5(x — x:)(c — ¢*)2d92 (5.5.13)

subjectto ¢(z, f) = 0 wherec representthe Navier Stokesequationgsection5.3.1).
The 16 fluxescornvergedto thevaluessetin theforward problemin 88 rSQPiterations.

Becauseof our investnentandexperiencein PDE constrainedptimization appliedto CVD
reactors,this prototype problemwas solved within 2 daysof first discussig the potential of
rSQP/MPSalsasa countefterrorismcapability

A more comple geometryand parametevalueswastestedto emulatethe conditionsof an
airport facility. Figure5.10 shavs a 2D representatioof an actualtwo-story airport terminal.
This modelrepresentednesixth of theterminal,which wascontrolledby a singleHVAC system.
Themodelproblemusedrealisticdimensons of aterminal,propertiesof air, diffusioncoeficient
for S Fy (a comman tracerfor experimens). Flow rateswerevariedbut did approachreasonable
conditiors.

Theproblemwasformulatedthe sameasthebox problemabove, exceptthattwo of theair flow
velocitiesenteringthis sectionof the terminal (from down the hall) wereleft asunknovns. This
meantthat the nonlinearNavier-Stokes PDE’s, in additionto the corvection-difusion equation,
werepartof the constraintsin laterruns,a one-equatiorfSpalart-Almarasjurbulencemodelwas
solvedin conjunctionwith theseequations.In our first prototype,only threelocationsalongthe
bottomfloor were selectedascandidatesourcelocations leadingto a total of 5 designvariables.
Tensensotocationswerepicked (seeredx’sin the bottan figure).

A finite elementdiscretizationof the PDE’s led to over 200000 algebraicconstraintsor the
5-parametepptimization problem. Onerun ranfor 2 hourson 64 processorsf the RossCPlant
machineand successfullyreducedthe objectve function 3 ordersof magnitudefrom a simple
initial guess.
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Figure 5.9. Sourceinversionof corvectiondiffusion in a box
geomety. This was out initial protatype probdem for sourcein-
versian of chem/bo/rad attadk scenarios Theleft box showscon
vective streamlhesandthe right box shavs the diffusive behaior
with thered“x” markersdenotng sersorlocations

Much waslearnedfrom this prototypeproblem.For the optimization problem,this directsen-
sitivity approachusedherecouldwork well upto 20 designvariables but an adjoint sensitvity
approachwould be preferredto allow for numerouscandidatesensorocations. Allowing flow
ratesasdesignvariableswasa big step,sinceit invoked several couplednonlinearPDEsascon-
straintsinsteadof onelinearcorvection-difusionPDE.Issueghatwerenotfacedin this prototype
problemare(1) solving thetransienfproblemand(2) dealingwith noisysensodata.

From a modelingstandpoity, several areashave beenidentified wherefuture work would be
neededo continuethis effort. Oneis dealingwith high Reynolds numbers(turbulence)for air
in the large domains A seconds a new interfacefor choosingpotentialsourcelocations,since
our methodof meshingthemindividually andassigning a sidesetID is not adequatelylexible or
scalable.Anotheris dealingwith agentgsuchasanthraxparticles)thatrequireextensimsto the
Navier Stokesequations
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Figure 5.10. Sourceinversion 2D crosssectimal model of a
two-stay airpart facility. The top figure shows flow streamlines,
the middle figure shavs concentrdions of anagent beingreleased
from two locations along the bottom floor, and the third showvs
thetensensolocaionsandconcentraton profilesfrom adifferent
sourcevalues.

5.6 Conclugdons, Stability, Interface & Validation

Solutionmultiplicity of nonlinearsteady-stateroblemsmustberecognizecandcanbediagnosed
usingstability analysistools. Thetechniquein this paperof trackingthe region of multiplicity is
not scalableto larger numbersof designparametersandis more expensve thanthe optimizaton
calculations At aminimum, the stability of the candidateoptimum mustbe checledwith alinear
stability analysistool. Concerninginexactnessn the Jacobiarmatrix, andthe effect of second
ordercorrectionstepswe have gatheredsomeevidence. For this run, it appearghatinexactness
in the Jacobiardoesnotseriouslyhinderconvergence particularlyif secondrdercorrectionsteps
areused.

Several conclusionganbe dravn from interfacinga rSQPalgorithmto a completefluid flow
simulator Calculatingsensitvities is perhapghe single mostimportantmodificationto a simu-
lation codefor PDECO.Oncea sensitvity capabilityexists, the interfaceto a rSQPalgorithmis
trivial. As aresultof the MPSalsgproject,severalsensitvity projectshave beeninitiatedwith new
simulation developments.In addition a researctprojecthasbeenstartedto investgate methods
to handletransientoptimization problemsefficiently. Anothervery important conclusionis that
conductingalgorithmi researctwith large-scalesimulation codesis very difficult. TherSQPal-
gorithmscanbe testedon small systens, but to validateour algorithmsacrossmary PDE-based
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problemsis not practical,especiallyif that meansinterfacingwith productionand cumbersome
simulation codes. To addresgheseproblemswe have developeda symbdic simulaton capabil-
ity andinterfacedit with our rSQPalgorithms The next two chaptersprovide a descriptionof
SundancandSundanceoupledto rSQP++.
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Chapter 6
Sundance

Traditioral PDE codessolve one of a specificclassof PDEswith little hope of obtainirg the
gradientsadjoints,or Hessiansieededor PDECO.Evenwith modernPDE frameworks suchas
SIERRA and Nevada,it will requireconsiderablalevelopmenteffort to obtainthesequantites.
Thus, for optimizatian with existing PDE codes,one mustusethe PDE solver asa “black box;
andwe arerestrictedo relatively inefficient Level-0 or Level-1 method.

SincePDE-constrainedptimizationrequirescapabilitesbeyondthoseavailablein traditional
PDE codeswe have develgpeda PDE solver systemthat hasbeendesignedrom the groundup
with large-scalePDE-constraine@ptimizationin mind. This system,called Sundanceaccepts
a systemof coupledPDEsandboundaryconditionswritten in symbolc form thatis closeto the
notationin which a scienti$ or engineemwould normally write themwith pencilandpaper Each
function or variationappearingn this symbolc descriptionis annotatedvith a specificationof
thefinite-elemenbasiswith which thatobjectwill bediscretized.This informatian, alongwith a
mesh,is thenusedby Sundanceéo assemblehe implied discretizedoperators.At this point, the
usercould simply askSundanceo solve the system or it could requestcertainevaluatonsto be
made. Thesesymimnlic capabilitiesmake Sundance powerful rapid prototypng andalgorithmic
researchool, however, for presentpurposeghe real power of Sundances symboic interfaceis
thatthe symbolc expressims comprisingthe PDE andboundaryconditionscanbe differentiated
allowing automatedierivationof gradientandHessianssneededn PDECO .We mustemphasize
thatfor performanceeasonsthehigh-level objectsusedfor problemspecificatiorarenotusedfor
numericalcalculations.Rather they areusedto marshala setof internalobjectsthatcanbe used
for efficient calculations.

Sundancérasbeendevelopedusinga componenbrienteddesign. Abstractconceptsuchas
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linearsolvers basisfunctions,quadratureules,or reorderingschemesgto namejustafew) arerep-
resentedn termsof abstracinterfaces.A particularrealizationof sucha conceptfor instancean
Aztecsolver, is thenimplementedasa concretaypeandcanbepluggedinto the Sundanceystem
via theinterface. This designhastwo key adwvantagesFirst, it makesSundancdnighly extensble,

sincedeveloperscanadd nev componentsvithout modifying the core of Sundance.Second,it

allows the useof the highest-performanctird-partycomponentsvith SundanceSundanceloes
not have built-in mesherssolvers,or visualizationcapabilities;rather it usesthird-partycompo-
nentsfor all of thosetasks.

In this chapterwe will startwith anintroductory exampleillustrating basicSundancesyntax.
We will thengive anoverview of the corecomponent®f Sundancewith codeexamplesasnew
capabilitiesareintroduced.Simpleexamplesof the useof Sundancéor alinearPDECOproblem,
anonlinearPDE, anda transientPDE aregivenhere. Furtherexamplesof the useof Sundancen
nontrivial, nonlinearPDECOproblemsaregivenin Chapter7. For acomprehensie presentation
of Sundances capabilitiesand further examplesof forward problems,seethe SundancedJsers
Guide[72].

6.1 An intr oducory example

We begin with a simple exampleof aforwardproblemthatwill shov basicSundance&omponers.
Considerthe Poissorequationwith a unit source

Viu=1 (6.1.1)

ontherectanglg0, 0] - [1, 2]. Thesidesof therectanglewill belabeledeft, right, bottam, top. For
boundaryconditions we will choose

¢ left HomogeneousleumannVu -n = 0
e bottom Dirichlet, u = 122
e right Robin,u 4+ Vu-fi =3+
e top NeumannVu -i =1/3
It is easyto checkthatthe soluion is
1, 1
=— —y. 6.1.2
u= 5o + 3 ( )



The soluion is in the subspacspannedy second-ordetagrangepolynomals, soif we choose
thatasour basisfamily we canexpectto obtainthe exactsolution. We cancomputeheerrornorm
attheendof the calculationasa checkthatthe codeis working properly

Thisis a simpleproblem,but it in factrequriesmostof the componerg usedby Sundanceo
do morecomple problems

6.1.1 Step-by-stepexplanation

We startwith a step-by-stepvalkthroughof the codefor solving the Poissonproblem. When
finished,therewill be a summary andthenthe completePoissonsolver codewill be listed for
reference

6.1.1.1 Boilerplate

A dull but essentiafirst stepis to shav the boilerplateC++ commonto nearly every Sundance
code:

#include  “"Sundanc e.h"

int  main(int argc, void** argv)
{
try
{

Sundance:i nit(argc, argv);

/*
* code body goes here
*/

}

catch(exc eption& e)

{
Sundance:: handleExceptio n(__FILE_ , e);

}

Sundance: :finalize();

}

Thebody of the code— everything elsewe discusshere— goesin placeof thecommentcode
body goes here .
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6.1.1.2 Getting the mesh

Sundanceisesa Mesh objectto represena discretizatiorof the problemdomain. Therearetwo
waysto geta Mesh object:

e Createit using Sundances built-in meshgeneratiorcapability This is limitedto meshing
very simpledomainssuchasrectangles.

e Readameshthathasbeenproducedisingathird-partymeshgeneratarTheMeshReader
classprovidesaninterfacefor readingarbitraryfile formats.

For this simgde problem,we canuseSundanceo generatehe mesh.

MeshGenerat or mesher = new RectangleM esher(0.0, 1.0, nx, 0.0, 2.0, ny)
Mesh mesh = mesher.build Mesh();

If youknow alittle C++—justenougho bedangerous-youmight think it oddthattheresultof
the new operatoywhich returnsa pointer, is beingassignedo a MeshGener ator objectwhich
is — apparently- nota pointer That's notatypo: theMeshGenerator objectis a handle class
thatstoresandmanageshe pointerto the Rectangl eMesher object. Handleclassesareused
throughoutuserlevel Sundancecode,and amongotherthings relieve you of the needto worry
aboutmemorymanagement.

6.1.1.3 Defining coordinate functions

In the Poissorexample the boundaryconditiors involve functionsof the coordinates: andy. We
will createobjectsto representhe coordinatgunctionsz andy.

Expr x
Expr y

new CoordExpr(0 );
new CoordExpr(1 );

You have probablyguessedhattheintegerargumentto the CoordExpr constructogivesthe
coordinatedirection: 0 for z, 1 for y, 2 for z.

The coordinatefunctionsare wrappedin Expr handleobjects. ClassExpr is usedfor all
symbolc objectsin SundanceExpr s canbe operatedn with the usualmathematicabperators.
With our coordinatdunctionsrepresentedsExpr objectswe canbuild complicatedunctionsof
position.
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6.1.1.4 Defining the cell sets

We've alreadyreada mesh.We needa way to specifywhele on the meshequationor boundary
conditiors areto be applied. Sundanceisesa CellSet  objectto represensubrayions of a geo-
metricdomain.A CellSet canbeary collectionof meshcells,for examplea block of maximal
cells,a setof boundaryedgespr a setof points.

TheCellSet classhasasubset( ) methodthatcanbeusedasa“filter” thatidentifiescells
thatarein asubsetiefinedby theargumentgo thesubset method

We will applydifferentboundaryconditionsonthefour sidesof therectanglesowe will want
four CellSet s, onefor eachside.We first createa cell setobjectfor the entireboundary

CellSet  boundary = new Boundary CellSet();

andthenwe find thefour sidesassubset®f theboundarycell set. Thefour sidesof therectan-
gle canbe specifiedwith logical operationn coordinateexpressionsasshowvn in the following
code:

CellSet left = boundary. subset( x == 0.0 );
CellSet right = boundary .subset( x == 1.0 );
CellSet bottom = boundary.subse t( y == 0.0 );

CellSet top = boundary.s ubset( y == 2.0 );

6.1.1.5 Creatinga discretefunction

We will usediscretefunctionsseveral placesin this problem. A discretefunctiontakesasa con-
structorargumenta vectorspaceobjectthatspecifiegshe mesh basis,andvectorrepresentatioto
be usedin discretizingthe function.

Thefirst stepis to createa vectorspacefactoryobjectthattells uswhatkind of vectorrepre-
sentatiorwill beused.We'll usePetravectors,sowe createa PetraVect orType .

TSFVectorTy pe petra = new PetraVector Type();

We cannow createa Sundanc eVectorSp ace containingthe mesh,a basis(2ndorderLa-
grangein this case)andthevectorspaceactory
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TSFVectorSp ace discreteS pace = new SundanceV ectorSpace(me sh, new Lagrange(2), petra);

Finally, we cancreatediscretefunctionsto representhesourcegerm f = 1.0 andtheexpression
% + ¢ thatappearsn theright BC. Notethattheres no particulareedto usediscretefunctionsfor
thoseterms;we do soheresimgy to provide anexampleof constructinga discretefunction.

Expr f = new DiscreteFun ction(discret eSpace, 1.0);
Expr rightBCExpr = new Discrete Function(disc  reteSpace, 1.5 + y/3.0);

6.1.1.6 Defining unknown and testfunctions

We'll use2nd orderpiecavise Lagrangenterpolaton to represenbur unknonvn solution . With
a Galerkinmethodwe definea testfunctionv usingthe samebasisasthe unknavn. Expressios
representinghetestandunknowvn functionsaredefinedeasily:

Expr v
Expr u

new TestFunctio n(new Lagrang e(2));
new UnknownFunction(new Lagrange(2) );

6.1.1.7 Creatingthe gradient operator

Thegradientoperatoris formedby makingalList containingthe partialdifferentiaton operators
in thex andy directions.

Expr dx new Derivative  (0);
Expr dy new Derivative (1);
Expr grad = List(dx, dy);

The gradientthus definedis treatedasa vectorwith respecto the overloadedmultiplication
operatorusedto apply the gradient,so that an operationsuchasgrad*u expandscorrectlyto
{dx*u, dy*u }.

6.1.1.8 Writing the weakform

We will usethe Galerkinmethodto constructa weakform. Begin by multiplying Poissors equa-
tion Equation6.1.1by atestfunctionv andintegratirg

- /Q oV — /Q of =0. (6.1.3)
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Thenext stepis to integrateby parts,which hasthe effectsof loweringthe orderof differentiaton
(andthusrelaxingthe differentiabilty requirement®n the unknovn andtestfunctions)andalso
makingthe boundaryflux. Theresultingweakform is

—/VU-VU—/Uf—!—/ vVu-n =0 (6.1.4)
Q Q a9

andwewill requirethatthisequatiorholdfor ary testfunctionv in thespaceof 2ndorderLagrange
interpolantoon our mesh.Theboundarytermgivesusaway to apply certainboundaryconditions
we can apply the Neumannand Robin BCs by substititing an appropriatevaluefor Vu - i1 in
the boundaryterm. Referringto the boundaryconditionsabove andour definition of the discrete
functionrightBC Expr , theweakform is writtenin Sundanceas

Expr poisson = Integral(  -(grad*v)*(gr ad*u) - fv)
+ Integral(t op, V/3.0)
+ Integral(r ight,  v*(rightBCExpr - uw);

NoticethatthehomogeneouBC ontheleft sidedoesnot needto bewrittenexplicitly because
thatboundarytermis zero.

6.1.1.9 Writing the essentialBCs

The weak form containsthe physcs in the body of the domain plus the Neumannand Robin
boundaryconditions We still needto applythe Dirichlet boundaryconditionon the bottomedge,
whichwe dowith anEssenti alBC object

EssentiaBC bc = EssentialBC(bo ttom, v*u - 0.5*x*x));

The first agumentgives the region on which the boundarycondition holds andthe second
givesan expressionthatis to be setto zero. Notice thatthereis a testfunctionin the BC; this
identifiestherow spaceonwhichthe BC is to beapplied.

6.1.1.10 Creatingthe linear problem object

A StaticLi  nearProbl em objectcontainseverythng thatis neededto assemblea discrete
approximatbn to our PDE: a mesh,a weakform, boundaryconditins, specificationof testand
unknavn functions,and a specificationof the low-level matrix and vector representatioro be
used.All of thisinformationis givento the constructoto createa problemobject
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StaticLinea  rProblem prob(mesh, poisson, bc, v, u, petra);

It mayseemunnecessarp providev andu asconstructoargumentsere;afterall, thetestand
unknavn functionscouldbededucedrom theweakform. In morecomplex problemswith vector
valuedunknawvns, however, we will wantto specifytheorderin whichthedifferentunknavnsand
testfunctionsappearandwe maywantto groupunknavnsandtestfunctionsinto blocksto create
ablocklinearsystem.Suchconsiderationsanmake agreatdifferencen theperformancef linear
solversfor someproblems.Thetestandunknown slotsin thelinearproblemconstructoareused
to passinformatian aboutthe function orderingandblockingto thelinear problem;thesefeatures
will beusedin subsequergxamples.

6.1.1.11 Spedfying the solver

A goodchoiceof solverfor this problemis BICGSTAB with ILU preconditioing. We'll uselevel
2 preconditioing, andaskfor a corvergencetoleranceof 10~ 14 within 500 iterations.

TSFPrecondi tionerFactory precond = new ILUKPrecondi tionerFactory 2);
TSFLinearSo Iver solver = new BICGSTABSolver(precond , 1.e-14, 500);

6.1.1.12 Solvingthe problem

The syntaxof Sundancenakesthe next steplook simpler thanit really is:

Expr soln = prob.solve(s olver);

Whatis happeningunderthe hoodis thatthe problemobjectprob builds a stiffnessmatrix
and load vector feedsthat matrix and vectorinto the linear solver solver . If all goeswell,
a solutionvectoris returnedfrom the solver, andthat solution vectoris capturednto a discrete
functionwrappedn the expressiorobjectsoln .

6.1.1.13 Viewing the solution

We next write the solutionin a form suitabk for viewing by Matlah

FieldWriter writer = new MatlabWriter  ("heat2D.dat")
writer.writ eScalar(mesh, "temperature ", soln);
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6.1.1.14 Checking the error norm

Finally, we compareto the exact soluion by compuing the error norm. The solution hasbeen
returnedasa Sundancexpressionsowe canform anexpressiorfor theerror

Expr exactSoln = 0.5*x*x + y/3.0;
Expr error = exactSoln - soln;

andthentake the L2 norm

double errorNorm = error.norm() ;

6.1.2 Completecodefor the poissonproblem

#include  “"Sundanc e.h"

/**  \example heat2D.cpp
* Solve Poisson’ s equation with a unit source term on the
* rectangl e [0,1] x [0, 2] with the following boundary conditio ns:

* Left: Natural, du/dx =0

* Bottom: Dirichlet, u= 05 x72

* Right: Robin, u + du/dx = 3/2 + y/3

* Top: Neumann, du/dy = 1/3

* The solution is u(xy) = 05%2 + y/3.

* This problem can be solved exactly in the space of second-ord er polynomial s.

int  main(int argc, void**  argv)
{
try
{

Sundance::i nit(argc, argv);

[* create a simple mesh on the rectangle */

int nx = 20;
int ny = 20;
MeshGenerat or mesher = new RectangleMe sher(0.0, 1.0, nx, 0.0, 2.0, ny)

Mesh mesh = mesher.getMes h();

/* define coordina te functions for x and y coordina tes */
Expr x = new CoordExpr(0) ;

Expr y = new CoordExpr(1)

/* define cells sets for each of the four sides of the rectangle */
CellSet  boundary = new Boundary CellSet();
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CellSet left = boundary.s ubset( x == 0.0 );
CellSet right = boundary. subset( x == 1.0 );
CellSet  bottom = boundary .subset( y == 0.0 );
CellSet top = boundary.su bset( y == 2.0 );

[* Create a vector space factory, used to
* specify the low-level linear  algebra representat ion */
TSFVectorTy pe petra = new PetraVectorT ype();

[* create a discrete space on the mesh */
TSFVectorSp ace discreteSp ace = new SundanceVe ctorSpace(mes h, new Lagrange(2),

/* We'll use a discrete functio n to represent the

* source term, providing a test

* of our ability to evaluate discrete  functions on maximal cells *
Expr f = new DiscreteFunc tion(discrete Space, 1.0);

/* We'll use a discrete  functio n to represent the imposed

* boundary value on the right-hand boundary. This provides a

* test of our ability to evaluate discrete  functio ns on

* lower-di mensional cells. *

Expr rightBCExpr = new Discrete Function(discr eteSpace, 1.5 + y/3.0);

/* create symbolic objects for test and unknown functions */
Expr v = new TestFunction (new Lagrange (2));
Expr u = new UnknownFunct ion(new Lagrange(2)) ;

/* create symbolic differential operators  */
Expr dx = new Derivative(  0);

Expr dy = new Derivative(  1);

Expr grad = List(dx, dy);

/* Write symbolic weak equation and Neumann and Robin BCs */
Expr poisson = Integral(- (grad*v)*(gra d*u) - f*v, new GaussianQu adrature(2))
+ Integra I(top, v/3.0)  + Integral(ri ght, v*(right BCExpr - u));

/*  Write essential BCs:
* Bottom: u=x"2
*/

EssentiaBC  bc = Essentia IBC(bottom, v¥(u - 0.5**x ),
new GaussianQuad rature(4));

/*  Assemble everything into a problem object, with a specificatio n that
* Petra be used as the low-lev el linear algebra represent ation */
StaticLinea  rProblem prob(mesh, poisson, bc, v, u, petra);

[* create a preconditione r and solver ¥/
TSFPrecondi tionerFactory precond = new ILUKPrecondi tionerFactory( 1);

TSFLinearSo Iver solver = new BICGSTABSlver(precond , 1.e-14, 500);

/* solve the problem and return the solution as a symbolic object */
Expr soln = prob.solve(so Iver);
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[* write to matlab */
FieldWriter writer = new MatlabWriter(  "heat2D.dat")
writer.writ eField(soln);

/* compare to known solution */
Expr exactSoln = 0.5*x*x + y/3.0;

/I compute the norm of the error

double errorNorm = (soln-exactS  oln).norm(2);
double tolerance = 1.0e-9;
Testing::pa  ssFailCheck(__  FILE__, errorNorm, toleran ce);

}

catch(exc eption& e)

{

Sundance::h andleError(e, __FILE_);

}

Sundance: :finalize();

}

6.2 A PDE-constrained optimization exanple

We now showv a simge exampleof how to useSundancdo setup an optimizationproblemwith
a PDE constraint. Considerthe Poissonequationwith sourcetermsparameterizedvith a design
variablea,

Vou =Y aysinkmra. (6.2.5)
k

A simple optimizationproblemis to choosex suchthatthe statefunctionu is agoodfit to atarget
function . This target-fitting problemcan be posedas a least-squareproblemwith objectve

function . .
fla) = 5/ (u(a) —a)” + By Z o (6.2.6)
Q k

where R setsthe control cost. As written, we could solve this problemwith a patternsearch
methodin which we solve 6.2.5for u at eachfunction evaluaton. Alternatively, we canlet the
statesbecomeindependenvariables,but impos equation6.2.5asa constraint.In thatcase,we
have aLagrangian

_1 2 R 2 / / :
L(a,u,)\)—Q/Q(u )"+ 5 Ek:ak QVu VA Ek:ak Q)\smlmm: (6.2.7)

where) is a Lagrangemultiplier. The necessargondition for solvingthe optimizationproblemis
thatthe variationsof the Lagrangianwith respecto «, u, and\ areall zero.
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This exampleis a quadraticprogramwith an equality constraintandthe solutian is obtained
with a singlelinearsolve of the KKT system.However, the KKT systemis indefiniteandis most
efficiently solvedusingablock Schurcomplementnethod.

6.2.1 Sundanceproblem specification

With Sundanceall we needdo to posethis problemis to write the Lagrangianusing Sundance
symboic objects.

Notethatin this problem thestatevariableu andLagrangamultiplier A areunknowvn functions
definedwith afinite-elemenbasis.However, thedesignparameterareunknownn “global” parame-
ters,definedndependentlyfthemesh.In Sundancemesh-basednknovnsareUnknownFunction
expressionsubtypesand global unknavns are UnknownParamet er expressio subtyges. To
optimize performancen parallel,Sundancémposegherestrictionthatall globalunknavns must
appeain aseparatdlock from any meshedinknovns;thatblockis thenreplicatedacrosgroces-
sorswhile blockscontainingmeshedunknavns aredistributed. Matrix blocksmappirg between
the global unknovn spaceanda meshedunknonvn spaceare implementedwith multivectors,in
which eachrow (or column, dependingon the orientationof the block) is a distributed vector
The specificatiorof the unknavnsandblock structurefor this problemis donewith thefollowing
Sundanceode:

new UnknownFunction(new  Lagrange( 2));
u.variation()

Expr u
Expr v

Expr lambda = new UnknownFunction(new Lagrange(2) );
Expr mu = lambda.varia tion();

Expr alphal = new UnknownPara meter();
Expr alpha2 = new UnknownPara meter();
Expr alpha3 = new UnknownPara meter();

Expr alpha = List(alph al, alpha2, alpha3);
Expr beta = alpha.vari ation();

TSFVector Type petra
TSFVector Type dense

new PetraVect orType();
new DenseSeri alVectorType()

TSFArray< Block> unks = tuple(Block( alpha, dense), Block(u, lambda, petra));

TSFArray< Block> vars = tuple(Block( beta, dense), Block(mu, v, petra));

Oncethe unknonvns have beenspecified,we can write out the objective function and La-
grangiann symbolc form:
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Expr objectiveF unction = 0.5*Integr  al(pow(u-targe t, 2.0)
+ 0.5*alp ha*alpha;

Expr lagrangian = objectiveFu nction - Integral((d x*u)*(dx*lamb  da))
- Integra I(lambda*forci ng);

Theequationsetcanbe obtainedby taking symbolicvariatiors of the Lagrangian.

Expr egn = lagrangian. variation(Lis t(u, lambda, alpha))

We will solve the systemusinga Schurcomplemensolver, using TSF’s block manipulaton
capabilities.The userlevel codeto specifya Schurcomplemensolver for a 2 by 2 block system
is

TSFPrecon ditionerFacto ry prec = new ILUKPrecondit ionerFactory( 1);
TSFLinear Solver innerSolver = new BICGSTABSolver(1.0e-1 2, 1000);
TSFLinear Solver outerSolver = new BICGSTABSolver(1.0e-1 0, 1000);
TSFLinear Solver solver = new SchurCompleme ntSolver(inne rSolver, outerSolver );

Finally, we shav completesourcecodefor the PDE-constrainedptimizationexample.

#include  “"Sundanc e.h"

int  main(int argc, void*  argv)

{
try
{
Sundance:i nit(&argc, &argv);
/*
Create a mesh object. In this example, we will use a built-in method
to create a uniform mesh on the unit line. In more realistic problems
we would use a mesher to create a mesh, and then read the mesh using
a MeshReader object.
*
int n = 10;

const double pi = 4.0*atan(1.0)
MeshGenerat or mesher = new LineMesher( 0.0, pi, n);
Mesh mesh = mesher.getMes h().getSubmes h();
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/* Define a symbolic object to represent the x coordinate function. */
Expr x = new CoordExpr(0) ;

Expr psi = List(sin(x), sin(2.0 *x), sin(3.0*x ));
Expr target = sin(x);
/*

* Define a cell set that contains all boundary cells

*

CellSet  boundary = new Boundary CellSet();

/*

* Define a cell set that includes all cells at position x=0.
*

CellSet left = boundary.s ubset( fabs(x - 0.0) < 1.0e-10 );

/*

* Define a cell set that includes all cells at position x=1.
*

CellSet right = boundary. subset( fabs(x - pi) < 1.0e-10 );

/*
Define an unknown function and its variatio n. The constructor
argument is the basis family with which the function will  be
represent ed, in this case second-ord er Lagrange (nodal) polynomials.

*

Expr u = new UnknownFunct ion(new Lagrange(2)) ;

Expr v u.variati on();

Expr lambda = new UnknownFuncti on(new Lagrange(2));
Expr mu = lambda.v ariation();

Expr alphal = new UnknownParameter();

Expr alpha2 = new UnknownParameter();

Expr alpha3 = new UnknownParameter();

Expr alpha = List(alphal, alpha2, alpha3);
Expr beta = alpha.variati on();

TSFVectorTy pe petra = new PetraVectorT ype();
TSFVectorTy pe dense = new DenseSerialV ectorType();

TSFArray<Bl ock> unks = tuple(Bl ock(alpha, dense), Block(u, lambda, petra));

TSFArray<Bl ock> vars = tuple(Bl ock(beta, dense), Block(mu, v, petra));

Expr forcing = alpha * psi;
/*

Define the differentiat ion operator of order 1 in direction 0.
*

Expr dx = new Derivative(  0);
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Expr objectiveFunc  tion = 0.5*Integral( pow(u-target, 2.0))
+ 0.5*alp ha*alpha;

Expr lagrangian = objectiveFunc  tion - Integral((dx* u)*(dx*lambda) )
- Integra I(lambda*forci ng);

Expr egn = lagrangian.var iation(List(u , lambda, alpha));

/*

Now specify  the boundary conditions on the left and right CellSets.
*/

EssentiaBC  bc =
Essential BC(left, u*mu + v*lambda) && EssentialBC (right, u*mu + v*lambda);

/*
Create a solver object: stablized biconjuga te gradient solver
*

TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);
TSFLinearSo Iver innerSolv er = new BICGSTABSolver(1.0e-12, 1000);
TSFLinearSo Iver outerSolv er = new BICGSTABSolver(1.0e-10, 1000);
TSFLinearSo Iver solver = new SchurComplementSolver(  innerSolver, outerSo Iver);
/*
Combine the geometry, the variationa | form, the BCs, and the solver
to form a complete problem.
*

StaticLinea  rProblem prob(mesh, egn, bc, vars, unks);
prob.printR  owMaps();
mesh.printC  ells();

/*
solve the problem, obtaining the solution as a (discrete ) Expr object
*
Expr soln = prob.solve(so Iver);
/*
write  the solution in a form readable by matlab
*
FieldWriter writer = new MatlabWriter(  );

cerr << "u" << end

writer.writ eField(soln[1] [on;
cerr << "lambda" << endl;
writer.writ eField(soln[1] [1D);

cerr << soIn[0] << endl;
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/*

compute the error and represe nt as a discrete function
*
Expr exactSoln = sin(x);

/*
compute the norm of the error
*/
double errorNorm = (soIn[1][0] - exactSoln).n  orm(2);
double tolerance = 1.0e-10;

/*
decide if the error is within tolerance
*/

Testing::pa  ssFailCheck(__  FILE__, errorNorm, toleran ce);
Testing::ti meStamp(__FILE _, _ DATE__, _ TIME_);
}
catch(exc eption& e)
{
TSFOut:pri  ntin(e.what())
Testing::cr ash(__FILE_);
Testing::ti meStamp(__FILE _, _ DATE__, _ TIME_);
}
Sundance: :finalize();

}

6.3 Symbdic components

6.3.1 Constantexpressions

Thesimplesttype of Exprto createls a constanteal-valuedExpr, for example:

Expr solarMass = 2.0e33; // mass of the Sun in grams

Any constantthat appearan an expression,for examplethe constant2.0 in the expression
below,

Expr f = 2.0*g;

will alsobe turnedinto a constant-alued expression.It is importantto understandhat once
createdand usedin an expression,a constans valueis immutabk. If you wantto changethe
constantyou shouldinsteadusea Parameter
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6.3.2 Parameter expressions

Oftenyou will form a PDE with parametershatwill changeduring the courseof a calculation.
For example,in atime-marchingoroblemboththe time andthe timesep canchanggrom stepto
step. Or, you maywantto run a fluid flow simuation at several differentvaluesof the Reynolds
number To includein your equationa parametethatis constantn spacebut canchangewith time
or someotherway, you shouldrepresenthatparametewith a Parameteexpression.

Expr time = new Paramete r(0.0);

for (int i=0; i<10; i++)
{

cerr << time << * Y << sin(pi*tim e) << endl
/I update the time
time.setV alue(time.val ue() + 0.1);

}

Theaboreassumethatthe parameters known. However, in someproblemsaparametemight
beanunknavn to bedeterminedn the courseof solvinga problem;for instance,it couldbeade-
signparameteto bedeterminedhroughoptimization. In thatcasepuseanUnknownParamete r,
describedn section6.3.6.

6.3.3 Coordinate expressions

CoordEXx pr isanexpressiorsubtypethatis hardwiredto computethevalueof agivencoordinate.
For example thefollowing constructan Exprthatrepresentthecoordinateonthe zeroth(x) axis:

Expr x = new CoordExpr(0 ); // represe nts x-coordina te value

Sucha coordinateexpressioncan be usedto definesimple positiondependentunctions,for
example

Expr f = sin(x) + 1/4.0*sin(2.0 *x) + 1/8.0*sin(3.0* X);

6.3.4 Differential operators

The key expressim subtypefor forming differential operatorss the Derivat ive object,rep-
resentinga partial derivative in a givendirection. A Derivativ e is constructedvith a single
integerargumentgiving thedirectionof differentiationfor example,
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Expr dx = new Derivative (0); // differentiat e with respect to O coordinate

Derivativesareappliedusingthe multiplication (* ) operator
Sundancexpressio objectsare programmedo obey the rulesof differential calculus. For

example,

Expr dx = new Derivative (0); // differentiat e with respect to O coordinate
Expr x new CoordExpr(0 ); // represe nts x-coordina te value

Expr y = new CoordExpr(0 ); // represe nts y-coordina te value
Expr f = x*sin(x) + y*X;

Expr df = dx*;

cout << df << endl /I prints  sin(x) + x*cos(x) +;

Differentiationof discretefunctionsrequiresspecialcare,andis discussedh 6.3.7.4

6.3.5 Testand unknown functions

ExpressiorsubtypesTestFu nction andUnknownFunction areusedto representestand
unknavn functionsin weakPDEsandboundaryconditions.They areconstructeavith aBasis Family
objectwhich specifieghe subspac#o which solutionsandtestfunctionsarerestricted For exam-

ple,

Expr T = new UnknownFunction(new Lagrange(l) );
Expr varT = new TestFunc tion(new Lagrange(l) );

constructaunknaovn andtestfunctionsthatlive in the spacespannedy first-orderLagrange
interpolatesi.e., all piecaviselinearfunctions.

6.3.6 Testand unknown parameters

ExpressiorsubtypesTestPar ameters andUnknownParameter areusedto representest
andunknavn functionsthatareindependentf space.Their constructorgake no aguments.See
6.2.1for anexampleof the useof testandunknaovn parameters.
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6.3.7 Discretefunctions

Discretefunctionsrepresenthe valueof afield thathasbeendiscretizedon a spaceof basisfunc-
tions. Discretefunctionshave a numberof importantuses:

e representinghesolution of afinite-elemenproblem

e representingfield for which no analyticalexpressio is available
A discretefunction objectcan be createdin a numberof ways: by computingthe value of an

expressionon the nodesin a mesh,by readingit from afile, or by “capturing” a solutionvector
into a discretefunction.

6.3.7.1 Creating a scalarvalued discretefunction

To createadiscretefunction,we first needto know thediscretespaceonwhichthefunctionwill be
defined.The constructia of this spaceequiresat minimum a mesh a basisfunction,anda vector

type.

TSFVectorTy pe petra = new PetraVector Type();
BasisFamily  basis = new Lagrange(l);
TSFVectorSp ace discreteS pace = new SundanceV ectorSpace(my Mesh, basis, petra);

Onceyou have a discretespaceyou cancreatea discretefunctionasfollows:

Expr f = new DiscreteFun ction(discret eSpace, sin(x)*sin(y );

6.3.7.2 Creatinga vector-valued discrete function

Discretefunctionsrepresentingectorvaluedfields have somewrinklesthatareimpartantto un-
derstand.Considera discretefunction representingi two-componentectorfield, u = (ug, uy).
How is the vector underlyingthis function stored? One canimagire creatingtwo independent
discretefunctions

Expr ux
Expr uy

new DiscreteFu nction(discre teSpace,  sin(x)*sin( y));
new DiscreteFu nction(discre teSpace, cos(x)*cos( y));
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andforming a vectorvaluedexpressiorusingtheList operatoy

Expr u = List(ux, uy);

This is well-definedSundancecode, but it is not usuallywhat you want. A calculationwill
have improved performancelueto cacheefficiengy if bothfunctionsareaggreyatedinto a single
vector with u, andu, ateachcell listedtogether To achieve this aggregation, we needto createa
discretespacecapableof representingectorvaluedfunctions.

TSFVectorTy pe petra = new PetraVector Type();

BasisFamily  basis = new Lagrange(l);
TSFArray<Ba sisFamily> multiVari  ableBasis = tuple(ba sis, basis);
TSFVectorSp ace multivari  ableDiscreteS  pace
= new SundanceV ectorSpace(myM esh, multivar iableBasis, petra);
Expr u = Discrete Function::disc retize(multiv ariableDiscre teSpace,
List(sin( x)*sin(y), cos(x)*co  s(y)));

In mary problemsiit is necessaryo usea mixed setof basisfunctions. For example,in the
Taylor-Hood discretizationof the incompressile Navier-Stokes equationsthe velocity compo-
nentsarerepresentewvith 2ndorderpolynomalsandthe pressuravith 1storderpolynomals.

TSFVectorTy pe petra = new PetraVector Type();

BasisFamily  basisl = new Lagrange(l);
BasisFamily  basis2 = new Lagrange(2);
TSFArray<Ba sisFamily> multiVari  ableBasis = tuple(ba sis2, basis2, basisl);
TSFVectorSp ace multivari  ableDiscreteS  pace
= new SundanceV ectorSpace(myM esh, multiVar iableBasis, petra);
Expr uAndP = DiscreteFun ction::discre tize(multivari ableDiscreteS  pace,

List(y, x, 0.0));

6.3.7.3 Readinga discrete function

Many meshfile formatshave the ability to storefield dataalongwith the mesh. This field data
can be associatedvith elementsor with nodes,dependingon the application and the physical
meaningof thefield. Differentmeshfile formatwill index fieldsin differentways;for example,
the Exodusformat associatemameswith fields, while Shevchuk’s Triangle format simply lists
attributes.Generallywe canlook up fieldsby eitheranameor by anumberindicatingtheposition
in anattributelist. Someexamplesfollow:

MeshReader reader = new ShewchukMeshReader(*myMesh ");
Expr temperature = reader.getNo dalField(0);

Expr velocity = reader.g etNodalField( 1, 2, 3)

Expr pressure = reader.g etElementalFi  eld(4)
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MeshReader reader = new ExodusMeshReader(“myMesh.e  x0");

Expr pressure = reader.g etElementalFi  eld(“pressure ");
Expr velocity = reader.g etNodalField(  “ux”, “uy”, “uz”)
Expr temperature = reader.getNo dalField(“te mperature”);

6.3.7.4 Derivativesof discretefunction

Many basisfunctionsusedin finite elementscalculationsare only pieceavise differentiable:the
functionis continuouseverywhereanddifferentiablein theinterior of eachcell, but the derivatve
is not definedat boundariedbetweencells. Suchbasisfunctions,andfunctionsrepresentedvith
them,aresaidto have C° continuity Sincethederivative of suchafunctionwill notbecontinuas
at elementboundariesthe derivative of a C? functionis not necessarilyC°. Thus,the derivative
of a discretefunctiondefinedwith a particulardiscretespacecannotbe represente@xactly with
anotherdiscretefunctiondefinedwith thatsamespace.

For this reason,it is imposgble to createdirectly a discretefunction from the derivatve of
anotherdiscretefunction. Thefollowing will resultin aruntime error:

Expr f = new DiscreteFun ction(discret eSpace, sin(x));
Expr dfdx = new Discrete Function(disc reteSpace,  dx*f);

If fisaC? function,it is possibé to integrate derivativesof f. Theintegral is well-defined
sincetheregiononwhich f is nondifferentiablédhave novolume.Numerically it is usuallypossible
to do suchintegrals becausehe quadraturepoints are usually in the interiors of cells. Soit's
perfectly sensible and quite common,to write a weak PDE thatincludesderiatives of discrete
functions.

What is not possibleis to obtain pointwise valuesof the deriative of a discretefunction.
This is not a comma operationduring the solution of a PDE, but you may often want to see
derivative valuesduring postprocesag andanalysis.Becauseointwisevaluesarenot available,
it isimpossble to createdirectlyadiscretefunctionfrom thederivative of anothediscretefunction.

Thefollowing will resultin aruntime error:

Expr f = new DiscreteFun ction(discret eSpace, sin(x));
Expr dfdx = new Discrete Function(disc reteSpace, dx*f);

If youreallywantto look at pointwisederivative values the bestthatcanbedoneis to approx-
imatethederivaiive by projectinginto a C° space Therearemary waysto dothis; oneof themost
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commonis a least-squareprojection,in which you choosecoeficientssuchasto minimize the
squaredesidual.

This is acommonenoughoperationthat Sundancédiasa predefinednethodfor least-squares
projection:

/I fO is a discrete function
Expr gradF = L2Projectio n(discreteSpa ce, List(dx, dy)*f0)

Note that sincethis operationrequiresthe solution of a linear system,it is time-consuming.
Again, it usuallyneedgo bedoneonly asa postgocessingstep.

Finally, it shouldbe pointedout thatthe differencebetweena derivative andits L? projection
will decreasasthefunctionbecomesmootherFor thisreasonthe L2 residualof aderivative can
beusedasanerrorestimato.

6.3.8 Cell property functions

In someproblemsyouwill needanexpressio to represenpropertiesof ameshcell. For example,
stabilizaton method suchas SUPG have termsinvolving A, the local meshspacing. In some
problemsanexplicit expressiorfor aboundarynormalis needed.

Thelocal meshspacingcanbe obtainedusinga CellDiame terExpr , createdasfollows.

Expr h = new CellDiamete rExpr();

Similarly, the outward normal of a boundarycell is given by a CellNor malExpr , con-
structedas

Expr n = new CellNormalE xpr();

6.4 Geomdric componets

6.4.1 Meshes

Sundanceanuseunstructuredneshesn 1, 2, or 3 dimensims. To Sundancea Mesh objectis
aconnecteccomplex of cells. A zero-cdl is apoint. A maximal cellsis definedwith dimenson
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equalto the spatialdimenson of the mesh.Eachfacetof a maximalcell is itself a cell, andsoon
down to zerocells. Every discretegeometricentity in Sundancas a cell; thereis no distinction
betweerf'elements”,“edges”,and“nodes”. All arerepresentetdy Cell objects.

Sundanceurrentlysupportghefollowing cell types:

e zero-cells:points
e one-cellslines
e two-cells:trianglesandquadrilateralg“quads”)

e three-cellstetrahedrq“tets”) andhexahedra(“bricks” or “hexes”)

The systemfor representingellsis extensible,so that an advancedusercanaddadditionalcell
typessuchasprisms

Most of the methodsof the Mesh classarefor Sundances internaluseandwill almostnever
appearatthe userlevel. Youwill sometmeswork with Cell objectsdirectly, for instancewhen
probingthevalueof afunctionata pointduringpostprocessing.

6.4.1.1 Meshl/O

Therearealmostasmary meshfile formatsasthereareengineersandit would befoolishto try to
build supporfor file I/O directlyinto theMesh object. SundanceisesanextensibleMeshReader
classheirarchyto provide an interfacefor readingfrom meshformats. The currentversionof
Sundancesuppors readersfor threemeshformats: a natve Sundanceext format, Shevchuk’s
Triangleformat,and Sandia$ Exodusll format. If you wantto supportsomeothermeshformat
youwill have to implementyour own MeshReaderBase subtype.

Using a MeshReader is very simple. You createa MeshReader objectasa handleto
an appropriatesubtype,and thenyou call the readMesh( ) methodto returna Mesh object.
Thefollowing codereadsa meshin Shevchuk’s Triangleformatfrom filestBird.1.p  oly and
tBird.1 .ele

MeshReader reader = new ShewchukMeshReader("tBird.1 ")
Mesh mesh = reader.getMe sh();

Similarly, to write ameshto Triangleformatonedoes
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MeshWriter — writer = new ShewchukMeshWriter("myMesh" );
writer.writ eMesh();

6.4.1.2 Meshgeneratorinterface

ClassMeshGenerator  providesaninterfacefor meshgeneratorsandthereareimplementations
for building several simple meshtypes. In principle it would be possibleto connecta powerful
third-party meshgeneratoito Sundancehroughthe meshgeneratotinterface,but it is generally
simpler to have themeshemvrite the meshto afile which canbereadby a MeshReader object.

The mostcommonuseof MeshGenrerator s to build toy meshedor testproblems. The
threebuilt-in MeshGener ator subtypesare

e LineMes her meshealine
e Rectang leMesher meshesrectanglewith triangles

e Rectang lerQuadMe sher meshesrectanglewith quadrilaterals

6.4.2 Cell sets

A CellSet objectis usedto definea setof cellson which anequationor boundarycondition is
to beapplied.A CellSet canbedefinedindependentlyf ary particularmesh;insteadof a list
of cells, it is aconditionor setof condition thatcanbe usedto extractalist of cellsfrom amesh.

6.4.2.1 The setof all maximal cells

The MaximalCellSet  objectidentifiesall maximalcellsin a mesh. The constructorhasno
amguments:

CellSet maxCells = new MaximalC ellSet();

6.4.2.2 The setof all boundary cells

A Boundar yCellSet objectidentifiesall boundarycellsof dimension N — 1. For example,in
a 3D problema Boundary CellSet will containall 2D cells on the boundary but not linesor
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pointsthathappenrto lie ontheboundary

Theconstructohasno arguments:

CellSet  boundaryC ells = new BoundaryC ellSet();

6.4.2.3 Defining subsets

Givenacell set,we canusethesubset( ) methodto definea condition thatcanextracta subset
of the original cell set. The condition canbe a mathematicakquationor inequaliy that mustbe
satisfiedby ary cell to beacceptednto theset,or it canbeastringlabel. In “real world” problems
the mostcommoncondition for defininga cell setwill be a labelthatis associateavith the cells
by thecodethatproducedhe mesh.

CellSet  boundary = new Boundary CellSet();
CellSet wall = boundary. subset(“wall ");
CellSet arc = boundary.s ubset(x*x + yty == 1.0 && x < 0.5);

6.4.2.4 Logical operationson cell sets

Cell setscanbecreatedby doingsetoperations- unionandintersection- ontwo or moreexisting
cell sets.Union andintersectiorarerepresentedy the overloadedaddition(+) andlogical AND
(&&) operators.

6.5 Discretization

6.5.1 Basisfamilies

Every unknown field or testfunctionin a Sundanceroblemmustbe givena basisfamily .

Currently the only basisfamilies supportedin Sundanceare the Lagrangefamily and the
Serendipityfamily. Lagrangebasisfunctions use Lagrangeinterpolationaboutthe elements
nodes.Serendipitybasisunctionsarespecializedo quadrilatera(“quad”) andhexahedral*brick”)
cells;they requirefunctionvalueson cornerandedgenodesonly, notonfaceor centemodes.
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6.5.2 Quadraturefamilies

Theintegralsin a Sundanceveakform aredoneby numericalintegration, or quadratureWhatis
relevantto userlevel Sundanceodeis how onecanspecifya suiteof quadratureulesto beused
for agivenweakform. Noticethatit will not suffice to specifya quadratureule, because given
term may be integratedon several differentcell types. For example,a meshmay containboth
guadcellsandtrianglecells,andthe two differentcell typeswill requiretwo differentquadrature
rules. Whatis neededs a specificationof a family of quadratureulesratherthana single rule.
The userlevel specifierof afamily of quadratureulesis the Quadratur eFamily object. The
buildQu adratureP oints()  methodof Quadratu reFamily returnsa setof quadrature
pointsandweightsappropriatedo agivencell type. Theuserpicksaquadraturdamily by selecting
the appropriatesubtypeof Quadratu reFamilyB ase andsupplyingthe desiredconstructor
arguments For example,

QuadratureF amily gauss4 = new Gaussia nQuadrature(4)

createsanobjectthatcanproducea 4-th orderGaussiamquadratureule for any cell type.

6.5.2.1 Gaussian Quadrature

Gaussiamuadratureules specify both pointsandweightsto give optimal accurag for all poly-

nomialsthrougha given degree. Gaussiamuadraturerules for a line can be derived from the

propertiesof the Legendrepolynomals; seeary textbook on numericalanalysisfor a discusson.

Gaussiamuadraturgulesfor quadrilateral@andbricks canbe formedas“tensorproducts”of line

rules. Thedevelgpmentof Gaussiamuadraturgulesfor trianglesandtetrahedras anongoingre-

searcharea;anonlineliteraturesurwey throughl1998canbefoundat Steve Vavasis quadratureand

cubaturepage. SymmetricGaussiamuadratureulesthroughmoderateorder have beendevel-

opedfor trianglesby Dunavant[3q andfor tetrahedrdy Jinyun[63]. A summaryof thequadrature
rulesthatwill be generatedy Sundances GaussianQuadra ture objectis givenin thetable

below.

Ihttp://iwww.cs.conell.eduhomehavasis/quad tml
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Cell type | Available orders | Reference Comments

Line all e.g.Hughes[59

Triangle | 1-12 Dunavant[39 Orders3,7,and11 have negative weights.
Quad ary Tensorprojectof two line rules.

Tet 1-6 Jinyun63] Order3 hasa neggaive weight.

Brick ary Tensorprojectof threeline rules.

6.5.3 Upwinding

Sundancehas no built-in upwinding capability however, it is straightforvard to use existing
Sundanceomponentgo do upwindingvia the streamwiseupwinding Petro/-Galerkin (SUPG)
method.

6.5.4 Specifiation of row and column spaceordering

Theorderin which equationsandunknavnsarewritten canmake a differencein the performance
of alinear solver, andin keepingwith the goal of flexibility, Sundancegivesyou the ability to
specifythis ordering. In orderto understandow Sundances orderingspecificationworks, let’s
look into how Sundancelecidesunknavn andequatiomumbering.

Given a meshand a set of unknavns the Sundancediscretizationenginewill traversethe
meshone maximalcell at a time andfind all unknovns associatedvith that cell andits facets.
In a problemwith multiple unknavns sayvelocity, pressureandtemperaturetherecanbe more
thanoneunknowvn associatedvith a cell; if so,the unknavnsareassignedn the orderthattheir
associatetdnknownFunction objectsarelistedin theStaticLi  nearProbl emconstructor
This schemagives ustwo waysto controlthe unknonvn ordering:

e Cell ordering specifieghe orderin which cellsareencounteredsthe meshis traversed.

e Function ordering specifiegsheorderin which differentfunctionsarelistedwithin asingle-
cell.
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6.5.4.1 Cell ordering

Cell orderingis controlledby giving the linear problemconstructora CellReo rderer object.
Currently therearetwo subtypeof CellRe orderer ,

e RCMCellReorderer useghereverseCuthill-McKeereorderingalgorithm(e.g.,Saad98)).
TheRCM algorithmis a modifiedbreadth-firssearchwith desirabldoehaior duringmatrix
factoring.

e Identit yCellReor derer usestheoriginalorderingusedbythemesh,.e.,it doesno

reordering.

ThedefaultisRCMCelReordere r,andit isagoodgenerathoice.Youmight useldenti tyCellReo rderel
in casesvhereyour meshalreadyhasafavorablecell ordering,savzing the(small)expenseof doing
anunnecessargeordering.

The cell reorderingsystemis extensble; your favorite reorderingalgorithmcanbe addedto
Sundancdy writing anew CellReo rderer subtype.

Thesamecell reorderingschemas usedfor equatiomumberingrows) andunknovn number
ing (columns).Thus,cell reorderingsarealwayssymnetric.

6.5.4.2 Function ordering

Functionorderingis controlledby the orderin which testor unknovn functionsappearin the
linear problemconstructor For exampk, if ux, uy, andp areunknavnswe canorderthemas:
List(lux , wuy, p),orasList(p, ux, uy) orary of theotherpermutationsA list with
thedesiredorderingis givento the StaticLin ~ earProble mconstructor

StaticLinea  rProblem problem(mes h, eqn, bc, List(vx, vy, @), List(ux,
uy, p), vecType);

Noticethatthetestfunctionsneednothave thesameorderingastheircorrespondinginknovns
anonsymnetric orderingsuchas

StaticLinea  rProblem problem(mes h, eqn, bc, List(vx, vy, Q), List(p,
ux, uy), vecType) ;

is possilbe.
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6.5.5 Block structuring

It is possibé to groupunknavnsandequationsnto blocks, in which casethe stiffnessmatrix be-
comesablockmatrixwith eachblockbeinganindependentbject. Sundancesblockingcapability
makespossiblethe useof block solversandpreconditiorrs.

As with function ordering,block structuringis specifiedby organizationof the unknovn and
testfunctionargumentdgo the StaticLin ~ earProble mconstructor

Array<Block > unkBlocks = List(Block(L ist(U, V), petraType ), Block(P, petraTyp e));

6.6 Boundary conditions

Therearemary waysto applyboundaryconditions(BCs)in afinite elementsimulaton,andSun-

danceis designedo be flexible in methodsof applying BCs. To begin with, theway a BC gets
written dependsstrongly on the way the weak problemhasbeenformulated;for example,BCs

will be written quite differently in least-squareormulationsthanin Galerkinformulatians. For

the purposeof userlevel Sundancecode,the mostimportantclassificationof boundarycondi-

tionsis the distincion betweerBCsthataddinto an expressiorandBCsthatreplacean expres-
sion. BCsthataddin to anexpressim aresimdy incorporatednto anintegral  object,while

replacement-typboundaryconditiors arespecifiedusingEssential BCobjects.In Sundance,
geometricsubdonainsareidentifiedusingCellSe t objects.ThesurfaceonwhichaBC isto be

appliedis specifiedby passingasanamgumentthe CellSe t representinghatsurface.

6.7 Problemmanipulation

Oneof the mostpowerful featuresof Sundances the ability to automatdranformationof prob-
lems.

6.7.1 Linearization

It is possibleto have Sundanceautomatethe linearizationof a nonlinearequation. Automated
linearizationis restrictedto full Newton linearization;alternatve linearizationschemesuchas
Oseermustbe doneby hand.
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Thelinea rization( u, u0) methodsof Expr andEssentia IBC areusedto returna
new linear expressioror BC. Linearizationis alwaysdoneaboutaninitial guessu0, which must
beadiscretefunctionwith thesamestructureastheunknovn algumentu. Thenew expressio has
a new unknown function for the Newton step,or differential,which will have the samestructure
astheoriginalunknovn u. Callinglineari  zation()  on alinearexpressio simply obtains
the samelinear expressionput in termsof the Newton stepfor the original unknovn. Note that
if eitherthe PDE or BC are nonlinear both mustbe linearizedin orderto transformboth into
equationgor the Newton step.

6.7.1.1 Example: Poisson-BoltzmannEquation

For example the Poisson-Boltzmanequation
/Vu -Vo+wve =0 (6.7.8)
with boundaryconditions
u(top) = upc (6.7.9)
canbelinearizedasfollows.
Expr egn = Integral((gra d*u)*(grad*v) + exp(-u)*v);
EssentiaBC bc = EssentialBC(to p, (U - uBC)*v);

Expr linearizedEq n = eqn.linear ization(u, u0);
EssentiaBC  linearizedBC = bc.lineari zation(u, u0);

TheresultingexpressiorandBC areequationgor the Newton step,accessibl@sanunknovn
functionthroughthedifferent  ial()  methodontheoriginal unknown,

Expr du = u.diffe rential();

Completecodefor the solutionof the Poisson-Boltzmanaequation(6.7.8)is shavn below.

#include  “"Sundanc e.h"

/**  \example inlinePoiss  onBoltzmannlD .cpp

* Solve the Poisson-Bol tzmann equation \f$\nabla™2 u = e-u$ on the unit
* line with boundary condition s:

* Left:  Natural, du/dx=0

* Right: Dirichl et u = 2 log(cosh(l/ sqrt(2)))

*
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* The solution is 2 log(cosh(x /sqrt(2))).

* The problem is nonlinear, so we use Newton’s method to iterate
* towards a solution.

*

*/

int  main(int argc, void**  argv)

{
try
{

Sundance:i nit(&argc, &argv);

[* create a simple mesh on the unit line *

double L=1.0;

int n = 10;

MeshGenerat or mesher = new Partitioned LineMesher(0. 0, L, n);
Mesh mesh = mesher.getMes h();

[* define an expression represe nting the x-coordina te function */
Expr x = new CoordExpr(0) ;

/* create a cell set representi ng the right boundary */
CellSet  boundary = new Boundary CellSet();
CellSet right = boundary. subset( x == L );

[* create a discrete space on the mesh */
TSFVectorSp ace discreteSp ace
= new SundanceVe ctorSpace(mes h, new Lagrange(2));

/* create an expression for the initial guess. This will be reused as the
* starting point for each newton step. Assume u(x)=x as an initial

* guess, and discretize it.

*

Expr u0 = new DiscreteFun ction(discret eSpace, Xx);

[* create symbolic objects for test and unknown functions. At each newton
* step we will solve a lineari zed equation for a step du, so our

* unknown is du. *

Expr u = new UnknownFunct ion(new Lagrange(2), "du");

Expr v = new TestFunction (new Lagrange (2), "du");

[* create a differential operator representin g the x-derivative. */
Expr dx = new Derivative(  0);

[* lineariz ed weak equation for the step du */

Expr nonlinearEqgn = Integral((d X*u)*(dx*v) + v*exp(-u));
Expr linearizedEgn = nonlinearE qgn.linearizati on(u, u0);
Expr du = u.differ ential();

/* Dirichle t boundary condition */

double uBC = 2.0*log(cosh  (L/sqrt(2.0)) );

EssentiaBC  bc = Essentia IBC(right, (u-uBC)*v ) ;
EssentiaBC  linearizedBC = bc.lineariz ation(u, uo);
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/* linear problem for the step du *
StaticLinea  rProblem  prob(mesh, linearizedEgn, linearizedBC , v, du);

/* create linear solver  */

TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);
TSFLinearSo Iver solver = new BICGSTABSIver(1.0e-12 , 1000);
NewtonLinea rization newton(prob , u0, solver);

Expr soln = newton.solve( NewtonSolver( solver, 8, 1.0e-12, 1.0e-12));

/I compare to exact solution
Expr exactSoln = 2.0*log( cosh(x/sqrt(2 .0));
Expr error = new Discrete Function(disc reteSpace, soln-exac tSoln);

/* write to matlab */

string  filename = "pblD." + TSF:toStr ing(MPIComm:: world().getRan k()
+ ".dat";

FieldWriter writer = new MatlabWriter(  filename);

writer.writ eField(soln);

/I compute the norm of the error

double errorNorm = (exactSoln - soln).norm(2)
double tolerance = 1.0e-4,
TSFOut:pri  ntf("error = %g\n", errorNorm);
Testing::pa  ssFailCheck(__  FILE__, errorNorm, toleran ce);
}
catch(exc eption& e)
{
Sundance::h andleError(e, __FILE_);
}

Sundance: :finalize();

6.7.2 Variations

Automatedcalculationof variationscanbe usefulin a numberof ways. For PDEsthat canbe
derived from a variational principle, Sundances variationalcapability can be usedto derive the
PDE.A particularlyinterestingapplicationof thisis to derive a FOSLSdiscretizatiorfrom aleast-
squaredunctional. Anotherimportant useof automatedsariationalcalculationss to obtainthe
first-ordernecessargonditionsfor optimality.

An exampleof theuseof thevaria tion()  methodo obtainfirst-orderoptimality conditions
for aPDE-constrainedptimizationproblemwasshaovn in section6.2.
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6.7.3 Sensitvities: Gradients and Hessians

With someoptimization algorithrirs, we will wantto evaluatethe gradientor Hessianof an ob-
jective function with respectto a field v or parameterr. In Sundancethis is doneusingthe
directS ensitivit y methodof Expr .

6.8 Linear Algebra and Solvers

Therearemary high-quality numericallinearalgebrgpackagesn use,soSundanceés designedo
allow third-partylinearalgebrgpackageso beimportedasplugins.All numericalinearalgebran
Sundancés doneusingtheTrilinosSolver Framavork (TSF),andthe TSFin turn supportglugins
of third-partytypes.

Userspecificatiorof alinearalgebrarepresentatiois doneby meansof a TSFVect orType
object. This objectknows how to build a vectorspacegivena meshandsetof functions andthe
vectorspacen turn knows how to build a vectorof the appropriateype.

6.9 Transient problems

Currently Sundancéasno high-level supportfor transiensimulatons. However, it is notdifficult
to codesimpletimesteppg schemesglirectly in Sundance.

ConsiderCrank-Nicolson(BE) time discretizationfor the transientheatequation. If we dis-
cretizein time but leave spaceundiscretizedor the moment the stepfrom u; to u;, iS givenby
thePDE

1
Uir1 = U = 01 [VZuit1 + Vu] (6.9.10)

plus associatedBCs. We cannow solwe this equationusing Sundanceandthe solution may be
usedasthestartingvaluefor the next step.

#include  “"Sundanc e.h"

* \example timeStepHeat 1D.cpp

*

* This example shows how to do timestepping in Sundance. We solve the
*

*

transien t heat equation in one dimension using Crank-N icolson time
discreti  zation. The time discretiz  ation is done at the symbolic level.
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* Spatial  discretizatio n is done via StaticLinearP roblem, yielding system
* matrices and vectors that can be used to march the problem in time.

* We solve the heat equation u_xx = u_t with boundary condition s
* u(0)=u(l )=0 and initial conditions u(x,t=0)=sin( pi x). The solution
*is u(x,)=exp( -pi'2 t) sin(pi  Xx).

*/

int
{
try

main(int  argc, void**  argv)

{

Sundance:i nit(&argc, &argv);

[* create a simple mesh on the unit line */

int n = 100;

MeshGenerat or mesher = new LineMesher( 0.0, 0.5, n);
Mesh mesh = mesher.getMes h();

[* create unknown and variation al functions */
Expr delU = new TestFunct ion(new Lagrange(l)) ;
Expr U = new UnknownFunct ion(new Lagrange(l)) ;

/* create a differentiati on operator */
Expr dx = new Derivative(  0);

/* the initial conditions will  be u0(x,t=0) = sin(pi*x).

* create a coordinate expressi on to represen t X, then

* create sin(pi*x ), and then project it onto a discrete function
Expr x = new CoordExpr(0) ;

double pi = 4.0*atan(1.0) ;

TSFVectorSp ace discreteSp ace
= new SundanceVe ctorSpace(mes h, new Lagrange(1));

Expr u0 = new DiscreteFun ction(discret eSpace, sin(pi*x));

/*
set up crank-ni colson stepping with timestep = 0.02. The time
discreti  zation is done at the symbolic level, yielding
an elliptic problem that we solve repeated ly for the updated

solution at each time level.
*/

double deltaT = 0.02;
Expr cnStep = delU¥(U - u0) + deltaT*( dx*delU)*(dx* (U + u0)/2.0);
Expr egn = Integral(cnSte p);

/* Define BCs to be zero at both ends *

CellSet  boundary = new Boundary CellSet();

CellSet left = boundary.s ubset( fabs(x - 0.0) < 1.0e-10 );
CellSet right = boundary. subset( fabs(x - 1.0) < 1.0e-10 );
EssentiaBC  bc = Essentia IBC(left, delU*V);
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/* create a solver object *
TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);
TSFLinearSo Iver solver = new BICGSTABSIver(prec, 1.0e-14,  300);
/*
put the time-discretiz ed egn into a StaticLinear Problem object
which will do the spatial discretiz  ation.
*
StaticLinea  rProblem prob(mesh, egn, bc, delU, U);
/*
Now, loop over timesteps, solving  the elliptic problem for u at each
step. At the end of each step, assign the solution solnU into  uO.
Because Exprs are stored by reference, the wupdating of uO propagates
to the copies of u0 in the equation set and in the
StaticLi  nearProblem.  The same StaticLinear Problem can be reused
at all timestep s.
*
int nSteps = 100;
for (int i=0; i<nSteps; i++)
{
/* solve the problem *
Expr soln = prob.solv e(solver);
TSFVector solnVec;
soln.ge tVector(solnVe  c);
uO.setV ector(solnVec) ;
/* write the solution at step i to a file *
char fName[20] ;
sprintf  (fName, “"timeStepHea t%d.dat", i);
ofstrea m of(fName);
FieldWwr iter writer = new MatlabWri ter(fName);
writer.  writeField(u0) ;
cerr << '"[" << i << "
f* flush the matrix and RHSvalues */
prob.fl  ushMatrixValue s();
}
cerr << endl
/* compute the exact solution and the error */
double tFinal = nSteps * deltaT;
Expr exactSoln = exp(-pi* pi*tFinal) * sin(pi*x);
/*
compute the norm of the error
*
double errorNorm = (exactSoln-u  0).norm(2);
double tolerance = 1.0e-4,
/*
decide if the error is within tolerance
*
Testing::pa  ssFailCheck(__  FILE__, errorNorm, toleran ce);
}
catch(exc eption& e)
{
Sundance::h andleError(e, __FILE_);
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}

Sundance: :finalize();

}
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Chapter 7

SundanceOptimization Survey

7.1 Sundance-rSQP++ Interface

Herewe describethe basicsof a softwareinterfacethatallows rSQP+ to solve (possiblyin par
allel) PDE-constraineaptimization problemsthat are modeledusing Sundance.One of the re-
guirementdor this interfacewasthatit shouldbe as easyaspossible(and requireaslittle new
codeaspossible)to prototye a new optimizationapplication. Thereareseveraldifferentaspects
to a Sundance-rSQP+applicationthat arelogically independenof eachotherandthe software
structurereflectsthis separatiorof concernsBeforegoinginto the specificsof the softwarestruc-
ture, we describehe differentindependentomponerg thathave to be dealtwith. A few of these
independentomponert are (1) the statemenbf the PDE-constraine@ptimization problem,(2)
thelinearalgebramplementationand(3) how the optimizationproblemis solved.

Thebasiclinearalgebraimplemenationsusedby a Sundanceapplicationis determinedy an
abstracTSF:: TSFVect or Type object.Forexample asshavnin Chaptei6, every Sundance -
:Discr eteFuncti on andSundance::Stati  cLinearPr oblem objectmusthaveaTSF-
Vect or Type objectpassednto their constructors.By parameterizinga Sundanceapplication
with aTSFVect or Type objectandacompatibleTSF:: TSFLi near Sol ver object,thespec-
ification of the linear algebraimplementabns is completelydetermined. The interface NLP-
Interfa cePack:: SundanceProbl enfactory (or SPF for short) has beendefinedto
abstractthe Sundance?DE-constraineaptimization formation. The SPF interface allows the
developmentof a Sundanceptimizationformulation thatis independentf thelinearalgebram-
plementatia andthis components discussedh Section7.1.2.
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Anothercritical part of the Sundance-rSQP+interfaceis the linear algebrainterface. Sun-
danceuseghe Trilinos Solver Frameavork (TSF) asits abstracinterfaceto linearalgebran much
thesamewaythatrSQP++usesAbstra ctLinAlgP ack (ALAPfor short).Both TSFandALAP
supportRTOpoperatorsand have a very similar objectmodel (both are basedon HCL [51], but
with ALAP to a lesserextent) so it was fairly trivial to develgp the “Adapter” [42] subclasses
to put ALAP interfaceson TSF linear algebraobjects. The detailsof this ALAP-TSF interface
are discussedn Section7.1.1. The particularsof thesebasiclinear algebrainterfacesare not
of much concernto individuals that simply want to use Sundance-rSQP+to prototype PDE-
constrainedptimization problems. To relieve basicusersfor the concernsaboutlinear algebra
implementationsusedby Sundanceby a simple concreteC++ classcalled NLPInte rface-
Pack::S undanceLi nAlgFacto ry (seeFigure7.2) hasbeendevelopedthatautomateghe
tasksof allowing usersto selectbasicoptionsandof creatingcompatibleTSFVect or Type and
TSF: : TSFLi near Sol ver objectsthat are usedby a specific SPF objectto definethe Sun-
danceoptimizationproblem. The examplemain programin Section7.1.4shavs how this classis
usedto specifythelinearalgebrafor a Sundance-rSQP+ optimizationproblem.

Finally, oncethelinearalgebramplementationgndthe PDE optimizaton problemhave been
definedthelastcomponento specifyis theoptimizationalgorithm. Thisis whererSQP+ comes
in. The primary interfaceto rSQP++is throughthe abstracthaseclassNLPInt erfacePac k-
> NLPFi r st Order | nf o (seeSection4.2.3.2). ThesubclasNLPInte rfacePack ::NLP-
Sundanc e implementsthis interfacefor Sundanceoptimization problems. The detailsof the
NLPSundance subclassredescribedn Section7.1.2.

7.1.1 AbstractLi nAl gPack-TSF Linear Algebra interface

The Sundance-rSQP+terfaceusesthe explicit partitionng of variablesinto statesandcontrols
asshavnin Chapter2. In orderto implementtheSundance-rSQP+hterface vectorspaceobjects
for the stateandcontrolvariables a generalmatrix objectfor the sub-Jacobiafor the controls%
or N anda non-sirgular matrix objectfor the sub-Jacobiawnf the statesg—; or C areall needed.
Figure 7.1 shavs a UML classdiagramfor the adaptersubclassesequiredfor the ALAP-TSF
interface. Theseinterfaceclassesrecollectedinto a separatgrojectlibrary calledAbstrac t-
LinAlgP ackTSF. Theseadapterclassesarevery straighforward andrequirelittle explanaton
but somesimplecommentsarein ordet

The Vect or Wt hCpMut abl eTSF adaptersimply forwards RTOp operatorsthroughthe
appl y_reduction(...) andapplytransformation(...) methodsontotheaggre-
gateTSFVect or Base object(throughaTSFVector handleobject). Thatis basicallytheextent
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MatrixWithOp

/\
| VectorWithOpMutable |
AN Zﬁ |MatrixWith0pNonsinguIar| | MatrixWithOpTSF
| VectorSpaceTSF H VectorWithOpMutable TSF | | ZF
/I\— | MatrixWithOpNonsingularTSF |
bo TSF:: TSFVect
|TSF..TSFVectorSpace | ector | TSF:: TSFLinearOperator |
\I/ | TSF::TSFLinearSolver | \I/
[TSF:: TSFVectorBase
| TSF:: TSFVectorSpaceBase | |TSF::TSFLinearOperatorBase |
| TSF::TSFLinearSolverBase |
Figure 7.1. UML class diagram

Abst ract LinAl gPackTSF, Adapter subdassesfor ALAP-
TSFinterface

of this subclassThroughtheseoperatomethodgwhich have the samebasicimplementationpll
of theadvancedeaturesf therSQP++algorithis canbeimplemenédthroughspecializedRTOp
objects.

TheVect or SpaceTSF adapteuseshecr eat eMenber () methodof theaggregateTSF-
Vect or SpaceBase objecttoimplementhecreate _member() methodandreturnsaVector-
WithOpMutableTSF with anembedded SF vectorobject.

TheMat ri xXW t hQpTSF adaptessimply forwardsthevectoragumentgaftersomedynamic
castingto get the TSF objects)from the Vp St M V(. ..) methodon to the TSFLi near -
Qper at or Base objectthoughits appl y(...) orappl yAdjoint(...) method (de-
pendingonthevalueof thetransposargument).

SincetheTSFLi near Qper at or Base interfacedefinegshemethodsappl yl nverse(...)
andappl yl nver seAdj oi nt (.. .), it would seemthatthe every TSFLi near Qper at or -
Base objectshouldbe ableto supportthe Mat r i xXW t hOpNonsi ngul ar interfacebut thisis
notthecase.nsteadthesubclasd/at r i xXW t hOpNonsi ngul ar TSF is neededvhichrequires
aTSFLi near Sol ver Base objectto solvefor linearsystemsn themethodvl nvM V(. . .).
The inversemethodsof on the TSF operatorobjectareignoredsincethereis no guaranteghat
they will beimplemenéd for a particularlinear operatorobject. This wasan important concept
thatwasdiscoveredduringthe developrentof the Sundance-rQP++interface.
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NLPFirstOrderinfo IReducedSpaceSQPPack:: rSQPppSolver

nlp

NLPSundance

constriants

_______ ) Sundance::StaticLinearProblem

I
|
! i
: 1 getOperator() : TSFLinearOperator
| 1 getRHS() : TSFVector
|
¥ 1

«create»

SundanceProblemFactory

————

createProblem(in vec_type, out constraints, out obj_func, out x_initial) )

T I

I
NV

1
1
\II/ SundanceObjectiveFunction

[TSF:: TSFLinearSolver TSF:: TSFVectorType eval(in discr_states, in discr_designs) : double

grad(in discr_states, in discr_designs, out grad_states, out grad_designs)

obj_func

linear_solver

|TSF::TSFLinearSoIverBase | |TSF::TSFVect0rTypeBase |
AN

obj_func_expr

l «create» «create»

X_initial

SundanceLinAlgFactory

Sundance:: ExprBase

get_lin_alg_components(out vec_type, out linear_solver)

Figure 7.2. UML classdiagram: Sundae-rSQP++interface

Seethe Doxygendocumentatio for the packageAbstra ctLinAlgP  ackTSF for morede-
tails onthis ALAP-TSF interface.

7.1.2 NLPSundance: Interface betweenSundancePDE-Constrained Opti-
mization Problemsand rSQP++

Figure7.2shavsthebasicinterfacesandsubclassethatmake up the Sundance-rQP++interface.
Userscreatesubclassesf the SPF interfaceto implementa new PDE-constraine@ptimizaton
problem. A SPF object,alongwith TSFVect orType and TSFLi nearSolve r objects,are
passedo the constructonf theNLP subclassNLPSundance..

Thecr eat eProbl en{. . .) methodof the SPF objectis calledby theNLPSundance ob-
jecttocreateéSundanc e::Static  LinearPro blem andSundance Objective  Function
objects. The StaticL inearProb lem objectis usedto representhe setof underdetermined
nonlinearconstrains c¢(y, u) shovnin (2.1.2). Associatedvith a StaticLi  nearProbl emob-
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ject mustbe a Sundance: :Expr object(calledx dnitial in the figure), that containsthe
Sundancaliscretefunctionswith theinitial guesdor the statesandcontrols. Thesediscretefunc-
tions mustbe usedto form the variational equationsor the PDE constraints The setupof the
StaticL inearProb lem objectmustbedonein aspecificway in orderto be usedwith NLP-
Sundanc e whichis shavn in thebelonv exampleprogram.

TheclassSundance Objective Function is notabuilt-in Sundancelassbut wasdevel-
opedfor the Sundance-rSQP+interfaceto encapsulatéow the objectve function andits gra-
dientsare computed. The concreteSPF objectcreatesa Sundance::Expr  objectthatrepre-
sentsthe objective function (seeSection7.1.4for anexampk) andit is this expressiorobjectthat
getsembeddedn the Sundance Objective Function objectthatis returnedto the NLP-
Sundanc e object.

TheNLPSwndance objectextractsTSFVector objectSromtheSundance: :Expr object

x_initia | for theinitial guesdor the statesandthe controlsas
X_initital[ 0].getVector( states_vec);
X_initital[ 1].getVector( controls_vec)

andthenbuilds a Abstrac tLinAlgP ack::Vect orSpaceCo mpositeSt d objectfor
the concatenatiownf the space®f the statesandthe controls

states_spc
controls_sp ¢

states_ve c.getSpace();
controls_  vec.getSpace( );

into a single Abstrac tLinAlgPa ck:: Vect or Space object. Much of the machinery
for handlingthe mappingfrom different spacesand vectorsfor the statesy andthe controlsu
to a single spaceand vector for the variablesz? = [ yt' ur } is implemened by the same
Abstrac tLinAlgPa ck::Basis SystemCompositeStd  subclasausedby the simple ex-
ampleNLP describedn Section7.1.4.This basis-sygmsubclasslsohandlegheformationof a
Abstrac tLinAlgPa ck:: Matri xXW t hOp objectfor thegradientmatrix Gec (V).

7.1.3 PDE Constraints

Here we carefully spell out how the constraintsmust be modeledusing Sundanceo form a
StaticL inearProb lem objectthatis returnedrom SPF: : cr eat eProbl en( .. .) . What
is requiredis thatthe discretefunctionsfor the soluton variablesandthe unknavn functionsbe
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blockedinto singlevectorsfor the statesandcontrols. For exampk, if r, s andt arethe unknowvn
(i.e. Sundance::Unkno wnFunctio n) statevariablesandv, w arethe unknavn controlvari-
ablesthenthesevariablesmustbe combinednto statey andcontrolu variablesas

Thisis requiredsothatthe TSFLi nearOpera tor JacobiarobjectJac returnedfrom Jac
= Stati cLinearPr oblem::ge tOperator () isablockmatrixwhereC = Jac.getB lock(0,0)
is the basismatrix objectfor the stateswvhile N = Jac.ge tBlock(0, 1) isthenon-basisna-
trix objectfor the controls. Seethe Doxygendocumentatio for the classSPF for detailson the
assertiongor the constrains object.

The exampleprogramin Section7.1.4shows how this blockingis donein the simplecaseof
singleunknavn variablesfor the statesandcontrols.Blocking of multiple variablesfor statesand
controlsis shavn in the 2-D Burger's example.

7.1.4 Example Sundance-rSQP++Application

In this section,we describethe solutian of the following PDE-constraine@ptimization problem
thatis modeledby the 1-D Poisson-Boltzranequation

min 5 f[oo, (u— )2+ 52 [0 (0?) (7.1.1)
s.t. Viu—e™=0 onQ (7.1.2)
u(zr) =« onof (7.1.3)

whereQ) = [a, b], @ is thetargetvalueof the stateon the right boundaryof2,., « is a boundary
control function, and 3 is an objectve weighting term that balanceshe control objectve (for
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u) with the regularizationterm (for o). The headeffile for the SundancePr obl enfact ory
subclasgor this problemis shavn below.

ox /1 i i Mt M i I
02 /I SPFPoissonB oltzmanlD.h

03

04 #ifndef ~ SPF_POISSONBOTZMAN1D_H

05 #define SPF_POISSONBOTZMAN1D_H

06

07 #include "SundancePro blemFactory.h

08 #include "RTOpPack/in clude/RTOp_co nfig.h"

09 #include "NewtonSolve r.h"

10

11 namespace NLPInterfac ePack {

12

14

24 class SPFPoiss onBoltzmanlD: public  SundanceProbl emFactory

25 {

26 public:

27

29

31 SPFPoisson Boltzman1D(

32 value_type left, value_typ e right, int n, value_type uRight

33 ,value_type uGuess, value type aGuess, value_t ype obj_wgt

34 )i

35

38

40 void createProble  m(

41 const TSF:: TSFVector Type &vec_typ e
42 ,MemMngPack:: ref _count_ptr <Sundance::Sta ticLinearProb lem> *constri ants
43 ,MemMngPack:: ref_count_ptr = <SundanceObjec tiveFunction> *obj_fun c
44 ,Expr *x_initi al
45 ) const;

47 const Mesh& getMesh() const;

49 const CellSet& controlsC ellSet() const;

50

52

53 private:

54 Mesh mesh_;

55 Expr coord_x_;

56 CellSet  boundary_ ;

57 CellSet  right_;

58 CellSet  left_;

59 value_type  uRight_;

60 value_type uGuess_;

61 value_type  aGuess_;

62 value_type  obj_wgt_;

63 }

64

65 } // end NLPInterface Pack

66

67 #endif

Note that the headerfile SPFPoisso nBoltzman 1D.h is basicallyjust boilerplate code
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with the exceptionof someof the private datamemberson lines 54—62. The interestingcode
comesn the sourcefile whichis shovn below.

o1 /1 i Wi i i Wi I
02 /I SPFPoissonB oltzmanlD.cpp

03

04 #include  “../include/ SPFPoissonBol tzmanlD.h"

05 #include  "Partitioned LineMesher.h"

06

07 namespace NLPInterfac ePack {

08

09 SPFPoiss onBoltzmanlD: :SPFPoissonBo ItzmanlD(

10 value_type  left, value_type  right, int n, value_ty pe uRight

11 yvalue_typ e uGuess, value_type aGuess, value_type  obj_wgt

12 )

13 :coord_x_( new CoordExpr (0)), uRight _(uRight ), uGuess_(uG uess)

14 ,aGuess_(a Guess), obj_wgt (obj _wagt)

15 {

16 #ifdef RTOp_UE_MPI

17 MeshGenerator mesher = new Partitione  dLineMesher(l eft, right, n);

18 mesh_ = mesher.ge tMesh();

19 #else

20 MeshGenerator mesher = new LineMesher (left, right, n);

21 mesh_ = mesher.ge tMesh();

22 #endif

23 /I Define cell sets for the boundry and left and right edges

24 boundary_ = new Boundary CellSet();

25 left_ = boundary_.su bset( fabs(coord x_ - left) < 1.0e-10 );

26 right_ = boundary_.su bset( fabs(coord_x_ - right) < 1.0e-10 );

27 }

28

29 void SPFPoisso nBoltzmanlD::ic reateProblem(

30 const TSF:TSFVec torType &vec_type

31 ,MemMngPad::ref_count_p tr<Sundance::  StaticLinearP roblem> *constraints

32 ,MemMngPadk::ref_count_p tr<SundanceOb jectiveFuncti on> *obj_func

33 JExpr *x_initial

34 ) const

35 {

36 namespace mmp= MemMngPek;

37 using Sundance:L ist;

38

39 /I Dimensi on of the finite-ele ment basis functions used

40 const int u_basis_ dm = 1, a basis_ di m= 1;

41

42 /I Discret e state space on the entire mesh and discrete control  space on boundary
43 TSFVectorS pace discreteS tateSpace

44 = new SundanceVector Space(mesh_, new Lagrange( u_basis_dim), vec_type);
45 TSFVectorS pace discreteC ontrolSpace

46 = new SundanceVector Space(mesh_, new Lagrange( a_basis_dim), boundary_, vec_type)
47

48 /I Express ion for the initial state and controls  which are also wused for the linearization
49 Expr u0 = new DiscreteFunc tion(discreteS tateSpace, uGuess_, "u0");
50 Expr alpha0 = new DiscreteFunc tion(discreteC ontrolSpace, aGuess_, "alpha0");
51

52 /I Create the initial point for the optimize r
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53 *x_initial = List(uo, alpha0);

54

55 /I Test and unknown functions for the state and control

56 Expr u = new UnknownFuncti on(new Lagrange(u_ba sis_dim), "u";

57 Expr alpha = new UnknownFuncti on(new Lagrange(a_ba sis_dim), "alpha");

58 Expr v = u.variation 0;

59

60 /I Nonline ar state equation and boundary condition s

61 Expr dx = new Derivative (0);

62 Expr nonlinearSta teEgn = (dx*(u))*(dx *v)  + v*exp(- u);

63 EssentialB C nonlinearBC = EssentialBC ( boundary_, (u-alpha)*v, new GaussianQu adrature(1) )
64

65 /I Integra ted linearized state equation and boundary conditions

66 Expr linearizedSt ateEqn = nonlinearSt  ateEqn.linear ization( List(u,alph a), *x_initial );
67 EssentialB C bc = nonlinearBC.I  inearization( List(u,alpha) , *_initial );

68 Expr egn = Integral(line arizedStateEq n, new GaussianQuadr ature(4));

69

70 /I Arrange test and (Newton) unknowns into [state, control] blocks

71 Expr du = u.differential (), dAlpha = alpha.differe ntial();

72 TSFArray<B lock> unkBlock s = tuple(Blo ck(du, vec_type), Block(dAl pha, vec_type ));
73 TSFArray<B lock> varBlock s = tuple(Blo ck(v, vec_typ e));

74

75 /I Create the static linear  problem for the step [du, dAlpha]

76 *constrain  ts = mmp:rcp(  new StaticLi  nearProblem(m esh_, eqn, bc, varBlocks, unkBlock s) );
77

78 /I Define the objective function.

79 const Expr obj_func_expr

80 = Integral(ri ght_,0.5%obj_  wgt_*(u-uRight  _)*(u-uRight_ )) // Control objective
81 + Integral(bo undary ,0.5%( 1.0 - obj_wgt_)*alpha*alpha ); // Regular ization

82 *obj_func = mmp::irep(

83 new SundanceObjectiveFunct ion(

84 obj_func_ expr, mesh_, u, alpha ) );

85

86 }

98 } /I end NLPInterface Pack

Lines 9-27in this sourcefile containthe constructorwhich acceptsthe parameterdor the
problemand then setsup the meshand the cell setsfor the boundariesof interest. The input
parameter$or this problemarethedomain(left andright ) thenumberof finite elementgn),
thetargetvaluefor thestate(uRight ), theguesdor thestateandcontrol(uGuess andaGuess)
and the objectve function wieght (obj _wgt). On lines 17-18 the meshis setup for parallel
executionwhile lines 20-21setup for serialexecution. The boundarycell setsare specifiedon
lines24-26.

The mostimportantpart of this subclasss of coursethe implemenation of the creat e-
Problem (...) methodthat begins on line 29. The dimensons of the finite-elementbasis
functionsare specifiedat the top of the function on line 40. Next, the TSF vector spacesare
definedfor the statesand controlson lines 43—-46. Note that the input vec type amgumentis
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usedaspartof thedefinitionfor thesevectorspacesvhich determinesheimplenmentationdor the
vectors.Also notethatthe spacdor the controlalpha is only definedon the boundaryasshavn
in line 46 andnot over the entiredomain. Thisis a very usefulfeaturethatallows greatflexibili ty
in definingwhatdatacanbe determinedy the optimzer andwhatdatacanbe specifiedup front.
Given theseTSF vector spaceobjects,the discretefunctionsfor the statesandthe controlsare
definedon lines49-50andaresuppled with initial guessesTheseadiscretefunctionsrepresenthe
currentestimateor the soluion andareusedasthe unknavnsin the optimization problem.Later,
thesediscretefunctionsare usedto definethe linearizedequations.On line 53, the initial guess
for the statesandcontrolsis pacledinto anexpressiorx _initial whichis laterreturnedo the
NLPSundance object.

Lines 56—63definethe setof nonlinearequationystateequation(7.1.2) on line 62 andthe
boundarycondition (7.1.3) on line 63). What makes this setof equationdifferentfrom for a
standardSundanceproblemis that a testfunction is only definedfor the stateson line 58 and
not for the controlswhich resultsin a setof underdeterminedequations. This setof nonlinear
equationsmustbe linearizedand this is doneusingthe lineariza  tion(...) methodon
lines66—67.Thelinearizedstateequations thenintegratedover theentiredomainonline 68.

Now thatthelinearizedstateequationandboundaryconditonshave beendefinedasSundance
expressionswe musttell Sundanceo properlyblock the variablesasdescribedn Section7.1.3.
This is doneon lines 72—73. Note that the blocked unknavn variablesare the Newton stepsdu
anddAlpha andnottheoriginalunknavnsu andalpha usedto definethe nonlinearequations.
Finally, the Static LinearPr oblem objectis createdon line 76 for thelinearizedstateequa-
tion andboundaryconditions. Thisis the constraint®bjectthatis returnedto theNLPSundance
objectwhichis usedto computetheresidualor the nonlinearconstraintgwhich happenso bethe
negative TSF vectorreturnedfrom the getRHS( ) method)andthe Jacobianwhich is returned
for thegetOpe rator()  method).

Thefinal partof thecreatePr oblem(... ) methodis thedefinitionof the objectve func-
tion onlines79—-84.First, the expressio for the objective functionis definedon lines80-81.Note
thedomainghatthe objectve termsareintegratedover andhow they compareo (7.1.1). This ex-
pressiorfor the objectiveis passednto theconstructofor aSundanceObject iveFuncti  on
objectonlines 82—84.Note thatthis constructomustbe giventhe meshobjectandthe unknovn
functionsusedto definethe statesandthe controls. The constraintobjectconstr aints and
the objective-function objectobj _func arethenreturnedto the calling NLPSundance object
alongwith theinitial guess _nitial . Thediscretefunctionsembeddedh thex _initial ex-
pressiormobjectare manipulatedoy the NLPSundance objectin orderto computethe constraint
residualandJacobiaranddifferentiterates.
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The last pieceof usercodeto write for this optimizationproblemis the maindriver program.

This programis shavn in thebelow sourcefile.

o1 /I i Mt Mt Mt i

02 /[ NLPPoisson BoltzmanlDMain .cpp

03

04 #include  <iostream>

05 #include  "./include /SundanceNLPS olver.h"

06 #include  "./include /SPFPoissonBo ItzmaniD.h"

07 #include  "./include /SundanceLinA IgFactory.h"

08

09 int main(int argc, char* argv[] ) {

10

11 namespace NLPIP == NLPInterfa cePack;

12 using CommandLineProcessorPac k::CommandLine Processor;

13

14 int  prog_return; /I return  code

15

16 /I Step 1: Initialize Sundance (i.e. MPI)

17 NLPIP::Su ndanceNLPSolve r:init();

18 Sundance: :init(&argc, (void**  *)&argv);

19

20 try {

21

22 NLPIP::Sunda nceNLPSolver sundance _nlp_solver;

23 NLPIP::Sunda nceLinAlgFact ory lin_alg_ fcty;

24

25 /I Step 2: Read in input

26

27 double left = 0.0;

28 double right = 1.0;

29 int n = 2

30 double uRight = 2.0*log( cosh(right/sqr t(2.0)));

31 double uGuess = 0.1;

32 double aGuess = 0.2;

33 double obj_wgt = 0.99;

34

35 CommandLineProcessor command_li ne_processor;

36

37 command_line _processor.se t_option( "left", &left, "x at the left boundary" );
38 command_line _processor.se t_option( "right", &right, "x at the right boundary" );
39 command_line _processor.se t_option( "n", &n, "Number of finite elements" );
40 command_line _processor.se t_option( "uRight",& uRight, "Value at the right boundary" );
41 command_line _processor.se t_option( "uGuess",& uGuess, "The Guess for u" );

42 command_line _processor.se t_option( "aGuess",& aGuess, "The Guess for a" );

43 command_line _processor.se t_option( "obj_wgt",  &obj_wgt,"[0,1 ] Wieghting for u or a (1.0: all
44 lin_alg_fcty .setup_comman d_line_process or( &command_line_processo r );

45 sundance_nlp _solver.setup ~ _command_line_ processor( &command_line_processo r );

46

47 CommandLineProcessor::EPa  rseCommandLine Return

48 parse_re turn = command_line_ processor.par se_command_lin e(argc,argv,&  std:cerr);
49

50 ifl  parse_re turn != CommandLineProcessor::PAR SE_SUCCESSFULL)

51 return  parse_re turn;

52
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53 /I Step 3: create the linear algebra components

54 TSF::TSFVect orType vec_type;

55 TSF:: TSFLine arSolver linear_sol  ver;

56 lin_alg_fcty .get_lin_alg_ components( &vec_typ e, &linear_sol
57

58 /I Step 4: Create the SundancePr oblemFactory

59 NLPIP::SPFPo issonBoltzman 1D probfac(lef  tright,n,uRi

60

61 /I Step 5. Solve the NLP (or the forward problem)

62 prog_return = sundance_nl p_solver.solve (vec_type, MemMngPak::rcp(&probf
63

64 Y end try

65 catch( const std:excep tion& except ) {

66 cerr << "\nCaught as std:except ion ' << except.wh at()
67 prog_return =-1; ToDo: return  proper enum!

68 }

69

70 /I Step 6: Finalize Sundance (i.e. MPI)

71 Sundance: :finalize();

72

73 return  prog_retu r;

74}

As with any Sundancapplication, Sundance: :init(...
mustbe calledasshowvn on lines 18 and 71. The next sectionof code(lines 27-51in the try
block) performsthe input of the command-ine parametersor the optimization problemthatare

passednto the constructorfor the SPFPdssonBolt

ght,uGuess,aG uess,obj_wgt);

) andSundan ce::final

&linear_s

ize()

zmanlD objectthatis createdon line 59.

Command-lineoptionsfor the SundanceLinAlgF actory objectdeclaredon line 23 arein-
sertedinto the command-lineprocessoiobject on line 44 after the applicationspecific optiors.
Theseoptions are read from the command-lineon line 48. Optionsare also processedor a
Sundanc eNLPSolve r objectwhich controlsa lot of the default behaior thatis independent
of the particularproblembeingsolved. To seeall of the valid command-lire options the option
--help canbespecifiedonthecommandine andwill causeheprogramto printahelpmessage,

which for this executablds

Usage: ./sundance _nlp_bolt [options]

options:
--help
--left
--right
-n

--uRight

--uGuess

double

double

int

double

double

Prints this help message
x at the left boundary

(default: --left=0)

x at the right boundary
(default: --right=1 )
Number of finite elements
(default: --n=2)

Value at the right boundary
(default: --uRight= 0.463163)
The Guess for u

(default: --uGuess= 0.1)
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--aGuess double The Guess for a

(default: --aGuess= 0.2)

--obj_wgt double [0,1] Wieghting for u or a (1.0: all u, 0.0: all a)
(default: --obj_wgt =0.99)

--use-pet ra bool Determine if Petra (parallel) or serial (LAPACK) linear algebra is used

--use-ser ial (default: --use-pet ra)

--use-azt ec bool Determine if Aztec or the default BICGSTAB solver is used

--use-bic  gstab (default: --use-bic  gstab)

--ilu_fil | int Fill-in factor for ILU
(default: --ilu_fil 1=1)

--ilu_ove rlap int Overlap for ILU
(default: --ilu_ove rlap=1)

--iter_so  Ive_tol double  Solve tolerance for iterative solver
(default: --iter_so  Ive_tol=1e-10)

--iter_so  Ive_maxiter int Maximum number of iteratio ns for iterative solver
(default: --iter_so  Ive_maxiter=50  00)

--do-opti  mization bool Determine if optimization or simulation problem is solved

--do-simu lation (default: --do-opti  mization)

--root-pr  ocess int Index (zero-based) of the root process
(default: --root-pr  ocess=0)

--states-  guess-file string Filename where initial guess for states data is stored (same format as ’state:
(default: --states-  guess-file="")

--control  s-guess-file string Filename where initial guess for states data is stored (same format as ’'contr
(default: --control  s-guess-file=" ")

--states-  sol-file string Filename where solution for states data is written (flat  values only)
(default: --states-  sol-file="")

--control  s-sol-file string Filename where solution for contorls data is written (flat values only)
(default: --control  s-sol-file="")

--states-  matlab-sol-fi le string Filename where solution for states data is written (matlab  format)
(default: --states-  matlab-sol-fil e="")

--control  s-matlab-sol- file string Filename where solution for contorls data is written (matlab  format)
(default: --control  s-matlab-sol-f ile="")

--max_nl_ iter double  Simulation maximum number of nonlinear iterations
(default: --max_nl_ iter=1000)

--resid_t ol double  Simulation toleranc e (in the |[.[]|2 norm) for the constraint s
(default: --resid_t  ol=1e-08)

--compute -gradient bool Compute the reduced gradient or not

--no-comp ute-gradient (default: --no-comp ute-gradient)

--use-adj oints bool Compute the reduced gradient with adjoints or direct  sensitivities

--use-dir  ect (default: --use-dir  ect)

Oncethecommand-ine optionsarereadin, thelinearalgebramplemenationsselectedy the
useron the command-linearecreatedon lines 54-56.By usinga Sundan ceLinAlgF actory
object,every Sundanceptimizationproblemcanautomaticallysupportew linearalgebraoptions
wheneerthey areadded.

After the linear algebraimplementationshave beendefinedand the concreteSundance-
Pr obl enfact ory objecthasbeeninitialized, the rest of the coderequiredto solve the op-
timization problemis exactly the samefor every application. This commoncodeis encapsu-
latedin a helperobjectof type SundanceNLPSol ver whichis calledon line 62. This helper
classcareof creatinga NLPSundance object(whichin turncallsthecreateP roblem(.. .)
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methodon the SundancePr obl enfact or y object) and then passeghis NLP objecton to
a rSQPppSol ver objectwhich attemptsto solve the optimization problem. A statusvalue
(program _return ) is thenis returnedfrom the main driver programto the shell. Any excep-
tionsthatarethrow (thatarenot caughtelsevhere)will be caughtandreportedo std::ce rr on
lines65-68.

7.1.5 The SundanceNLPSol ver helper class

The Sundanc eNLPSolve r classdoesmorethanjust solve the NLP. It also also allows ary

SundancePr obl enfact or y objectto beusedto solve theforwardsimulation problemwhere
thecontrolvariablesarefixedat theinitial guess.The abore examplePossion-Boltzmaprogram,
or ary of the otherexampk programscanbe usedto solve the forward problemby selectingthe
command-ineargument--do-s imulatio n. Thiswill resultin the simulatian only beingper

formedwith thefinial objective functionvaluebeingoutputto afile callednle sol file.ou t.

In thismode thereducedyradientatthe convergedsimulatian canalsobecomputedy settirg the
option--comput e-gradien t. Theoptions-use-adj oints and--use-dir ect select
the adjointverseghe directsensitvity methodsor computirg this reducedgradientrespectiely.

Theadjointmethodis by far the mostefficient.

The ability to do the forward simulation andto computeexact reducedgradients(usingboth
theadjointandthedirectapproachesillows ary Sundance/rSQP+applicationto alsobe usedin
lower-level NAND methodssuchasdescribedn Chapter2.

7.2 Example SundanceOptimization Application - Source
Inversion of a Convection Diffusion System

Several forward problemsfrom the Sundanceestdirectory have beencorvertedto optimizaton
problemsto testthe rSQP++interface. The direct and adjoint interfaceswere testedon a heat
transfer Burgers,anda convectian diffusion problem. More in depthanalysesvere conducted
usinga sourceinversionproblemconstrainedy cornvectian-diffusion equations.In additionto
testingtherSQP++/Sundancaterface the objective of this exercisewasto presennumericalef-
ficienciesassociateavith all 7 levelsof optimization,anddemongtatethisformulationto solve the
“chemical/biolaical attackon a large facility” problem,similar to the work donewith MPSalsa.
However, in this casewe testedtheinversian problemwith large numlersof inversionparameters.
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By specifyingalimited numberof statevaluesatvariouspointsin thedomainastargets,aleast-
squaresgormulationconstrainedy a corvection-dffusion PDE is usedto determinethe location
of theoriginalsource(spntheboundaryIn thecaseof chemicaldiffusion, thesestatevaluescould
be concentrationgndin the caseof heatdiffusion thesestatevaluescould be temperaturesWe
obtainfrom aforwardsimulaton 16 “sensor’locationsoutof 1600grid points astargets,whichare
thenusedin theinversia problem.Sincethisis anill-posedproblem,a regularizationtermneeds
to be addedto the objective function. Threeobvious optionscanbe consideredthe squareof f,
thesquareof V f andfinally thesquareaootof V f. Unfortunatelyasaresultof animplementation
limitation,the boundaryinverson cannot make useof gradientbasedermsfor the regularization
andthereforethe numericalexperimentswvere conductedwith the squareof f. Our formulation
allows locatingthe sourcetermarnywhereon oneof theboundariegi.e. ' r):

HClaifn % zz: /Q 5(X - Xi)(c T C*)2 + g - f2 (724)
st. —kAc+Vec-v=0, in Q (7.2.5)
5 =0 on T (7.2.6)
on
c=0 onlo (7.2.7)
c=f, on I'p (7.2.8)
where:
Vg ] _ [ (—L+y)(L+y)
Uy 0
Q={(z,9): (-L<z<+L)A(-L<y<+L)}
Ly ={(z,y): (-L<z<+L)A(y=-LVy=+L)}
Tp={(z,9): (@=+L)A(-L <y < +L)}
Ie={(z,y): (x=—-L)A(-L <y < +L)}

whered(x — x;) is adeltafunctionthatspecifieghe locationof the sensorsg is the vectorof
calculatedstatevalue(concentrations);* is thevectorof concentratioomeasuremeni®r targets),
p is the regularizationparametemvhich is setto 1E-5 for our numericalexperimens, f is the
source/inersonterm,k is thediffusivity constantandv is thevelocity field. Thevelocityfield is
givenfor thisproblemandmalkes(7.2.5)linearin ¢ andthereforeno Newtoniterationsarerequired
to corvergeto the solutian for the forward problem. Figure 7.3 shaws the forward simulationon
a40x40grid (i.e. n, = 40 andn, = 40 finite elementgperdimension)or a Gaussian-lie source
ontheleft boundary
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Figure 7.4 shavs the solutionfor the inversionproblemdefinedin (7.2.4)—(7.2.8)on a 40x40
grid. TherSQPalgorithmwasableto successfullysolve theproblemandrecover theentireprofile.
Small oscillations on the boundaryare obsened which may be reducedby choosinga different
regularizationterm. Additional experimentswere conductedo evaluatedifferentregularization
termsandarepresentedn the next section. The sensomatausedfor this NLP wastakenfrom a
160x160forward problemwith the samesourceshowvn in Figure7.3.

The sourceinversion problemwas usedto demonstate the numericalefficienciesof the 7
optimization levels by inverting for the boundarysourceusing different grid resolutions For
levels 1-3 we usedrSQP++throughthe DAKOTA framavork and for levels 4 and5 we used
therSQP++/Sundanciterface. Level 6 wasnot solved for the boundaryinverson problembe-
causeof implemenationlimitations. Insteadaninversionproblemwassolvedusingthefull space
methodwhereinversionparametersre locatedwithin the domain. As the formulationin (7.2.8)
suggeststhe numberof inversionparameterscaleswith the sizeof the boundary The numerical
experimentwas conductedon a Pentium4, 2.1 GHz processoland even though Sundanceand
rSQP++areparallelcapablethe experimentsvererun serially Eachoptimizationlevel wasused
to completetheinverson for a grid sizeof 10x10,20x20,40x40,80x80,anda 160x160grid. The
numberof inversian parametersnatchedhe sizeof thegrid dimenson of a singlesidedboundary
(10, 20,40,80and 160 inversionparameters).The corvergencecriteriais controlledby various
tolerancesbut in our experimentwe chooseto matchobjective functionsascloselyaspossble.
Table 7.1 shaws the objective function valuesand CPU timesfor variouslevels of optimizaton
methods.As expectedthe lowerleve optimizationmethodsare not ableto efficiently drive the
objective valuedown to levels comparabldo the higherlevel methods.

Figure 7.5 shows graphicallythe numericalresults. Level 0 useda local coordinatepattern
searchandit is the leastefficient algorithmfor this problem. Thesemethodsare obvioudy not
preferredfor smoothanddifferentiablgorocessebut we have includetheresultsfor completeness.
Level 1 shaws a considerablemprovementover level O asa resultof usinggradientinformation.
Directsensitvitiesfor bothNAND andSAND shaw significantimprovementsverlevel 1 because
thereducedgradientdor level 1 are calculatedhroughfinite differencesvhich requiresthe con-
vergenceof a simulaton for eachinversionparameter Calculatingreducedgradientswith direct
sensitvities avoids this numericaloverhead. Additional seperatiorbetweenNAND and SAND
methodausingdirectsensitvities canbe expectedf thishadbeenanon-linearproblem.

Theadjointsensitvities areby far the mostefficient methodto calculatethereducedgradient.
Thereis a significantdifferencebetweenNAND and SAND becausef the simulation overhead
thatNAND incursat eachoptimizaton iteration. This differenceis betterobseredin Figure7.6.
Onewould expectthata non-linearsimulation problemwould incur additional Newton iterations
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Method | ny =ny =10 | ng =ny =20 | Nz =ny =40 | ny =ny =80 | Ny = ny = 160
Sim 0.591 2.119 8.214 32.831 134.396

L-0 Inv 13974.8 31239.3 - -

L-1 Inv 1278.63 1642.32 5385.14 27128.3 -

L-2 Inv 58.5 182.5 293.4 1840.8 22003.2

L-3 Inv 55.1 165.8 465.8 882.8 3620.4

L-4 Inv 9.47 17.32 55.87 835.65 13911

L-5Inv 8.6 13.0 26.6 151.1 986.5

Method | ng =ny =10 | ng =ny =20 | ng =ny =40 | ng =ny =80 | ng = ny = 160
Sim - -

L-0 Inv 7.79e-2 5.94e-2 - -

L-1Inv 9.41e-3 2.52e-5 1.89e-5 1.79e-5 -

L-2 Inv 8.64e-3 1.37e-5 1.70e-5 1.65e-5 1.18e-5

L-3 Inv 8.64e-3 1.37e-5 1.70e-5 1.65e-5 1.18e-5

L-4 Inv 8.61e-3 1.32e-5 1.18e-5 1.18e-5 1.18e-5

L-5 Inv 8.61e-3 1.32e-5 1.18e-5 1.18e-5 1.18e-5

Table 7.1. Summaryof CPUtimes/ objective function values for
source-irversionon a boundary

whichwould addto the NAND expensdor eachoptimizationiterationandthe gapbetweerevels
3 and5 would beevengreater Estimatedtimesfor level 6 arepresentedhatequalghreetimesthe
forward simuation cost. This is a conserative estimate consideringhe full spacenversionof a
40x40grid with 1600inverson parametersequiredlessthan10 secondgo corverge.

The exact value of %frp f2 for the sourceshavn in Figure 7.3 is 1.1788(to five significant
figures). Therefore,for p = 1 x 1075, the minimum value of the objective functionin (7.2.4)
thatcanbe obtainedfor a perfectinversionis 1.1788 x 10—°. The actualobjective functionvalue
mustalways be larger than this sincethe regularizationterm causeghe solution to perturbthe
sensomatchingtermin (7.2.4) resultingin an overall elevatedobjective function. Without the
regularizationterm, the theoreticalobjective function value shouldbe nearzero. This explains
why theobjective functionvaluefor discretizatiorof 40x40andlargerobtainanobjectve valueof
1.18 x 10~ whichis lessthanonepercenbff from the perfectinversbn valueof 1.1788 x 1075,
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Figure 7.5. Numerial Resultsfor Sourcelnversionfor Convec
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Figure 7.6. Numerial Resultsfor Sourcelnversionfor Corvec
tion Diffusion levels 3-6
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7.2.1 Inverseproblemformulation

We invedigatea full spacesolution methodglevel 6) usingthe sourceinverson problemwhere
theinverson parameters locatedanywherein the domain.We formulatethe problemasfollows:

1 S
mfinEZi:/Qé(x—xi)(c—c*)QdQ—l-g/Qp(f)dQ

subjectto:
—kAc+Ve-v+f=0, in Q,
oc
— =0, on I
on ; N>
c=0, on I'p. (7.2.9)

Thep(f) termin thesecondartof theobjective functionis a regularizationfunctional,with p
astheregularizationparameter|f the errorwasmeasuredhrouglout the domain,no regulariza-
tion is neededthe inverseproblemcanin factbe seenasa matchingcontrol problem—which is
known to have auniquesolutionfor smallPecleimumbers However, discretemeasuremenimply
multiple solutins,andthussomeregularizationis necessaryPossiblgunctionalsfor p(-) are:

Jo f7dQ2 (7.2.10)
[ V-V dS (7.2.11)
Jo (V- V)2 dQ. (7.2.12)

We usethefollowing notation

alh )= [ KVF-VEA0 (R f) = [ ffd0 (o for = [ fifadr
TheLagrangiarfunctionalthatcorrespondso (7.2.9)is givenby:
Llc, ) : Z/ X —x;)(c—c)dQ+ = (ff)
+a(A,¢)+ (Ve-v, A+ (f,\) (7.2.13)

Assumngthattheregularizationtermfor theinversian force f is givenby (7.2.10)theweakformu-
lation for the optimality conditiors (Karush-Kuhn-Tucker conditins) of (7.2.9)is the following:
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Find f, c, A\, € H'(Q) suchthat

a(y,c) + (Ve-v,9) + (f,9) = 0,Vy € H'(Q)
D (0(x—xi)(c— ")) + a(w,A) + (Vi - v, A) = 0,V € H'(Q)

%

p(0, f) + (1, \) = 0, Vo € HY(). (7.2.14)

7.2.2 Algorithm

Thereare severalwaysto solve the optimality conditions. rSQP++usesa block-elinination pro-
cedureto solve (7.2.14).Given f first solvefor ¢

a(y, c) + (Ve-v,9) + (f,¢) = 0,4 € H'(Q);

thensolve
D (B(x—xi)(c— ) +a(y, \) + (Vi - v, A) = 0,V € H'(Q)
for A; andfinally solve
p(, f) + (¥, A) = 0, Yo € H(Q).

to updatef. Theblock-elimnationhasbeenusedasa preconditimerfor (7.2.14).Herewe solve
theresultingKKT conditinssimuktaneously:

W, W; AT] (¢ g+ ATA
W W A7 f p=—14 gr+AIX 3. (7.2.15)
Ac Af 0 A C

7.2.3 Numerical Experiments

Various experimens were conductedusing this full spaceformulation including the evaluaton
of regularizationterms,numberof sensorsandnumberof sources.Both the total variation and
Tikhonov regularizationwere evaluatedandfor our sourceselectionsboth were ableto recover
the original sourceat similar levels of quality. The total variationregularizationhowever, makes
the objective function nonlinearwhich thenrequiresa Newton method Becaisethe Tikhonov
regularizationtermmalkesthe objectve functionlinearandtherebyrequiringno Newtoniterations,
we usedTikhonov for all of our experiments.
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Thefull spacglevel 6) methods themostefficientin comparisono levels0to 5. Eventhough
we do not have a consisent comparisorandif we could generatea boundaryinversionproblem
usingfull spacemethods,it would mostlikely not be as numericallytaxing asthe full domain
inversionproblem.The full domaininversian problemcorvergedunderl0 secondsvhereadevel
2, 3, 4, and5 for the boundaryinverson problemfor the samesizegrid (but with smallernumber
of inversian parametersgorvergedin 293,465,55,and26 secondsespecitrely.

Figures7.7and7.8 shav resultsfor usingdifferentnumberof sensors.

AN 7N
: | Ny
A DRI

%
%

N,
A NANAN

-4 -4

Figure 7.7. Signallnversion, left 4x4 sensas, right 10 x 10 sen-
sors
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Figure 7.8. Signallnversion 40x40 sen®r
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Chapter 8

Split, O3D and Hierar chical Control

8.1 Overview

Split is a full-spacesequentialquadraticprogramming(SQP) algorithm for generallarge-scale
nonlinearprogrammng problems. As notedabove, SQP methodsproceedby forming at each
major stepa quadraticprogrammirg (QP) approximatbn to the generalproblemat the current
iterate. The soluion of this QP providesa stepto adjustthevariablesandtheassociatedlagrange
multipliers. Thus,animportantpart of any successfusQPalgorithmis a robust QP solwver. In
this chapter we concentrateon O3D, our interior-point QP solver that hasmary advantagedor
this particularapplication. We also briefly describeSplit. Finally, we discussour approachto
formulatingcertaincontrol problemswherethereare multiple objectives leadingto a novel class
of hierarchicalcontrol problems Our formulationyields more practicalanswerghantraditional
approaches,e.,ouranswergendto be smooherandmorerobust.

An important part of our researchin SQP methodswvasthe designand developmentof soft-
wareto implementthesemethods.Both Split andO3D wereimplementedo be compatilbe with
SundancendTrilinos (TSF) andthusbe ableto take advantageof the unprecentedontrol of the
PDE systemghat Sundancerovides. Earlierin this project,we experimentedvith a Javaimple-
mentationandthe useof “proxy vectors. Althoughtheseexperimentslid notwork ashopedwe
reportonthiswork andthe conclusionghatwe candrawv from them.
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8.2 03D

Althoughquadratigorogramsarisein independenapplicatiors, the primaryemphasisn thisreport
istheirappearancasastepgeneratofor thesolution of generahonlineamprogrammingproblems.
In this context, thereexist numeroudeaturesof analgorithmfor solving quadratigorogramshat
would be particularlyuseful,but would not necessarilyoe of valuein a stand-alonesolver. This
statemenis especiallytruein thelarge scalecasewhereprocedureshatapproximag the solution
canleadto substantiakfficiencies.Here,we examinethe issuesof (approximately)solving large
scalequadraticprogrammingproblemsin the context of the sequentialquadraticprogrammig
(SQP)algorithmfor solvinggenerahonlinearprogrammingproblems.

Thegenerahonlineamprogrammingproblemcanbetakento be of theform

minimize f(x)

X
subjectto: g(z) < 0 (NLP)
h(z) = 0

wheref : R* — R, g : R* — R™ andh : R" — R™. At eachstepof the SQPalgorithma
quadraticprogrammingapproximatia to (VL P) is constructedndits solutionis usedasa step
to improve the currentiterate.More specificallywe constructa quadratigorogramof theform

mini(smize o+ 36'Q0
subjectto: Ad+b < 0 (@P)
Fo+d = 0

whered € R",Q € R™", A € R™*" be R™,F € R™*" andd € R™.
Let
Uz, A p) = fl@) + Ng(z) + p'h(z)

be the Lagrangianof (VLP) with multipliers A € R™ and . € R™2. If the currentiterateis
z*thenthe correspondencietween N LP) and(QP) is asfollows:

c = Vf(h)
A = Vg(zF)
b = g(z*)
F = Vh(z*)
d = h(zF)

180



and@ is asymmetricapproximatbn to the Hessiarof the Lagrangiarat (z*, \*, ;).

The subproblem(QP) is approximatelysolved to yield the stepd* and the next iterateis
calculatedoy

oF 1l = 2k + ad*

whereq is thesteplengthiTo guaranteeorvergencex mustbe chosercarefully Typically a merit
functionis usedto guidethis choice.A meritfunctionis a scalarvaluedfunctionwhosereduction
impliesprogresgowardsto soluion. Thusanimportantfactorin using(QP) asastepgeneratois
to ensurghatapproximatesolutionsaresuchthatthey aredescentirectionsonthemeritfunction.
(Seg[26] for amorecompletediscusson of the generalissuesconcerningSQPmethod.)

Therearenumeroudssuesto considerin solving (@ P) andthe resolutionof theseissuesde-
pendsonwhetheror not (Q P) is to be solvedasa stand-alongroblemor asa subproblemFirst,
for asolutionto exist, the constraintsnustbe consistenti.e., theremustbeatleaston pointd such
thatall of the constraintsare satisfied. If the constraintsof a stand-alongroblemare inconsis-
tent, thenit sufficesfor a solver simply to reportthis factbackto theuser In the context of SQR
however, it is oftenthe casethatsubprobémsareinconsisent, soa proceduranustbe devisedto
usethe subproblento createa descentirectionfor the merit function. Evenif the constraintsare
consistentthereis no guaranteg¢hata feasiblepointwill be given soa“phasel” procedureanust
alsobeprovided.

Anotherconsideratioris the natureof Q. If @ is positive definite,thenthesolution of (QP) is
unique. Otherwise multiple local minima may exist andthe questim arisesof which solutionis
desired.Furthermorejf @ is indefinite (or negative definite)andthe feasiblesetis not bounded,
thentheremay exist unboundedsolutiors. When (Q P) is a subproblenfor SQR it is reasonable
to assumehata solution thatis too large will not be of interestsinceonewould expectthat (Q) P)
would only be areasonabl@approximatbn for (N LP) in arelatively smallregion aboutz*. From
a computationalpoint of view, if @ is indefinite, thendirectionsof negaive curnvature may be
possibé to constructandexploit. Finally, @ may bein the form of a quasi-N&vton updateor a
limited memoryquasi-Ne&vton updatein which caseit will representedsa low rank updateof a
scaleddentity matrix.

A quadratigorogramsolver for a stand-along@roblemwould probablyonly returnthe solution
z* andtheassociatedhultipliers,alongwith anindicationof which of theinequalityconstraintare
active. Thiswould in turn requireprocedureso estimatethe multipliers andcornvergencecriteria
to halt the iteration. For a subproblensolver, thereneedto be additionalfeaturesto control the
solution process.In particular asnotedabove, the length of the stepmay be important,e.g.,in
trust-region algorithis, andthereit is importantto have reasonablestimatesof the multipliers
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whenthe solver is terminatedsincetheseare often usedin constructingapproxinationsto the
Hessiarnof the Lagrangian.In addition,several differentterminaton criteriamay be neededand,
asnotedabove, a procedurdo producea descenstepon the merit functionevenif the constraints
areinconsstent.

DifferentSQPalgorithmscanbe constructedhat favor certainapplicatiors andthesefactors
influencethe choiceof underlyingquadraticprogramsolvers. For example,applicatiors with a
large numberof highly nonlinearinequaliyy constraintsshouldprobablybe handleddifferently
from applicationswith only mildly nonlinear constraints. Similarly, the algebraicstructureof
problemswith a large numberof equality constraintamight receve specialconsideration.The
applicationsalsoaccountfor structurein the gradientsof the constraintsandin the Hessiarof the
Lagrangian. In large scaleproblems,this structureoften needsto be considereccarefully both
in the formulationof the problemandin the solution techniques.For example,in the control of
partial differentialequationsone cantradeoff the sizeof the problemwith the nonlinearityof the
problem,i.e.,onecansometimegonstructaverylarge,but mildly nonlinearmproblemor asmaller
but morenonlinearone.

We are primarily concernedvith applicationsin which thereis a large numberof nonlinear
inequality constraints.First, we briefly discusssomefeaturesand propertiesof QP solversthat
affect their usein the SQP setting. We then describethe interior-point method,0O3D, and its
propertieghatshaw it to be a goodcandidateor a stepgeneratoin an SQPalgorithm Next, we
suggesenhancements O3 D thatimprovetheperformancendrobustnes®f thebasicalgorithm
Finally, we discussts implementatiorandpreliminary numericalresults.

In light of the above discussio of the typesof quadratigprogrammingproblemsthatarisein
(N LP) applicationsyve briefly review heretheissueghatshouldbe addresseéh designinga QP
solverthatcanbe usedasa stepgeneratofor SQP

8.2.1 The Constraints

The properhandlingof the constraintshasa profoundeffect on mary otheraspectof the algo-
rithm. In thisdiscusionwe assumehatthe constraing areconsistentjnconsistentonstraintsare
discussedinderthe headingof earlyterminationbelow.

First, thereis certainlyno guarante¢hataninitial feasiblepointwill begiven. Thusa Phasd
procedurego computeonemustbe specified. Typically sucha procedurausesa “Big M” method
whereinthe feasibleregion is enlagedto enclosethe initial approximaibn to the soluion and
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then shrunkto its original sizein the courseof the subsequentalculations. If sucha method
is used,thenthe sizeof M, the initial size of the associatedartificial variable, the natureof

the enlagement(i.e., shoud all of the constraintse changedpr just a few), andthe procedure
to ensurethat the artificial variableis reduced mustbe specified. The issuesin terminatingthe

algorithmwhile still in Phasd aresimilar to thosein the caseof inconsisént constraintsandare

discussedbelow.

Although a given initial point may be infeasible,it is possiblethatit is “close” to the opti-
mal soluion. Sucha situaton is calleda “warm start” Interiorpoint methodshave usually not
beenamenabldo takingadwantageof warm starts but significantsavings maybe possble if such
informationcouldbe exploited. We intendto investgatethisissuefurther.

8.2.2 Multiplier Estimates

Estimaing the multipliersis a particularlydifficult problemfor primal methodsj.e., primal-dual
methodswould seemto have anobviousadwantage In the caseof noncorvex problemshowever,
this adwvantageis not so clear The issueis to designa methodto estimatethe multipliers that
givesreasonablepproximatios whenfar from the optimal solution, and doesso at reasonable
computatimal cost. Degenerateconstraintsa commonoccurancen large scaleproblems give
riseto nonunige multipliers anda lack of strict complimentarity but degeneray itself typically
doesnotposea difficulty for interior-pointmethodsIn primal methodsestimatinghe multipliers
requiresa determinatn of which constraintsare active at the solution. This is not an easytask.
Our approactfor thisis to useso-called‘Tapiaindicators”to estimatehe active set,followed by
a particularysimge interior-point methodon the dual problem. We have implementedthis idea
andhaverecordedsomeexcellentresultson somehighly degeneratgroblemsincludingproblems
with equalityconstraintsvherewe areguaranteedo have degenerag.

8.2.3 Early Termination

All of theabove considerationareexacerabedy the possibiity of earlyterminatian of thealgo-
rithm. For the solution to be usefulin the SQPsetting it mustbe suchthatit leadsto a descent
directiononthe meritfunction. It is ofteneasierto shav thatthe optimal soluion hastherequired
descenpropertieshanthatan approximatesoluion does.A major causeof this is thatwhenfar
from the optimal solution, the determinatiorof the active setandthe associateanultipliersis es-
pecially problematic.This is evenmoredifficult in the caseof noncowex problems The effect of
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poormultiplier estimatess to createdifficultiesin the SQPalgorithmwhich usestheseestimates
for calculationgnvolving the Lagrangian.

In orderto terminateearly, thealgorithmmusthave a setof criteriafor testingtheadequag of
the currentapproximaibn. Standarccorvergencecriteriamay be adequatdor obtaininga highly
accuratesoluion, but may not be particularlygoodat determiningthe adequag of moreremote
solutions. For example, poor multiplier estimatesmay may causea good approximatesolution
to appearto be muchpoorer Criteriafor termination may include a simple testto terminateif
the lengthof the solution exceedsa certainlength. Sucha proceduremay allow useful stepsin
unboundegroblems

8.2.4 Computational Issues

The overriding concernfor any QP solver thatis to be usedasa stepgeneratois thatthe it be
computatimally efficient. Most of the work in solving (Q P) usinganinterior-point methodis in

the solutian of the underlyinglinear systemof equations.Using direct factorizationmethod is

quite efficient aslong asthe linear systens arenot too large. If larger problemsareto be solved,
theniteratve methodsmustbe consideredlIssuesof how to preconditionthesesystemsandhow

accuratehthey mustbe solvedremainto beaddressedOur implemenationusingTSFfacillitates
experimentan with iteratve methodsand,moreimportanty, with preconditioners.

8.2.5 Recenteringin O3D

Recenteringn O3Dis anattemptto preventtheearlyiteratesfrom stayingtoo closeto the bound-
ary of the feasibleregion andthussignificantly slowing the algorithm. Completerecenteringn-
volvesmoving the currentiterateasfar as possibé towardsthe centerof the polytopealongthe
level curve correspondingo thecurrentiterate.Becaisedoingthisin thefull spaces prohibitively
expensve, we haddevelopeda methodbasedon doingtherecenteringn a subspacen the same
spiritasO3D itself. Althoughthis procedurénadoftenreducedhe numberof iterationsmodesly
in early testproblems it did not appearto be effective on the problemsarisingfrom PDE con-
straints.Thereasondor this arenot entirely clear andseveralattemptgo improve this procedure
were not successful.Theseattemptsincludedconstructingthe subspaceo be orthogonalto the
3-dimensimal subspacgeneratedy the main O3D algorithmandincreasingthe dimensionto
four or five.

We finally developedan entirely new approachwhich hasturnedout to be muchsimpler and
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muchmoreeffective. Themainideais move alongthe Newton recenteringlirectionfrom thefull
03D stepuntil it intersectghelevel curve correspondindo the currentvalue. Usingthisideahas
provedto bequite effective. Thecomputationatostto form the stepis a third thatof thesubspace
recenteringalgorithmandnever morethanoneiterationis neededascomparedo an averageof
five iterationsfor the old method. In two early tests,we found unboundedsoluions after only a
few iterationswhereaghe old methodwasstill makingslow progressafter 1000iterations.More
testinghereis necessaryo tunethe entirealgorithm

8.2.6 The O3D Algorithm

03D is a primal method,implying thatit only operatesn the primal spaceand doesso by at-
temptirg to reducethe objective function. It doesthis by forming a 3-dimensbnal approximatbn
to (QP) thatcanbe easilysolved. In particular O3D generateshreeindependentlirectionsat
the givenfeasiblepoint. Thesedirectionsandthe feasiblepoint determinea 3-dimensonal affine
spaceThereduced @ P) is thentakento betheoriginal (Q P) restrictedto this space Thethree-
dimensimal problemis thensolved andthe next (strictly feasible)iterateis taken to be 99% of
thedistanceto the boundaryin this directionor to the minimum of the quadratidn this direction.
Corvergenceis checled andthe procedurerepeatedas necessary In discussinghe details,we
consideronly the inequaliyy constraintan (QP); equalitiescanbe includedby writing themas
two inequalities.

We assumethataninitial strictly feasiblepoint §° is given andthatthe algorithmgenerates
sequencg 6} asfollows. Let {p;, i = 1,...,3} beasetof normalizedvectors(that dependon
§%) andset

Hy, = 1Q + AY(D;)2A

whereD, is thediagonalmatrix whose;j** diagonalcomponents
dj =1/(A&* +1b),

and+y;, is a positive scalar Denotirg by P, then x 3 matrixwhosecolumnsarethep; we set

Sk+1 _ 5k + Hk_lpk: C

where¢ € R®. Substituting this valueof 5 into the (Q P) we obtainthe 3-dimensonal “baby”

problem
minicmize &+ %CtQQ

i .. (8.2.1)
subjectto: AC+b <0
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where

= P H. '(c+Qd%),

= A6k +0b,

= PIH'QH;'P, and
= AH,'P

(8.2.2)

:52 @1 SN O
|

The solution procedurdor (8.2.1)is discussedbelow; herewe simply assumehata solution,
¢k, is at hand. We form the compodte directions = H, ' P, ¢* andcomputethe steplengtho*
accordingto

of = arg miniamize q(0 + as)
and
o = min{c*, .99}

We now chooséhenext iterateas
5t = 6k + oFs.

The standardcorvergencetestsareasfollows: Thealgorithmis saidto have corvergedon the
relative objectve functioncriterionif

q(0*1) — q(6%))

< €opi 8.2.3
L+la@ D~ o
wheree,;; is appropriatelyset,usuallyaround10~®. The algorithmis saidto have corvergedon
therelative stepcriterionif
[(8°1)s = (6% }
max < €ste 8.2.4
i { L+ = 8.2.4)

wheree,, is appropriatelyset,typically at 10~°. Othercorvergencecriteriaareusedin conjunc-
tion with the procedurdo estimatethe multipliersasdescribedn the next section.

The key to the effectiveressof O3D is, of course,the choiceof the directions p;. The ar
gumentsand derivations of the directionsusedin O3D arethe sameasthosegivenin [27] and
[35]. Theideasarebasedon consideringhe methodof centerg58] andderving the differential
equationthatdescribeshetrajectoryof thecenterpoints for acontinuoussersionof themethodof
centers.Thefirst directionis thereforethetangento thetrajectoryatthe given feasiblepoint (also
known asthe“dual affine direction”) andis given by

p=—(A'D2A+Q/y)™" (¢ + QF) (8.2.5)

wherey is interpretedastheresidualon the objective function. For reasongivenin [27] we take

- |l riean))
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Thesecondlirectionis the so-called'third-ordercorrectionto p; given by

p=(AD’A+Q/) 7 YA ([i’“(f;)l ) (8.2.6)
k=1

whereA, is the k' row of A.

The third directionis taken asone of the following. Whenthe currentiterateis judgedto be
“far” from the soluion, thedirectionis an“update”to p, basedn thefirst constraintencountered
in thedirectionp, . Let j betheindex of this constraint.Then

pu = (A'D?A+Q/7) " AL (8.2.7)

If the currentiterateis judgedto be*“close” to the solution thenthethird directionis basednthe
Newton recenteringdirection. This directionconsistsof a linear combiration of the directionp
and

pr = (A'D?A+ Q/~) ™" A'De. (8.2.8)

To completethis descriptionwe needto specifyhow we decidebetweerthe directionsp,, andp,.
We judgetheiteratego becloseif bothof theabove convergenceestsaresatisfiedvith atolerance
of 5 x 1073,

Notethatall of thesedirectionscanbe computedoy forming only onen x n matrix. Assume
for the momentthatthis matrix is posiive definite,whichit will bein the corvex case,.e.,when
Q is posiive definite.In this casep; is alwaysadescentlirectionfor the objective functionandit
is easyto shav thatthe objective functionis reducedn the compositedirection.

Thethree-dimensionababyproblem(8.2.1)is solved by a simpleinterior-point method.The
point{ = 0 is alwaysfeasibleby construction.Our procedurds to computethe directioncorre-
spondingto p; for the babyproblemandto useit aloneto determinethe next iterate. As above,
we usethis directionto go 99% of the distanceo the boundaryor to the minimum of the objective
functionin thatdirection.We usethesamecornvergencecriteriaasabove and,asapracticalmatter
limit the numberof iterations.Again, the matrix to be factoredin forming p; maynotbe positive
definite;we discusghisin thenext section.

8.2.7 Implementation and Preliminary Results

All of O3D is implementedusingC++ usinga stylethatis in conformancevith thatof Sundance
and Trilinos/TSE TSF, in particulay providesthe ideal framework for the complex vectorsand
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linear operatorghatare neededoy O3D. Therefore the O3D algorithm itself canbe written in
termsof genericoperatorandvectorswith no concermneededor theunderlyingcompleity.

To bemorespecific,considetthequadratigorogramto have only inequalityconstraintgif there
areequalityconstraintsthey canbewritten astwo setsof inequaliy constraints)
minimize ' + %(5%2(5
9 (QP/I)
subjectto: Ad+b < 0.

We take A and(@ to be TSFLinearOperatorandc andb to be TSF\ectors,with theonly restric-
tions beingthosenecessaryo maintainconsisteng of the operationsj.e., c andé mustbe from
the sameT SF\ectorSpace) mustbe in therangespaceof A; and@ and A musthave the same
domain.Theseareall checledby TSF, thusensuringat compiletime thateverythng is consisént.
Asidefrom theseconsiséng/ requirementsheoperatorsnayhave arbitrarycompleity. Thecode
to solve the problemscanthusbe greatly simpified, sincethe detailsof the linearalgebracanbe
hiddenin this abstraction We illustrate someof this compleity by describinghow a rathercom-
plicatedproblemcanbe assembledTo clarify the presentationwe us squarebracletsto indicate
a“block” of amatrix. For exampk,

W = [[W1 Wa]]

representsa block matrix with one block. This block, in turn, is a (1 x 2) block matrix. To
construcianobjectve function,we needa linearoperatoysay(,,;,, andavector sayc,;,. These
are constructedy the userandusedto createan O3DObjectve. O3DObjectve, in turn, creates
the @ matrix andthe ¢ vectorthat O3D will useby “wrapping” thesein two levels of blocksas
follows:

Q = [[Qorig]]

and

¢ = [[Corig]] -
Note thatthe two levels of blockingwill be consistentvith how the constraintneedto be con-
structedto accomodatequality constraintsdescribechext. O3D allows a generalcollectionof
constraintsetsto be usedwhereeachsetconsistof a linearoperatoysay A,,;,, anda vector say
borig. Theseare passedo constructaninstanceof O3DConstraintwhich wrapsthemin a block
operator Notethatthis allows equalityconstraing to be consiseéntwith inequaliy constains, i.e.,
inequalityconstraintsareof theform

Ae = [Aorig]

andequalityconstraintsareof theform

Aorig

Ai ==
_Aorig

I
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sinceequalitiesarewritten astwo inequalites. Thefinal A matrix is thena block with all of the
sets,.e.,
[A1]

A= [1‘%2]
[A]
wheretherearek setsof constraints.This structureallows someconstraintgo be constructedy
Sundancendothersto be constructedy othermeans.This compleity, however, is never seen
directlyby O3D. Thusthecodeto setup a PDE constraintusingSundancés somavhatcomple,
but only needgo bedoneonce.

As notedabove, themainwork in solvinga QP usingO3D is theformationandsolution of the
linearsystemof equationof theform

(A'D*A+Q/y)pi =T

Note thatforming this operatoris not feasiblein mary large problems sincethefill-in maylead
to a virtually densematrix. This will certainlybe the casein arny problemwhere( is a quasi-
Newton approximatio. Thus,to solve suchsystens, we mustconsiderthe useof “matrix-free”
iteratve methods This essentiallympliesthatwe canform matrix-vector products put we cannot
get accesdo individual elementsof the matrix. TSF allows the easycreationof the operatoy
while notactuallyformingit. Thuswe canuseconjugae gradientor othermethoddo solve these
systemsteratively. Unfortunately thesesystemsare poorly conditioned,andbecomemoresoas
the solufon is neared,so that preconditioing becomesecessaralmostimmediately We are
continuirg to persuestratgiesto preconditim thesesystens effectively.

We have, however, beenableto solve someexampleproblemsthat shaw the effectivenessof
thefull-space(SAND) approacton theseproblems.Oneexampleproblemis asfollows:

Considerthe rectangulareagon? = [0,7] x [0,1] andlet’ = {(z,0)|0 < =z < w}. The
differentialequationis givenby
Au(z,y) = 0inQ

u(z,y) = 0 ondQ\I'

k=N
u(z,0) = Zak sin(kx)
k=1

wherewe wishto choosehe parametersg,, to forcethe solutionto matcha given targetasclosely
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aspossibé. The particularobjectve functionwe chooses

f= %/ (u(z,.5) — 0)%dx
0
where

o =z(m — z).

We were easilyableto solwve this problemusing Sundanceo createall of the operatorsand
vectorsona20 x 20 grid. Giventhechoiceof finite elemenimethodandusing N = 5 thisresulted
in a full-spaceproblemof 1686variableswith 3362constraints O3 D requiredonly 10 iterations
to solve this problem.

8.3 Split

Split, an SQP methoddesignedtio work with O3D is describedn detail in [24]. Its features
include:
e It usesanaugmented.agrangiartype of meritfunction.

¢ Any numberof iterationsof O3 D onthequadratigpprogrammingsubproblenyieldsadescent
steponthemeritfunction. ThusO3D andSplit areideally suitedfor eachother

e A globalconvergencetheoryhasbeendevelopedandpublisted.
e An earlyimplementatiorhasbeenusedto solve mary interestingoroblems

e It is flexible, allowing control over the useof perturbationandtherateof approachindea-
sibility. Thisis importantin someapplicationsvherewe have obseredthatbetteranswers
areobtainedby delayingthe approactto feasibility.

e Split doesnotrequiremonotaic decreasén the meritfunction.
The main adwantageof Split and O3D is that they provide a complementarycapability to
rSQP++.Split/O3 D is afull-spacemethodthathandlegproblemswith alargenumberof inequality

constraintsbut it alsoallowstheuseof in-betweerapproaches/heresome put notnecessarilyall
of the stateequationsareoptimizaton variables.

We have now a prototypeimplemenétion of Split in C++ using TSF, implemenéd with the
samestratgy asO3DWe planto testthisin conjunctio with 03D andSundancsoon.
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8.4 Other Work

In this sectionwe briefly discusshe implementatiorof O3D in Java andour ideason the useof

proxy vectors. First, we wantedto testthe useof Java for implemening a nontrivial numerical
algorithm We knew thattherewould probablybe a significantperformancepenaltydueto the
way in which Java is implemented. To overcomethis problem,we developedthe ideaof “proxy

vectors”and “proxy operators. The conceptis thatlocal objectsusedby an optimizeron the
front-endmachineare proxiesfor remoteobjectsliving in a PDE codeon a back-endmachine.
Thefront-endmachinecommunicateswith the back-endmachinevia soclets. The vectorobjects
onthefront-endcontainonly referenceso back-endsectorobjectsthevectorobjectsontheback-
endcontainactualvectordata,possilty distributed over mary processorsMethodinvocationon

the front-endresultsin a messageentto the back-endnstructingit to executethe samemethod
usingthe actualvectors.The samemechanisntanbe usedfor proxy operatorslf a new vectoror

operatoris neededit is storedon the back-endwith a proxy createdon the front-end.If theresult
of an operationis a scalar it is retrunedto the front-end,but if the resultis anothervector then
theresultstayson the back-endwith only anmessagéhattheresultwascompletedeturned.For

example,if thefront-endmachinerequestshe normof avector thatvaluewill bereturnedput if

therequesis to addtwo vectors,only a confirmationis returned.Thusall messagebetweenhe
two machinesareshort. Seg[28] for amorecompletediscusson of this work.

We wereableto createa working proxy-vectorsystem but the communicatio delayscreated
an unacceptabl@enaltyin the computatons. We decidedthat this approacmeedednuchmore
work to be successfulbut thattheresultswould probablynot be worth the effort. Part of the effort
would be to createan implemenéation of TSFin Java, andthis doesnot seemto be a goodidea.
Thus,we think thattheremay be a future for proxy linearalgebrajt will mostlikely be from our
currentC++ implementations.

8.5 Hierarchical Control

Optimal control problemsconstitutean interestingcaseof PDE-basedptimization problems.
Thereis a rich history of work in this area,beginning with the developnent of the calculusof
variationsandwork in the control of ordinarydifferentialequations.More recently researchers
have begun to investicate the control of PDEs(seethe surwey papers[49] and[50]). Instances
of thesetypesof problemsaboundin applicatiors. Thusthe developnent of efficient numerical
methoddor the solution of theseproblemshasalsobeenthe subjectof significantrecentresearch.
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In this papemwe examire aparticularinstanceof optimalcontrolproblemsvheremultiple con-
trols seekto force behaior closeto multiple “targets” simutaneously Theseproblemsbelongto
the classof problemscalled multicriteria optimization Thereis no uniquemathematicaformu-
lation of thesetypesof problems indeeddifferentformulations cangenerateeompletelydifferent
“optima” solutions.In oneformulationtheproblemis posedastheminimizationof aweightedsum
of thedeviations from thetargetswith the weightscorrespondingo anestablisked priority among
thetargets. (see[68]). Anotherformulation,sometinesreferredto asgoal programminginsiss
thata setof preferral targetsbe satisfiedto within certaintolerancesndthe othersbe reducedas
muchaspossilbe within theseconstraintgsee[60]). Both of theseapproachegvolve the choice
of asetof weightsor tolerancedor whichtheremaybelittle theoreticalguidanceIn theapproach
thatis emplogyedin this paper calledmultilevel optimiztion, the problemis modelledasasa set
of nestedptimizationproblemsn whichthe solutionsof theinnerproblemsaredeterminedising
thevariablesn the outerproblemsasparametergsee[120]).

Motivatedby specificengineeringapplications suchasthosearisingin optimal well place-
mentin reservir engineeringwe investgatea meansof formulating a classof optimal control
problemsn which the targetscanbe partitionedinto cateyoriesof increasingelatve importance.
This approachpasedon the work of von Staclelberg [121] in aneconomiccontet, requiresthat
the deviations from the leastimportanttargets, called the “follower” tamgets,be decreaseanly
afterthe deviationsfrom the mostimportanttargets,calledthe “leader” targets,satisfyprescribed
bounds. This type of optimal control problemhasbeentermedhierarchical control. Oneway
of formulatingthis type of problemis in termsof a nestedoptimization structurein which, in an
“inner minimization”, the follower targetsare minimized subjectto fixed valuesof certainof the
controlvariablesandthenan “outer minimization” is performedover the remainingcontrol vari-
ablesto obtainoptimal leadertargetsatistction. Theresultingaccurag on thefollower targetsis
thereforedeterminedoy andis subordinatedo the optimization over the leadertargets. This type
of bilevel optimization problemhasbeenthe objectof a greatdeal of research(see[120] for an
exhaustve bibliography)in finite-dimensonal optimizationandwasgiven a theoreticagrounding
in thework of Lions [70] for PDE-constrainedontrol problemswherethe stateequationsverea
linear hyperbolicsystem.In this paper we carry out the analysisfor a specificparabolicsystem
andobtainpreliminary numericalresultsthatwe believe illustratethe promiseof this approach.

8.6 Model Formulation

We areconcernedvith a classof optimal control problemsin which therearemultiple goalsthat
areto besatisfied].e.,amulticriteriacontrol problem,andin which the underlyirg statevariables
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aregovernedby the parabolicpartial differentialequationwith mixed boundaryconditions

yt_Ay = f(x,t)—i—V(m,t), (x’t)EQ

y(x,0) = bo(z), z€Q, (8.6.9)
y(z,t) = bi(z,t), (z,t) €Ty x(0,T),
dy

dn(x,t) = bo(z,t), (z,t) €Ty x(0,7T),
where 2 is a boundedopensubsetof R?, T > 0 is finite, @ = Q x (0,7) andT'; U T is
the boundaryof 2. We assumehatthe functionsin the modelarewell-behaed,i.e., f(z,t) €
L*(0,T;Q),bo(z) € L*(Q), andb;(z,t) € L*(0,T;9),j = 1,2. Here A is a stronglyelliptic
operatorandV (x, t) representtheactionof the controlson the system In particular we consider
the casein which therearek pointwise contls v, (%), ..., vk (t) locatedrespectrely at the points
a1(t), ..., a,(t) andthatfor a givenchoiceof thecontrols,

V(z,t) = Z v(t) 6(z — a;(t)).

j=1
Our goalis to formulateandsolve an optimizationproblemthatresultsin a selectionof controls,
includingbothtime-dependennagnitudesandlocations thatforce the soluion to the above sys-

temattimeT to be“close”to asetof targets Y1, . . ., Yy, eachY; € L%(Q), while minimizingacost
functionalC (v, a). In addition a setof restrictionson thelocationof thesites,a;(t),j =1, ..., k,
arepossble.

Obvioudy, it is generallyimpossible to force all of the tarmgetsto be satisfiedto within some
preassignetblerancg(in fact,it is not alwayspossibé to satisfyonetargetexactly). To formulate
an optimization problemthat canbe solved, somepriority mustbe establibed amongthe setof
targets. A variety of methodshave beenproposedor carryingout this task. One suchformula-
tion is obtainedby assigninga setof weightsto the tagetsand minimizing the weightedsum of
deviations from thetargets.This problemcanbe expressedn theform

minimize C(v,a) + 25:1 L[, (y(@,T) = Yj(z) ) dx

subject to: y,— Ay = f(x,t) +V(z,t), (z,t) €Q
y(z,0) = bo(z), z € (SD)
y(x,t) = by(z,t), (z,t) €1 x(0,7)
Z_fry](xvt) = b2($7t)7 (.’E,t) € FQ X (OaT):

wherethe v; arethe respectie weightsassociateavith the differenttargets. A secondapproach
is to assignacceptablaeviationsof the statevariablefrom eachof the tamgetsandexpressthese
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tolerancessconstraintsn the optimizaton problem.In this casethe problembecomes

minimize C(v,a)
subject to: y — Ay = f(z,t) +V(z,t), (z,t) €Q
y(z,0) =bo(z), €0
y(a: t) =bi(z,t), (x,t) €y x(0,7)
(ac t) = b2( 1), (z,t) €Ty x (0,7)
fQ —Y(z))?dz < By, j=1,...,k.

In theseformulations,additional constraintson the controlscould be included. Each of these
formulatiors hascertaindravbacks;in thefirst casea choiceof weightsis necessaryithoutarny a
priori indicationof how thischoicewill affectthesolution in thelattercaseit is difficult to specify
thesmalltolerancesn suchaway asto avoid infeasibilties.

In this paperwe follow the work of von Staclelbe (see[121]) and Lions (see[70]) and
formulatethe problemasa hierarchical control problem. This meanghatwe prioritize the goals,
i.e., specifya hierarchyof targets. The leadingtargetis takento bethe oneof the highestpriority
andthe overriding taskof the control problemis to have the statevariableapproximatehis target
asaccuratelyaspossble att = T'. Giventhis highestpriority, thedeviation from thetargetof next
highestpriority is minimized subjectto the satishctionof this primary goal. Thenthe deviation
from the target of the third highestpriority is minimized subjectto the conditionthatthe higher
targetsaresatishctorily approximatedandsoon. Thishierarchicabktructurerequiresapartitionof
the controlsandcontrollocationsinto correspondindpierarchiesIn someproblemstheremaybe
anaturalcorrespondencieut in othercasesomeflexibility in choosinghe controlsis available.

For this preliminarystudywe presumehatthereis a singleleadertarget, denotedy, (z), and
asingletargetof lower priority calledthefollower targetanddenotedy(x). We alsoassumehat
therearetwo controlsthatwe arbitrarily partitioninto leaderandfollower controls, (v, (t), ar(t))
and (vr(t),ar(t)), respectiely. Additional follower targetsand controlscan be addedwithout
fundamentallyaffecting the natureof the model. The control problemwe consideris the nested
optimizationproblem,denotedby (OP):
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ming, o, C(v,a)

subject to :
( min,, C(v,a)
subject to :
( miny, C(v,a) + % [, (y(2,T) = Ye(x))?da
subject to :
(1P2) { ap1) { U7 Ay=f(zt)+V(z1), (v.)€Q

y(z,0) = by(x),z € Q
y(z,t) = bi(z,1), (z,t) € 'y x (0,7),
L Z—Z(x,t) = by(z, 1), (z,t) € 'y x (0,7),

\ fQ (y(:c,T) - YL(I) )2 de < f3

g(a) <0

where~r and § are fixed positive constants(' (v, a) represents generalcorvex costfunction

dependingn the controls,andthe lastinequalitiesinvolving g : R* — R™ representonstraints
onthelocatiors of the controls.Theseinequalitesmaybenonlinearandnoncowex; for example,

ar(t) andar(t) mightbe constrainedo bea certainminimal distanceapart.

This problemis interpretedn the following manner The controlvariablesa;, ar, andv;, are
held fixed andthe inner problem(IP1) is solved to determinethe optimal choicesfor v andy,
thustheoreticallydeterminingoptimality functionsv}.(ar, ar,v) andy*(ar,ar, vr). It is well
known that the problem(IP1) hasa uniquesolutian for fixed a;, ar, andv;,. Next, theseopti-
mality functionsaresubstiutedinto the objectve functionandthetargetconstrainfor the second
innerproblem,(IP2). Thenthis problemis solvedwith a; andar heldfixed determinhg another
optimaity functionv; (a., ar). Finally, the outerproblem,(OP),now having theform

IninaL;aF C(Uz(alﬁ CLF), U;‘(aL’ CLF), ’UE(CLL, a’F)a ar,, a’F)
subject to : g(ar,ar) <0,

is solved. Note that the cost function can be though of as a regularizationterm in the inner
problemsi,.e., atermthatis usedto guaranteghe existenceof a solution. However, it alsohas
arole asa generalobjective function to be minimized to the extent possibé. In this model,we
have optimized the variables(ay,, ar) outsie the optimizaton with respectto the other control
variablesandthe statevariablesin orderto facilitatethe solutionof the problem.As notedabove,
in applicatiors the constrains on thesevariablescanbe nonlinearandnoncowex andif included
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in the inner optimization problemswould make theseproblemsdifficult to solve and negatethe
advantage®f the hierarchicakstructure.

The theoryunderlyingthe hierarchicalcontrol problemdefinedby the pair of problems(IP1)
and(IP2) hasbeenstudiedby Lions[70], albeitfor a differentunderlyingPDE andwith boundary
controls. Lions shaws that a solution exists for every positive g althoughin generalthe tarmget
cannotbe metexactly (8 = 0); i.e., the problemis approximatelycontrollable(seealsoGlowinski
andLions [49, 50]). Theseexistenceproofsfor the solutionsto the inner pair of optimizaton
problemsgiven by Lions are not constructve andhenceprovide no blueprintasto how to obtain
numericalsoluions. Onenaturalapproachis to usea variationalmethodto obtainthe optimality
conditiors for the innermostproblem(IP1) and usetheseequationsas constraintsvhensolving
(IP2). In thefollowing we establishthe optimality conditionsfor solving (IP1) andthendiscuss
how to approach(P2).

In orderto simpify thenotationandmake the developmentmoretransparentve assumehat

1

Cona) =35 [ 030+ dk0)ar

that A is the LaplacianoperatorA, andthatthe boundaryconditions are of the Dirichlet type.
Extensionsto more generalparabolicsystemsare straightforvard in concept(but may require
significantlymoreeffort to obtainnumericalsoluions). Thusour PDE hastheform

y—Ay = f(z,t)+vp(t)d(x —ar(t)) +vp(t) 6(z —arp(t)), (z,t)€Q (8.6.10)
y(xz,0) = bo(x), z€Q, (8.6.11)
y(z,t) = bi(x,t), (z,t) €T x(0,T), (8.6.12)

wherel is theboundaryof €.

Proposition 1. Letay, ar, andv,, befixed. If vz andy areoptimal for (IP1) thenthereexists a
dualfunctionp(z, t) € L%(0,T; Q) satisfyingthe PDE

p+Ap = 0, (z,t) €Q (8.6.13)
p(z, T) = —vyr(y(z,T)—Yr(x)), z€9Q, (8.6.14)
p(z,t) = 0, (z,0) el x(0,T), (8.6.15)

anduvr is given by
vr(t) = plar(t), ). (8.6.16)
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Proof: If vr andy areoptimalfor (IP1) thenthevariationalequalityfor the objectve functionis

/0 vp(t) vp(t) dt + vr /Q(y(ac, T)—yr(x)) 2(x,T)dx =0 (8.6.17)

for all admisible 9 € L?(0,T) andz € L*(0,T; ). o andz areadmissble if they satisfy

Zi—AZ = 0p(t)d(x—ar(t), (z,t) €Q, (8.6.18)
2(2,0) = 0, z€Q. (8.6.19)
Z(z,t) = 0, (z,t) €T x(0,7). (8.6.20)

Multiplying (8.6.18)by p(z, t), integrating over @), andapplyingGreens theoremgives

/Q(pt + Ap) 2(t) dz dt + /(p(x, T) 2(z,T) — p(x,0) 2(x,0)) dx

Q
+ / (p(z, ) %(x, ) — @(aj, t) z2(x,t)) dx dt (8.6.21)
I'x(0,T) dn dn

_ /Q b (t) 6(x — ap()) plx, £) dx dt

Where% representghe normal derivative. Using (8.6.13)—(8.6.15)and (8.6.18)—(8.6.20}his
eguatiorbecomes

yp / (4@, T) - Ye(z)) £(z, T) da = / 8 (t) plar (2), 1) dt. (8.6.22)

Equation(8.6.16)followsimmediatelyfrom this lastequationandthe Eulerequation(8.6.17).

Usingthesenecessargonditiors, the secondnnerproblem(IP2) cannow bewritten

. T
miny, 4, [y (Vi() +plar(t),t)?) dt
subject to :

[z, 1) +vr(t) 6(z — ar(t))
p(z,1)6(z —ar(t), (z,t) €@
y(z,0) = bo(z), z€Q,

y(z,t) = bi(z,t), (z,t) €T x(0,T),
pi+ Ap 0, (z,t)€q,
p(x,T) —vr (Y2, T) — Yr(x)), =€,
p(z,t) = 0, (z,t) €l x(0,7),
Jo (y(@,T) = Yi(2) ) dx B,

Y — Ay

_I_

VAN
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with ary, andCLF fixed.

At this stagethereareseveral possilbe approachesOneapproachwould beto incorporatehe
control variablesa(t) directly into the problem(soin effect (IP2) becomeqOP)) and solve the
resultingproblem. However, this approachsererely restrictsthe numericalmethod that we can
apply sincethe statevariableoccursin a nonlinearinequalityconstraint.For example,areduced
variableapproachcould not be employed. Anotherapproachwould be to obtainthe optimality
conditiorsfor this problem(aswasdonefor (IP1)) andthenusetheseconditiorsin theformulation
of the outer problem. If we take this approachthen we are forced to include complementary
slacknessonditiors as part of the necessargonditionswhich is an addednonlinear difficulty.
Both of thesemethodsalsosuffer from thefactthatana priori choiceof 3 is required.

As aresultof thesecomplicatiors, we have chosenfollowing Glowinski andLions (see[49])
to includetheleadertargetgoalasapenaltytermin theobjective function. Thatis, we reformulate
(IP2)as

minvL,y,p fOT (U%(t) +p(aF(t)7 t)Q dt + % fQ (y(l‘, T) - YL(:E) )2 dz
subject to :
w— Ay = [f(z,t) +o(t) 6z —ar(t)) + p(z,1)) 6(z — ap(t)), (z,1) €Q
y(z,0) = bo(z), =€,

y(z,t) = bi(z,t), (z,t) el x(0,7), (IP3)
m+Ap = 0, (z,t) €Q,
p(z,T) = —ar(y(z,T)—Yr(x)), z€9Q,

p(z,t) = 0, (z,t) € x(0,7),

where~y,, is a specifiedconstant.By choosingy;, sufiiciently large we can,in theory force the
deviation from the leadertargetto belessthan g althoughsucha soluton will not,in generalbe
thesoluion to the original problem(IP2).

We now derive the optimality conditionsfor this reformulatedoroblem.

Proposition 2. Let a;, andar befixed. If vz, y, andp are optimal for the problem(IP3) given
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above, thenthereexist functionsP(z, t) andY (z, t) in L?(0, T, ) satisfying

Y, +AY
Y(z,T)
Y (z,1)

P,— AP =

P(z,0)
P(z,t)

andvy, is givenby

0, (z,t)eQ

—r P(z,T) =y (y(z,T) = Yi(z)), €
0, (z,t) el x(0,7),

—i(z —ap) (p(z,t) = Y(z,1), (z,0) €Q

0, =€,

0, (x,t) el x(0,7),

vp(t) = Y(ar(t),1), te (0,T).

Proof: If vy, y, andp areoptimalfor (IP3) thenthevariationalequation

/0 (vr(t) 00(t) + p(ar(t),) plar (1), 1)) di + vr /Q(y(fE;T) —Yi(2)) 2(2,T) dz = 0

mustbe satisfiedfor every admissibé (v, z, p), i.e., for every (v, Z, p) satisfyng

Ze— AZ
2(,0)
Z(z,t)

p+Ap =

p(z,T)
p(z,1)

0L 0(x — ar(t) + p(x,t) 6(x —ap(t)), (z,t) €Q,
0, x € Q,

0, (z,t) € T x (0,7),

0, (z,t) € Q,

—vr 2(z,T), = € Q,

0, (z,t) €T x(0,7).

(8.6.23)
(8.6.24)
(8.6.25)
(8.6.26)
(8.6.27)
(8.6.28)

(8.6.29)

(8.6.30)

(8.6.31)
(8.6.32)
(8.6.33)
(8.6.34)
(8.6.35)
(8.6.36)

Now multiplying (8.6.31)by Y (x, t) and(8.6.34)by P(z, t), integratirg over (), andagainapply-
ing Greenstheoremwe obtain

/(Yt-i-AY)é(x,t)dxdt + /(Y(:L‘,T)é(x,T)—Y(x,O)é(x,O))dm
Q Q

dy

+ /MO,T) (Y (z, ) Z—i(x, t) = gy @0 2w, 0) dodt (8.6.37)

= /Q (0p(z,t) 8(x — ar(t)) + plap(t),t) 6(z — ap(t)) Y (z,t) dz dt
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and

/Q (P.— AP)pla,t)dzdt + [ (P(z,T)p(z,T) — Pz, 0)p(z,0)) d

S~

+ /F o) (P(x,1) @(a:,t) - %(m,t) p(z,t)) dz d(8.6.38)

=0

Using the variousPDE’s and boundaryconditiors for the functionsin (8.6.37)and (8.6.38)we
arrive at

—p / P(z,T) 2z, T)dz — 7 / (4, T) - Yy(z)) 5z, T) da

- / (00(t) Y (az(t), 1) + plar(t), £) Y (ap(t), 1)) d(8.6.39)

and

—/0 (p(ar(t),t) = Y(ar(t),t)) plar(t),t) dt —i—/Q P(z,T)p(z,T)dzx = 0. (8.6.40)

Using(8.6.35)andrerrangingthetermsin (8.6.40)yields

- / P(z,T) 2(x,T) dz = / Bar(),t) (plar(t), ) — Y(ap(t), D) dt.  (8.6.41)

Substituing this lastequationinto (8.6.39)yieldsthevariational equation(8.6.30).

With this derivationthe formulatedoptimizationproblem(OP) becomes

ming, op 5 ) (P(ar(t),)? + Y (ar(t),)?) dt + 2% [, (y(@,T) - Yi(2))? da

subject to :
equations (8.6.10) — (8.6.15) (8.6.42)
equations (8.6.23) — (8.6.29)
g(a) <0.

Several additonal commentseedto be madeconcerninghis formulation. First, the relatve
sizesof theconstantg;, and~r affecthow accuratelythedifferenttargetscanbeapproximatedin
orderto approxinatethe leadertargetasaccuratelyaspossible;y;, mustbe madelarge. However,
the effect of increasingts sizeis influencedby the sizeof vx. Thus,asin thefirst formulation of
thissection(SD), with asingleobjectie functionincorporatingoothtamgets themagniudesof v
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and~;, requiredto achieve the desiredtarget deviationsmustbe determinedoy experimentatn.
Our preliminary numericalstudieshave suggestedhatif bothtargetsarein the objectie function
andbothconstantarelarge,thentherecanbedifficultiesin achiezing corvergenceto the optimal
solution. Oneof the goalsof the numericalstudydescribedn the next sectionwasto determine
how theeffect of differing scalesof magnitua onthe choiceof thesdeaderandfollower constants
affectedthe optimal solutionsin the hierarchicalformulation. Secondlyit shouldbe emphasized
thatin orderto provide usefulresultsthe optimal control generatedy the modelmustbe imple-
mentableg.g.,wildly oscillating optimal controlsareundesireableAgain our studieso datehave
indicatedthatthe controlsachiesedin the hierarchicalformulation are betterbehaed thanthose
from (SD) for large valuesof the parametersBoth of theseconjecturesieedfurthertestingand,if
possibé, theoreticalgrounding

Finally, it is clearthatthis formulationof the problemis fundamentallydifferentfrom other
models. As is well-documentedn the finite-dimensbnal casesof bilevel programmingan opti-
mal soluion to a bilevel optimizaton problemneednot be a Pareto optimd solutionin the sense
of multiobjective optimization(see[120]) andthereis noreasorto assumehatthisis notthecase
here. Also, the inclusionof the follower control sitesa r aspartof the outeroptimization, rather
thanthe inner optimization problem,may seeminconsstent. In formulatingthe problemin this
mannefwe wereagainmotivatedby aneffort to make theproblemtractable complicatedandpos-
sibly noncomwex) inequaliy constraintsn the controllocationswould seriouslydegradethe ability
to expressconciselythe necessargonditions for theinner problem. All of thesepoints speakto
the difficulty in formulating stateequationsandin solving large scalemulticriteria optimizaton
problems.Theresultspresentedhererepresenaninitial effort in this direction.

We concludethis sectionby observingthat hierarchicalcontrol might profitably be usedto
formulatea multitudeof importantscientificapplications For example,in theareaof oil reserwoir
simulation one canformulateoptimal well placemenproblemsas hierarchicalcontrol problems
wheredesiredwell productionsmight form mandatory(or leader)targetswhile revenueor effi-
cieng/ basedgoalsare a secondaryfollower) targets. Problemsin optimal airfoil designcanbe
viewedin a similar way with structuralconstraintdeingposedasleaderobjectvesandvorticity
minimizing goalsbeingfollower targets. Remotemanipuator systemsJik e thoseemployed by
space-craftarerequiredto solve optimal control problemsrapidly. In someinstancesthesesys-
temsmustaccomplisha goalwhile maintainng prescribedlistancesrom otherpiecesof machin-
ery. Onecould formulatea classof hierarchicalcontrolin which leadertargetsinclude primary
objectves andfollower targetsmaintainminimal separatiorfrom sensitve machinerywheneer
possibé.
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8.7 Numerical Results

In this sectionwe reporton somenumericalexperimentswe have run to testsomeof the issues
raisedby the formulationof the hierarchicalcontrol problemgivenin the precedingsection(also
seg25]). Theproblemaddresset thatof theprecedingsectionwith thedomainS2 takento bethe

unit squarewith the boundaryconditonschosero be zero. Moreover, we have assumedhatthe

controlsitesarenotfunctionsof ¢ but constantWe don't believe thatthesesimplificatiors prohibit

usfrom makingpreliminary assessmentboutthe prospectdor this type of formulation. In any

casewe intendto continueexperimenion.

We hadseveral goalsfor thesepreliminary numericalexperiments.First we wantedto deter
minethe possilility of efficiently solvingthe problemin its hierarchicaformulation Secondwe
wantedto determinehow sensitve the solutionswereto differentchoicesof the constantsy; and
~r andto compargheseresultswith thoseobtainedoy solving the problemwith a singleobjectie
function containinga weightedsumof thetargetdiscrepancieskinally, we wantedto ascertainf
we couldsolve a problemwith noncomwex constraintson the controllocations.

We beagin by describinghetime discretizationLet Ny bethenumberof time stepsdesiredso
thatAt = NLT We will denotethe estimateof y atthenth time stepby y™ wheren = 1... Np. If
Ny denoteshenumberof spatialstepsn thex; andin thez, directionsthespatialstepis denoted
by h with h = 5. Thediscreteapproximatia to y is

y(nAt,ih, jh) = y7';.

We follow the two-stepimplicit schemefor parabolicproblemsas outlinedin Glowinsk [48].
Accordingly, we define

ay 1 n n n—

E((” +1) At) = AL Byt — 4y +yi ) -
Experiencewith this time discretizationhasled us to useit on stiff problemswhenwe needto
integrateto large valuesof T'. In suchcasesthe factthatit assuresinconditonal stability and
producesanaccurag to secondorderin time amplyjustifiesthe storagecosts.

At eachtime stepwe mustsolve an elliptic problemto obtainy:.f;.fl. The domainis sosimple
that we usethe very commonfinite-elementtriangulationof 2 consisthg of bisectedsquares.
The spaceof polynomals of degree< 1 is usedto form a finite dimensonal approximatio to
L*(Q) andH'(2). Moresophistcatedschemesrecertainlyavailablefor bothlinearandnonlinear
parabolicequations However, for testingoptimizaton formulatiors of the control problemhere,
this simple numericalschemeas both adequateand appropriate.For specificapplications more
specializedr hybrid discretizationsnay be calledfor (seefor example[66]).
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Two tamgetstatesy, () andyr(z), areusedto testthe performanceof the formulationof the
controlproblemfrom section3. While amyriadof testshapesrepossibé, we chooseonespecific
pair of testshapeghatillustratesbehaior seenin mostof our numericalexperiments The leader

targetshapds asmooh functionwith apeakof approxinately1.3atthepointz; = 1/3, 2, = 1/2

andthefollower is a pyramid with a peakof unity atthe pointz; = %,.’L’Q = % (seeFigures8.1

and8.2). Specifically thetargetfunctionsare
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Figure 8.1. Theleackrtarget Figure 8.2. Thefoll ower target

yr(z) = 35x172(1 — m2) (1 — 1)?,

. (8.7.43)
yr(z) = 2min {5z — 4,3 — bx9,5 — bz, by — 2} .

Thesetestproblemsaresimilar to thoseusedto studyhierarchicalcontrolwith stationarycontrols

([13]).

As constraintson the control locations,we requiredthat the parameters:;, andar be con-
strainedto be containednsidedisjoint balls. The leaderlocation,a;, is constrainedo lie within
thecircle centeredat (1, 1) wherethefollower locationis constrainedo lie within thecircle cen-
teredat (2, ). Bothconstraintdiave radius0.15 sothatthetwo circlesdo notintersect(seeFigure
8.7).

Theoptimizationproblemthataroserom ourformulatonwassolvedusingasequentiatjuadratic
programming SQP)algorithm. The specificsof thealgorithmarecontainedn [24] andatheoret-
ical analysighatcanbefoundin [23].

The numericalresultsare sumnarizedin Table 8.1 togetherwith Figures8.4—8.9. The first
two columrs of of Table8.1 give the problemsize. Thevaluesof v, andyr aregiven in thethird
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Figure 8.3. Geometriccongraints sepaatingthe contols

column.Thenext two columrs give therelative discrepang betweerstatevariablesandtargetsin
the L? norm. Thefinal two columnsof thetablereportonthe normof the controls.

Nx | Nr || (ves71) lyr = yllez/llyrllez || Nlye = yllee/llycllez | lloell | llocll

64 |32 [ (1.e+3,1.e+3 2.395302 0.4873116 25.774 | 3.4065
64 || 32 | (1.e+6,1.e+3 2.181885 0.497843 151.05| 28.420
64 || 32 | (L.e+3,1.e+6 2.415231 0.263%30 34.279| 448.49
128 32 || (1.e+3,1.e+3 2.371236 0.473D74 28.195| 3.5591
128 32 || (1.e+6,1.e+3 2.200413 0.5009.23 155.89 | 29.093
128 32 || (1.e+3,1.e+6 2.418927 0.270232 34.861| 449.12

Table 8.1. Numericd Performane Summary

Our problemformulationworkedwell with ournumericalbptimizationalgorithm In numerical
resultsnot presentederewe were ableto solve problemswith valuesof v aslargeas1.e16 and
valuesapproachingnachineprecision. Here we concentrateon the resultsfor more reasonable
valuesof ~. In Figures8.4, 8.6 and8.8 the dottedanddashedprofilesrespectrely denoteleader
and follower tamget profiles alongthe line z, = % The solid lines are the statevariabley at

terminaltime T = 1 alsoalongtheline z, = % Clearly both the leaderand follower targets
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Figure 8.5. Thecontrol varigbleswith
Figure 8.4. Thestatevariablesrestridedto theline 2, =  with YL =7F =le+3
Yo=Y =1le+3

were approximatelyattained.In Figures8.5, 8.7 and 8.9 the leaderandfollower controls, v (t)

andvg(t) areshowvn for ¢t € (0, 1], by solid anddashedinesrespectiely. In Figure8.5the total

variationsin thetwo controlsarecomparablevhile in Figure8.9the valueof v is large enough,
when comparedwith v, thatthe effect of the leadercontrolis greatly diminished. In fact the
follower control oscillatedso violently thatit eclipsedthe behaior of theleadercontrol. Finally,

it is worth noting that for the numericalexamplespresentedere, the optimal location of both
controlswasinside the constraintircles.

Our numericalexperienceillustratedthat the difficulty of the SQP algorithmin solving the
hierarchicalproblemtestedhereincreasedvith the valuesof the penaltyparameters;, and~z.
This factis not surprisingin light of the factthatsimilar behaior hasbeenobseredfor the case
of hierarchicalkontrolof Burgers’ Equation([65]).

8.8 FutureResa&rch

Thefreedomto specifymultiple targetsis extremelyimportantfor mary practicalproblems.The
high costof solvingmulticriteriaoptimizationproblemssuggestshattheremaybeinstancesvhere
hierarchicalcontrolproblemformulatiors couldyield a computatimal advantagein anaffordable
way. We plan to investicate the use of this formulation techniqueto attackmore complicated
phystcal phenomenaincluding thosemodeledby nonlinearequations We anticipatethe ideas
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will befruitful whenformulatingproblemsof optimal well placementcontaminantransportand

bioremediatio amongothers.

206



15

300

200} b

1 \
100~ -

-100

-200

-300

—400 . . .
0.2 0.4 0.6 0.8 1

Figure 8.8. Thestatevariablesrestridedto theline z, EiQUA’/'EFB.Q. The control varigbleswith v, = 1.e + 3 andyr =
v =le+3andyr =1l.e+6 le+6

207



Bibliography

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]
[10]

Spacestationexternal contaminatn control requirements. Technicalreport, NASA/JSC
30426,1986.

E.M. Cliff A. Sheng, M. Heinkenschligs. Airfoil designby anall-at-oncemethod. Tech-
nical Report97-15, CAAM Rice Universty, Departmentof Computatimal and Applied
Mathematts,1997.

V. Akcelik, G. Biros,andO. Ghattas.Parallel multiscalegauss-neton-krylov methoddor
inversewave propagationin Proceeding®fthe|[EEE/ACM SC200Zonfeence Baltimore.
IEEE/ACM, 2002.

F. Alexanderand G. Garcia. The direct simulaton monte carlo method. Computes in
Physics(11):588,1997.

W. K. AndersorandD. L. BonhausAerodynamiaesignonunstructuredjridsfor turbulent
flows. TechnicalReportTM 112867 Langley ResearciCenter Hampton,Virginia, 1997.

W. K. AndersonandV. Venkatakrishnan Aerodynamicde-signoptimizationon unstruc-
turedgridswith a continwousadjointformulation. In 97-0643 AIAA, 1997.

E. Arian andSalasM.D. Admitting theinadmissble: Adjoint formulation for incomplete
costfunctionalsin aerodynamioptimization. TechnicalReport97-69,ICASE, NASA Lan-
gley, 1997.

E. ArianandV. N. Vatsa.A preconditioningnethodfor shapeoptimizaton governedby the
eulerequations TechnicalReport98-14,ICASE, NASA Langley, 1998.

S.Balay, W. Gropp,L. Mclnnes,andB. Smith. PETSc2.0. http//www.mcs.anl.ge/petsc.

R. A. Bartlett. ObjectOrientedAppmoachesto Large ScaleNonLinearProgrammingFor
ProcessSystemdngineering Ph.D Thesis,ChemicalEngineeringDepartmentCarneyi
Mellon Universty, Pittshurgh, 2001.

208



[11] R.A. Bartlett,L. T. Biegler, J.BackstromandV. Gopal.Quadratigorogramminglgorithirs
for larg-scalemodelpredictve controls.J. ProcessControl, 12:775+95,2002.

[12] A. Battermanmand M. Heinkenschloss Preconditionergor karush-kuhn-toker matrices
arisingin the optimal control of distributedsystens. In Optimal Control of Partial Differ-
ential Equations Vorau 1997,Birkhuser\erlag, Basel,Boston Berlin, pagesl5-32,1998.

[13] M. Berggren.Contmol andSimulaton of Advection—Difuson Problems Ph.DThesisCom-
putational andApplied Mathematis, Rice University, Housta, Tx., 1995.

[14] M. Berggren. Nunmericalsolutionof a flow-control problem: Vorticity reductionby dy-
namicalboundaryaction.SIAMJounrnal ScientificComputing (Vol 19,No. 3 pp 829-860),
1998.

[15] L. T. Biegler, J. Nocedal,andC. Schmid. A reducedhessiamrmethodfor large-scalecon-
strainedoptimization. SIAM J. Opt,, 5:314,1995.

[16] L.T. Biegler, A. Cenantes,andA. Wachter Advancesn simukaineousstratgiesfor dy-
namic optimization. TechnicalReport CAPD TechnicalReportB-01-01, Departmentof
ChemicalEngineeringCarniegge Mellon University, 2001.

[17] L.T. Biegler, C. Schmidt,and D. Ternet. A multiplier-free, reducedhessianmethodfor
procesptimization. 1996.

[18] G.A. Bird. Molecular Dynamicsand the Direct Simuhtion of Gas Flows. Clarendon,
Oxford, 1994.

[19] G. Biros. Parallel newton-krylov algorithrrs for pde-constrainedptimization. the SCXY
ConfeenceSeries November 1999.

[20] G. BirosandO. Ghattas.Parallel preconditionergor KKT systemsarisingin optimal con-
trol of viscousincompressile flows. In Proceedingof Parallel CFD 99, Williamshurg,
VA, May 23-26,1999 Amsterdam,London,New-York, 1999.North Holland. to appear
http:/www.cs.cmu.edutoghattag.

[21] G. Biros and O. Ghattas. Parallel lagrange-neton-krylov-schur methodsfor pde-
constrainedptimization. parti: Thekrylov-schu solver. Technicalreport,Laboratoryfor
MechanicsAlgorithms, andComputing,Carngie Mellon University, 2000.

[22] G. Biros and O. Ghattas. Parallel lagrange-neton-krylov-schur methodsfor pde-
constraineaptimization.partii: Thelagrange-netonsolver, andits applicationto optimal

209



control of steadyviscousflows. Technicalreport,Laboratoryfor Mechanics Algorithms,
andComputing,Carngie Mellon Universty, 2000.

[23] P. T. Boggs,A. J.Kearslg, andJ. W. Tolle. A globalcorvergenceanalysisof analgorithm
for large scalenonlinearlyconstrainedptimizatian problem. SIAM J. Optim, 9(4):833—
862,1999.

[24] P. T. Boggs,A. J. Kearslg, andJ. W. Tolle. A practicalalgorithmfor generallarge scale
nonlinearoptimizationproblems.SIAMJ. Optim, 9(3):755-7781999.

[25] P. T. Boggs,A. J. Kearslg, andJ. W. Tolle. Hierarchicalcontrol of a linear diffusion
equation.in press 2002.

[26] P. T. BoggsandJ. Tolle. Successie quadratigprogrammig. ActaNumerica 1996.

[27] Paul T. Boggs,Paul D. Domich,andJanetE. Rogers.An interior-point methodfor general
large scalequadratigprogrammingproblems Annalsof OperationsReseath, 62:419-87,
1996.

[28] Paul T. BoggsandKevin R. Long. A software systemfor pde-constrainedptimizaton
problems In G. DiPillo andA. Murli, editors,High PerformanceAlgorithmsand Softwae
for NonlinearOptimization pagein PressPordrecht,2002.Kluwer AcademicPublishers.

[29] Brooke et al. GAMSRelease?.25, Version 92 Languaye Guide GAMS Developrent
CorperationWashingtonDC, 1997.

[30] E.A. BurroughsL. A. Romero,R. B. Lehoucg.andA. G. Salinger Large scaleeigervalue
calculationgor computirg the stability of buoyang drivenflows. SandiaTechnical Report
SAND2001-01132001.

[31] R.H. Byrd, J.NocedalandR.B. Schnabel Representationsf quasi-N&vton matricesand
theirusein limitedmemorymethods.Math. Prog., 63:129-56,1994.

[32] A. Carle,M. FaganandL. L. Green.Preliminaryresultsfrom the applicationof automated
adjointcodegeneratiorto cfl3d. In AIAA-98-4807AIAA, 1998.

[33] J.Demmel.AppliedNumericalLinear Algebra. SIAM, 1997.

[34] J. E. Dennis,M. Heinkenschlos, andL. N. Vicente. Trustregion interior-point sqp al-
gorithirs for a classof nonlinearprogrammingproblems. SIAM Journal on Control and
Optimization (Volume36 Number5), 1998.

210



[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

Paul D. Domich,Paul T. Boggs,JanetE. Rogers andChristophWitzgall. Optimizing over
three-dimenginal subspaces an interior-point methodfor linear programmng. Linear
Algebra andits Applicatiors, 152:315-342,July 1991.

D. A. Dunavant. High degreeefficient symmetrcal gaussiamquadratureulesfor thetrian-
gle. Internatioral Journal for NumericalMethodsin Engineering21:1128-1148,1985.

M.S. Eldred,A.A. Giunta,B.G. vanBloemenWaandersS.F Wojtkiewicz, W.E. Hart, and
M.P. Alleva. Dakota,a multilevel parallelobject-orientedramenork for designoptimiza-
tion, parameteestimatio, uncertaintyquantification,and sensitvity analysisversion3.0
usersmanual. Technicalreport SAND2001-3796,SandiaNational Laboratories,Albu-
querqueNew Mexico 87185andLivermae, California94550,April 2001.

M.S. Eldred,A.A. Giunta,B.G. vanBloemenWaandersS.F Wojtkiewicz, W.E. Hart, and
M.P. Alleva. Dakota, a multilevel parallelobject-orientedramenork for designoptimiza-
tion, parameteestimatia, uncertaintyquantification,and sensitvity analysisversion3.0
usersmanual. Technicalreport SAND2001-3515,SandiaNational Laboratories,Albu-
guerqueNew Mexico 87185andLivermae, California94550,April 2001.

M.S. Eldred,A.A. Giunta,B.G. vanBloemenWaandersS.F Wojtkiewicz, W.E. Hart, and
M.P. Alleva. Dakota,a multilevel parallelobject-orientedramenork for designoptimiza-
tion, parameteestimatio, uncertaintyquantification,and sensitvity analysisversion3.0
usersmanual. Technicalreport SAND2001-3515,SandiaNational Laboratories,Albu-
querqueNew Mexico 87185andLivermae, California94550,April 2001.

M.S. Eldred,W.E. Hart, W.J. Bohnhof, V.J.Romero,S.A. Hutchinsm, andA.G. Salinger
Utili zing object-orientedlesignto build advancedoptimizationstratgjieswith genericim-
plementabn. Proceeding®f the 6th AIAA/NASA/ISSMGsymposiunon Multidisciplinary
Analyss and Optimizaton, AIAA-96-4164-CFBellevug WA, pagesl568—-15821996.

R.Fourer D. M. Gay, andB. W. Kernighan AMPL: A ModelingLanguae for Mathemattal
Porogramming ScientificPress,1993.

E. GammaR. Helm, R. JohnsonandJ. Vlissides. DesignPatterns Elementdo Reusable
Object-Orienéd Softwae. AddisonWesley, 1995.

O. GhattasandJ. Bark. Optimalcontrolof two- andthree-dimensinal navier-stokesflows.
Journd of ComputationbPhysics(136):231,1997.

O. GhattasandC. Orozco. A parallelreducedhessiarsqpmethodfor shapeoptimizaton.
In Multidisciplinary DesignOptimizaion: Stateof the Art. SIAM, 1997.

211



[45] P. Gill, W. Murry, M. SaundersandM. Wright. User’s Guidefor SOL/QPSOLA Fortran
Padkage for Quadmtic Programming SystemsOptimization Laboratory Departmentof
OperationResearchStanfordUniversity, 1983.

[46] PE.Gill, L.O.Jay M.W. Leonard,andL.R.andPetzoldV. Sharma.An sqpmethodfor the
optimal control of large scaledynamicalsystems.Jounal Computatioal Applied Mathe-
matics (120197-213),2000.

[47] Gill, P, W. Murry and M. Saunders.User’s Guidefor QPOPT1.0: A Fortran Padkage
for Quadmtic Programming System<OptimizationLaboratory Departmenbpf Operations
ResearchStanfordUniversity, 1995.

[48] R. Glowinski. NumericalMethodsfor Nonlinear Variational Problems SpringerVerlag,
New York, 1984.

[49] R.GlowinskiandJ.L.Lions. Exactandapproximateontrollability for distributedparameter
systensi. ActaNumerica pages269-378,1994.

[50] R.GlowinskiandJ.L.Lions.Exactandapproximateontrollability for distributedparameter
systensii. ActaNumerica pagesl59-333,1995.

[51] M. S. Gockenbach and W. W. Symes. The hilbert class library.
http//www.trip.caam.rice.edu/txt/hcla@thtml/index.html.

[52] R.T. Haftka. Simultaneousnalysisanddesign.AlAA Journd, 1985.

[53] B. He, O. Ghattas,and J.F Antaki. Computatbnal stratgies for shapeoptimization of
time dependenbhavier stokesflow. TechnicalReportCMU-CML-97-102,Carngie Mellon
University, 1997.

[54] M. Heinkenschloss.Time domaindecompositin iteratve methodgor the solution of dis-
tributed linear quadraticoptimal control problems TechnicalReportTR00-31,Rice Uni-
versity, 2000.

[55] M. Heroux. Thetrilinos project. http:/www.cs.sandiagy/Trilinos/.

[56] M. Heroux, R. Lehoucq, K. Long, and A. Williams. Trilinos solver framework.
http//www.cs.sant.gov/Trilinos/doc/tsf/doc/htrifindex.html.

[57] P.D.HoughandT. G. Kolda. Asynchronougparallelpatternsearchor nonlinearoptimiza-
tion. Technicalreport,SandiaNationalLaboratories2000.

212



[58] P. Huard. Resolutionof mathematicalprogramming with nonlinearconstraintsby the
methodof centers. In J. Abadie, editor, Nonlinear Programming pages209-219,Ams-
terdam,1967.North-Holland.

[59] T. J.R. Hughes. TheFinite ElementMethod: Linear Staticand DynamicFinite Element
Analyss. Dover, 2000.

[60] J. P. Ignizio. Goal Programmingand Extensions Lexington Books, Lexington, Mas-
sachusetts,976.

[61] A. Iollo, G.Kuruvilla, andS. Ta’asan.Pseudo-timenethodfor optimal shapedesignusing
theeulerequationsTechnicalReport95-59,ICASE, 1995.

[62] A. Jameson. Aerodynamicdesignvia control theory journal of ScientificComputing
(3):233,1988.

[63] Y. Jinyun. Symmetricgaussan quadraturdormulaefor tetrahendronalegions. Computer
Methodsin AppliedMedanicsandEngineering43:34-353,1984.

[64] R.D. Josln, M.D. Gunzhurger, R.A. Nicolaides,G. Erlebacherand M.Y. Hussaini A
methoalogy for the automatedaptimalcontrolof flows including transitionalflows. Tech-
nicalreport,ICASE NASA Langley, 1995.

[65] A. J. Kearslg. The useof optimizationtechniquesn the solutionof partial differential
equationgrom scienceandengineeringTechnicalReport& Ph.D.ThesisRiceUniversity,
Departmentf Computatbnal & Applied Mathematics1996.

[66] A. J.Kearslg, L. C. Cowsar R. Glowinski, M. F. Wheelerandl. Yotov. An optimizaton
approactio multiphasdlow. Jounalof Optimizaion Theoryand Applications 111(3):473—
488,2001.

[67] D.E.Keyes,PD.Hovland,L.C. Mclnnes,andW. SamyonoUsingautomatidifferentiaton
for second-ordematrix-freemethodsn pde-constrainedptimization. In AutomaticDiffer-
entiation of Algorithms: From Simulaiton to Optimization(G. Corlissetal., eds.),Springer,
pages35-50,2000.

[68] J.Koski, H. Eschenauerand A. Osyczka. Multicriteria DesignOptimizdion. Springer-
Verlag,Berlin, Germary, 1990.

[69] R.B. LehoucgandA. G. Salinger Large-scaleeigervalue calculationgor stability analy-
sis of steadyflows on massvely parallelcomputers.Internationd Journal for Numerical
Methodsin Fluids, 36:309-3272001.

213



[70] J.L. Lions. Hierarchicalcontrol. Proceeding®f the Indian Academyof SciencegMathe-
matical Sciences)104(1):295-304Februaryl994.

[71] TamaraK. Locke. Guideto preparingSAND reports. Technicalreport SAND98-0730,
SandiaNationalLaboratoriesAlbuquerque New Mexico 87185andLivermore,California
94550,May 1998.

[72] Kevin R. Long. Solving partial differential equationswith sundance. Technicalreport,
SandiaNationalLaboratories2002.

[73] A. LumsdaneandJ.Siek. Thematrixtemplatdibrary. http:/www.lsc.ndedu/research/mtl/,
1998.

[74] J.M. Marotzke, R. Giering, K.Q Zhang,D.StammerC. Hill, andT. Lee. Constructionof
the adjoint mit oceangeneralcirculationmodel and applicationto atlantic heattransport
sensitvity. TechnicalReport63, Centerfor GlobalChangeScience MIT, 1999. submited
to Journalof Geophyics.

[75] A. JamesorN.A. PierceL. Martinelli. Optimum aerodynamicglesignusing the navier
stokesequations. In Proceedingof the AIAA-91-0100,35th AerospaceScienceMeeting
andExhibition, 1997.

[76] S.Meyers.More EffectiveC++. Addison-Wesley, 1996.
[77] E.RP Munz. Rarifiedgasdynamics.Ann.Rev. Fluid Med., (21):387,1989.

[78] B.A. MurtaghandM.A. SaundersMINOS 5.4 users guide. TechnicalReportReportSOL
83-20R ,Departmenbf OperationReseach, StanfordUniversity, 1995.

[79] S.K. NadarajatandA. Jamesod.Alonso. An adjointmethodfor the calculationof remote
sensitvitiesin supersonidlow. In AIAA-2002-0261AIAA, 2002.

[80] S.NashandA. Sofer LinearandNonlinearProgramming McGraw Hill, 1996.

[81] G.A.NewmanandD.L. Alumbaugh.3-delectricmagnetidnversionusingconjugategradi-
ents.TechnicalReportSAND97-1296C SandiaNationalLaboratories1997.

[82] G.A.NewmanandD.L. Alumbaudh. Threedimensonal massvely parallelelectromagnec-
tic inversion GeophysicgournalInternational, (128):345-3541997.

[83] PA. Newman,G.J.WHou, andA.C. Taylor. Obsenationsregardinguseof advancedanal-
ysis, sensitvity analysisanddesigncodesin cfd. TechnicalReport96-16,NASA ICASE,
Institute for ComputerApplicationsin ScienceandEngineering,1996.

214



[84] J.NocedalandM. Overton.Projectechessiarupdatingalgorithmsfor nonlinearconstrained
optimization. SIAMJ. Numer Anal,, 22:821,1985.

[85] J.NocedalandS.Wright. NumericalOptimizaton. Springer New York, 1999.

[86] C. E. Orozcoand O. Ghattas. A reducedsandmethodfor optimal designof nonlinear
structureslinternational Journal for NumericalMethodsin Engineering 1997.to appear

[87] B. Parker. Templatecomposié operatorshttp:/www.gil.com.au/bparér, 1997.

[88] R.P. Pawlowski, C. Theodoropouls, A. G. Salinger T. J. Mountziaris,H. K. Moffat, J. N.
Shadid,andE. J. Thrush. Fundamentamodelsof the metaloganc vaporphaseepitaxyof
gallum nitride andtheir usein reactordesign. Journal of Crystal Growth, 221:622—-@8,
2000.

[89] L. Petzold,J. B. Rosen,PE. Gill, L.O. Jay andK. Park. Numericaloptimal control of
parabolicpdesusingdasopt. In Large ScaleOptimizationwith Applicaions, Part 1l: Op-
timal Designand Control EdsL. Biegler T. ColemanA. ConnF SantosalAM Volumesin
MathemattsandlIts ApplicationsVol 1997pp 288-311,1997.

[90] O. Pironneau.On optimumdesignin fluid mechanics.Journd of Fluids Mechanics (64),
1974.

[91] R.Pozo.LAPACK++ v 1.1: High Performancelinear Algebra User’s Guide NIST, 1996.

[92] U. Ringertz.Optimal designof nonlinearshellstructures TechnicalReportTN 91-18,The
AeronauticaResearchnstitute of Sweden,1991.

[93] U. Ringertz. An algorithmfor optimization of nonlinearshell structures. Internatioral
Journd for NumericalMethodsin Engineering(38):299-3141995.

[94] J. Sobieszczanski-Sobiesk.J. Balling. Optimization of couple systems: A critical
overview of approaches.TechnicalReport94-100,NASA ICASE Tech.Rep94-100,In-
stitutefor ComputerApplicationsin ScienceandEngineering,1994.

[95] S. Roberts et al. Meschach++: Matrix ~computatios in c++.
http//www.netib.org/c/meschach/,996.

[96] G. BoochJ. Rumbaughandl. Jacobson. The Unified Modeling Languaye User Guide
Addisan-Wesley, 1999.

[97] J.Rumbaugletal. Object-OrientedModelingandDesign PrenticeHall, Englevood Cliffs,
New Jersg, 1991.

215



[98] Y. Saad.lterative Methodsfor SpaseLinear SystemsPWS,Boston,MA, 1996.

[99] A. G. Salinger N.M. Bou-RabeeE.A. Burroughs,R.B. Lehoucq,R.P Pawlowski, L.A.
RomeroandE.D.Wilkes.LOCA: A library of continuatonalgorithms Theroy manuaknd
users guide. Technicalreport, SandiaNational Laboratories AlbouquerqueNew Mexico
87185,2002. SAND2002-0396.

[100] A. G. Salinger K. D. Devine, G. L. HenniganH. K. Moffat, S. A. HutchinsonandJ. N.
Shadid. MPSalsa:A finite elementcomputerprogramfor reactingflow problems- partll
users guide. Technicalreport, SandiaNational Laboratories AlouquerqueNew Mexico
87185,1996. SAND96-2331.

[101] A. G. Salinger J. N. Shadid,S. A. Hutchinson,G. L. Hennigan K. D. Devine, andH. K.
Moffat. Analysisof gallium arsenidedepositionin a horizontalchemicalvapordepositon
reactorusingmassvely parallelcomputations Journd of Crystal Growth, 203:516-33,
1999.

[102] A.G. Salinger R.B. Lehoucq,andL.A Romero. Stability analysisof large-scaleincom-
pressibé flow calculationson massiely parallelcomputers.CFD Journal, 9(1):529-33,
2001.

[103] Sandia  National Labs. ESI: Equation  Solver Interface.
http: //z.ca.sa  ndia.gove /esi ,2001.

[104] C. Schmid. ReducedHessianSuccessivQuadmatic Programmingfor Large-ScaleProcess
Optimization PhDthesis,Departmenbf ChemicalEngineeringCarngie Mellon Univer-
sity, Pittshurgh, PA, 1994,

[105] C. SchmidandL. T. Biegler. Accelerationof reduced-hessiamethoddor large-scalenon-
linearprogramming.Comp.Chem.Eng, 17:451,1993.

[106] C. SchmidandL. T. Biegler. Quadraticprogramming method for reducedhessiansqp.
Comp.Chem.Eng, 18:817,1994.

[107] R.M. SegaandA. Igntiev. A spaceutlra-vacuumexperiment- applicatian to materialpro-
cessing.In Proceedingf the AIAA/IKI Microgravity ScienceéSymposiugl991.

[108] J. N. Shadid,H. K. Moffat, S. A. Hutchinsam, G. L. Hennigan,K. D. Devine, andA. G.
Salinger MPSalsa:A finite elementcomputerprogramfor reactingflow problems- Part
| theoreticaldevelopment. Technicalreport, SandiaNational Laboratories Albuquerque,
New Mexico 87185,1996. SAND95-2752.

216



[109] J.N.Shadid A fully-coupledNewton-Krylov soluion methodfor parallelunstructuedfinite
elemenffluid flow, heatandmasstransport.lIJCFD, 12:199-211,1999.

[110] Standish,T.A. Data Structues,Algorithms& Softwae Principlesin C. Addison-W\éslgy,
1994.

[111] J.R. Stevart and H.C. Edwards. The sierraframework for developing advancedparallel
mechanicapplications In Springer Verlag Lectuie Notes

[112] B. Stroustrup.TheC++ ProgrammingLanguaye, 3rd edition AddisonWesle/, New York,
1997.

[113] Sun Microsysems. Java: The pure object oriented language for the weh
http: //java.su  n.com.

[114] S. Tasan.Oneshotmethodgor optimal controlof distributedparametesystems: Finite
dimensonal control. TechnicalReport91-2,ICASE NASA Langley, 1991.

[115] D. TernetandL.T. Biegler. New Approadiesto a ReducedHessianSuccessivQuadiatic
ProgrammingMethodfor Large-ScaleProcessOptimization PhD thesis,Departmeniof
ChemicalEngineeringCarngie Mellon University, Pittshurgh, PA, 1998.

[116] I. B. TjoaandL. T. Biegler. A reducedsuccessie quadraticprogrammingstratey for
errors-in-\ariablesestimaton. Comp.ChemEng, 16:523,1992.

[117] VanderbiR.J.. An Interior Pointcodefor QuadratidProgramming.TechnicalReportSOR
94-15,PrincetonUniveristy, 1994.

[118] VanarezosD.K, L.T. Biegler, andl.E. Grossnann. Multiperiod DesignOptimizaton with
SQPDecomposin. Comp.Chem Eng, 18:1(87,1994.

[119] Veldhuken, T. andE. Gannon. Active Libraries: Rethinkingthe Rolesof Compilersand
Libraries. http:/oonumerics.ay/blitz/papers/1998.

[120] L. Vicenteand P. Calamai. Bilevel and multilevel programmiig: A bibliographyreview.
Journd of Global Optimizdion, 6:1-16,1994.

[121] H. von Staclelbeg. Marktformund Gleichgewicht. J. Springer Vienna,1934.

[122] A. Wachter An Interior Point Algorithmfor Large-ScaleNonlinearOptimizaton with Ap-
plicationsin ProcesEngineerig. PhDthesis,Carngie Mellon University, 2002.

[123] S. Wright. Optimization software packages. TechnicalReport ANL/MCS-P8xx-0899,
MathemattsandComputerScienceDivision, ArgonneNationalLaboratory 1999.

217



[124] Z.Wang,K.K DroeggemeierL. White,andl.M. Navon. Applicationof anew adjointnewvton
algorithm to the 3-d arpsstormscalemodelusingsimulateddata. 19.

218



A rSQP++ Equation Summay and Nomenclature Guide

Thisis asummaryof the mathematal expressionsn anrSQPalgorithmandthe quantitiesn
therSQP++implemenation. This guideprovidesa precisemappirg from mathematicajuantites
to identifiernamesusedin rSQP+.

Standard NLP Formulation Lagrangian
min f(l') L(ZE,)\, VLaVU) = f(.’II) +/\Tc(x)
st c(z) = +(vp)! (o1 — @)

rxp <z < 2y

where: .
T, T, Ty € X vizL(xaA) = V2f(.’L‘) + Z AjVQCj("I“)
flz): X >R =1
c(z): X —=C where:
X e R" AXeC
CeR™ v=vy—vi € X
Full SpaceQP Subproblem (Relaxed) Null-SpaceDecomposiion
min  gTd+ hd"Wd+ M(n) Z € X|Z st.(44)"Z =0
st. ATd+(1—-n)ec=0 Y € XY s.t.[ Y Z ] nonsngular
T, —xp <d<zy — Tk R= [(Ad)TY] € Cd|y nonshgula
U.=[(A)72] € Cu|Z
where: Uy = [(AU)TY] c Culy
d=ap —op € X d=(1-n)Yp, + Zp.
g=Vf(zx) € X
W = V2, L(zy, ) € X|X where:
M(n) € R—> R p. € Z C R(™)
A:VC(.’L‘k) EXlC pyeyg R"

c=c(zg) € C

Quasi-Normal (Range-SpacepBubproblem

by = _R_lcd ey
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Tangential (Null-Space)Subproblem (Relaxed)

where:
. - o gqu(gr+Cw)€Z bLEJ»'L_wk_YpyEX
min - ggp. + /2p, Bp, + M(n) g=2Tg € Z by =xy —xp, —Ypy € X
st. Up,+(1-nu=0 w=ZWYp, € Z

br < Zp, — (Ypy)n < by ¢ €R
B~Z'WZ € 2|2
U,=[(4.)77] € Cu|Z
U, = [(A)TY] € Cu|Y
u=Uypy+cy, € Cy

Variable-Reduction Null-Space Coordinate Orthogonal
Decompositons
D=-C"'N ¢ XD|X]

oo | @] _[ow g | —CT'N S |
(Au)” E F LT |1
. _ |1 I
where: Y= Y =
C € Cl¥p  (nonsingilar) ’ -
€ Cq|XD nonsingular
N € ¢yl R=C R=C(I+DD7)
E € Cy|p U,=F—-ECIN U,=F+ ED
U _ T
F e CulX: U,=F Uy=FE—-FD
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Mathematical Notation Summary and rSQP++ Identifier Mapping

Mathematical rSQP++
Iteration
kely k
NLP
n € I n
m € I} m
X e R space X
C eR™ space ¢
z e X X
T, € X x|
zy € X Xu
f(@)lz € R f
g=Vf(r) e X Gf
c(z)ly € C c
A=Vc(z)|, € X|C Gc
Lagrangian
AecC lam bda
veX nu
Ve L(zk, Ak, Vi) GL
e X
W = HL
Vo L(zk, Ar)
€ XX
SQP Step
de X d
n € R eta
Null-Space Decomposition
re I r
1:r] € I2 con _deco mp
[r+1:m] € I2 con _unde comp
Cs € R space C
.Su b_space(
con _deco mp)
C, € Rm=) space C
.Su b_space(

con _unde comp)

Description
Iteration courter for the SQPalgorithm

Numberof unknown varialdesin x
Numberof equdity constaintsin ¢(z)
Vectorspae for

Vectorspae for ¢(z)

Unknownvarigbles

Lower bourdsfor varialdes
Upperbourdsfor variables

Objective function value at x

Gradiert of the objective function at z
Generdequalty congraints evaluaedat x
Gradien of ¢(z) evalugedatz, Ve = [ Ver ... Ve ]

Lagrarge multipliers for the gereral equaity constrairts
Lagrarge multipliers (spase)for thevariade bourds
Gradiert of the Lagrargian

Hessiarof the Lagrangan

Full SQPstepfor the unknownvariables,d = (zx11)*T — z
Relaxdion variade for QP subpoblem

Numberdecommsedequdity constaintsin ¢
Rangefor decompsedequaities ¢; = ¢(1.y)

Rangefor undecompose equdities ¢, = ¢(r41.m)
Vectorspae for decmposedequailties ¢

Vectorspae for undecompaedequaliiesg,
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cd =c@y) € Ca c.s ub _view ( Vectorof decompsedequaities
con _deco mp)

Cu = C(r41:m) € Cu c.s ub _view ( Vectorof undeomposecdequaities
con _unde comp)
Z e R(v7) Z.s pace rows () Null space. Accesgdfrom the matrix objed Z.
Y eR Y.s pace rows () Quasi-Rangaspace. Accesgdfrom the matrix objed Y.
Z € X|Z z Null-spacematrix for (Veg)? (Veg)t' Z = 0)
Y € X|Y Y Quasi-angespacematrix for (Veg)” ([Y' Z] nonsngular)
R= [(Vey)'Y] R
€ Cqly
U, = [(Veu)TZ] Uz
€ CulZ
Uy = [(Veu,)TY] Uy
€ CulY
p: € Z pz Tangenial (null-space)step
Zp, € X Zpz Tangenial (null-space) cortribution to d
Py €Y py Quasi-rormal (quas-range-spa&e) step
Yp, € X Ypy Quasi-rorm (quasi-rarge-s@ace)contribution to d
g-=2TVf e 2 rGf Reduce gradientof the objedive function
ZrVL € Z rGL Reducel gradientof the Lagrangan
wrZIWYp, € Z w Reduce QP crossterm
B=Z"WZ € Z|Z rHL Reducel Hessiarof the Lagrandgan
Reduced QP Subproblem
9op = (9r +Cw) gpgrad Gradien for the Redued QP subpoblem
€ Z
(€e€R zet a QP crosstermdampirg paramegr (desentfor ¢(z))
Global Convergence
a € R alp ha Steplengthfor zy 1 = zx + ad
b€ R mu Penaltyparameteusedin the merit function ¢(x)
oz) : X—R merit _func _nlp Merit function objecttha compute ¢(x)
¢(z)l: € R phi Valueof the meritfunction ¢(z) atz
Variable Reduction Decomposition
1:7] € I2 var _dep Rangefor depementvaribleszp = z 1.,
[r+1:n] € I2 var _inde p Rangefor independer variades z; = x(,41:n)
Qr € X|X P_var Permuatio for the variablesfor current bass
Q. € CIC P_equ Permuatio for the constaintsfor current bass
Xp € R space X Vectorspae for dependen varialdes zp
.Su b_space(
var _dep)
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X; € R(»7)

.’L‘DEXD
Ty € Xf

C = Vpeg(zp)T
= (AT)(I:T,I:T)
€ Cq|Xp

N = Vjcd(wk)T
= (AT)(I:T,T—H:H)
S Cle[

E =Vpey(zp)T
= (AT)(T—I—l:m,l:r)
€ Cu|XD

F =Vicy(z)T

= (AT)(7"+1:m,r+1:n)
€ Cu|XI

space X
.Su b_space(

var _inde p)
X.S ub_view (

var _dep)
X.S ub_view (

var _inde p)
C

Vectorspae for indepenentvariablesz;

Vectorof depemlentvarialdes
Vectorof independen variabes

Nonsirgular Jacdian submatrk (basig for dependent
variableszp anddecmposedconstaintsc;(z) at zy

Jacdiansulmatrix for indepenentvariadesz; andde-
compasedconstrairns ¢y (z) atxy

Jacdian submatrix for depandent variades zp andun-
decanposedcorstrairns c, (z) atzy

Jacdiansubmatix for independet variadesz; andun-
decanposedcornstrairts ¢, (z) atzy
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B Installation of rSQP++

The C++ sourcecodefor rSQP++,its supportingpackagesand a few simple exampks are
distributed asa singlesourcetree. The build systemusesGNU make which is availableon Linux,
Unix and even Microsoft Windows (usingcygwin). The build systemis designedorimarily for
developmentwork andthereforenot aseasyto install aswith installaton methodsbasedon GNU
automale andautoconf.Thedistribution comesasagzipedtarfile of thenamerSQPpp. tar.gz
To install the coredistribution (assuminga Linux/Unix system) createa basedirectoryanduntar
the sources. For example,assumg the useridis joesmi th andthe tar file is in Joes home
directory Joewould performthefollowing

$ mkdir /homel/jo esmith/rS QPpp.base
$ cd /home/j oesmith/r SQPpp.base
$ tar -xzvf /home/joe smith/rS QPpp.tar. gz

An ervironmentvariable RSQPPBBASEDIR shouldthen be setto the basedirectory for
rSQP++asfollows (assuminghebash shellis beingused)

$ expor t RSQPPPBASE_DIR=Zhome/joe smith/rSQ Ppp.base

Thiservironmentvariable(aswell asafew others)is usedextensiely by thebuild systemand
thetestsuite.

Theuntaredsourcetreeshouldlook lik e the following

$RSQPP_BASE_DIR/
I
--  rSQPpp/
I
--  build

I

I

[-- core
|

| |--  AbstractL inAlgPack
I

I

225



--  design
--  doc

I

I

I

I

I
[-- examples

|

| |--  ExampleNL PBanded
|

I
I
I
I
I

-~ design

--  testing

For detailedup-to-dateanformationontheinstallation of rSQP++or variousplatforms,seethe
file

$RSQPP_BASEDIR/ISQ Ppp/README

Theabore READMEile referenceseveralotherREADME files thatdescribehebuild system,
the Doxygendocumentatio systemthetestsuiteandothertopics. Theincludedtestsuiteis fairly
extensie andis self checking. The testsuite shouldbuild andrun successfullybeforeany work
with rSQP++attempéd. Thetestsuiteis alsoextensble andallows anadvanceduserto easilyadd
new testmoduksthatcanberunwith a single command.

Oncethe properenvironmentvariablesare setupthe Doxygengeneratechtm| pagescan be
generated Before the documentatiortan be generatedthe Doxygenconfigurationfiles mustbe
setup.To find outhow to dothis seethefile

$RSQPP _BASEDIR/rSQ Ppp/doc/R EADME.DOUOMENTATI.
After the configuratiorfiles aresetupthe doxygendocumentatiorranbe build usingthescript
$RSQPP_BASEDIR/rSQ Ppp/build _doc.

For mostusershowever, building the documentatin locally is not necessargasprehuild doc-
umentatiorcanbefoundat

RSQPPEBASEDOC/html /index.ht  ml
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whereRSQPIP_BASEDOC is the URL to therSQP++documentatin website.

Although, usingDoxygenfor your own sourcecodecanbe very usefulin helpingto navigate
thecode.

Thesimplestwayto getstartingin solvinga customNLP usingrSQP++s to adda new project
to the rSQP++build system. Thereis a HowTo file that describeghe processof addinga new
projectto the build systemwhich canbefoundat

$RSQPP_BASEDIR/rSQ Ppp/doc/H owTo.NewBuildProje ct .

Usingthe rSQP++build systemis optionalasit is possble to simgy includethe properCpp
directivesin your own build systemandthento link to precompiled SQP++librariesbut this will
bemuchmoreinvolved. UsingtherSQP+ build systemis mucheasier

For simpleruseof rSQP+, it is possibleo usethesolversthroughoneof theprehuilt interfaces
to modelingervironmens like AMPL (see???).See???for adescriptionof someexampk NLPs
for rISQP++.

IRSQPPEBASEDOC = http://dyn opt.cheme. cmu.edu/ros coe/rSQPpp/ doc
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C Descriptions of Individual rSQP++ Packages

M sc : Heterogeneou<ollection of Utilities

Misc is notapackag€di.e.C++namespace ) atall. Insteadjt is justof heterogeneousollection
of generalprogramming utilitiesthatreally do not belongto any otherhigherlevel packagesxclu-
sively. Thispackages notshavnin Figure4.3but all of theotherpackageslependncomponerg
in Misc. Most of theseutilitiesfall into oneof two categories: memorymanagemerandoptions
setting.

Thereare several C++ classedo aid in memorymanagement.Since C++ allows dynamic
memoryallocation,doesnot have garbagecollection,andusespointersto rav memory memaory
managemeris oneof the moredifficult, if notthe mostdifficult, aspecto usingC++. By far, the
mostimportantutility classfor memorymanagemens MemMngPek::ref ~ _count ptr<T> .
Thisis atemplatedsmartreferenceountedoointerclassmodeledafterstd::aut o _ptr<T> and
theideasin [76]. The carefulandconsistentiseof objectsof this classeffectively allow garbage
collectionin C++. Mary otherstratgieshave beenproposedor automatiomemorymanagement
in C++ but the style usedby ref _count _ptr<T> is the mostflexible in mary respects.This
classforms the foundationfor all dynamt memorymanagemenin rSQP++andits lower level
packages.The developmentof this classhasbeenvery significant and hasallowed thingsto be
donein rSQP++thatwould have beennearlyimpossibleto do otherwise.

While ref _count _ptr<T> is morethanadequatdor memorymanagemenivhenall the
peersknow at leasta baseclassof the objectsto be garbagecollected this is not alwayspossible
(unlike Java[113], C++ doesnot have a universalbaseclasscalledObject  from which all other
classeslerive). For example,supposenepeeris given a pointerto a row of a dynamicallyallo-
catedmatrix while anothermeeris givena pointerto a columnof the samematrix. Also, suppose
thatfor the sale of flexibility, thesesamepeersmay be givenpointersto separatelyallocatedvec-
torsto use.In eachcase pnceeachof the peerss finishedusingthe vectorsthey have beengiven,
it isimportantthatthe memoryis releasedothata memoryleakdoesnotoccur In thelattercase,
oncea peeris finishedwith avector the separatehallocatedouffer of memoryshouldbereleased.
This is doneindependenthof the otherpeer However, in the former case,the dynamicaly al-
locatedmatrix shouldnot be releaseduntil both of the peersarefinishedusingvectorsfrom this
matrix.

Sothebasicideahereis thata client may be givenanobjectof onetypethatis dependenbn
someotherdynamicallyallocatedobject(s),but doesnot know how to properlyreleasememory
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associatedvith the objectonceit hasfinishedusingit. To allow this type of greaterflexibility
in memorymanagementhe abstractinterfaceMemMngRck:: Rel easeResour ce hasbeen
defined.Theuseof thisclassis very simple. A clientis givenanobjecta of known typeAto inter
actwith anda pointerr to acompanio Rel easeResour ce object. Oncetheclientis finished
usingthe objecta, it callsdelete r andthe overriddenvirtual destructorr->"Re lease-
Resourc e() is calledon anobjectthatknows whatto delete. A single subclassmplementa-
tion of the Rel easeResour ce interfacecalled Releas eResource ref _count ptr has
beenimplementedusing the ref _count _ptr<T > class. When the overridden virtual func-
tion ReleaseR esource ref _count ptr:: "ReleaseR esource ref count ptr() is
called,it callsthe destructoron the composié ref _count ptr<T> memberptr which calls
delete ontheraw memoryto be released.This might seemlike muchadoaboutnothingbut
thesetwo classedhave beensufficient for all the (sometimessomple) memorymanagemenin
rSQP++.Thisimportantconceptvasdesignedatein thedevelopnentof rSQP+-+but hasallowed
the creationof somemuchmoreflexible softwaresinceits adoption.

While the classesMemMngPek::ref  _count _ptr<T> andMemMngPak:: Rel ease-
Resour ce allow theflexible deletionof anobjector objectsaftera clientis finishedusingthem,
they do not allow the flexible creationof objects.For this purposetheinterfaceMenivhgPack-

. . Abst ract Fact or y<T> hasbeendevelopedwhich is a universaltemplatednterfacefor the
“factory” pattern[??7?]. The singlevirtual methodis cr eat e() whichreturnsaref _count-
_ptr<T> objectcontainingthe allocatedobject. Thereis a single subclass

namespace MemMngPack{

template  <class T_itfc, class T_impl, class T_PostMod = PostModNothin g<T_impl>
.class  T_Allocator = AllocatorNe  w<T_impl> >
class AbstractFa ctoryStd : public AbsractFa ctory<T_itfc>

which is temphted on the interface type T_itfc  thatis representedy the Abst r act -
Fact or y baseinterface,the concretemplementationtype T_impl , andalsoby policy classes
that determinehow the underlyingobijectis allocated(T_PostMod ) andhow it is modified af-
ter allocation(T_Allocato r). The policy classeshave default typeswhich allocateusingnew
(Allocato rNew<T _impl> ) anddo no postmodificationaftertheinitial constructio (Post-
ModNothing<T _impl> ). Using thesepolicy classeswith the C++ temphte mechanismgo
createdifferentinstaniationsallows completeflexibility in how objectsareallocatedandinitial-
izedandthereforegheAbstra ctFactory Std<...> subclasssreallytheonly abstracfactory
subclassieeded.

Asidefrom thetypeof generaldynamicmemorymanagemerthatthe C++ operatorsiew and
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delete andtheC functionsmalloc(.. .) andfree(. ..) weredesignedor, thereisalsoa
needfor generalworkspacedhatis usedduringthe executionof a C++ function. In Fortran77,this
type of memorymustbe explicitly passednto a subroutineandcluttersthe interface. In Fortran
90, this type of memorycanbe createdon-the-flywithin a subroutire, but mostimplementations
allocatethis memoryfrom the stackand not the heap. The Fortran 90 implementaton of auto-
maticworkspacéhascausegroblemson severalplatformswhenallocatinghugeamouns of data.
Whatis neededs a moreflexible meansto efficiently allocateandreleaseworkspaceusedin a
function. For this purposethe templatedclassWorksp acePack:: Workspace <T> hasbeen
designedObjectsof thistype canonly beallocatedon the stack(i.e. operatorsiew anddelete
have beenmadeprivate and are not definedasdiscused in [76]) and mustbe given a reference
to aWorkspace Pack::Wor kspaceSto re objectwhichis usedto obtainatemporarybuffer
of data. The currentimplemenation of Workspace Store allocatesa large chunkof memory
at oncefrom the operatingsystemandthengivesit out as needed. Any memorydemandde-
yondthe preallocate@amountarehandledby new. TheWorkspace Store implementatioralso
keepsstatisticsthat canbe usedfor fine tuningthe memoryusagedateron. Becauseof the order
that C++ createsanddestrgys automatt objectsthatare put on the stack,the implementatnsof
Workspa cePack::W orkspace< T> andWorkspacePack: :Workspac eStore arevery
simple andrequireonly O(1) overhead. This is very differentfrom the overheadthat canoccur
from usingmalloc( ...) becausef the morecomple tasksthe operatingsystemhasto per
form to managehe heap(i.e. regulatefragmentatioretc.) asdescribedn [110, Section8.6]. See
thefile Workspa cePack.h for moredetails.

Aggregationand composiion are so commonand the tasksof writing accesgunctionsand
datamemberdor C++ classewvith aggreateobjectsaresomonotomusthatpreprocessamacros
have beenwritten to automaticallyinsertall the neededieclarationsThemacro

STANDRDMEMBERKOMPOSITON MEMBE&(type _name,a ttribute _hame)

is usedto insertto declarationdor a simplememberobjectof a concreteclasswith valuese-
mantics.For exampk, optionssuchastolerancesgi.e.type _-name = double ), flags(i.e.type-
_hame = bool ) andmaximumi iterationcounts(i.e.type _name = int ) canbeincludedin a
classinterfaceusingthismacro.Thishasrelievedthewriting of alot of boiler platecodethathadto
bewritten by handbefore.However, mary objectsarepolymorphc anddo notusevaluesemantics
(i.e. thosethatareinstantiationsof a subclass)For compositon relationshipgi.e. memoryman-
agemenbbligaionsassumedjor thesetypesof objects(bothpolymaphic andnon-polyrorphic)
themacro

STANDRDCOMPOSION .MEMBERS{asetype _name,obj _name)
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hasbeendefined. This macroinsertsthe declarationgor the memberaccessunctionsand
includesa private datamemberof typeref _count _ptr<base type _name>to handlethedy-
namicmemorymanagementtor thesetypesof composié associationsyhenthe client objectis
destryed, the composié objectobj _-name may alsobe destrged (if no otherclientsare using
it) andref _count _ptr<T> takescareof this automatically For associationshat are strictly
aggreate(i.e. no ownershp of memoryis assumedhe macro

STANDRDAGGRESGTION.MEMBERS{asetype _name,obj name)
is used.This macroinsertsa privatedatamembetrthatis a simple pointet

Anothervery usefulclassis OptionsF romStrea mPack::Op tionsFrom Stream . This
classallows optionsto be readfrom a text stream,which is formattedin a very humanreadable,
self documentingnanner Many of the major classesn rSQP+ canacceptoptionsin this form.
Theseoptionscanbeincludedin afile or generatedn a stringwithin code.Strictly speakingthis
is a weakly typedway to specifyoptionsbut therearea lot of safgguardsthatmake its usemore
or lesshulletproof. For example,seehow this text streamis formattedin Section4.3.1.1. A lot
more could be said abouthow to usethe classOptionsF romStream from botha users and
developer’s point of view, but theinterestedisercanlook in the codefor examples.
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D Samplesof Input and Output for rSQP++

Here, portionsof the outputgeneratedor the example programExampeNLPBand ed is
given Linesin the outpu consistimg of threedots

are for partsof the outputthat have beenommited for the sale of space. This outpu was
generatedisingthecommandine

$ ./solve_exam ple_nlp --nD=30000 --bw=10 --nl=400 --diag-scal=le+4 --x0=10.0

andthe optionsfile shavn in Section8.8. The output to the consoleis shavn in Section8.8
while exceptsfrom theoutputfilesrSQPppAIl go.out ,rSQPppSummary.ou t andrSQPpp-
Journal .out areshownin Sections3.8-8.8.

Note that the contentof the outputmay be differenta more currentversionof rSQP++than
the oneusedat the time of this writting. However, the generallayout of the information will be
generallythesame.

Input file r SQPpp. opt

begin_options

options_group rSQPppSolver  {

test_nlp = true; *** (default)
* test_nlp = false;

print_algo = true; ** (default)

print_algo = false;

algo_timin g = true; ** (default)
* algo_timing = false;

configurat ion = mama_jama; *% (default)
* configuration = interior_po int;

options_group rSQPSolverClientin terface  {
*

max_iter = 1000; ** (default?)
max_iter = 3;
* max_run_time = 1le+10; *** (default?)
* opt_tol = 1le-6; wx (default?)
opt_tol = 1le-8; ** (default=1e-6)
* feas_tol = le-6; *% (default?)
feas_tol = le-10; **% (default=1e-6 )
step_tol = le-2; **% - (default?)
journal_output_lev el = PRINT_NOTHING * No output to journal from algorithm
journal_output_lev el = PRINT_BASIC_ALGORITHM_INFO; * O(1) information usually
journal_ou tput_level = PRINT_ALGORITHM_STEPS; * Ofiter) output to journal (default)
* journal_output_lev el = PRINT_ACTIVE_SET; * O(iter*nact) output to journal
* journal_output_lev el = PRINT_VECTORS * O(iter*n) output to journal (lots!)
* journal_output_lev el = PRINT_ITERATI ON_QUANTITIES; * O(itern*m) output to journal  (big lots!)
journal_print_digi ts = 6; ** (default?)
check_resu Its = true; ***% (costly?)
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* check_results = false; *+% (default?)

}

options_group DecompositionSyste  mStateStepBuilderS  td {
null_space _matrix = AUTO; ** et the solver decide (default)

* null_space_matrix = EXPLICIT; ***  Store D = -inv(C)*N explicitly

* null_space_matrix = IMPLICIT; **  Perform operations implicity with C, N
range_spac e_matrix = AUTO; ** |et the algorithm decide dynamically (default)

* range_space_matrix = COORDINATE; ** Y =[ I; 0] (Cheaper computation ally)

* range_space_matrix = ORTHOGONAL; *** Y = [ I, -N"*inv(C’) ] (more stable)
max_dof_qu asi_newton_dense = 500; ** (default=-1, let the solver decide)

}

options_group rSQPAIlgo_ConfigMam aJama {
quasi_newt on = AUTO; ** Let solver decide dynamical ly (default)

* quasi_newton = BFGS; ***  Dense BFGS

* quasi_newton = LBFGS; ** Limited memory BFGS

* line_search_method = AUTO; wx  Let the solver decide dynamically (default)

* line_search_method = NONE; w*  Take full steps at every iteration
line_searc h_method = DIRECT; **  Use standard Armijo backtracking

* line_search_method = FILTER; **% - Filter

}

options_group NLPTester {

* print_all = true;
print_all = false;  ** (default)

}

options_group NLPFirstDerivative sTester {

* fd_testing_method = FD_COMPUTE_ALL;** Compute all of the derivatives (O(m))
fd_testing _method = FD_DIRECTIONAL; *** Only compute along random directions (0(2))
num_fd_dir ections = 1; ** [fd_testing_method == DIRECTIONAL]
warning_to | = le-10;
error_tol = 1le-5;

}

options_group CalcFiniteDiffProd {

* fd_method_order = FD_ORDER_ONE; ***  Use O(eps) one sided finite differences

* fd_method_order = FD_ORDER_TWO; **  Use O(eps™2) one sided finite differences

* fd_method_order = FD_ORDER_TWO_CENVIR ** Use O(eps’2) two sided central finite differences

* fd_method_order = = FD_ORDER_TWO_AUTO; ** Uses FD_ORDER_TWGENTRALor FD_ORDER_TWO

* fd_method_order = FD_ORDER_FOUR; ***  Use O(eps™4) one sided finite differences
fd_method_ order = FD_ORDER_BUR_CENTRAL;*** Use O(eps4) two sided central finite differences

* fd_method_order = FD_ORDER_FOUR_AUTO * (default) Uses FD_ORDER_FOR_CENTRALor FD_ORDER_FOUR

* fd_step_select = FD_STEP_ABOLUTE; ** (default) Use absolute step size fd_step_size

* fd_step_select = FD_STEP_REATIVE; ** Use relative step size fd_step_size *||x][inf

* fd_step_size = -1.0; ** (default) Let the implementa tion decide

* fd_step_size_min = -1.0; ** (default) Let the implementation decide.

* fd_step_size_f = -1.0; ** (default) Let the implementation decide

* fd_step_size_c = -1.0; ** (default) Let the implementation decide

* fd_step_size_h = -1.0; ** (default) Let the implementation decide

}

end_options

Consoleoutput
Thefollowingis outputto the console.

$ ./solve_exam ple_nlp.rel --nD=30000 --bw=10 --nI=400 --diag-scal=1 e+4 --x0=10.0

*»*  Start of rSQP lIterations bl

n = 30400, m = 30000, nz = 599910

k f llclls |IrGL||s QN #act ||Ypy|l2 |1Zpz||12 ||d||inf alpha
0 1.5e+006 1.2e+007 1.2e+002 IN 0 2e+003 4e+005 2e+003 0.001
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1 7.1e+005 1.1e+007 41 SK 0 1e+003 1e+005 6e+002 0.01
2 7.7e+004  3.7e+006 0.35 SK 0  2e+002 2e+002 6 1
3 3.2e+004  1.1e+006 0.23 SK 0  1e+002 8e+001 3 1
4 1.5e+004 3e+005 0.64 SK 0  6e+001 1e+002 6 1
5 4.4e+003 5.1e+004 24 SK 0  8e+001 4e+002 8 0.1
6 2.5e+003 3.3e+004 0.4 SK 0 3e+001 4e+001 2 1
7 8e+002 9.6e+003 0.03 SK 0 3e+001 1 0.2 1
8 4.5e+002 6e+002 0.6 SK 0 1 3e+001 2 1
9 0.78 1.2e+002 0.014 UP 0 1 0.1 0.01 1

k f llclls |IrGL||s QN #act ||Ypy|l2 |1Zpz||12 ||d||inf alpha
10 0.012 3.3 0.019 sSK 0 0.01 0.2 0.02 1
11 2.1e-007 0.12 8.7e-005 UP 0 0.0002 0.0006 9e-005 1
12  3.4e-015 2.1e-005 3.6e-008 UP 0 2e-008 8e-008 4e-008 1
13  6.3e-024 1.5e-012 3.3e-012 - - le-015 - -

Total time = 6e+001 sec

Jackpot!  You have found the solution!!!!

Number of function evaluations:

f(x) 96

c(x) 96

Gf(x) 15

Gce(x) 15

Solution Found!

**  Algorithm  information output ok

- ok

**  Below, information about how the the rSQP++ algorithm is il

*¥* setup is given and is followed by detailed printouts of the **

*** contents of the algorithm state  object iteration b

**% quantities ) and the algorithm description printout hiid

*** (if the option rSQPppSolver: :print_algo true is set). ok

**  Echoing input options

**%  Setting up to run rSQP++ on the NLP using a configurat ion object of type ’'class ReducedSpaceSQPPack:rSQPAlg o_ConfigMamaJama’

**  rSQPAIgo_C onfigMamaJama configuration ok

- ok

*** Here, summary information about how the algorithm is il

*** configured is printed so that the user can see how the ok

***  properties of the NLP and the set options influence bl

** how an algorithm is configured. ok

**  Creating the rSQPAIlgo algo object

**  Setting the NLP and track objects to the algo object

***  Probing the NLP object for supported interfaces

Detected that NLP object supports the NLPFirstOrde rinfo interface!

range_space_ma trix == AUTO:

(n-ry"2*r = (400)2 * 30000 = 505032704 > max_dof quasi_ne wton_dense’2 = (500)2 = 250000

setting range_space_mat rix = COORDINATE

**%  Setting  option defaults for options not set by the user or determined some other way ...
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null_space_mat rix_type == AUTO: Let the algorithm deside as it goes along

=+ End setting default  options

**% Sorting out some of the options given input options

quasi_newton == AUTO:

nlp.num_bounde d_x() == O:

n-r = 400 <= max_dof_qu asi_newton_dense = 500:

setting quasi_newton == BFGS

**  Creating the state object and setting up iteration quantity  objects

**  Creating and setting the step objects

Configuring an algorithm for a nonlinear equality constrained NLP ( m> 0 & & ml == 0 && num_bounded_x

**% Algorithm Steps  ***

1. "EvalNewPoi nt"

(class  ReducedSpace SQPPack::EvalNewPo intStd_Step)
2. "RangeSpace Step"

(class  ReducedSpace SQPPack::RangeSpac eStepStd_Step)
2.1. "CheckDecompositio  nFromPy"

(class  ReducedSpace SQPPack::CheckDeco mpositionFromPy_S tep)
2.2. "CheckDecompositio  nFromRPy"

(class  ReducedSpace SQPPack::CheckDeco mpositionFromRPy_  Step)
2.3. "CheckDescentRange SpaceStep"

(class  ReducedSpace SQPPack::CheckDesc entRangeSpaceStep _Step)
3. "ReducedGra dient"

(class  ReducedSpace SQPPack::ReducedGr adientStd_Step)
4. "CalcReduce dGradLagrangian”

(class  ReducedSpace SQPPack::CalcReduc edGradLagrangianS td_AddedStep)

5. "CheckConve rgence"

(class  ReducedSpace SQPPack::CheckConv ergenceStd_AddedS tep)
6.-1.  "CheckSkipBFGSUpd ate"

(class  ReducedSpace SQPPack::CheckSkip BFGSUpdateStd_Ste p)
6. "ReducedHes sian"

(class  ReducedSpace SQPPack::ReducedHe ssianSecantUpdate  Std_Step)

7. "NullSpaceS tep"
(class  ReducedSpace SQPPack::NullSpace StepWithoutBounds _Step)
8. "CalcDFromY PYZPZ"
(class  ReducedSpace SQPPack::CalcDFrom YPYZPZ_Step)
9.-2.  "LineSearchFullSt ep"
(class  ReducedSpace SQPPack::LineSearc  hFullStep_Step)
9.-1.  "MeritFunc_Penalt yParamUpdate"

(class  ReducedSpace SQPPack::MeritFunc  _PenaltyParamUpda teMultFree_AddedSt

9. 'LineSearch

(class  ReducedSpace SQPPack::LineSearc hFailureNewDecomp ositionSelection_S

ik NLP ek
class NLPInterfacePack: :ExampleNLPBanded

**% |teration Quantities bl

**  Algorithm  Description ok

1. "EvalNewPoi nt"
(class  ReducedSpace SQPPack::EvalNewPo intStd_Step)

***  Evaluate the new point and update the range/null decomposit ion

if nlp is not initialized then initialize the nlp
if x is not updated for any k then set x_k = xinit

if m> 0 and Gc_k is not updated Gc_k = Gec(x_k) <: space_x|spac e_c
if ml >0 Gh_k is not updated Gh_k = Gh(x_k) <: space_x|space_h

if m> 0 then

For Gc_k = [ Gc_k(,equ_de comp), Gc_k(:,equ_ undecomp) ] where:

Gc_k(:,equ_deco mp) <: space_x|spa ce_c(equ_decomp) has full

Find:
Z_k <: space_x|space_nu I st Gc_k(:,equ_deco mp)

* 7k

236

column

=0

ep)

tep)

rank

r

== 0)



begin update decomposition (class ’class  ReducedSpac eSQPPack::Decompos itionSystemHandler
**  Updating or selecting a new decomposit ion using a variable reduction
***  range/null decomposition object.
end update decomposition
if ( (decomp_sys_ testing==DST_TEST)
or (decomp_sys_ testing==DST_DEFAU LT and check_resu lts==true)
) then
check properties for Z_k, Y_k, R_k, Uzk, Uyk, Vzk and Vy k.
end
end
Gf_k = Gf(x_k) <: space_x
if m>0 and c_k is not updated c_k = c(x_ k) <: space_c
if ml >0 and h_k is not updated h_k = h(x_k) <: space_h
if f_k is not updated f k = f(x k) < REAL
if ( (fd_deriv_test ing==FD_TEST)
or (fd_deriv_test ing==FD_DEFAULT and check_results==true)
) then
check Gc_k (f m> 0), Gh_k (f ml > 0) and Gf_k by finite differences
end
2. "RangeSpace Step"
(class  ReducedSpace SQPPack::RangeSpac eStepStd_Step)
**%  Calculate the range space step
py_k = - inv(R_k) * c_k(equ_decomp)
Ypy_k = Y_k * py k
2.1. "CheckDecompositio  nFromPy"
(class  ReducedSpace SQPPack::CheckDeco mpositionFromPy_S tep)
2.2. "CheckDecompositio  nFromRPy"
(class  ReducedSpace SQPPack::CheckDeco mpositionFromRPy_  Step)
¥+ Try to detect when the decomposit ion is becomming illconditioned
2.3. "CheckDescentRange SpaceStep"
(class  ReducedSpace SQPPack::CheckDesc entRangeSpaceStep _Step)
***  Check for descent in the decomposed equality constraints for the range space step

Y

k <: space_x|space_ra nge st [Zk Y_K] is
R_k <: space_c(equ_deco mp)|space_range

st.  R_k = Gc_k(:,eq u_decomp)
if m>r : Uz_k < space_c(equ_un decomp)|space_nul

st.  Uz_k = Gc_k(:,equ_undeco

if m>r : Uy k < space_c(equ_un decomp)|space_ran

sit. Uy k = Gc_k(:;,equ_undeco

if ml >0 : Vzk < space_h|space _null

st. Vz_k = Gh Kk

if ml >0 : Vy k < space_h|space _range

3. "ReducedGra dient"

(class

k.

(class

Hohk

if

else

end

st Vy k = Gh_k

ReducedSpace SQPPack::ReducedGr adientStd_Step)

nonsigular
*
|
mp)’
ge
mp)’
* Z k
* Y _k

Evaluate the reduced gradient of the objective funciton
rGf k = Z Kk * Gfk

"CalcReduce dGradLagrangian”
ReducedSpace SQPPack::CalcReduc edGradLagrangianS

Evaluate the reduced gradient of the Lagrangian

nu_k is updated
IGLk = Zk *

rGL_k = rGf_k

then

td_AddedStep)

(Gf_k + nu_k) + GcUP_k' * lambda_k( equ_undecomp)
+ GhUP_k' * lambdal_k(ine  qu_undecomp)

+ GCcUP_k' * lambda_k(equ_und ecomp)

+ GhUP_K' * lambdal_k(ine  qu_undecomp)

5. "CheckConve rgence"

(class

Hkk

Check to see if

ReducedSpace SQPPack::CheckConv ergenceStd_AddedS

the KKT error is small enough for

tep)
convergence
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if scale_(opt|feas| comp)_error_by == SCALE_BY_ONEthen

scale_(opt|feas |comp)_factor = 1.0
else if scale_(opt| feas|comp)_error_b y == SCALE_BY_NOR_2_X then
scale_(opt|feas |comp)_factor = 1.0 + norm_2(x_k)
else if scale_(opt| feas|comp)_error_b y == SCALE_BY_NOR_INF_X then
scale_(opt|feas |comp)_factor = 1.0 + norm_inf(x_k)
end
if scale_opt_error_ by_Gf == true then
opt_scale_facto r = 1.0 + norm_inf(Gf_k)
else
opt_scale_facto r =10
end
opt_err = norm_inf(rGL_k)/op t_scale_factor
feas_err = norm_inf(c_k)
comp_err = max(i, nu(i)*(xu( i)-x(i)), -nu(i)*(x(i)-xI( i)
opt_kkt_er r_k = opt_err/scal e_opt_factor
feas_kkt_e rr_k = feas_err/sc ale_feas_factor
comp_kkt_e rr_k = feas_err/sc  ale_comp_factor
if d_k is updated then
step_err = max( |d_k(@i)[/(1+x_k( ), i=l.n )
else
step_err =0
end
if opt_kkt_err_k < opt_tol
and feas_kkt_err_k < feas_tol

and step_err < step_tol then
report optimal x_k, lambda_k and nu_k to the nlp
terminate, the solution has beed found!
end

"CheckSkipBFGSUpd ate"
(class  ReducedSpace SQPPack::CheckSkip BFGSUpdateStd_Ste p)
**  Check if we should do the BFGS update

"ReducedHes sian"

(class  ReducedSpace SQPPack::ReducedHe ssianSecantUpdate  Std_Step)
***  Calculate the reduced hessian of the Lagrangian rHL =2 * HL * Z

"NullSpaceS tep"

(class  ReducedSpace SQPPack::NullSpace StepWithoutBounds _Step)

**%  Calculate the null space step by solving an unconstrainted QP
gp_grad_k = rGf k + zeta_ k * w_k
solve:
min gp_grad_k’ * pz_k + 1/2 * pz_k * rHL_k * pz_k
pz_k < R(n-r)
Zpz_k = Z k * pz_k
nu_k =0

"CalcDFromY PYZPZ"

(class  ReducedSpace SQPPack::CalcDFrom YPYZPZ_Step)
**  Calculates the search direction d from Ypy and Zpz
d_k = Ypy k + Zpz_k

"LineSearchFullSt ep”
(class  ReducedSpace SQPPack::LineSearc hFullStep_Step)
if alpha_k is not updated then

alpha_k = 1.0

end
x_kpl = x_k + alpha_k * d_k
f_kpl = f(x_kpl)
c_kpl = c(x_kpl)

"MeritFunc_Penalt yParamUpdate"
(class  ReducedSpace SQPPack::MeritFunc  _PenaltyParamUpda teMultFree_AddedSt
***  Update the penalty parameter for the merit function to ensure
*** a descent direction a directional derivatieve.

**  phi is a merit function object that uses the penalty parameter mu.
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9. 'LineSearch

(class  ReducedSpace SQPPack::LineSearc  hFailureNewDecomp ositionSelection_S tep)
do line search step class ReducedSpaceSQPPack::LineSearchDire ct_Step
=+  Preform a line search along the full space search direction d_k.

Dphi_k = merit_func_nlp_  k.deriv()
if Dphi_k >= 0 then
throw line_search_fa ilure

end

phi_kpl = merit_func_nlp  _k.value(f_kpl,c_k p1,h_kp1,hl,hu)

phi_k = merit_func_nlp_k value(f_k,c_k,h_k ,hl,hu)

begin direct line search (where phi = merit_func_n |Ip_k): “class

** start line search using the Armijo cord test and quadratic interpolat

end direct line search
if maximum number of linesearch
throw line_search_fa ilure

iterations are exceeded then
end
end line
if thrown
if line
throw
end
new decomposition selection
if k > max_iter then
terminate  the algorithm
end
Select a new basis at current
x_kpl = x_k
alphak =0
k=k+1
goto EvalNewPoi nt

search step
line_search_failur e then
search failed at the last
line_search_failur e

iteration also then

class ReducedSpaceSQPPack::NewDecomposit ionSelectionStd_St

point

end new decomposition selection
end
10. "Major Loop"

if k >= max_iter then

terminate the algorithm
elseif  run_time() >= max_run_time then
terminate  the algorithm
else
k =k +1
goto 1
end
Warning, the following options  groups where not accessed.
An options group may not be accessed if it is not looked for
or if an "optional" options group was looked from and the user
spelled it incorrectly:

Output file r SQPppSummary. out

*x  Algorithm iteration summary output

**  Below, a summary table of the SQP iterations is given as ok
#* well as a table of the CPUtimes for each step (if the il
***  option rSQPppSolver ::algo_timing = true is set). il

*** Echoing input options

up to run rSQP++ on the NLP using a configurat ion object of type

ReducedSpace SQPPack::rSQPAIgo_ ConfigMamaJama’

*x - Setting
‘class

239

ConstrainedOp  timizationPack::Di
ion of alpha

rategy

rectLineSearchArmQ

uad_Strategy"



test_nlp = true: Testing the NLP!

Testing the supported NLPFirstOr derinfo interface
end testing of nlp
**%  Start of rSQP lterations bl

n = 30400, m = 30000, nz = 599910

f ||Gff|inf ||c||inf |IrGL[|inf quasi-Newton
o 1 T-S-;e+006 10 1.20897e+007 1353.69 -In-ltla;IZ;%d
1 713384 11.7743 1.10232e+007 524.977 skiped
12 3.37179e-015 3.63585e-008 2.08817e-005 3.63585e-008 updated
13 634035e024 3.27386e-012 1.51859e-012 aoramee012 -

Number of function evaluations:

(x) 96
c(x) 96
Gf(x) : 15
Ge(x) : 15
*+kx - Solution Found ****
total time = 61.9129 sec.
r—
***  Algorithm  step CPUtimes (sec) ***

Step names

"EvalNewPoi

1) nt"
2) "RangeSpace Step"
3) "ReducedGra dient"
4) "CalcReduce dGradLagrangian”
5) "CheckConve rgence"
6) "ReducedHes sian"
7) "NullSpaceS tep"
8) "CalcDFromY PYZPZ"
9) ‘LineSearch "
10) lIteration total
steps 1..10 ->
iter  k 1 2 3 4 5 6
0 18.96 0.2031 0.1093 0.0001131 0.01497 0.2985
1 2.398 0.1752 0.11248.409e-005 0.002709  0.002098
2 2.399 0.1757 0.1116 7.99e-005 0.002728  0.002192
3 2421 0.175 0.11348.297e-005 0.002717  0.002115
4 2.428 0.172 0.1108 7.99e-005 0.002711 0.02247
5 2.404 0.1748 0.1115 8.13e-005 0.002742 0.002087
6 2.443 0.1714 0.1094 7.99e-005 0.002707 0.002139
7 2.397 0.1747 0.1115 7.99e-005 0.002715 0.00211
8 2.415 0.1749 0.11158.046e-005 0.002724  0.002148
9 2.403 0.1752 0.11158.102e-005 0.002751 0.3873
10 2.42 0.1715 0.10928.185e-005 0.002711  0.002126
11 2.416 0.1747 0.11148.269e-005 0.002704 0.02088
12 2.402 0.1753 0.11168.018e-005 0.02678 0.02145
13 2.404 0.1749 0.11158.185e-005 0.008906 0
total(sec) 50.32 2.468 1.557 0.001169 0.08058 0.7677
av(sec)/k 3.594 0.1763 0.11128.351e-005 0.005756 0.05483
min(sec) 2.397 0.1714 0.1092 7.99e-005 0.002704 0
max(sec) 18.96 0.2031 0.1134 0.0001131 0.02678 0.3873
% total 83.93 4.118 2.596 0.00195 0.1344 1.281
total CPUtime = 59.95 sec
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Output file r SQPppJour nal . out

**  Algorithm  iteration detailed  journal  output i
ok ok
***  Below, detailed information about the SQP algorithm is given
**% while it is running. The amount of informatio n that is hiid
**  produced can be specified using the option il
**  rSQPSolver Clientinterface::j ournal_output_leve | (the default  ***
** js PRINT_NOTHING and produces no output) ok

*** Echoing input options

**  Setting up to run rSQP++ on the NLP using a configurat ion object of
‘class  ReducedSpace SQPPack::rSQPAIlgo_ ConfigMamaJama’

test_nlp = true: Testing the NLP!

Testing the supported NLPFirstOr derinfo interface

Fokkkk

**  test_nlp_f irst_order_info(.. )
J—

Testing the vector spaces

Testing  nlp->space_x()
nlp->space_x() checks out!

Testing  nlp->space_c()
nlp->space_c() checks out!

Fokkkk

**%  NLPTester: :test_interface(.. )

Fokkkk

nlp->force_xin it_in_bounds(true)
nlp->initializ e(true)

**  Dimensions of the NLP
nlp->n() = 30400

nlp->m() = 30000

nlp->ml() =0

**  Validate the dimensions of the vector spaces

check: nlp->space_x()-> dim() = 30400 == nlp->n() = 30400: true
check: nlp->space_c()-> dim() = 30000 == nlp->m() = 30000: true
check: nlp->space_h().g et() = 00000000 == NULL: true

|Inlp->xinit() ||inf = 1.00000000 e+001

***  Validate that the initial starting point is in bounds

check: xI <= x <= xu : true

type

xinit is in bounds with { max |lu | xI <= x + u <= xu } -> -1.00000000e+050

check: num_bounded(nlp- >xI(),nlp->xu()) = 0 == nlp->num_bo unded_x() = O:

Getting  the initial estimates  for the Lagrange mutipliers
||llambdal|inf = 0.00000000e+000
**  Evaluate the point xo ..

f(xo) = 1.52000000e+006
[le(xo)|finf = 1.20897308e+007
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**  Report this point to the NLP as suboptimal

**  Print the number of evaluations

nlp->num_f_ eva Is() =1
nlp->num_c_eva Is() =1
Calling  nlp->calc_Gc(.. ) at nlp->xinit()
Calling  nlp->calc_Gf{(.. ) at nlp->xinit()
Comparing products Gf*y Gc™y andlor Gh*y with finite difference values FDGf*y, FDGc™y andlor FDGh™*y
-
**+%  Random directional vector 1 ( |ly|l_1 / n = 5.0074135 7e-001 )
-
rel_err(Gf*y, FDGf*y) = rel_err(6.530405 59e+002,6.5304055 9e+002) = 1.93477565e-011
rel_err(sum(Gc  "y),sum(FDGc'™y)) = rel_err(2.20905 038e+008,2.209050 38e+008) = 1.37878129e-013
Congradulation s!  All of the computed errors were within the specified error  tolerance!
end testing of nlp
ok
**  rSQPppSolv er:solve_nlp() ok
-
**% Starting rSQP iterations
(0) 1: "EvalNewPoint"
x is not updated for any k so set x_k = nlp.xinit( )
|Ix_K|linf = 1.000000e+ 001
Updating the decomposit ion
Printing the updated iteration quantities
f k = 1.520000e+006
|IGF_K]|inf = 1.000000e+001
|lc_k|linf = 1.208973e+007
**  Checking derivative s by finite differences
Comparing products Gf*y and/or Gc™*y  with finite-differe nce values FDGf*y and/or FDGc™y for random y's
-
**%  Random directional vector 1 ( |ly|l_1 / n = 4.995094e -001 )
-
rel_err(Gf*y, FDGf*y) = rel_err(1.959355 e+002,1.959355e+0 02) = 4.408797e-01 0
rel_err(sum(Gec  "y),sum(FDGc'™y)) = rel_err(4.73714 7e+008,4.737147e+ 008) = 5.088320e-0 13
For Gf, there were 1 warning tolerance violations out of num_fd_dir ections = 1 computations of FDGf*y
and the maximum violation was 4.408797e-0 10 > Gf waring_to | = 1.000000e-010

Congradulation s! Al of the computed errors were within the specified error  tolerance!

(0) 2: "RangeSpaceStep"

lIpyll = 1.000000e+00 1

|IYpyl|2 = 1.732051e+00 3

(0) 2.1: "CheckDecompos itionFromPy"

beta = [|pyl|/l|c|| = 8.271483e- 007
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(0) 2.2: "CheckDecompos itionFromRPy"

beta = ||(Gc(decomp)™*Y Ypy_k + c_k(decomp)||inf ! (Jlc_k(decomp)|| inf  + small_number )
= 5.587935e-009 / (1.208973e+007 + 2.225074e- 308)
= 4.622051e-016

(0) 2.3: "CheckDescentR angeSpaceStep"

Gce_k exists; compute descent_c = c_k(equ_decomp)*  Gc_k(:,equ_decomp )*Ypy_k

descent_ ¢ = -4.369965e+ 018

(0) 3: "ReducedGradient

|IrGf{|inf = 1.353686e+ 003

(0) 4: "CalcReducedGrad Lagrangian”

|IrGL_K]||inf = 1.353686e+003

(0) 5: "CheckConvergenc e"

scale_opt_fact or = 1.000000e+000 (scale_opt_error_ by = SCALE_BY_ONE

scale_feas_fac tor = 1.000000e+00 O (scale_feas_erro r_by = SCALE_BY_ME)
scale_comp_fac tor = 1.000000e+00 O (scale_comp_erro r_by = SCALE_BY_®IE)

opt_scale_fact or = 1.100000e+001 (scale_opt_error_ by Gf = true)
opt_kkt_err_k = 1.230623e+002 > opt_tol = 1.000000e-00 8
feas_kkt_err_k = 1.208973e+007 > feas_tol = 1.000000e-01 0
comp_kkt_err_k = 0.000000e+000 < comp_tol = 1.000000e-00 6
step_err = 0.000000e+000 < step_tol = 1.000000e-00 2

Have not found the solution yet, have to keep going :-(
(0) 6.-1: "CheckSkipBFG SUpdate"

(0) 6: "ReducedHessian"

Basis changed. Reinitializing rHL_k = eye(n-r)

(0) 7: "NullSpaceStep"

[Ipz_kK|linf = 1.353686€+003
[1Zpz_KI12 = 4.271437e+005

(0) 8: "CalcDFromYPYZPZ"

(Ypy_k*Zpz_k)  /(|IYpy_k||2 * ||Zpz_K|l2 ~ + eps) = 9.979894e -001
[ldlfinf = 2.471247e+00 3

(0) 9.-2: ‘"LineSearchFu lIStep"

fk = 1.520000e+ 006
lc_Kllinf = 1.208973e+ 007
alpha_k = 1.000000e+ 000
|Ix_kp1||inf = 2.461247e+003
f_kpl = 9.123131e+010
le_kp1||inf = 4.579853e+013

(0) 9.-1:  "MeritFunc_Pe naltyParamUpdate"

Update the penalty parameter...

Not near solution, allowing  reduction in mu ...
mu = 8.286385e-006

(0) 9: "LineSearch"

Begin definition of NLP merit function phi.value(f (x),c(x)):
**  Define L1 merit funciton (assumes Gc_k*d_k + c_k = 0):
phi(f,c) =f + mu_k * norm(c,1)
Dphi(x_k,d _k) = Gf.k * d_k - mu* norm(c_k,1)

end definition of the NLP merit funciton
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Dphi_k = -7.389329e+008
Starting Armijo  Quadratic  interpolation linesearch

Dphi_k = -7.38932862e+0 08
phi_k = 4.52030000e+006

itr alpha_k phi_kpl phi_kpl-fr ac_phi

0 1.00000000e+0 00 1.14557884e +013 1.14557839e+013
1 1.00000000e-0 01 1.34428112e +010 1.34382983e+010
2 1.00000000e-0 02 2.53185818e +007 2.07990207e+007
3 1.31074052e-0 03 3.44902601e +006 -1.071177 14e+006

alpha_k = 1.310741e-003

|[x_kp1||inf = 1.177433e+001

f_kpl = 7.133842e+005

|lc_kp1|linf = 1.102321e+007

phi_kp1 = 3.449026e+006

(1) 1: "EvalNewPoint"

(13) 5: "CheckConvergen ce"

scale_opt_fact or = 1.000000e+000 (scale_opt_error_ by = SCALE_BY_ONE
scale_feas_fac  tor = 1.000000e+00 O (scale_feas_erro r_by = SCALE_BY_®IE)
scale_comp_fac tor = 1.000000e+00 O (scale_comp_erro r_by = SCALE_BY_®MIE)

opt_scale_fact or = 1.000000e+000 (scale_opt_error_ by _Gf = true)
opt_kkt_err_k = 3.273859%e-012 < opt_tol = 1.000000e-00 8
feas_kkt_err_k = 1.518593e-012 < feas_tol = 1.000000e-01 O
comp_kkt_err_k = 0.000000e+000 < comp_tol = 1.000000e-00 6
step_err = 0.000000e+000 < step_tol = 1.000000e-00 2
Jackpot! Found the solution!!!! n (k =13)
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E A SimpleConvention for the Specifcation of Linear-Algebra
Function Prototypesin C++ using Vecta and Matrix Ob-
jects

A simplecorventionfor the specificationof C++ function prototypesfor linearalgebraoper
ationswith vectorsand matricesis described.This cornventionleadsto function prototypesthat
arederived directly from the mathematial expressionghemseles(andarethereforeeasyto re-
member) allow for highly optimizedimplemenations(throughinlining in C++), anddo notrely
onary sophistcatedC++ techniquesothatevennovice C++ programsanunderstan@nddehug
throughthe code.

Intr oduction

Linearalgebracomputatbnssuchasmatrix-vector multiplicationandthesolutionof linearsystems
sene asthe building blocksfor numericalalgorithmsandconsumehe majority of the runtimeof
numericalkcodes.Thesdinearalgebraabstractiongranscendletailssuchasmatrix storaggormats
(of which thereare mary) andlinear systemsolver codes(sparseor dense direct or iterative).
Primary linear algebraabstractionsnclude vectorsand matricesand the operationghat can be
performedwith them.C++ abstraction$or vectorsandmatricesabound.

Giventhat convenientvectorand matrix abstractionsare defined,Vec andMat for instance,
thereis a needto implement BLAS-lik e linear algebraoperations.Given that C++ hasoperator
overloadng, it would seemreasonabléo implementtheseoperationsisinga Matlab© like nota-
tion. For example thematrix-vecta multiplicationy = y+ A”z might berepresenteth C++ with
thestatemeny = y + trans(A) * X (thecharacter cannotbe usedfor transposesince
it is nota C++ operator).Matlabis seenby mary in the numericalcomputatbnal commurity to
be theidealfor the representationf linear algebraoperationausingonly ASCII character$33].
The advantage®f suchaninterfaceareobvious. It is almostthe sameas standardnathematical
notation,which makesit very easyto matchthe implementaton with the operationfor the appli-
cationprogrammerandmakesthe codemucheasierto understandThe primary disadwartagefor
thisin C++is thatthe straightforvardimplemenationrequiresa lot of overheadecaus®perators
areimplementedin a binary fashion. For example,for the operationy = y + trans(A) *
X, atemporarymatrix (n? overhead)andtwo temporaryvectors(2n overhead)would be created
by the compiler Specifically the compilerwould performthe following operationsMat t1 =
trans(A ); Vec t2 =1t1 * x; Vec t3 =y + t2; y = t3; . Attemptshave been
madeto comeup with a stratgy in C++ to implementoperationdikey = y + trans(A) *
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X in away wherelittle overheads requiredbeyonda directBLAS call [87]. It is relatively easy
to implementtheseoperatorfunctionswith only a little constant-tine overheadfor a smallsetof

linearalgebraoperationg112, pagess75-677].However, for moreelaborateexpressionsa com-

pile time expressionparsingmethodis needed.Somehave adwocatedpreprocessingpols, while

othershave looked at using C++’s templatemechanism$119], [87]. In ary casethesemethods
arecomplex andnottrivial to implement. Also, compilersarevery fickle with respecto methods
thatrely ontemplatesPerhapsn the futurewhenmary C++ compilersimplementthe ANSI/ISO

C++standard112], suchmethodsmay be moreportableandreliable. But for now, suchmethods
arenotreally appropriatgor generalpplicationdevelopment.Methodsbasedn runtimeparsing
are alsopossiblebut add more of a runtime penalty Aliasing is alsoanotherbig problem. For

example,supposeve allow usergo write expressiongik e the following:

y=z+v+aM" + By

An efficient parserthattries to minimize temporariewill have to scanthe entire expression
andrealizethaty = By mustbe performedirst andthennotemporariesreneededA nawve parser
may performy = z first andthenresultin anincorrectevaluation. The problemis thatthe more
efficient the parserthe morecomplicatedt is andthe harderit will befor inexperiencedusersto
dehug throughthis code.

Without using operatoroverloadirg to allow applicationcodeto usesyntaxlikey =y +
trans(A ) * X, how canlinear algebraoperationsbe implementedefficiently? The simple
answeris to useregular functions(memberor non-member)nlined to call the BLAS. For ex-
ample,for the operationy = y + Az, onemight provide a functionlike add _to _multipl  y-
_transpo se(A,x,&y ); . It istrivial to implementsucha functionto call the BLAS with no
overheadf a goodinlining C++ compileris used. The problemwith usingfunctionsis thatit is
difficult to comeup with good namesthat userscanremember For example,the above opera-
tion hasbeencalledBlas _Mat Vec Mult(. ..) in LAPACK++ [91], vm.multad d(...) in
Meschach+495], andmult(...) in MTL [73]. Evenknowing the namesof thesefunctionsis
notenough.You mustalsoknow the orderthealgumentsyo in andhow arethey passed.

Convention for specifyingfunction prototypes

Herewe considera corventian for constructingC++ functionprototypes.Thefunctionprototypes
areconstructedaccordingto this convention wherethe nameof the functionandthe orderof the
argumentss easilycomposedrom themathematal expressiontself. Toillustratethecorvention,
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Function Call

y += alpha * A" * x y a AT T
NI 4l \ \ \ \

Vp.S S t Mt V( &y, alpha, A, trans, x ) = Vp_StMtV(&y,a Ipha,Atra ns\x)
Function Prototype
void Vp_StMtV( Vec* vs lhs, double alpha

const Mat& gmsrhsl, BLASCpp:Tr ansp trans rhsl

const Vec& vs rhs2);

Figure E.1. Exampleof thelinear algelranamirg convention for
y+ = oA’z

considerthe operationy = y + aATz. First, rewrite the operationin the form y+ = oAz (this
is well understoody C, C++ andPerlprogrammers)Next, translatanto Matlab-like notationas
y += alpha*A *x (exceptMatlabdoesnot have the operator+=). Finally, for Vec objectsy
andx anda Mat objectA, the function call andits prototypeareshovn in FigureE.1. Thetype
BLAS Cpp::Tr ansp shawn in this function prototype is a simple C++ enum with the values
BLAS Cpp::itr ans or BLASCpp::no _trans

Figure E.2 givesa summaryof this corvention. Given this corvention, it is easyto go back
andforth betweenthe mathematicahotationandthe function prototype. For example,consider
thefollowing functioncall andits mathematicaéxpression

MpStMtM(  &C, alpha , A, no_trans, B, trans )
=
C+= aABT

Onedifficulty with this corvenion is dealingwith Level-2 andLevel-3 BLAS that have ex-
pressionsuchas:

C = aop(A) op(B) +\I}C (XGEMM)

Givenp # 1 we cannotsimply rewrite theabove BLAS operationusing+=. To dealwith this
problem,s is movedto theendof theamgumentist andhasa default valueof 1.0asshovn below:

Mp.StMtM(  &C, alpha , A, trans A, B, trans B , beta )
defau It to 1.0
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Operation Character (Lower Case)
=(assignmenéquals) _(underscore)
+=(plusequals) p_

+(additionplus) p

- (subtraction,imus) m

* (multiplication,tmes) t

Operand Type Character (Upper Case) Argument(s)

Scalar S double

Vector Vv (rhs)const  Vec&
(Ihs) Vec*

Matrix M (rhs)const Mat&, Transp
(Ihs) Mat*

Figure E.2. Namingconvention for linear algebe functionsin
C++

Only exactequivalentsto the Level-2 andLevel-3 BLAS needbe explicitly implemented.e.
Vp_StMtV(... ) andMpStMtM(.. .) ). Functionsfor simder expressionganbe generated
automaticallyusing templatefunctions. As an example, considerthe following linear algebra
operationandits functioncall:

y = Ax (XGEMV — y = aop(A)z + By)
=
V_MtV( &y, A, no_trans, X )

In theabove example thetemphtefunctionV_MtV(...) canbeinlinedto call Vp_StMtV( ...)
whichin turncanbeinlinedto call theBLAS functionDGEMV(...) . Theuseof theseautomati-
cally generatedunctionsmakestheapplicationcodemorereadableandalsoallowsfor specializa-
tion of thesesimper operationgaterif desired.Theimplementatiorof theabovetemplatefunction
V_MtV(.. .) istrivial andis givenbelow:

template<clas s M_t, class V_t>
inline void V_MtV(V_t* vy, const M_t& A, BLAS Cpp:Tra nsp trans_A, const V_t& x)
{
Vp_StMtV( y, 1.0, A, no_trans , x, 0.0 );
}
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Longerexpressionsuchasy = o ATz + Bz areeasilyhandledusingmultiple functioncalls
suchas:

y=aATz + Bz

—

V.StMtV( &y, alpha, A, trans , Xx );
Vp_MtV( &y, B, no_trans, z ),

As statedabove, only thebaseBLAS operations/p_StMtV(... ) (e.g.xGEMV(...) ) and
MpStMtM(... ) (e.g.xGEMM(...) ) mustbeimplementedor the specificvectorandmatrix
typesVec andMat. For example,if theseare simpleencapulation®f BLAS compatilbe serial
vectorsand matrices(e.g. TNT style) thenthe call the the BLAS functionscan be written as
templatefunctionsfor all serialdensevectorandmatrix (columnoriented)classesFor exampk:

template< class M_t, class V_t>
inline void Vp_StMtV( V_t* vy, double alpha, const M_t& A, BLAS_Cpp:T ransp trans_A
, const V_t& x, double beta = 1.0 )

{
DGEMV(trans_A == no_trans ? 'N' : 'T', rows(A), cols(A), alpha
&AL ), &A(L2) - &A(L1) , &x(1), &x(2) - &x(1), beta
&Y 1, &R - &D) )
}

Of coursethe above function would also have to handlethe caseswhererows(A) and/or
cols(A) wasl1 but the basicideashouldbe clear By callingrows(.. .) andcols(.. .)
asnonmenber functions,they canbe overloadedto call the appropriatenemberfunctionson the
matrix objectsincethereis not standard.

WhenVec andMat arepolymaphictypeswe canuseatrick toimplementVp_StMtV(.. )
andMp.StMtM(.. .) usingmemberfunctions.For example:

class Vec { .. }

class Mat {
public:
virtual void Vp_StMtV( V_t* vy, double alpha, BLAS_Cpp::Tra nsp trans_A
, const V_t& x, double beta ) const = O;

h

inine  void Vp_StMtV( Vec* y, double alpha, const Mat& A, BLAS Cpp:T ransp trans_A
, const Vec& x, double beta = 1.0 )

{
A.Vp_StMtV( y,alpha,trans_ Ax,beta);

}

Usingtheseinlined non-menber functionsthereis no extra overheadoeyond the inavoidable

249



virtual functioncalls. In thiswaythereis consistentalling of linearalgebreoperationsrregardless
whetherthevectorandmatrix objectsareconcreteor abstract.

Conclusions

In sumnary, this conventionmakesit easyto write out correctcalls to linear algebraoperations
without having to resortto complex operatoroverloadng techniques.After all, the main appeal
for operatoroverloadng is to make it easyfor usersto rememberhow the call linear algebra
operationsandto make written codeeasierto read. The corventiondescribedn this papermeets
both of thesegoalsandalsoresultsin codethatis easyfor novice C++ develgpersto understand
anddehug. Deluggingcodecaneasilytake longerthanwriting it in thefirst place.Whenconcrete
abstraction®f densdinearalgebratypesareused,it wasshavn thatthesefunctionsdo not have
to imposeary overheadbeyonddirect BLAS callsif inlining is used. Whenpolymorphc vector
andmatrix typesareused,inlining to call thevirtual functionsalsoresultsin no extra overhead.
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F Unified Modeling Language (UML) Quick ReferenceGuide

The Unified Modeling Languagg UML) is a newly standardizedjraphicallanguagefor Object-
Orientedmodeling(http:/www.omgorg).

UML : Typesof Diagrams

Structural / Static Diagrams/ Models
 ClassDiagrams (Objed Diagrams) : Abstractionsand relationships
» Package Diagrams: Organizational Units
Dynamic / Behavioral Diagrams/ Models
* Interaction Diagrams: Objed interactions during scenarios
» SequenceDiagrams: Streses squences of events
* Collaboration Diagrams: Stresses objed relationships
* Activity Diagrams (extended flowcharts)

» State (Transition) Diagrams: State spedfic behavior of a class

UML Structural Entities: Classesand Objeds

name Class (General Form) _ note note
\ attributes lipk /
e ClassName
attribute_name : type = init_value o ---+| This is a note about this class ﬁ
operation(arg_name:type = init_value )@

operations
name
\ Class
Class
name
e ClassName
operation(arg_name:type = init_value )"\
operations
Object (General Form)
object name class name )
Object )
object name Object class name
\.obiectName: ClassName O/ \
attribute_name :value \. objectName ‘ClassName @&
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UML Structural Diagrams: Class & Object with Relationships

- Classl
association
k. ]

Cla

1.*

. . ss2
generalization

DerivedClass3

class diagram

Class Diagram
multiplicity

dependency

..................
qualifier

qualified
association

o

_——e 1
composition

/_\‘ 1.»
. . Classb
navigation

Object Diagram

object diagram
(explicit)

School

1

‘ southMiddle : School ‘

*

1.

Teacher

object diagram
(general)

e )

UML Structural Diagrams: Packages Diagrams

E— ]
Package Package Diagram

| Packagel | ]

1

1 dependancy

stereotype
Package2
© «import»
Package3
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UML Dynamic Diagrams: Interaction Diagrams

T
Collaboration Diagram
1: operation1(...) - sequence number
objectl : Classl /— operation name
direction
-«
1.2: operation1(...) ! 1.1: operation1(...) - -
Client object2
actor
object3
name message 1.2.1: operationl(...) —
1.2.1.1: operation2(...) «
Sequence Diagram
‘ objectl : Classl ‘ ‘ object2 ‘ ‘ object3 ‘ life line

time

operation1(...) ] activation ’_/
—/: operationi(...) ._/ :

Client ® operationl(...) :

call \ - operationl(...)
operation2(...)

message

Y
>
recussion
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