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Technical Appendix to Analyzing a Randomized Cancer
Prevention Trial with a Missing Binary Outcome, an Auxilliary
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                     APPENDIX A: CALCULATIONS FOR MODEL A

ML estimates
 The data are . Let  andÖ8 ß 7 × œ 8 7 ß œ 8 ÎB+C B+ B B B+CB+CR 2 RB B

1 RB+ B+œ 7 Î ÞB To obtain ML estimates for a saturated model, we set observed

proportions equal to their expected values:

"ClB +lBC +B B+C0 ; œ Ð Ñ2 , A.1

   A.2D "C +BClB +lBC B+0 : œ Ð Ñ1 .

Summing (A.1) over  and adding to (A.2) givesC

           (A.3)D "C ClB +lBC B+ B+0 œ  Þ2 1

Dividing (A.2) by the (A.3) gives  which we substitute into: œ Î Ð  Ñ+B B+ B+ B+1 2 1

(A.1) to obtain

                   , (A.4)"ClB +lBC B+C B+ B+ B+ B+C0 œ Ð  ÑÎ œ 2 2 1 2 2 1B+C

where .  Summing both sides of (A.4) over  gives  1 2 1 2 2B+C œ Î + œs
B+C B+ B+ ClB BC"

A

 1 ÞBC

We can also obtain the ML estimate for by applying the substitution principle to the"ClB

identity Pr  = Pr   PrÐ] œ Cl\ œ BÑ Ð] œ CßE œ +lBÑ œ Ð] œ CßE œ +ßV œ "lBÑÎD D+ +

Pr   For the numerator we substitute  . For theÐV œ "lBß +ß CÑ Þ 8 ÎÐ8 7 ÑB+C B B

denominator we invoke the missing-data mechanism and substitute    8 Î Ð8 B+ B+

7 ÑÞB+
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Asymptotic Variance

The asymptotic variances are ( ) =  and ( ) =@+< @+<Ð Ñ  @+<Ð Ñ @+<s sHMJ PVVs sA AA A
" "" ! "| 1|

@+<Ð Ñ Ð Ñ  @+<Ð Ñ Ð Ñs s s s" " " "
A A A A
" ! " ! " "

# #
| | |1 |1/     / . Using the MP transformation (Baker, 1994a),

 @+<Ð Ñ œ 8  7s"
A
"lB

Bœ! +œ! Cœ! Bœ! +œ!

" " " " "

B+C B+
` `s s

`8 `7

# #! ! ! ! !Œ  Œ " "
A A
"lB "lB

B+C B+

              œ 8 Ð  Ñ  8 Ð  "   Ñs s! !š
B +œ!

"

B+! B+
7
8 8"lB "lB

7

=0

1
1

B+"

B+ B+

# #
B+!" "

A A

7 Ð   Ñ ÐR Ñs
B+

8
8 "lB B

#B+"

B+

#
"

A › / .

APPENDIX B: CALCULATIONS FOR MODEL AM

ML estimates

   The data are . Ö8 ß7 ß 6 ß 9 ×B+C B+ BC B  Let  To obtain MLQ œ 8 7  6  9 ÞB B B B B

estimates, we set observed proportions equal to their expected values:

"ClB +lBC B BC B+
‡

B+C0 ; ; ; œ 8 ÎQ Ð ÑB, B.1

"ClB +lBC B BC B+ B+
‡0 ; ; : œ 7 ÎQ Ð ÑB,  B.2

"ClB B BC
‡

BC; : œ 6 ÎQ Ð ÑB, B.3

          B.4: œ 9 ÎQ Ð ÑB B B.

Let  and define  and R 2 1 R 4B B BCœ 8 7  6 œ 8 ÎR œ 7 Î œB B B B+C B+B+C Bß B+

6 Î ÞBC RB Substituting (B.4) into (B.1), (B.2), and (B.3) gives

              , B.5"ClB +lBC BC B+ B+C
‡0 ; ; œ Ð Ñ2

   ,  B.6D "C ClB +lBC BC B+ B+
‡0 ; : œ Ð Ñ1

 . B.7"ClB BC BC
‡: œ Ð Ñ4

Summing (B.5) over  and adding it to (B.6) givesC

D "C ClB +lBC BC B+ B+
‡0 ; œ  Þ2 1 (B.8)

Dividing (B.6) by (B.8) and solving gives  and thus : œ Î Ð  Ñ ; œB+ B+ B+ B+ B+1 2 1

2 2 1B+ B+ B+Î Ð  ÑÞ +Substituting into (B.5) and summing over  gives
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" DClB BC B+C B+ BC BC
‡

+; œ ; œ Ð  Ñ2 2 1/ ,  (B.9)

where .  Adding (B.7) and (B.9) gives   1 2 1 2 2 1B+C BCœ Î œ   4 Þs
B+C B+ B+ ClB BC BC"

AM

       We can also obtain the ML estimate for by applying the substitution principle to"ClB

the identity Pr Pr  Pr   Ð] œ Cl BÑ œ ÐE œ +ß ] œ Cl BÑ œ ÐE œ +ß ] œ Cß V œ "ßD D+ + E

V œ "l BÑ Î ÐV œ "ßV œ "lBß +ß CÑÞ 8 Î] ] B+CE   Pr   For the numerator we substitute 

Ð8  7  6  9 ÑÞB B B B  Under the missing-data mechanism, we write the

denominator as Pr  Pr     PrÐV œ "lBÑ ‚ Ð V œ " l V œ "ß Bß CÑ ‚ ÐV œ "E] E E] ]

lV œ "ß Bß +ÑÞ Ð8  7  6 Ñ Ð8  7E B B B B B For the first factor we substitute / 

 6  9 ÑB B . For the second, nonignorable, factor we use the imputed counts and

substitute  /  For the third factor we substitutea b a b8  7 8 7  6 ÞB B C B C B C BC+y + + +

8 ÎÐ8 7 ÑB+ B+ B++ .

Asymptotic variances

  The asymptotic variances are ( ) =  and@+< @+<Ð Ñ  @+<Ð Ñs sHMJs
AM AM AM

" "" ! "| 1|

@+< @+<Ð Ñ Ð Ñ  @+<Ð Ñ Ð Ñs s s s( ) =  /     / . Using the MPPVVs
AM AM AM AM AM

" " " "" ! " ! " "
# #

| | |1 |1

transformation (Baker, 1994a),

@+<Ð Ñ œ 8  7 6s"
AM
"lB

Bœ! +œ! Cœ! Bœ! +œ! Bœ! Cœ!

" " " " " " "

B+C B+ BC
`s

`8 `7 `6

#
` `s s# #! ! ! ! ! ! !  Œ  Œ " " "

AM AM AM
"lB

B+C B+ BC

"lB "lB+

         {œ "ÎÐ Ñ 8 Ð  / <  ? ÑR 4B
#

B!! B! B! BB"

#

   8 Ð  "   / <  ? Ñ  8 Ð  / <  ? ÑB!" B! B! B! B B"! B" B" BB! B"4 4(
# #

                      8 Ð  "  /  / <  ? Ñ 7 Ð  <  ? ÑB"" B" B" B" B B! B" BB! B"4 4
# #

                   },7 Ð  <  , Ñ  6 Ð  ? Ñ  6 Ð  "  ? ÑB" B" B B! B B" BB" B" B!
# #4 4 4

#

where ,  , and .< œ 8 Î8 / œ 7 Î8 ? œ 8 Ð"  / Ñ ÎB+ B+" B+ B+ B+ B+ B + B+ B+D 1 RB

APPENDIX C: CALCULATIONS FOR MODEL C

ML estimates
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        The data are Let  and . To obtainÖ8 ß7 ×Þ R œ 8 7 2 œ 8 ÎRB.C B. B.CB B B BB.C

ML estimates, we set observed proportions equal to their expected values:

" "ClR ClG!R R G G !!CA ;  A ; œ 2 Ð Ñ, C.1

"ClE E E !"CA ; œ 2 Ð Ñ, C.2

     , C.3"ClR R R "!CA ; œ 2 Ð Ñ

" "ClG" ClEG G E E ""CA ;  A ; œ 2 Ð Ñ. C.4

To estimate , we subtract (C.2) from (C.4)  to obtain"ClG0

 . C.5"ClG! G G !!C "!CA ; œ 2  2 Ð Ñ

Dividing (C.5) its sum over  gives We similarlyC 2  2 Ñ Î Ð2  2 ÑÞ"s œ Ð
C
ClG! !!C "!C !! "!

derive  "s œ Ð
C
ClG" 2  2 Ñ Î Ð2  2 ÑÞ""C !"C "" !"

   We can also obtain the ML estimate for by applying the substitution principle to"ClG!

the identity Pr Pr  |Ð] œ ClGßH œ !Ñ œ Ð] œ CßV œ " GßH œ !ÑÎ

Pr  Multiplying numerator and denominator by Pr givesÐV œ "lGßH œ !ß CÑÞ ÐH œ !lGÑ

Pr  |   For the numerator, we substituteÐ] œ CßV œ "ß H œ ! GÑÎ :<ÐV œ "lH œ !ßGß CÑÞ

2  2!!C "!C; for the denominator, we assume missing does not depend on outcome and

substitute . We can similarly obtain the ML estimate for .2  2!! "! ClG+ + 1"

Asymptotic variance

 The asymptotic variances are ( ) = @+< @+<Ð Ñ  @+<Ð Ñ  #s sHMJs
C C C

" ""lG! "lG!

-9@Ð ß Ñ @+< @+<Ð Ñ Ð Ñ  @+<Ð Ñ Ð Ñ  #s s s s s s" " " " " "
C C C C C CC
"lG! "lG" "lG" "lG" "lG! "lG!

# #and ( ) =  /   /   PVVs

-9@Ð ß ÑÎÐ ß Ñs s s s" " " "
C C C C
"lG! "lG" "G! "G" . Based on a multinomial distribution,

@+<Ð Ñ œ  #s"
C
1 Cl .

Cœ!

" ` ` `s s

`2 R `2 `2 R

#

B B

2 Ð"2 Ñ s 2 2! ! !   " " "
C C
1 C 1 C 1 C

11

1 1
C

1 1l . l . l .

C

B C B C

B B""" ""!

B " B ! and

-9@Ð ß Ñ œ  # ßs s" "
C C
1 C 1 Cl ! l "

Ö.ßCß. ßC ×−I

` `s

`2 `2 R

s

B

2 2! ! 
w wÑ

l . l .

".C ". Cw w

B.C B. Cw w

B

" "
C
1 C 1 C

C

where

   I œ ÖÖ"ß "ß !ß "×ß Ö"ß "ß !ß !×ß Ö!ß "ß "ß !×ß Ö"ß !ß !ß !××ß
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      ` " ` s

`2 2 2 `2 2 2
Ð"BÑ Ð"BÑ

s s s" " " "
C

1

C C C
1"l-" "l-" "l-" l-"

B" "" !" B"! "" !"
œ Ð  "Ñ ß œ Ð  "Ñ ß

     .    ` " ` s s s

`2 2 2 `2 2 2
B B

s" " " "
C C C

0 0 0 1
C

"l- "l- "l- l-!

B"" !! "! B"! !! "!
œ Ð  "Ñ ß œ Ð  "Ñ

APPENDIX D: CALCULATIONS FOR MODEL AC

ML estimates

      The data are Let  andÖ8 ß7 ×Þ R œ 8 7 ß œ 8 ÎB.+C B.+ B B B B.+C B.+C2 RB

1 œ 7 ÎB.+ B.+ R ÞB Because the model is saturated, to obtain ML estimates we can set

observed proportions equal to their expected values:

  " "ClR +lRC ClG! +lG CR +R G +G !!+CA 0 ;  A 0 ; œ 2 Ð Ñ0  , D.1

"ClE +lECE +E !"+CA 0 ; œ 2 Ð Ñ,     D.2

"ClR +lRCR +R "!+CA 0 ; œ 2 Ð Ñ, D.3

" "ClG" +lG"C ClE +lE!G +G ""+CE +EA 0 ;  A 0 ; œ 2 Ð Ñ, D.4

D " "C R +R G +GClR +lRC ClG! +lG!C !!+A 0 :  A 0 : œ 1 Ð Ñ , D.5  

D "C ClE +lECE +E !"+A 0 : œ 1 , (D.6)

D "C R +R "!+ClR +lRCA 0 : œ 1 , (D.7)

D " "C G +GClG" +lG"C ClE +lECE +E ""+A 0 :  A 0 : œ 1 . (D.8)

We derive the estimate of The derivation of the estimate of  is similar." "ClG! ClG"Þ

Subtracting (D.3) from (D.1) gives

   . (D.9)"ClG! +lG!C +G! G !!+C "!+C0 ; A œ 2  2

Dividing both sides of (D.9) by and summing over gives; A ++G! G

" Ds œ Ð2  2 Ñ Î Ð ; A ÑÞs s
AC
ClG! + G!!+C "!+C +G!   (D.10)

To estimate , we first sum (D.9) over to obtain; CG!
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Ð 0 Ñ ; A œ 2  2 Ð ÑD "C G !!+ "!+ClG! +lG!C +G! , D.11

and we subtract (D.7) from (D.5) to obtain

Ð 0 Ñ : A œ 1  1 Ð ÑD "C G !!+ "!+ClG! +lG!C +G! . D.12

Adding  (D.11) and (D.12) gives

( (D.13)D "C G !!+ !!+ !"+ !"+ClG! +lG!C0 ÑA œ Ð2  1 Ñ  Ð2  1 ÑÞ

Dividing (D.11) by (D.13) gives Summing (D.1) to (D.8) over and  and; Þ + Cs+G!

rearranging terms gives A ÞsG

We can also obtain the ML estimate for  by applying the substitution principle to"ClG!

the identity  Pr   PrÐ] œ Cl Gß H œ !Ñ œ ÐE œ +ß ] œ CßV œ "lGßH œ !ÑD+

:<ÐH œ !lGÑ Î Ò ÐV œ "l+ß GßH œ !ß CÑ ÐH œ !lGÑÓÞPr Pr   For the numerator we

substitute   For the first factor in the denominator, we invoke the missing-2  2 Þ!!+C "!+C

data mechanism and substitute ; Þs+G0  For the second factor in the denominator, we

substitute . AsG We can similarly obtain the ML estimate for ."ClG1

Asymptotic variance

Using the MP transformation (Baker, 1994a), the asymptotic variance and covariance

are

@+<Ð Ñ œ 8 7s"
AC
1lG.

B + C B +. .
B+.C B+.

` `s

`8 `7

#
s

#!!! ! !!!  Œ " "
AC AC
"lG. "lG.

B.+C B.+
 + and

-9@Ð ß Ñ œ 8s s" "
AC
1 1

AC
lG! lG"

B + C.
B.+C

` `s

`8 `8

s!!! !   Œ " "
AC AC
"lG! "lG"

B.+C B.+C
 

       +  !!!   Œ 
B +.

B.+
` `s

`7 `7

s
7 Þ

" "
AC AC
"lG! "lG"

B.+ B.+C

When ,  after some algebra the derivatives simplify toR œ R ´ R! "

` `s s

`8 `8!! + "! !! +
" "

AC AC
ClG! ClG!

!!+! "!+!
œ  =  ? œ  =  >  ?0 0    

` `s s

`8 `8!! ! ! + "! !! + " +
" "

AC AC
ClG! ClG!

!!"+ "!"+
œ  =  ?  @ œ  =  >  ?  @a 0 0 0   
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` `s s

`8 `8!! !! "!
" "

AC AC
ClG! ClG!

!"+! !""!
œ  =  > œ  =    

` `s s

`8 `8!! !! "!
" "

AC AC
ClG! ClG!

!"+" ""+!
œ  =  > œ  =    

` `s s

`7 `7!! + "! "! +
" "

AC AC
ClG! ClG!

!!+ "!+
œ  =  / œ  =  >  /0 0    

` `s s

`7 `7!! !! "!
" "

AC AC
ClG! ClG!

!"+ ""+
œ  =  > œ  =    

` `s s

`8 `8!" " ""
" "

AC AC
1ClG" ClG

!!+! "!+!
œ = œ =  >      1

` `s s

`8 `8!" "" ""
" "

AC AC
1ClG ClG"

!!"+ "!"+
œ = œ =  >      

` `s s

`8 `8!" !" + "" +
" "

AC AC
1ClG ClG"

!"+! !""!
œ =  >  ? œ =  ?1 1    

` `s s

`8 `8!" !" + "+ "" + " +
" "

AC AC
1ClG ClG"

!"+" ""+!
œ =  >  ?  @ œ =  ?  @1 0 1 1   

` `s s

`7 `7!" "" ""
" "

AC AC
1ClG ClG"

!!+ "!+
œ = œ =  >      

` `s s

`7 `7!" !" + "" +
" "

AC AC
1ClG ClG"

!"+ ""+
œ =  >  / œ =  /1 1    

where

= œ  > A = œ  > As s!. !! . ". R
+ +

8
R ; As s E

8
R ; As s

! !!.+"
#

+G. G

"."+
#

+G. G
    1

> œ  > œB B"

s s

R A R As s0
" "

AC AC
ClG! ClG"

G G
     

/ œ / œ!+ "+
2 2 2 2

Ð8 8 ÑA Ð8 8 As s
!!+" "!+" ""+" !"+"

!!+ "!+ ""+G G!"+Ñ
    

? œ / Ð  "Ñ @ œ.+ .+ B.
"

; R; As s s
"

+G. +G. G
    a

APPENDIX E: CALCULATION OF ASYMPTOTIC PERFORMANCE

We analytically approximate the asymptotic performances and check the results via

simulation. As an example, consider the asymptotic performance of HMJs
B

under

distribution C.  Similar calculations apply to other distributions and to PVVs
B
Þ
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    As a preliminary step, we compute the asymptotic variance of  underHMJs
B

distribution C.  Under distribution C the data are and under distribution BÖ8 ß7 × ßB.C B.

the data are { }. Using the MP-transformation (Baker, 1994), the asymptotic8 œ 8BC BC

variance of  under distribution C isHMJs
B

     (E.1)@+<Ð Ñ œ @+<Ð8 Ñ ÞHMJs
B ! ! ! Œ 

Bœ! Cœ!

" " "

.œ!
B.C

`
`8
HMJs

B

B.C

Because the model is saturated, Therefore we can write (E.1) as@+<Ð8 Ñ œ 8 ÞB.C B.C

       @+<Ð Ñ œ 8HMJs
B ! ! ! Œ Š ‹

Bœ! Cœ!

" "

.œ!
B.C

`
`8 `8

`8HMJs
B

BC

BC

B.C

œ 8! ! Œ 
Bœ! Cœ!

" "

BC
`
`8
HMJs

B

BC
(E.2)

Because  under distribution B (E.2) is the asymptotic variance under@+<Ð8 Ñ œ 8 ßBC BC

distribution B computed via the MP transformation (Baker, 1995). Thus (E.2) is

asymptotically equivalent to

           = (E.3)@+<Ð Ñ Ð"  ÑÎ8s sHMJs
B B B!

B
"lB "lB BÞ" "

Two-sided type I error

We can approximate the true two-sided type I error under distribution C for a nominal

95% acceptance region testing if equals 0. Using (E.3), we compute , theHMJs
B B=/RYP

standard error of  under distribution C.  The  lower and upper bounds of the 95%HMJs
B

acceptance region for  1.96 and  1.96 .   ToHMJs
B B Bare then P œ  =/ Y œ =/RYP RYP

compute the true-two sided type I error for , let  denote the estimate ofÐPß Y Ñ HMJs
RYP

B

HMJB based on the expected counts from distribution C under the null hypothesis. Also

let  denote the cumulative normal distribution with mean 0 and variance 1. The trueF

two-sided type I error equals  "  ÐÐY  ÑÎ =/ Ñ  "  ÐÐ F FHMJ HMJs s
RYP RYPRYP

B BB

PÑÎ =/ ÑÞ =/ P YB B B
RYP RYP RYP To check via simulation, we compute , ,  , and for eachHMJs  

replication and count the fraction of times  is outside .HMJs RYP

B
ÐPß Y Ñ
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Coverage

We compute an approximate true coverage for a nominal 95% confidence interval for

HMJ HMJ HMJs sT

EPX  Let  denote the estimate of ased on the expected counts from
B Bb

distribution C under the alternative hypothesis  the.  Using (E.3) we compute =/B
EPX

standard error of  under distribution C.  The nominal 95% confidence interval isHMJs
B

(  where  and .P ß Y Ñ P œ  "Þ*' =/ Y œ  "Þ*' =/‡ ‡ ‡ ‡
EPX EPXEPX EPXHMJ HMJs sB BB B

Because we generate data under distribution , we know   The p-valuesG HMJC.

associated with the upper and lower bounds are  : œ "  ÐÐY  Ñ Î =/ ÑY
‡F HMJ C B

EPX

and  , respectively, so the true coverage is: œ "  ÐÐ  P ÑÎ =/ ÑP
‡

EPXF HMJC B

"  :  : =/ ß P ß YY P EPX
‡ ‡. In the simulations, we compute  for each replication andB

count the fraction of times the confidence interval  encloses .ÐP ß Y Ñ‡ ‡ HMJC

 .


