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Deflection functions ofa wood cantilever having a rec
tangularcross section are presented. Wood is considered an 
orthotropicmaterial with distinctmechanicalproperties in 
three mutually perpendicular directions. We consider a 
cantilever in the radial and longitudinal plane ofwood. 

General Anisotropic Elasticity 

Let axes 1 and 2 define the principal material plane with 
axis 1 in the grain direction and axis 2 in the radial 
direction. The geometrical axes x and y are located at the 
free end ofthe beam with axis x at an angle q from the 
1 axis (Fig.1). The stress/strainrelations in anisotropic 
elasticity theory are [1]: 

(1a) 
(1b) 
(1c) 

where the transformed compliances Sij can be given as 

(2) 

Fig. 1—An orthotropic cantilever subjected to a single 
load (x and y are geometrical axes; 1 and 2 are material 
axes). 

with m = cos q and n = sin q and the principal compliances 

(3) 

In addition, the strain/displacement relations are 

(4a) 

(4b) 

(4c) 

Derivation of Deflection Functions 

Stress components of a cantilever subjected to a single 
load P at the free end are [2 ]  

(5) 

(6) 

The functions f(y) and g(x) can be obtained from Equa
tions (1c) and (4c), the boundary conditions, and a 
constraining condition, eliminating the possibility of 
rotation of the fixed end in the xy plane [3]. Two possible 
constraining conditions are considered: (1) When an 
element of the axis of the beam is fixed at the fixed end, we 
have 
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which leads to the deflection function 

(9) 

and at the free end 

(10) 

(2) When a vertical element at the fixed end is fixed, we 
have 

(11) 

The corresponding deflection function becomes 

(12) 

At the free end 

(13) 

which is the corrected form of the correspondingequation 
in [4]. Note the first term is identical to Equation (10). 

ShearEffectsonDeflection 

For isotropic material, the first term in Equation (13) is due 
to flexual and the second term due to shear [3]. But for 
orthotropic material, that is only true when q = 0. When q ± 
0, Sxx in the first term as well as Sxs and Sss are all functions 
of the principal compliances as shown in Equations (2) and 
(3). It is therefore ofinterest, after the transformed 
compliances are replaced by the principal compliances, to 
separate the terms containing S66 from those that do not in 
Equation (13). For this separation the only term that 
requires special attention is the ratio S 2 

xs /Sxx . For 
abbreviation, let Sxs = a + ßS66 and Sxx = c + dS 66 

(see Equation (2)). Then we have 

(14) 

For |Y| <1 as in the present case, the series in Equation (14) 
converges very fast. All the terms containing X and Y are 
functions of S66, although they are not devoid of the other 
principal compliances. The separation mentioned before is 
now straightforward. 

Results and Conclusions 

Mechanical properties for Sitka spruce [5] are used for 
numerical calculations: E1 = 1 1,800 MPa, E2 = 2,216 MPa, 
G12 = 910 MPa, u12 = 0.37. The geometrical dimensions 
and the applied load in Fig. 1 are l = 80 mm, b = 40 mm, 
h = 10 mm and P = 100 N. For the grain slope, the assumed 
values are0°

n

, 5°, 10°, and 15°. Resultsareshownin 
Table 1.The transformed compliancesreferred to the 
geometrical axes cannot show the effects of shear on 
deflection the same as do the principal compliances referred 
to the material axes. As the grain slope increases, deflection 
increases with shear (terms containing S66) only. 

Table 1. Deflection of Sitka spruce cantilever [Eq. (13)] 

Flexurala Sheara Flexuralb Shearb 

q,Deg (mm) (mm) (mm) (mm) 

0 2.71e-2 3.30e-2 2.71e-2 3.30e-2 
5 2.92e-2 3.13e-2 2.70e-2 3.35e-2 

10 3.53e-2 2.75e-2 2.69e-2 3.60e-2 
15 4.50e-2 2.35e-2 2.71e-2 4.14e-2 

aTerms without Sxs and Sss under Flexual; others under 
Shear. 

bTerms without S66 under Flexual; others under Shear. 
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