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Abstract: Three applications of sampling-based sensitivity analysis in conjunction with
evidence theory representations for epistemic uncertainty in model inputs are described:
(1) an initial exploratory analysis to assess model behavior and provide insights for addi-
tional analysis, (ii) a stepwise analysis showing the incremental effects of uncertain vari-
ables on complementary cumulative belief functions and complementary cumulative
plausibility functions, and (iii) a summary analysis showing a spectrum of variance-based
sensitivity analysis results that derive from probability spaces that are consistent with the
evidence space under consideration.
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1. INTRODUCTION

Uncertainty analysis and sensitivity analysis should be important components of any
analysis of a complex system, with (i) uncertainty analysis providing a representation of
the uncertainty present in the estimates of analysis outcomes and (i) sensitivity analysis
identifying the contributions of individual analysis inputs to the uncertainty in analysis
outcomes[1]. Probability theory provides the mathematical structure traditionally used in
the representation of epistemic (i.e., state of knowledge) uncertainty, with the uncertainty
in analysis outcomes represented with probability distributions and typically summarized
as cumulative distribution functions (CDFs) or complementary cumulative distribution
functions (CCDFs) [2-4]. A variety of sensitivity analysis procedures have been devel-
oped for use in conjunction with probabilistic representations of uncertainty, including
differential analysis [5, 6], the Fourier amplitude sensitivity test (FAST) and related vari-
ance decomposition procedures[7-11], regression-based techniques [12, 13], and searches
for nonrandom patterns [14].

Although probabilistic representations of uncertainty have been successfully em-
ployed in many analyses, such representations have been criticized for inducing an ap-
pearance of more refined knowledge with respect to the existing uncertainty than is really
present [15, 16]. Much of this criticism derives from the use of uniform distributions to
characterize uncertainty in the presence of little or no knowledge with respect to where
the appropriate value to use for a parameter is located within a set of possible values. As
a result, a number of alternative mathematical structures for the representation of
epistemic uncertainty have been proposed, including evidence theory, possibility theory,
and fuzzy set theory [17].
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Evidence theory provides a promising alternative to probability theory that allows for
a fuller representation of the implications of uncertainty than is the case in a probabilistic
representation of uncertainty. In particular, evidence theory involves two representations
of the uncertainty associated with a set of possible analysis inputs or results: (i) a belief,
which provides a measure of the extent to which the available information implies that
the true value is contained in the set under consideration, and (ii) a plausibility, which
provides a measure of the extent to which the available information implies that the true
value might be contained in the set under consideration. One interpretation of the belief
and plausibility associated with a set is that (i) the belief is the smallest possible probabil-
ity for the set that is consistent with all available information and (ii) the plausibility is
the largest possible probability for the set that is consistent with all available information.
An alternative interpretation is that evidence theory is an internally consistent mathemati-
cal structure for the representation of uncertainty without any explicit conceptual link to
probability theory. The mathematical operations associated with evidence theory are the
same for both interpretations. Just as probability theory uses CDFs and CCDFs to sum-
marize uncertainty, evidence theory uses cumulative belief functions (CBFs), cumulative
plausibility functions (CPFs), complementary cumulative belief functions (CCBFs), and
complementary cumulative plausibility functions (CCPFs) to summarize uncertainty.

Although evidence theory is beginning to be used in the representation of uncertainty
in applied analyses, the authors are unaware of any attempts to develop sensitivity analy-
sis procedures for use in conjunction with evidence theory. Due to the importance of sen-
sitivity analysis in any decision-aiding analysis, the potential usefulness of evidence
theory will be enhanced if meaningful and practicable sensitivity analysis procedures are
available for use in analyses that employ evidence theory in the representation of uncer-
tainty. As a result, the focus of this presentation is on the development of sensitivity
analysis procedures for use in conjunction with evidence theory representations of uncer-
tainty.

After a brief overview of evidence theory (Sect. 2), the following topics are consid-
ered: (1) exploratory sensitivity analysis (Sect. 3), (i1) use of sensitivity analysis results in
the stepwise construction of CCBFs and CCPFs (Sect. 4), (iii) analysis of evidence theory
representations of uncertainty (Sect. 5), and (iv) concluding summary (Sect. 6).

2. EVIDENCE THEORY

Evidence theory is based on the specification of a triple (S, £, m), where (i) Sis the set
that contains everything that could occur in the particular universe under consideration,
(ii) 4 is a countable collection of subsets of &, and (iii) m is a function defined on sub-
sets of Ssuch that m(E)>0if E€ &, m(E=0if Ec Sand S¢ S, and T,c s m(E = 1.
For a subset € of &, m(€) characterizes the amount of “likelihood” that can be assigned
to €but to no proper subset of € In the terminology of evidence theory, (i) & is the sam-
ple space or universal set, (ii) £ is the set of focal elements for &and m, and (iii) m(€) is
the basic probability assignment (BPA) associated with a subset € of S. The elements of
S are often vectors X = [x1, X2, ..., x,], where each element x; of X is a variable with its
own evidence space (&, 5, m;). When the x;’s are assumed to be independent, (i) m(E)
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=TLm((&E)fE=Ex Ex...x Eand & e Sifori=1,2, ..., nand (ii) m(&) = 0 oth-
erwise. An evidence space (S, ., m) plays the same role in evidence theory that a prob-
ability space (P, /7, p) plays in probability theory, where ® is the sample space, /7 is a
suitably restricted set of subsets of P (i.e., a c-algebra), and p is the function (i.e., prob-
ability measure) that assigns probabilities to elements of /.

The belief, Bel( ), and plausibility, PI(E), for a subset € of Sare defined by
Bel(&)=3 , m(Y)and PI(E)=3 " . m(V). (2.1)

In concept, Bel(€) is the amount of “likelihood” that must be assigned to & and PI(E) is
the maximum amount of “likelihood” that could possibly be assigned to & When the
elements of & are real valued, a CCBF and a CCPF provide a convenient summary of an
evidence space (S, 5, m) and correspond to plots of the points

CCB.¥ = {[v, Bel(Sv)], ve cS} and CCP.¥ = {[v, PI(SV)} ,VE 5} ) (2.2)

where S, = {x: x € Sand x> v}.

An important situation in the application of evidence theory is the consideration of a
variable y = f{X), where fis a function defined for elements X of the sample space X as-

sociated with an evidence space (=X, ./ , my) and X is represented as a vector because this

is the case in most real analyses. The properties of fand (<X A, my) induce an evidence
space (V) % , my) on y, which provides a characterization of the uncertainty associated

with y. In turn, this uncertainty can be summarized with a CCBF and a CCPF defined by
CCBY = {[v Bel, {1 (V)] ve y} and CCP. = {[v LA (V)] ve y} ,(2.3)

where Bely and Ply denote belief and plausibility defined with respect to (<X, A", my) and
V., =1{y: y e Vand y > v}. The generation and analysis of CCBFs and CCPFs of the

preceding form are fundamental parts of the use of evidence theory to characterize the
uncertainty in model predictions.

3. EXPLORATORY SENSITIVITY ANALYSIS

An initial exploratory sensitivity analysis plays an important role in helping to guide any
study that involves uncertain inputs. This is particularly true in uncertainty analyses
based on evidence theory as the uncertainties are likely to be large and an appropriate un-
derstanding of these uncertainties and their implications can provide insights that facili-
tate the computational estimation of beliefs and plausibilities.

Given that large uncertainties in many variables are likely to be present, a sampling-
based approach to sensitivity analysis with Latin hypercube sampling [18, 19] is a
broadly applicable procedure for an exploratory analysis in conjunction with an evidence
theory representation for uncertainty. Use of this approach requires the specification of
distributions for the uncertain variables for sampling purposes. This specification should
provide for an adequate exploration of the range of each uncertain variable and be consis-
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tent, in some sense, with the evidence theory specification of the uncertainty associated
with individual analysis inputs.

A distribution that meets the preceding criteria can be obtained by sampling each fo-
cal element associated with a variable in consistency with its BPA and then sampling uni-
formly within that focal element. With the assumption that each focal element for a

variable x; with an evidence space (X, ya i» m;) 1s an interval, this corresponds to defin-
ing a sampling distribution with a density function d; given by

)

di(v): Zl: 51‘]’ (V) mi(gij)/(bij_aij)a (3.1)
=

where (i) v € X, (ii) C(./) is the cardinality of ./, (iii) & = [ay, by, j = 1, 2, ...,
( ya ;), are the focal elements associated with x; (i.e., the elements of v i), and (1v) &;(v)
=1if v e & and 0 otherwise. Appropriate modifications can be made to the preceding

definition to handle focal elements with a finite number of elements and focal elements
that are unions of disjoint intervals.

Given that a relationship of the form y = f(X), X = [xi, x2, ..., X,], is under considera-
tion, sampling according to the distributions indicated in Eq. (3.1) generates a mapping yx
= f(X;) from uncertain analysis inputs to uncertain analysis results, where X;, k=1, 2, ...,
nS, are the sampled values for X. As previously indicated, Latin hypercube sampling is a
likely candidate for the sampling procedure because of its efficient stratification proper-
ties. Once this mapping is generated, it can be explored with various sensitivity analysis
procedures to develop an understanding of the relationship between y and the individual
elements of X.

A variety of techniques are available for use in sampling-based sensitivity analyses
[13, 20]. However, given that the analysis problem is based on evidence theory, sensitiv-
ity analysis procedures that do not place excessive reliance on the sampling distributions
indicated in Eq. (3.1) are desirable. Of course, no approach can fully divorce itself from
these distributions because they ultimately give rise to the raw material of the sensitivity
analysis (i.e., the mapping [Xi, v«], k=1, 2, ..., nS); however, this is an unavoidable situa-
tion when the sample space associated with X is infinite as no approach can consider all
values of X and so a subset of the values for X must be selected in some manner. The ex-
amination of scatterplots is a natural initial procedure. Then, rank-based procedures (e.g.,
rank repression, partial rank correlation, squared rank differences) are natural techniques
to employ because they reduce the effects of both nonlinearities and the original sampling
distributions [13, 21, 22].

If carried out successfully, an initial exploratory sensitivity analysis should provide
important insights with respect to the relationship between y and the elements of X. Of-
ten, only a few of the elements of X will have significant effects on y. This is information
that can be productively used in the estimation of the evidence theory structure associated
with y.
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4. STEPWISE CONSTRUCTION OF CCBFs AND CCPFs

For most models, the determination of beliefs and plausibilities for model predictions in
general, and CCBFs and CCPFs in particular, is a demanding numerical challenge due to
the need to determine the inverse of the model (i.e., function) involved. Sampling-based
(i.e., Monte Carlo) procedures provide one way to carry out such determinations. With
this approach, a sample X, k=1, 2, ..., nS, is generated from <X (e.g., with distributions
for the elements of X of the form indicated in Eq. (3.1)), and y is evaluated for each X; to
create the mapping [X;, ], k=1, 2, ..., nS, from <X'to V. Then, the CCBF and CCPF for
v can be estimated by

CC@f%{[y,l—PlX({xk:ykSy})],yey} 4.1)
and
CCPY = {[y, Pl, ({xk V> y})], yE y} , (4.2)

respectively. The approximation to CCB.¥ for y in Eq. (4.1) is based on the equality
Bel(&) + PI(E) = 1 and the fact that the subset criterion in the definition of belief (see
Eq. (2.1)) does not allow for the direct estimate of belief with a finite sample when sets
with infinite numbers of elements are under consideration. In general, the same approach
can be used to estimate the belief Bely( ) and plausibility Ply( ) for any subset Eof V.

The problem with the preceding approach is that it can be prohibitively expensive
computationally when the cardinality C( Ay of ./ is high, which is usually the case in
real analyses. Specifically, C( v )=1I; C( v 1), where C( v ;) 1s the cardinality of ;. For
example, if n = 8 and C( '}y =10, then C(./) = 10%; and as a result, a very large sample
would be required to converge the approximations to the CCBF and CCPF in Egs. (4.1)
and (4.2).

The results of the exploratory sensitivity analysis described in Sect. 3 provide a basis
for a potential path forward in developing the CCBF and CCPF approximations in Egs.
(4.1) and (4.2). The uncertainty in most analysis outcomes is significantly affected by the
uncertainty in only a small number of analysis inputs (e.g., 3-5). Of course, this does not
have to be the case but it does seem usually to be the case. In this situation, the approxi-
mations in Egs. (4.1) and (4.2) can be determined by only considering the uncertainty
(i.e., the evidence spaces (=X;, ./ ;, m;)) associated with the x; that significantly affect y.
The remaining x; (i.e., those that do not have a significant effect on y) can be assigned
degenerate evidence spaces (i.e., spaces (eX;, A, m;) for which m(.X;) = 1) for use in
evaluating the approximations in Egs. (4.1) and (4.2).

Increasing the resolution in the evidence spaces assigned to individual x; (i.e., by sub-
dividing elements of A ; and then apportioning the BPA for an original element of A
over the subsets into which it is subdivided) tends to decrease, and can never increase, the
uncertainty associated with evidence space for y. Specifically, beliefs tend to increase
(and can never decrease) and plausibilities tend to decrease (and can never increase); or
put another way, beliefs and plausibilities for subsets of |}/ move closer together as the
resolution in the characterization of the uncertainties associated with the x; is increased.
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The preceding observations provide a basis for the use of sensitivity analysis results
to guide a stepwise procedure for the construction of the CCBF and CCPF approxima-
tions in Egs. (4.1) and (4.2). At Step 1, the approximations in Egs. (4.1) and (4.2) are de-
termined with the most important variable affecting the uncertainty in y assigned its
original evidence space and all other variables assigned evidence spaces in which their
original sample spaces are assigned a BPA of 1. At Step 2, the approximations in Egs.
(4.1) and (4.2) are determined with the two most important variables affecting the uncer-
tainty in y assigned their original evidence spaces and all other variables assigned evi-
dence spaces in which their original sample spaces are assigned a BPA of 1. Analogous
steps follow for additional important variables determined in the sensitivity analysis until
substantive changes in the CCBF and CCPF approximations in Egs. (4.1) and (4.2) no
longer occur, at which point the approximation procedure stops. This approach can pro-
duce substantial computational savings over what would be incurred if the approxima-
tions in Egs. (4.1) and (4.2) were evaluated with the original evidence spaces assigned to
all the x;.

The construction procedure just outlined can also can be viewed as a sensitivity
analysis in the context of evidence theory. The changes in the location of the CCBF and
CCPF as additional variables are added in the preceding procedure provides an indication
of the importance of individual variables with respect to the uncertainty in y characterized
by (V) /Z/ , my). At an intuitive level, this approach is analogous to the use of stepwise

regression analysis in traditional sensitivity analyses.

5. SUMMARY SENSITIVITY ANALYSIS

Together, a CCBF and CCPF for y provide bounds on all possible CCDFs for y that could
derive from different distributions for the x; that are consistent with their specified evi-
dence spaces (X, A i» m;). In particular, if ( ?P,», P, pi) 1s a probability space for x; that is
consistent with the evidence space (<X, A, m;) fori =1, 2, ..., n, then these probability
spaces give rise to corresponding probability spaces (Py, /x, py) and (P, Fy, py) for x
and y with the CCDF associated with (@y, Py, py) falling somewhere between the CCBF
and CCPF for y. Traditional sensitivity analysis methods can be used to investigate the
relationships between the uncertainty in the x; characterized by the probability spaces ( ©,
/P, pi) and the uncertainty in y characterized by the probability space (%, /v, py). A
possible approach is a variance decomposition for y that partitions the variance for y into
the contributions to this variance from the individual x; [8-10]. However, unlike a tradi-
tional sensitivity analysis in which the probability spaces (®, /7;, p;) are uniquely speci-
fied, there are many possibilities for the spaces (P, /7, p;) in an evidence theory context
and thus many possible variance decompositions for y. In variance-based sensitivity
analysis, the variance V() of y is expressed as

n

V()= 2Vt 2 2 Vit Vi -1
i=1

i=1 j=i+l
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where V; is the contribution of x; to V(y), Vj; is the contribution of the interaction of x; and
x;j to V(y), and so on up to Vi,., which is the contribution of the interaction of xi, xo, ...,
x, to V(). Possible sensitivity measures are provided by

S;

Vz/V(y) andSiT :(Vz—i_zzj—i_—i_VlZn] V(y)’ (52)

J#I

where s; the fraction of ¥(y) contributed by x; alone and s;7 is the fraction of V(y) contrib-
uted by x; and interactions of x; with other variables. The term V; is defined by iterated
integrals involving the probability spaces for the individual variables. For example, when
n=23,

2
14 =J.£[J.P2j¥)3f(xl,xz,x3)d3(x3)d2(x2)dx3dx2} d, (x;)dx, ~E? (), (5.3)

where d; denotes the density function associated with (©, /7;, p;) and E(y) denotes the
expected value of y; similar defining integrals hold for V; and V3, and related, but more
complicated, integrals define V5, Vi3, Vo3 and V3. Analogous relationships hold for n >
3. By suitably orchestrating an analysis, V; and s; fori =1, 2, ..., n can be estimated with
two independent random or Latin hypercube samples; further, s; and s;p fori=1,2, ..., n
can be estimated with a total of n + 2 suitably defined samples.

Three questions arise with respect to the implementation of a variance-based sensitiv-
ity analysis in the context of evidence theory: (i) How to select an appropriate spectrum
of distributions for each x; from the infinite number of distributions that are consistent
with (X;, A, m;)?, (i1)) How to implement the analysis in a computationally practicable
manner for multiple distributions (i.e., multiple probability spaces (©, /;, p:)) for each
x;?, and (ii1) How to display the results of the sensitivity analyses for multiple distribu-
tions of the x; and hence multiple distributions for x and »?

The first question arises because there is no inherent structure associated with the in-
finite number of distributions for x; that are consistent with (X;, A i» m;). The situation is
analogous to that encountered in an interval analysis for a real-valued quantity except that
the uncertain quantity is now a probability space rather than a number. As there is no
way to consider all probability spaces consistent with (X;, A, p:) and also no specific
structure to guide the selection of individual probability spaces, some type of ad hoc pro-
cedure is needed to select representative probability spaces that are consistent with (X,

A i» pi). Further, the number of selected distributions for each x; must be relatively small;
otherwise, the total number of combinations of selected distributions for all » variables
will be too large to be computationally practicable.

An exploratory approach that should provide valuable information for many situa-
tions is to select three distributions for each x;, with (i) one distribution emphasizing the
smaller values associated with each focal element, (ii) one distribution uniform over the
range of each focal element, and (iii) one distribution emphasizing the larger values asso-
ciated with each focal element. The distributions indicated in (i) and (iii) could be left
and right triangular or left and right quadratic. Left and right triangular distributions are
actually quite similar to uniform distributions and thus may not be good choices. For fo-
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cal element & = [ay, b;] associated with x;, the corresponding density functions djy, du;
and d,;; for left quadratic, uniform, and right quadratic distributions, respectively, over &;
are

3(b v)z 1 3(v a )2
d (V== 4 (v)=——— andd(v)=—— "L
i (V) (bij 4, )3 i (v) (b-- _aij) and d,; (v) (bi- o, )3

if v e & and dj(v) = duy(v) = d,;(v) = 0 otherwise. In turn, the left quadratic, uniform and
right quadratic distribution functions dj;, d,; and d,; for x; are given by
)
d;(v)= Y m(&)d;(v) (5.5)

J=1

(5.4)

forve Xiandc=1 u,r.

The second question arises because computational cost can easily become unreason-
able unless the analysis is carefully planned. As a first step, only those variables that ac-
tually affect y need to be considered. The preliminary sensitivity analysis described in
Sect. 3 should, in most analyses, identify the four or five variables that have significant
effects on y. It is only those variables that require consideration of their original evidence
spaces as indicated in Eq. (5.5); the remaining variables can be assigned a uniform or
some other convenient distribution. For example, if four x; affect y and the three distribu-
tions defined in Eq. (5.5) are considered for each of these x;, then 3* = 81 different prob-
ability spaces result for X and hence for y. As a second step, the analysis can be designed
to use the same samples in the evaluation of s; and s,7 for all probability spaces defined
for x (e.g., the 81 spaces indicated above). For example, if Latin hypercube sampling is
used, it is necessary to actually evaluate f for samples from only one of the probability
spaces for X; after these evaluations for f are performed, results for the other probability
spaces for X under consideration (e.g., the remaining 80 probability spaces in the example
above) can be obtained by reweighting the results obtained for the individual sample
elements on the basis of the changed distributions for the x;’s [19, 23]. A similar re-
weighting procedure is also available for random sampling [24].

The third question arises because of the difficulty of displaying the results of multiple
sensitivity analyses for y in a reasonably compact and understandable format. Presenting
the sensitivity analyses individually is unlikely to be adequate because of the large num-
ber of analyses involved and the resultant difficulty of observing trends in variable
importance across analyses. A promising presentation format to employ for this
representation is a cobweb plot, which provides a representation for a multidimensional
distribution in a two-dimensional plot [25]. For example, if nPS probability spaces (SpXj,
7 xj, pxj) for X are under consideration and 4 uncertain variables have been identified for
analysis, the results of the sensitivity analyses for y might be of the form
s = [e. Vs S5 S5 83 sM}, j=L2,...,nPS, (5.6)

J Jj’ i’
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where e; and v; are the expected value and variance for y that derive from the probability
space (Q)Xj, Zx;, pxj) for X and s, i = 1, 2, 3, 4, are the fractional contributions to v; as de-
fined in the first equality in Eq. (5.2) for the 4 uncertain variables under consideration.

With a cobweb plot, the nPS vectors in Eq. (5.6) can be presented in a single plot
frame. Specifically, the individual elements of s; are designated by locations on the hori-
zontal axis and their values correspond to locations on the vertical axis. In general, it
may be necessary to use multiple axis scales for the vertical axis or to plot quantiles for
the elements of s; rather than their actual values. Each s; results in a single point in each
of the vertical columns associated with its elements. The identity of S; is maintained by a
line that connects the values of its elements. As desired, the cobweb plot allows the pres-
entation of all sensitivity analysis results in a single plot frame and also facilitates the
recognition of interactions between variables.

In summary, the approach presented in this section to the performance and presenta-
tion of a sensitivity analysis for a function defined on an evidence space has three com-
ponents: (i) Definition of representative probability spaces for the analysis input X that
are consistent with the evidence space for X, (ii) Use of efficient sampling-based numeri-
cal procedures to decompose the variance of the analysis outcome y for each probability
space for X, and (iii) Use of cobweb plots to summarize the results of the sensitivity
analyses for y carried out for the individual probability spaces for X. Thus, rather than
having a single set of sensitivity analysis results for y, a spectrum of sensitivity analysis
results for y is obtained that is consistent with the evidence space that characterizes the
uncertainty in X.

6. SUMMARY

Three applications of sampling-based sensitivity analysis in conjunction with evidence
theory representations for epistemic uncertainty in model inputs have been described: (i)
an initial exploratory analysis to assess model behavior and provide insights for addi-
tional analysis, (i1) a stepwise analysis showing the incremental effects of uncertain vari-
ables on CCBFs and CCPFs, and (iii) a summary analysis showing a spectrum of
variance-based sensitivity analysis results that derive from probability spaces that are
consistence with the evidence space under consideration. It is hoped that the ideas asso-
ciated with these approaches will provide a start towards the development of effective
sensitivity analysis procedures for use in conjunction with evidence theory representa-
tions for epistemic uncertainty.

ACKNOWLEDGMENTS

Work performed for Sandia National Laboratories, which is a multiprogram laboratory
operated by Sandia Corporation, a Lockheed Martin Company, for the United States De-
partment of Energy’s National Security Administration under contract DE-AC04-94AL-
85000. Editorial support provided by F. Puffer and J. Ripple of Tech Reps, a division of
Ktech Corporation.

418



REFERENCES

[1] A. Saltelli, K. Chan, and E.M. Scott, Sensitivity Analysis. New York: Wiley,
2000.

[2] G. W. Parry and P. W. Winter, "Characterization and Evaluation of Uncertainty in
Probabilistic Risk Analysis," Nuclear Safety, vol. 22, pp. 28-42, 1981.

[3] G. Apostolakis, "The Concept of Probability in Safety Assessments of Techno-
logical Systems," Science, vol. 250, pp. 1359-1364, 1990.

[4] J. C. Helton, "Uncertainty and Sensitivity Analysis in the Presence of Stochastic
and Subjective Uncertainty," Journal of Statistical Computation and Simulation,
vol. 57, pp. 3-76, 1997.

[5] T. Turanyi, "Sensitivity Analysis of Complex Kinetic Systems. Tools and Appli-
cations," Journal of Mathematical Chemistry, vol. 5, pp. 203-248, 1990.

[6] D. G. Cacuci, Sensitivity and Uncertainty Analysis, Vol. 1: Theory. Boca Raton,
FL: CRC Press, 2003.

[7] R. I. Cukier, H. B. Levine, and K. E. Shuler, "Nonlinear Sensitivity Analysis of
Multiparameter Model Systems," Journal of Computational Physics, vol. 26, pp.
1-42, 1978.

[8] I. M. Sobol', "Sensitivity Analysis for Nonlinear Mathematical Models," Mathe-
matical Modeling and Computational Experiment, vol. 1, pp. 407-414, 1993.

[9] H. Rabitz, O. F. Alis, J. Shorter, and K. Shim, "Efficient Input-Output Model
Representations," Computer Physics Communications, vol. 117, pp. 11-20, 1999.

[10] A. Saltelli, S. Tarantola, and K. P.-S. Chan, "A Quantitative Model-Independent
Method for Global Sensitivity Analysis of Model Output," Technometrics, vol.
41, pp. 39-56, 1999.

[11] M. D. McKay, J. D. Morrison, and S. C. Upton, "Evaluating Prediction Uncer-
tainty in Simulation Models," Computer Physics Communications, vol. 117, pp.
44-51, 1999.

[12] R. L. Iman, "Uncertainty and Sensitivity Analysis for Computer Modeling Appli-
cations," presented at Reliability Technology - 1992, The Winter Annual Meeting
of the American Society of Mechanical Engineers, Anaheim, California, Novem-
ber 8-13, 1992, Vol. 28, pp. 153-168. New York, NY, 1992.

[13] J. C. Helton and F. J. Davis, "Sampling-Based Methods," in Sensitivity Analysis,
A. Saltelli, K. Chan, and E.M. Scott, Eds. New York, NY: Wiley. pp. 101-153,
2000.

[14] J. P. C. Kleijnen and J. C. Helton, "Statistical Analyses of Scatterplots to Identify
Important Factors in Large-Scale Simulations, 1: Review and Comparison of
Techniques," Reliability Engineering and System Safety, vol. 65, pp. 147-185,
1999.

[15] G. J. Klir, "Is there more to uncertainty than some probability theorists might
have us believe?," International Journal of General Systems, vol. 15, pp. 347-378,
1989.

[16] G. J. Klir, "On the Alleged Superiority of Probability Representation of Uncer-
tainty," I[EEE Transactions on Fuzzy Systems, vol. 2, pp. 27-31, 1994.

[17] G. J. Klir and M. J. Wierman, "Uncertainty-Based Information," Physica-Verlag,
New York, NY 1999.

419



[18] M. D. McKay, R. J. Beckman, and W. J. Conover, "A Comparison of Three
Methods for Selecting Values of Input Variables in the Analysis of Output from a
Computer Code," Technometrics, vol. 21, pp. 239-245, 1979.

[19] J. C. Helton and F. J. Davis, "Latin Hypercube Sampling and the Propagation of
Uncertainty in Analyses of Complex Systems," Reliability Engineering and Sys-
tem Safety, vol. 81, pp. 23-69, 2003.

[20] J. C. Helton and F. J. Davis, "lllustration of Sampling-Based Methods for Uncer-
tainty and Sensitivity Analysis," Risk Analysis, vol. 22, pp. 691-622, 2002.

[21] R. L. Iman and W. J. Conover, "The Use of the Rank Transform in Regression,"
Technometrics, vol. 21, pp. 499-509, 1979.

[22] S. C. Hora and J. C. Helton, "A Distribution-Free Test for the Relationship Be-
tween Model Input and Output when Using Latin Hypercube Sampling," Reliabil-
ity Engineering and System Safety, vol. 79, pp. 333-339, 2003.

[23] R. L. Iman and W. J. Conover, "Small Sample Sensitivity Analysis Techniques
for Computer Models, with an Application to Risk Assessment," Communications
in Statistics: Theory and Methods, vol. A9, pp. 1749-1842, 1980.

[24] R.J. Beckman and M. D. McKay, "Monte-Carlo Estimation Under Different Dis-
tributions Using the Same Simulation," Technometrics, vol. 29, pp. 153-160,
1987.

[25] R. M. Cooke and J.M. van Noortwijk, "Graphical Methods," in Sensitivity Analy-
sis, A. Saltelli, K. Chan, and E.M. Scott, Eds. Wiley: New York, NY, 2000, pp.
245-264.

420





