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MENSURATION TAVGHT OBJECTIVELIT 

BY MEASS OF 

1)ISSECTED SURFACE FOKXIS -4ND GEOMETRICAL SOLIDS 
WTT[I 

LESSONS O N  FOBBZ, AND ACCOMPANYING MANUAL FOE T H E  
USE O F  TEACHERS. 

BY 81J1"2' 1V. IY. KOSS, A.  M . ,  
OF FRE1\IOPr'T, OIIIO. 

Mensuration is .one of the Itlost practical ])arts of Arithmetic. Too 
generally it is asslunec! that  the reasons for the operations i n  mensuration 
are beyond the conlprehcnsion of pupils until they shall have studied Geo- 
metry. I3y means of thrsca 1)isst~ctetl Surface Fornls and Solids which in 
an iniperfrct form the author h : ~ s  ilscd for many years in institute and 
School work and always with the enthusiastic commendation- of teachers 
and pupils, and which now in ;L perfecstrtl state are offered to  the public,,
every ordinary operation in the: n~t~nsnr;itionof surfaces arrd solids with 
possibly one e x c e ~ ~ t i o n  can be t.:rl~ght objrctivcly and illustratively so that 
the pupils shall perceive thc: rt3;lsc)Iis of the strps from the first, and tht. 
operations the~nselves shall l1t,c:omcx t h ~permanent property of the reason 
r ;~ ther  than the uncertain possessi~.)n of t h r  memory. 

They a re  invtt1u;iblc for ;essons on Form in the lower primary grades, 
for Mensuration in the middle or p:unmar grades, and for illustrative in- 
struction in Geometry in th.) IIigh School. The accompanying l l anua l  
for the gniilance of teacher:; rn:~lic!s rvery s t ~ pin their use clear ant1 simple. 

AGENTS WANTED IN EVERY COUNTY. 
For p,irticul:m write 

-
12'. 11'. IZOSS, l j l l ' e n m ~ t ,Ohio. 

LIST OF MENSURATION FORMS, 
h771:Va\<TF: 1.01:.4\: ~ 0 1 . 1 1 ) ~O R  \ 0I3V1\IEb. 

1 Square inch. 1 Crtbt. Itoot I h c k s .  
2 Oblong, 6x1. 2 1:iglit inch Cul~es. 
3 Oblong, 6x4. 3 1)iwxtc~tl Ol~long or Sq.I'risnl. 
4 Sqware, 4x4. 1 Four Oblong Prisms. 
5 Dissected Ilho~nl,oid, ( k 4 .  5 1)isswtrd lihoni1)oidal Prism. 
G Dissectrtl Tr;:pe~oid, 7x5 f i  1Sist~cted Oldong or Sq. I'risnl. 
7 Bisected %pare .  7 IXssectetl IIevagonal Prism. 
8 Eisected O\)long. S ('ylinder. 
9 Bisected Itho~~ll)oid, ( ( 1 )  9 Tr~angula r  Prism, Trisected into 

10 Bisected lthoinboitl. ( 0) three I'yritmids. 
11 Dissected Square. 10 ISisrcterl sqnarc I ' p m i d .  
12 Hexagon. 11 I'yr,~mid and Frustuin. 
13 Circle. 12 Cone and Fr r~s tum.  
14. Dissected Circle. 13 Hollow Metallic Cylinder, 4x4. 
15 Right angled Triangles. 14 Hollow Netalhc Cone, 4x4. 
16 Night angled T r i a n g l ~ ,  3 x 4 ~ 5 ,  15 Four-inch Sphere. 

with attached squares I G Cuhe. I)issected, in to  6 Pyra~nids.  
17  Isosce!es, Eight  angled Tri:ingl'sl7 Sphere, Inscribed In Cube. 
18 Acute k Obtuse ang. Triangles. 18 Fourteen-faced Solid. 

SVPPI,E1\IESTARl- IIEGCLAR SOLIDS: 
1 Tetrahedron. 2 IIexahedron. 3 Octaohedron, 

4 Dodecahedron. 5. Icosahedron. 



LESSONS O N  FORM AND LANGUAGE EXERCISES. 

In  geometry me are accustonied to btlgin with the generic terms on 
the left of the outline and proceed to the specilic forms on the right. 

I n  lessons on Forui and Jlensuration \wshould begin with the speci- 
lied Forms on the right and proceed to the generic terms on the left 

TIIE OLlI,OS(r. 

The oblong has four sides. I t  has four corners or angles. I t  has two 
, long sides and two short sides. The long sides are equal and Ihe short 

sides are equal. 
The opposite sides are parallel, thxt is ey~uilly tlistmt a t  opposite 

points, and will not meet how far so ever they be produced. 
CONDEXSED STATENEXT FOIL ('OJII'OSITIO?;. 

8 
I The oblong has two equal long si~lrs ant1 two tv111al short sides and 
t: four right angles. 
c 

I ) I L . ~ \ V I S ( . .  

Make a drawing of an oblong 6 in.  by 4 in.

*. T I l E  hOL-AItl;. 

The square has four equal s~des  ant1 four right angles. Draw squ;Lres 
of different dimensions ancl divitle into square inches. Oblongs and 
and squares are rectangles. Each have four ~ldt 'a  and fonr right angles. 
The square is an equal sided rectimgle. 

1:IIOJlBOIL). 

The rhomboid has two equal long sides and two equal short'sides, two 
sharp corners, or acute anglej, and two blunt corners, or obtuse angles. 

Draw. a 


An equalgsided rhonlboid is a rhomb. 
I Oblongs, squares and rhomboids have their opposite sides parallel and 

are therefore parallelograins. 
# TRAPEZOIDS. 

Trapezoids are four sided figures only two of whose sides are parallel. 
" 

Draw them of different shapes. 



-
A trapezium is an irregular four sided figure with no sides parallel. 
Oblongs, squares, rhomboids, trapezoids, and trapeziums have each 

four sides and are therefore quadrilaterals. 

LESSOSB ON TIIE THIASGLE. , 

1 Equal Sided, or Equilateral, 
2 Isosceles, Two Sides Equal. 
3 Scalene, No Sides Equal. 

Triangles 4 
1 Acute. 

3 Perpendicular. 

Illustrate with the wooden fonus, with tablets or by drawing the 
forms. Show by the forms that  :! triangle is either half of ;r squafe, half 
of an oblong or half of a rhomboid. 

PENTAGON, lIESA(:ON, &C., ABD CIRCLE, 

Show by the forms and other wise that the pentagon, hexagon, heptagon, 
octagon, c ~ c . ,  are made up respectively of live, six, seven, eight, kc,, tri- 
angles; each having for a base m e  of the sides of the corresponding poly- 
gon, and by the dissected circl.e, that the circle is macle up of an infinite 
number of such triangles. 

TIIE (TIWLX. 

Develop the following l m t s  by forms and drawings. 
A circle is a figure 11011ncled by a curved line every point of which is 

equally distant from a poirlt within called the center. . 
The boundary line is the circamference, or the circumference is a 

curved line every point of which is eqwlly distant from a, point within 
called the center. The diameter is :t straight lice pa$sing through the 
center and terminating in the circwnference. A radius is half the diame- 
ter or the distance from center to the circumference. 

, An arc is part of a circle or rather ~ircuinferenc~. A quadrant is the 
fourth part of a circle. A chord joins the extremities of an arc. 

A diameter is the chord of a semi-circle. A segment is the space en- 
closed between an arc and its chord. 

A sector is the space enclosed between an arc and radi drawn to the 
extremities of the arc. 

TIK ELLIPSE. 

With a alack string fastened to two tacks driven into a board or the 

I floor, draw with pencil or crayon an ellipse following the tightened cord. 
1 

I 

An ellipse is a curve such that the sum of the distances from 
point of the curve to t ~ o  fixed points within called foci is invariable, 

any 
\ 
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The B U ~of the distances is the entire length of the cord and the 

tacks are the fixed points or foci. 
' A point midway between the two foci is the center. A line passing 

through the center and terminating in the curve is a diameter. The long- 
est diameter, which passes through the foci. is called the major axis. The 
shortest diameter, which is perpendicular to the major axis, is the minor 

A line drawn from the curve to either focus is the radius vector. 
Show that when the tacks are placed together a t  the center and the 

distance between the foci and the center, in other words the eccentricit)' 
of the ellipse, is zero the ellipse becouies a circle. 

Show that when the tacks are the cords distance apart, the ellipse be- 
comes a straight line, the eccentricity being considered equal to one, and 
therefore t.J-st an ellipse may vary all the way from a circle to a straight 

-

SOLIDS 

I'RISSI, CSLINDEIt, CUBE AND JPIIEltE. 

Show by the solids that the cube has six £aces and eight corners; that 
the faces are square and equal; that the oblong or square prism has four 
oblongs for its convex surface, that both are rectangular pris~ns, that the 
rhomboidal or oblique p r i m  has t x o  rhomboidal surfaces; that all t h w  
Tar are quadrangular prisms: that the triangular prism has triangles for 
its ends and three oblong surfaces; that the pentangular or pentagonal 
prism has five oblong surfaces with pentagons for th-  ends; thst  the hexa- 
gonal prism has six oblong surfaces and hexagons for its ends: that the 
cylinder is a prism with an infinite number of oblongs in its curved sur-
face and circles for its ends; that as the oblong p r i m  by an increase in 
the number of its convex surfaces terminates iu the oblong cylinder, and 
the cube in a cylinder whose altitllde and dialnvtc r are the same, so the 
cube by an increase in all its surfaces may .be nude to pass t h r o ~ ~ g h  a va-
riety of solids terminating in the sphere 

ILLUSTRATIVE LESPOS OX TIIE CI'HE. 

How many faces has the cube? Ans. The cube has six faces. 
What kind of faces? Ans. The faces are square. Put  that in your 

sentence. The cube has six square faces. 
Measure them and what do you observe? The faces are equal. Pu t  

that in your sentence. The cube has equal square faces. 
How many corners? Ans. Eight. Place thzt in your sentence. 
The cube has six equal square faces and eight corners. 

,How many edges? Ans. Twelve. Add that. 
$he cube has six equal square faces, eight corners, and twelve edges. 



I 1 o ~many angles formed by the edges? Count them. Ans. Twen-
ty-four quart1 corners or right angles. 

Shou that  two surfaces or faces form face or diedral angles, acute, 
ol~tuseor right. 

How m m y  f i w ~  angles in the cube? Count the face angles formed 
by the rv;ills, ceiling and floor of :L room. Ans. Twelve face anges, or 
txt4ve tlietlral right angles. 

How mimy tricvlral or solid mg11.s formed by three faces in  a cube? 
('ount those in :l rooln. Ans. Therr  .ue eight solid angles in the cube. 

The ctllw h:ts six equal sclqmt2 f:lces, right corners and twelve edges. 
The edgts of the c ~ ~ b t ,forin tmnty- four  right angles. 

Th(. s ~ ~ r f a c r s  t a k m  two :tnd two form twelve face angles, and talien 
three and three. eight solid angles a t  the respective corners. 

Show by tht. I.10r111s that  thlJ con\ tXx surface of pyramids is a1 ways 
I I I ; ~ ~111ade 111) of triiuiq$t~; anti thxt the l m c ~  be a triangle, square, or any 

othc~r polygon, and that t h e  pywmid when the  uumber of i ts  trianglar 
f,irvi 1.; inlinite b e m n  s (Ion(' with im inlinite sided polygon or circle for 
its b i w ;  : m l  t t ~  xt the convey >urface of frustums is made up of t r a p -
znids. 

I3y ~ ~ l e , i n s  of' this rlissrc+t st1 w l ) e  show that a cube is made u p  of six 
pyrimitls, each hi iv~ng for  its hme a face of the cube and for its altitude 
t h e  r:~tliu\ or serni-tli:iti~t~tc~r o f  the culie; that in  like manner the octahe-
dron is ~ n i t d ~  111) of eight e llml t~i;ingular pyramids, the  dodecaheclron of 
twelve rcjual pentapn; t l  ~~yrarni t ls ;  the icosahedron of twenty equal tri- 
wngular pyramids and tht. sphere itself of a n  infinite number of pyramids 
whose bases malie 111) tho sr1rt;xce of the sphere and whose altitudes are 
the radias of the sphere. 

These lessons on form are ~ a l n i ~ l ~ l ( ~  :I> Imgaage exercises, for their 
lwaring on drawing, an11 ;is a prcyar:~tion for Mensuration and may be 
glven witk prolit in the primary and loncr  g r i u ~ ~ m a r  grades and the en-
tire graded school ar special lessons, or to advanced grammar grade and 
High School pupils in the acta;il work of JIensuration as  will be seen by 
what  follows. 
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MENSURATION OF SURFACES. 

OUlt  OBJECT NOW IS TO SHOW HOW T O  TEACH OBJECTIVE-
LY THE hlESSUl1ATION O F  THESE FORglS. 

0111.05G AXD SQLvAIIE. 

Mensuration should begin with the oblong or square. l'r~pils shor~ld 
be taught to see that as there is no natural unit for the me;tsurenlmt of 
surfaces it is necessary to fix upon an artificial unit and that, that artiti-
cia1 unit is a square, :t square inch, sqnare foot, square yard, etc., :init 
that to find the area or superticies of a surface is to find how many t i~nes 
this measuring unit can be applied to, or is contained times in the given 

First show by the actual application of your measuring unit, a small 
form :in inch square, that :t form six inches long and one inch wide con- 
tains six aquare inches, and if four inches wide, show by a similar applica- 
tion of the 6x1 oblong, or by proper ruling, that it contains four times 
six square inches, or twenty-four square inches. The analysis for this 
first and fundamental step in mensuration being as follo~vs: 

A surface six inches long and 'one inch wide contains six squ:irtJ 
inches; if four inches wide i t  contains four times six square inches, or 
twenty-four square inches. 

Rl:LI.:. 

Multiply the length by the breadth, or more accurately, mrilt,iyly the 
number of sqnare units corresponding to the length by the breadth. This 
disposes of the oblong and the square. 

RIIOJIROII). 

To show that a rhomboid is eqnivalent to an oblong with the same 
base and perpendicular breadth or altitwle, cut your paper, heavy draft-
ing paper is the best, in the shape of a trapezoid as indicated by the con-
tinuous lines in the following figure: 



13y folding back the left hand upper corner you have the desired 
rhomboid. 

By unfolding this left hand upper corner, and folding back the equiv- 
alent right hmt l  upper corner, the rhomboid is converted into a n  equiva-
lent oblong nrith the same base and altitude. 

DISSECTED RIIO.\IIIOID. 

Detatch t h r  piece from the right of the rhomboid and attach it to  left, 
or from one side to  the other. It will be seen that  the rhomboid is  equiv- 
alent to  a n  oltlong with the s;tulc h s e  and altitude. 

Having perct4ved the ecluivalencg of the rhomboid and the oblong, 
the  p11pi1 comprehentls that  the ;uea of the rhomboid like that  of the ob-
long is found by milltiplying its length by the perpendicular breadth or l)y 
the altitude. 

'I'IIE TRAFE%OID. 

h trapezoid may be shown to bo equivalent to  a n  oblong with the  
same :tltiturle. the suill of whose two opposite sides is equal to  the sum of 
the  parallel side of the trapezoid by cutting the paper in  accordance with 
the n1odr:l described l)g the continuous lines in the following fiigure: 

By folding 1,ac.k the right hand upper corner, you have the desired 
trapezoid. By unfolding this uppcr corner and folding back the  equiva- 
lent  lower corner, the traggzoitl is converted ink0 a n  equivalent oblong. 
It is a Yery easy matter to  show by measurement, that  the sum of the 
long sides of the oblong is equal to  the sum of the parallel sides of the  
trapezoid, and that  as the oblong is equal to its base, ha7f the nLm o f  its 
long sides. multiplied by its altitude, so is the surface of the  trapezoid 
equal to half the sum of its parallel sides multiplied by t h e  perpendicular 
distance between them, the common altitude of the oblong and the 
trapezoid. 

DISSECTED TRAPEZOIDAL FORXS. 

Take the  dissected trapezoidal form, detatch the dowelled piece and 
attach to the dowels above. It is immediately converted into a n  equiva- 
lent oblong. Reasoning a s  before, as  the area of the oblong is equal to 
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half the sum of its long sides by its altitude so the area of the trapezoid 
is equal to half the sun3 of its parallel sides by its altitude or perpendicu- 
lar breadth. 

RULE FOR THE TItAPEZOID. 

Multiply. half the sum of its parallel sides by the perpendicular 
breadth between them. 

EXAMPLES. 
1 What, is the cost of a rectangular piece of land 240 yards long and . 

110 yards wide a t  $36.50 per acre? Ans. $200.75. 
2 What is the area of an oil cloth 43 ft. by 5 ft.  8 in.? 

hns .  26 4-9 sq yds. 
3 What is the number of sq. ytls, in it rhomboitl whose base is 37 

feet and altitude 5 feet 3 inches? Ans. 21 7-12. 
4 How many acres in a street 2 mile5 and 210 rolls long and 66 feet 

wide? Ans. 21. 
5 How many acres in :t field 20 rods square? 
6 A floor 16 feet long contains 2-1 scluare giwcls of carpeting; how 

wide is the room ? hns .  13&feet. 
7 What i9 the area of a rhonibus (ecluilateralrhoil~boid)whose pwi- 

meter or boundary is 48 pards and altitude 8 jarcls? Ans. 96 yards. 
8 Find the area of a trapzoid. the longer of whose prallel  sides is 

~175 feet, the shorter 135 feet, and whoae altit I I is 80 feet. 
Solution-(175+135)+2=15.5; 1 5 5 ~86-12400 sq. yds. area. 
9 How many square feet in it tapering plank who5e length is 18 feet, 

and whose width a t  one end is 8 inrhes mil  a t  the other end 6 inches? 
Ans. 104 square feet. 

10 The parallel sides of :I field are 70 mtl 90 rods, itnd its br~at l th  
209 yards. What is the value of the tield a t  $75 per acre? ,Ins. $1425. 

11 A lot is bounded by four streets; two of these are parallel, and 
measure 70 feet and 90 feet along the lot and are 135 feet apart; what is 
the surface of the lot? Ans. 10800 square feet. 

12 A inan has a lot 54 yards long and 24 yards \I ide, which he ex- 
changed for a squarelot of equal surface; how much more fence would 
the first lot require than the last ? Ans. 12 yards. 

TCAPEZIUJI. 

The trapezium is measured by dividing it up into triangles. This dis- 
poses of all the quadrilaterals. 

TR1BSC:LES. 

It is a very easy matter to show objectively that triangles are halves 
of either squares, oblongs, or rhomboids with the same base and altitude. 

By means of the bisected square, or by folding a square piece of pa-



per diagonall~, or black board drawings, it  will be seen lhat half of 
square is a right angled isosceles triangle, or that a right triangle whose 
sides about the right anglc are rclnal, is eqnal to half a square. 

By means of the bisected oblong, kc., it may be shown that a right 
angled triangle with unequal sides about the right angle is half an oblong. 

By the two bisected rholuboids, &c., i t  nmy be shoxn objectively that 
if a rhomboid is cut diagonally through the obtuse angles two equal acute 
angled triangles will result; if cut diagon:~lq; through the acute angles 
two equal obtuse angled triangles \\ ill result. 

Ifhen it is swn that a triangle is in all cases either half of a square, 
;in oblong or a rhonlboitl, \ ~ i t h  the s;irlie base and altitude, i t  is readily un- 
derstood that the :ircLa is ell to  thc product of' its base by half the alti-
tude. 

liCLF. 1:011 T l lE  TI:IAX(:LI':. 

hlultiply the bnsr I)? ha!f the altitl ~ l e  or take half the product of the 
base and the altitntle. 

dl 

Formula. Sr~rface=lhueX-

2 

The niiistcry of the triangle prrp:tres the way for the mastery of the 
1)ent;igon. and all other polygons, and through these, the circle. 

I t  w(w best to begin with the square. Inscribe in the square a circle, 
1)raw the di:~gon:tls of the square, connect the center of the circle with 
the fonr points of tangency. 

J t  will be seen that the sclu:tie is divitll 11 into four equal triangles 
ench having for it3 Imse :i sidr of the slluare and for its altitude the ra-
dius of the inscrilwl circle and, therc4tw, th:~t the area of the square is 
equal to the snnl of the areas of thr fonr tri;\ngles, or the sum of its sides, 
in other words its perimeter nlultiplircl by half t h ~  radiw of the inscril~ed 
circle. 

J)IS~F.CTEI)S(il '  .\RE.. 

Or take the dissccted S L Yinch s(jmrP. I t  is ~livi~led into fourtriangles 
each of which has a side of the sqnikre for its I m e  and the radius of a 
circle inscribed in the sqniire for its ;tltituclr. 

OPERATIOSS FOR F1,h;I)ISG AREAS O F  THE SSQfARE. 
First operation;-6~6=36=area. 
Second operation:-6=Base of each triangle. 

3=Altitude of each triangle-zradius of inscribed 
circle. 

6 x 3  
-9=Area of each triangle. 

0 
L 

4 ~ 9 = 3 6the area of the four triangles or square. 



RULE FOR THE AREA OF THE CIRCLE. 

Multiply the circumference of the circle by one-half its radius. 

MO1)IFICATIONS OF 'THIS RULE TIIUS TAUGIIT OII.TECTI\-ELP. 

Multiply the circumference by one-fourth the diameter. Multiply 
one-half the circumference by one-half the diameter, kc., kc.  

But how from these objective rules develop the ordinary rules, viz: 
Multiply the square of the diameter by .'if454 or multip1y the square 

of the radius by 3.1416. 

How develop the ordinary formulas- 

Area of Circle=Dgx.7854 and Area of Circle=ltax3.1416. 

The ratio of the circumference to the diameter or the number 3.1416 
cannot of course be taught or reached objectively. It can be done ap- 
proximately by laying off on the black-board the circumference of a eylin- 

. der as a straight line, and then by laying off on this the diameter 
of thk cylinder by application or divisio?. I t  will be found that 
the circumference is about 3 1-7 times or more accurately, 3.1416 times 
the diameter. 

Let C represent the circumference and D the diameter. 
Then C=Dx3.1416 

- 13 - 
Third operation;-6+6+6+6=2.1=l>rimeter3dr boundary of square= 

the sum of the basis bf thes4 ttkingles. 
24x3= , , 
-=36=Area of the four triangles or square. 

2 
RULE FOR LAST OPERATION. 

hfultiply the perimeter or boundary of the square by one half the ra- 
dius of the inscribed circle. 

DISSECTED IIESACOK. 

The hexagon will be seen to be made up of six triangles 
whose bases make up the boundary of the hexagon and whose common 
altitude is the radius of the inscribed circle. Its area is therefore equal 
to the perimeter of the hexagon multiplied by one-half the radius of the 
inscribed circle. 

A decagon is composed of ten triangles, a hundred sided tigure of one 
hundred triangles and a circle of nn infinite number of triangles the sum 
of whose bases is the circumference of the circle and whose common alti- 
tude is the radius of the circle. Show by the dissected circle that it iu 
composed of triangles. 

The area of a circle is therefore equal to its circumference, the sum 
of the bases of all the triangles which compose the circle, multiplied by 
nne half its radius, the common altitude of the triangles. 



Circumferencexby one-fourth the diameter will stand as follows: 
4 D = D ~ x ~D x 3 . 1 4 1 6 ~  of 3.1416=Dzx .7854. Hence Area=Dzx .7854. 

I f  C represents the circumference and R the radius, then; 
C=2&~3.1416. 

h r e a = 2 R ~ 3 . 1 4 1 6 x ~ R = ? 2 ~ ~ 3 . 1 4 1 6 .  
Let i t  be clearly seen that a circle is .7854 of a square erected on the 

diameter of a circle. 
If the diameter of a circle is 4 the area of the square each of whose 

sides is 4, is 16 and the area of the circle is .7854 of 16. 
This disposes of the circle and the measurement of flat and plane sur- 

faces. 
TRIANGLES A S D  CIRCLES-EXAMPLES. 

1 How many acres in a triitngular piece of land whose base is 120 
rods and altitude 132 yards? 

Solution. 13.2 yards=24 rods, 120~24+2=1440, 1440+160=9 Acres. 
2 T h a t  is the cost of .t triangular piece of ground whose base is 110 

yards and altitude 8.2 yards, 1 foot, 6 inches, a t  $64 per acre? Ans. $%. 
3 IXagonal of a trapezir~m 100 rods; perpendiculars on it from op- 

posite eorners 50 rods and 70 rods; find the value of the trapezium itt 
$9G0 per :lei-e. Ans. $36000. 

4 What is the altitude of a triangular piece of ground whose area is 
3 acres and base 220 yartix'? Ans. 132 yards. 

5 I Paid $637 .SO for a triangular piece of ground, bought a t  $75 per 
acre. If its base is 340 yards, what is its altitude? Ans, 242 yards. 

RIGIIT ASGLED TRIANGLES. 

By means of tbe right angled triangular form 3 inches by 4 inches 
hy 5 inches and the squares erwted on their sides show 

1 The square of the hypothenase equals the square of the base plus 
the square of the perpendicular. 

2 The square of the base equals the square of the hypothenuse minus 
the square of the perpendicular. 

3 The square of the perpendicular equals the square of the hypothe- 
nue minus the square of the base. 

EXAMPLES. 

6 A rectangular field is 84 rods long and 80 rods wide; what is 
the distance between its opposite corners? Ans. 116 rods. 

7 What is the base of a right angled triangle, if its hypothenuse is 
1275 yards and its perpendicular 601 yards? Ans. 1125. 

8 At what distance from a house must the foot of a ladder 78 feet 
long be placed, that i t  may reach to a window 72 feet high? 

Ans. 30 ft. 
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9 What is the area of a circle whose diameter is 18 rods? 
Solution 1 Circumference=l8~3.1416, 

Radius=9 
Area=18~3 .1416~9+2  

Solution 2 Area=182 x .7854 
Solution 3 Area=92~3.1416 Ans. 254.4696. 

10 If  a stake be placed in the center of a pasture, and a hone be 
fastened thereto by a halter 15 feet long, over what area will he be able to 

Ans. 706.86. 

11 A circle is 40 feet in diameter, and within it is another circle 15 
feet in diameter; what area of the larger circle is outside the smaller? 

TIIE SURFACES O F  TlIE SOLIDS. 

erefore the convex surface of a cylinder is equal to the circumference- 
e length of the rectangle-multiplied by its altitude-the breadth of the 

I t  may also be shown as follows: As the convex surface of a prism 

By the application of the principles for the measurement of plane sur- 
faces, the surfaces of all solids bounded by f la tor  plane surfaces may 
easily be calculated. Commencing with the enbe it is only necessary to 
show by the object itself that its surface is composed of six equal square 
faces; that any oblong solid, for instance ;i brick, or ordinary room is 
bounded by three pair of oblong faces equal taken two and two; that the - 

i l 
convex or upright surface on any right prism is made up of as many ob- IC 

longs as the base has sides and that this surfice is equal to the sum of the 
surfaces of the oblongs or theprimeter of the base multiplied by the alti- 
tude, and that the entire surface may be found by adding to this result ; 
the surface of the two bases; that the convex surface of a pyramid is 

i 
made up of as many triangles as the ))asp lixs sides, and that this surface 
is therefore, equal to the sum of the sorf'wes of the triangles, or the peri- 
meter of the base multiplied by half the slant hight of the pyramid which 
is the common altitude of the triangles; that the convex surface of a frns- 
tum of a pyramid is composed of ;is many trapezoids as the base has sides, 
that this surface is therefore equal to the sum of the surfaces of the trap- 
ezoids or half the sum of the perimeters of the upper and the lower b a s e  
the parallel sides of the trapezoid-by the slant height of the frustum, the 
common altitude of the trapezoids. 

This disposes of the solids bounded by plane surfaces. 

SURFACE OF CTLISDER. 

The process of finding the curved surface of a cylinder may be 
taught by simply winding the cylinder with paper; when this paper is re- 
moved, i t  will be seen to be an oblong whose length is the circumference 



of any number of sides is equal to the perimeter of its base multiplietl 
by its altitude so the convex surface of a cylinder which is a prism with 
an  infinite number of sides is equdl to the perimeter of its base or circum- 
ference multiplied by its hight. 

If paper is made to fit closely to the convex surface of a cone and 
then unfolded it will be found to be the sector of a circle, whose :area, of 
course, is equal to its arc, which in this case corresponds with the circum- 
ference of the base of the cone, multiplied by half its radius which corres- 
ponds with the slant hight of the cone. 

Again it has already bren shown that the convex surface of a pyra- 
mid is equal to the perimeter of its base n~ultiplied by half its slant hight 
and it f o l l o ~  that theconvex surface of a cone or a pyramid with an infi- 
nite number of faces is eqml to its circumference mdtiplied by one-half 
the slant hight. 

TlIE SPIfBRE. 

How to find the snrf;ice o f  a sphere cannot be taught objectively and 
i t  is the only operation t k t  cannot be so taught. 

I t  need only lte reniernheretl that the surface of a sphere is equal to  
the surface or area of four great circles of the sphere and that as the area 
of one circle is eqoal to its circumference multiplied by one half its radius 
or one-fourth of its diameter, the surface of four circles is equal to the 
circumference multiplted I)? the diameter; or as the area of one circle is= 
to D2x.7854, the area of 4 circles i s d o  D 2 ~ 4 ~ . 7 8 5 4 = D 2 ~ 3 . 1 4 1 6 .  

I iVLE k'C)I: TIfE SURFACE OF SPIIERE. 

Multiply the circtmference or the sphere by its diameter or rnultiplY 
the square of the diameter by 3,141G. 

Formula-Area of sphere=CxD, or W ~ 3 , 1 4 1 6 .  

Multiply the. perimeter or circumference of the base by the allitude. 

RVLE F O E  SURFACE OF PTIlhJIID Ah-D COKE. 

Multiply the circunlference of perimeter of the base by one-half t he  
slant hight, 

RULE FOIL FINDING TIIE ('OXVEX SCRTACE OF FRl'STUN OF PPYRABIID AN19 
COSE. 

Multiply half the sunl of the perimeter or circemference of the upper 
and the lower base by the slant hight. 

l h i s  finishes the mensuration of surfaces. 



1 What is the surface of an eight inch cube? Ans. 384 sq. ft. 
2 What is the surface of the walls, ceiling and Hoor of a room 12 

feet long, 12 feet wide and 12 feet high? Ans. 864 sq. ft. 
3 What is the entire surface of a square or quadrangular prism 

whose height is 10 feet and whose base is 2 feet square? Ans. 88 sq. ft. 
4 What is the convex surface of a triangular prism whose altitude 

is 8 feet and the sides of whose bases are 3 feet, 4 feet and 5 feet. 
Ans. 96. 

5 What is the convex surface of a pentagonal prism whose altitude 
is 9 ft.  and each side of the base 5 ft. Ans. 229 sq. ft.  -

6 What is the entire surface of a cylindrical boiler 2 ft.  9 in. in di-
ameter and 10 feet long? 

Ans. 98,273+sq. ft.  
7 Find the convex surface of a trimgular pyramid the slant height 

20 feet and each side of the base 3 feet? 
Ans. 90 sq. ft. 

8 What is the entire surface of a square pyramid whose base is  25 
feet square and whose slant height is 100 feet. Ans. 5625 sq. ft.  

9 What is the convex surface of a cone whose slant height is 50 ft.  
and the diameter of its base 8&ft.? Ans. 667.59 sq. f t .  

10 Required the entire surface of a cone whose slant height is 36 
and the diameter of its base 18 ft.  Ans. 127'2.348 sq. ft. 

11 What is the convex surface of a frustum of ;L square pyramid if 
its slant height is 6 feet, and each side of the grarter base 5 ft. and of the 
less base 2 feet ? 

Ans. 84 sq. ft.  
12 What is the entire surface of the f r u s t ~ m  of a cone if its slant 

height is 16 feet, and the diameter of the bases 6 ft.  and 4 feet? 
Ans 292.1688 sq. ft.  

13 What is the surface of a sphere whose diameter is32 feet? 
Ans. 3216.9984 sq. ft.' 

14 The diameter of a globe is 1ft .  8 in. what is its surface? 
Ans. 8.726+ sq. ft. 

-

MENSURATION OF SOLIDS. 
In what follows we shall show that without a knowledge of the 

rigorous demonstrations of gemoetry the mensuration of all volumes or 
solids may be so objectively taught and developed that the reasons for 
the processes shall be clearly perceived and comprehended. 
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RECTASGI'LAR SOLIDS INCL17DINC TIIE SQUARE PHISJI, O R  CUBE AND TIIE 

OBLONG I'RIbJl. 

As the square is the unit for the measurement of surfaces the cube, 
c d i c  inch, cubic foot, cubic yard &c. is assumed as an artificial unit for 
the measurement of volumes; the volume of a body being the number of 
times it contains one of these measuring units. 

Commencing with the rectangular solid, it  map be shown by the dissect- 
ed prism that a solid six inches long, one inch wide and one inch thick 
nr high, contains six small cubes or cubic inches; two such pieces or a 
similar solid two inches wide, will contain two times six small cubes, or 
twelve cubic inches, and if two inches high it will contain two times 
twelve small cubes,or twenty-four cubic inches. 

ANALYSIS OF TIIIS FUNUAJIENTAL STEP. 

A solid six inches long, 1 'rich wide and 1inch thick, will contain 6 
cubic inches; if 4 inches wide i t  will contain 4 times 6 cubic inches or 24 
cubic inches, and if 3 inches high or thick i t  will contain 3 times 24 cubic 
inches or 72 cubic inches. 

(iE?r'EiiALIZATION OR RULE. 

Multiply the length by the breadth and that product by the thickness. 
Or more accurately: Nult~ply the number of cubic units corresponding 
to the length by the breadth and that product by the thickness. 

I t  is also well to have clearly understood that the product of the 
length by the breadth, in other words the area of the base, represents the 
number of cubic units in a solid with such a base, whose hight is one 
inch or unit, and consequently that this given number multiplied by the 
given hight will give the number of cubic inches in the whole volume, 
this principle being almost of universal application in the mensuration 
of solids. 

This may be shown by placing the four oblong prisms on end. The 
following rule will be developed: 

Multiply the area of the base by the altitude. Or more aocuratdy; 
n~ultipIy the cubic units corresponding to the area of the base by the alti- 
tude. 

RlIOJIBOIDIL SOLID. 

A rhomboidal solid may readily be shown to be equal to a rectangu-
lar solid with the same base and altitude. Detach the dowelled piece 
from one end of the rhomboidal solid and attach i t  to the other after the 
manner suggested to be pursued with rhomboidal surfaces. 

PRISX AND CYLINDER. 

With the quadrangular prism cut through diagonally, i t  may be 
shown objectively that as a triangle is half of a square, an oblong or a 
rhomboid, so is a triangular prism half of a quadrangular prism with the 
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same altitude, the base of the former being half that of the latter; there- 
fore the volume of it triangular prism is equal to the base-half that of 
the quadrangular prism-multiplied by its altitude. 

The dissected hexagonal prism will show that prisms of five, six, or a 
hundred faces are made up of a corresponding number of triangular 
prisms, and therefore, that the volumes of all p r i~ms  pre equal to the 
areas of their bases multiplied by their altitudes and that the volume of a 
cylinder which is a prism of an infinite number of sides or faces, is equal 
to the area of its circular base multiplied by its altitude. 

R U L E  FOR THE VOLUME O F  PIIISM A X D  C Y L I S D E R .  

Multiply the area of the base by the altitude. 

EXAMPLES. 
-

1 Find the volume of a flag stone 10 ft .  long, 3 ft.  9 in. wide and 8 
in. thick. 

2 How many cubic feet in a square beam 40 ft. high, each of whose 
ends is 9 in. square? Ans.90 ft. 

3 A sill is 40 feet long and 9 in. wide; how thick must i t  be to con-
tain 25 cubic feet? Ans. 10 in. 

4 What are the solid contents of a, quadrangular prism whose alti-
tude is 13 feet and ends 2 ft. 1in. long by 1 ft .  2 in. wide? 

Ans. 49.652 cu. ft. 
5 What is the volume of a cylinder whose altitude is 15 ft. and di-

ameter of its ends 4 ft. Ans. 188.497 cu. ft. 
6. A cylinder 10 in. in diameter contains 1963.t cubic inches; what is 

i ts  height? Ans. 25 in. 
7 How many 2 in. cubes can be placed in a cubical box each of 

whose dimensions is 2 ft.  ? 
8 If a piece of ice 1f t ,  each way is worth 10c what is a piece of ice 

2 ft.  each way worth P Ans. 80 cts. 
Prove it by the small cubes. 

PYRAXIDS A N D  COKES. 

The dissectial triangular prism will show that a triangular prism is 
composed of three equal triangular pyramids. The equality of two of these' 
pyramids, those having for thir bases, the upper and lower base of the 
prism can easily be perceived by the eye; that the third pyramid is equal 
to these may be shown by weighing them or from the fact that they have 
equal bases and equal altitude. 

Two of the pyramids have the basis of the original prisms, and the 
same altitude. Having shown that each is equal to one-third of the prism 
it follows that a triangular pyramid is one-third of a prism with the same 
base and altitude. 



By means of the bisected square pyramid it may be shown that 
pyramids are made up of triangular pyramids and therefore, that 
volume of any pyramid is equal to one-third the product of its base and 
altitude. 

COKE. 

As a cone is a pyramid of an infinite number of faces -or side:, it fol- 
lows that the volume of a cone is equal to the area of its circular base 
multiplied by one-third of its altitude. 

Again it may be shown objectively that the tin cone whose base i 
inches in diameter and whose altitude is 4 inches is one-thi 
der with the same base and altitude by pouring the tin cone three times 
filled with water into the tin cylinder. As it exactly fills the cylinder and 
as the volume of the cylinder is equal to its base multiplied by the alti- 
tude it is easily seen that the volume of the cone is one-third the product 
of base and altitude. 

Rule for the pyramid and cone; Nultiply the area of the base by one- 
third the altitude. 

EXAXPLES. 

1 What are the solid contents of a square pyramid, each side of 
whose base is 8 ft., and its altitude 15 ft.  

2 What are the solid contents of a cone whose base is 3 ft. .6 in. in 
diameter and altitude 5 f t . ?  Ans. 16.035 cu. ft. 

3. Find the volun~e of a cone whose altitude is 20 ft. and the diam-
\ 

eter of thr: base 4 ft.? Ans. 83.776 cu. ft. 
4 The base of a, pyramid is 1'2 in. square and its hight 15 in. andthe 

base of a cone is 12 in. in diameter and its height 15 in. what is the dif- 
ference in solid contents? Ans. 154.512 cu. in. 

5 What are the solid contents of a rectangular pyramid whose base 
is 40 ft. long and 30 ft. wide, and the distance from the vertex to each 
corner of the base 65 ft .? Ans. 24090 cu. ft. 

FRUSTUMS OF PYRARIDS -4NDCONES- ORDIKARY RULE FOR FIXDING TIIE 

VOLT'NE OF PRUSTlXS. 

Multiply the area of the lower base by the area of the upper base and 
extract the square root of the product to get a mean base. Multiply the 
sum of the three bases,-the lower base, upper base, and mean base, by 
the altitude of the frustum and take one-third the product. 

The reasons for this rule cannot be shown objectively. 'They depend 
upon a demonstration of geometry which shows that the frustum of a 
pyramid is equal to three pyramids having for their common altitude the 

1
11 A 

altitude of the frustum, and for their bases the lower base of the frustum, 
the upper base of the frustum and a mean prnportional between these-
bases found by extracting the square root of their product. 
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EXAMPLES. 

What is the voldnle of a frustum of a square pyramid, each side of 
he lower base being 3 feet, and each side of the upper base 2 feet, and 
he altitude being 30 feet. 

Area of lower b a s e = 3 ~ 3 = 9  - Area of upper base=2x2=4 
Product of the bases=36 
Mean base=$6=6 
Sum of the bases=9+4+6=19 
Sum of bases lllultiplied by the altitucle-19~30=570 
One-third of 570=190 ft. Sns.  
The foregoing is the operation under the ordinary rule, based upon a 

geometrical demonstration. 

ANOTIIER K A Y  WIIIC11 (:AS HE EASILY USDICRSTOOD. 

If we can by a little mental arithmetic complete the pyramid of which 
the frustum forms a part, it is evident that the volume of the frustum is 
equal to the difference between the volumes of the entire pyramid and the 
pyramid that has been cut oft'. 

ILLUSTILATIOW \YIl'lC TIIE EXAMPLE IIEItETOFORP SOLVED. 

An edge of the lower base is 3 feet and the edge of the upper base 2 
feet. The diEerence between them is one foot; that is, the pyramid has 
tapered off 1foot in 30 feet and to taper off the entire amount of 3 feet it 
must go 3 times 30 feet or 90 feet which is the altitude of the entire 

The area of the base 9 multiplied by one-third of the altitude gives 

of the upper base of the frustum and the base of the pyra~nicl cut off. 
altitude is 90 feet minus 30 feet the altitude of the frustoul or 60 feet. 

ne-third of 4 times 60 feet is 80 feet the volume of' the pyraluid cut off. 
270 feet less 80 feet is 190 feet the ~ o l u m e  of thr  frustum which of course 
Corresponds With the answer preViously obtained. 

FR6STT;M OF A COSl?.. 

The volume of the frustum of a cone is found in the same manner. If 
he diameter of the lower base is 3 feet and the upper base 2 feet and the 
ltitude, 30 it tapers off 1 foot in going 30 feet and to taper of 3 feet it, 

d and has an altitude of 90 feet and the upper stxtion of the cone has an 
ltitude of 60 feet. The difft?rence I)etn7een these two cones gives the 
olume of the frustum. 

The principle may be stated as f o l l o t ~ :  
The altitude of the frustum of a pyramid or cone is such part of the 

ltitude of the entire pyramid or cone as the diffrrence betmen the lower 



ahd upper edges, the lower and upper diameter, is a part of the lower edge 
or diameter. 

EXAMPLES. 

1. What is the solid contents of the frustum of a square pyramid 
each side of whose upper base is 5 feet, of lower base 8 feet, and whose 
altitude is 12 feet P 

SOLUTION. 

The difference between 8 feet and 5 feet is 3 feet. The pyramid 
tapers off 3 feet in an  altitude of 12 feet. To taper off 1 foot would re- 
quire an altituda of Q of 12 feet, or 4 feet. To taper off 8 feet would re-
quire an altitude of 8 x 4  feet or 32 feet, the altitude of the completed 
pyramid. 

8 ~ 8 = 6 4 = a r e a  of base. 
(64x32) f=6828= vol. entire pyramid. 
5~5=25==area of base of upper section of pyramid. 
32- 12=20 altitude of upper section. 
(25x20 ;+=166#=vol. of upper section. 
682+1633=516 cu. ft. vol. of frustum. Ans. 
2. Find the solid contents of the frustum of a cone the diameters of 

whose baseq are 10 in. and 6 in. and altitude 12 inches. 

SOLUTION. 

10-6=4 inches 4 in. is 410  or 2-5 of 10 in. the lower edge. The alti- 
tude 12 in. is therefore 2-5 of the altitude of the completed pyramid or 30 
in.  Ans. 615, 7536 cu. in. 

3. Find the solid contents of the frustum of a pyramid whose two 
basis are 10 in. and 6 in. square and whose altitude is 15 inches. 

1 C ~ f i = 4 ;4=4-10 or 2-5 of lower edge; 15 is 2-5 of 379 in. the altitude 
of pyramid, 373-15=22&=altitude of upper section of pyramid. 

Ans. 980. 

THE SPIIEIZE. 

As we reasoned from the square through the triangle to the circle, 
so we may reason from the cube by means of the pyramid to the sphere. 

A cube 4 inches each way contains 64 cubic inches found by cubing 
the 4 or multiplying together the length, breadth and thickness. 

The dissected cube will show that the cube is composed of six equal 
pyramids each having for its base a face of the cube and for its altitude 
the radius or semi-diameter of the cube or the distance from the middle 
of any face to the center of the cube. 

4 ~ 4 = 1 6 = a r e a  of the base of each. 
1 6 ~ 2 = 3 2and 3 2 t  by 3 gives 10% cubic feet, the volume of one pyra- 

1 

i mid. 
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1 0 # ~ 6 = 6 4the volume of the six pyramids of the cube. 
Again 4 x 4 ~ 1 6the area of one face of the cube and one base of the 

1 6 ~ 6 = 9 6the sum of the bases of the pyramids and the entire surf$ce 

96 multiplied by '2 the altitude of each pyramid gives 192 and this 
ivided by 3 gives 64 or the volume of the cube. 

CONCLUSION. 

The volume of a cube may be found by multiplying its surface by 
one-third of its radius, or by taking one-third of the product of its sur- 
face and its radius,cbecause made up of pyramids, t,he sum of whose bases 
is the entire svface  of the cube and whose altitudes are equal to the 
radius of the cube. 

The sphere inscribed in the cubic frame will show that the radius of 
the cube is the same as the radius of the inscribed sphere, and, therefore, 
that the volume of a cube may be found my multiplying its surface 
by one-third of the radius of an inscribed sphere, that is, a sphere whose 
diameter is equal to an edge of a cube. 

By cutting off the eight corners of the cube down to the serface of 
an inscribed sphere it will be seen that the new solid which approximates 
more nearly to the sphere than does the cube is made up of 14 pyramids 
8 of which are triangular and 6 octagonal all of which have for their alti- 
tude the radius of the inscribed sphere. 

The volume of this solid as it is coniposed of pyramidsis equal to one- . 

third of the product of its surface, the bases of the pyramids, and the 
radius of the inscribed sphere. 

The eight triangular pyramids are respectively equal to each other 
and so are the six octagonal pyramids. 

REGULAR SOLIDS. 

The regular solids are only five in number. 1. The Tetrahedron or 
triangular pyramids all of whose faces are equal. 2. The Hexahedron 
or cube with six equal square faces. 3. Octahedron with 8 equal trian-
gular faces. 4 The Dodecahedron with 1P equal pentagons for faces. 
5. Icosahedron with 20 triangular faces. These last 4 solids are com-

respectively of 6 equal square pyramids, 8 equal triangular pyr:l- 
12 equal pentagonal pyramids and 20 equal triangular pyramicts. 
he volume of each and all are equal of course to their surface or the 

es of the pyramids multiplied by one-third of the radius of the in- 

When the number of faces of the solid become infinite the solid b:- 
'-

mes a sphere, and a sphere is made up of pyramids. The surface of the 
~ h e r eis the sum of the bases of the pyramids and the radius of the 
phere is the altitude of the pyramids. Hence the volume of the sphere 



' is equal to. the surface multiplied by one-third of the radius, or one-sixth 
of the diameter. 

Formula. Vol, of sphere=surfaceXg R.; or, Val. of sphere=surface ' 
XI-6 D. 

But how teach illustratively the ordinary rule for findin3 the volurne 
os a sphers viz: 

Multiply the cube of the diameter by .5236; expressed by the formula; 
Vol. of sphere=D3 x.5236" 

FIRST PROCESS. 

It has been shown objectively that the volume of a sphere i~ equal to 
its surface n~ultiplied by 1-3 of its radius or 1-6 of its diameter because 
made up of pyramids. 

Surface of sphere=4 circles of the sphere. 

D ~ x.7854=one circle. 

D2~4X.7854or 3.1416=4 circles. 
Surface of sphere=DzX3.141G. 

This multiplied by 1-6 D gives D3 XI-6 of 3.1416 or DJ X 5236. 

SECOXD PROCESS. 

'I'alie the metallic cylinder whose diameter and altitude are each 4 
inchci. 
PX7851=area of base. Xultiply this by the altitude 4 and we have 
4zX.7854~4=43 x.7854; t h ~ t  is, the volume of the cylinder Whose di-
ameter and altitude are equal, is found by multiplying the cube of its 
diameter by -7854. 

Take next the metallic cone, fill it  with water mtl  pour it3 contents 
into the cylinder, by which the cylinder is one-third full; take then the 
4 inch sphere acd press it into the 4 inch cylinder. The mdter will rise 
and with the globe jdst till the cylinder. 

I<!. this it is shown that a 4 inch sphere is $ of a 4 inch cylinder, or 
that any sphere is $ of a cylinder with an altitude and diameter equal to 
the diameter of the spherc.. 

Vol. of cylinder=43 X ,7854. 

Trol. of sphere=: of 4J x.7854=43 by g of .7854=4:1 ~ . 5 2 % .  

It is well to ahow b;\'the forms the relations between the volunles 
of a 4 inch cube, a 4 inch cylinder and a 4 inch sphere; that the cylinder 
is .7854 of t b ~  cube or such part of it a3 its circular base is a part of the 
square base of the cube ant1 that the sphere which is 5 of the cylinder is 8 
of .7854 of the cube or .5236 of the cube. 

Therefore 43 expresses the volume of the cul~e;  43 x.7854 expresses 
the volume of the cylinder. and 43 ~ 5 2 %  the volurn~ of theqnh~re 
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RULES FOR THE SPHERE, 

A. Multiply its surface by + the radius. 
2, Multiply its surface by 1-6 of the diameter. 
3. Multiply the cube of the diameter by .5236. 

EXAMPLES.-
1. What is the volume of a 10 inch cube? A 10 inch cylinder? A 

Answers, 1000; 785.4; 523.6. 
1. How many cubic inches in a 9 inch globe? As8 381.7044. 
3. What is the volume of a globe whose radius is 20 inches. 

Ans, 18 cu. ft. 6784 cu. in. 
4, Find the weight of 500 cannon balls each 2 ft. in diameter, a 

cubic foot weighing 430 pounds. Ans. 450 tons 592 pounds. 
5. Find the solid contents of a sphere whose diameter is 8ft 6 in. 

Ans. 321.555 cu. ft, 

lLECAPITULATION OF SURFACE MENSURATION. 

1. Apply the square inch to the 6X 1 oblong, 
2. Apply the 6 x 1  oblong to the 6x4 oblong and develop rule. 
3. Show the equ~lity of the rhomboid and the oblong by detaching 

the dowelled piece on the rhomboid and making necessary transfer. 
4. Show the equality of the trapezoid and the oblong by the transfer 

of the dowelled piece and develop the rule. 
5. Show by forms that a triangle is half a square, an oblong or a 

rhomboid and that its area is therefore half the product of its base and 

6, Show by the dissected square that it is made up of triangles and 
that its area is therefore equal to its boundary multiplied by half the 
radius of the inscribed circle. 

7. Show by the dissected circle that as it is composed of triangles, 
it is equal to its circumference multiplied by one-half its radius or 1-4 its 
diameter and develop the ordinary rule. 

8. Show that the surface of prisms is made up of oblongs, pyramids 
of triangles, and frustums, o-f trapezoids, and develop the rules for the sur- 
face of prisms, cylinders, pyramids, cones and frustums. 

RECAPITULATION OF THE MENSURATION OF SOLIDS. 

1. Show by the dissected oblong prism 6 x 1 ~ 1that i t  contains 6 
cubic inches, and 4 such pieces contain 24 cubic inches, and devel~pthe 
rule, <<the length, breadth and thickness multiplied together, "and tbe 
area of its base by the altitude." 

2. Show by the bisected quadrangular prism, that the same p*ci- 
ple-%he base by the altitude," will apply to tringular p z i ~ s ,  



of triangular ~r isms.  and therefore, that the volun~es of all prisms and the 2: 
cylinder are found by multiplying the area of their bases by their alti-
tudes. 

4. Show by the trisected triangular p r i m  that a triangular pyra- 
mid is one-third of a triangular prism of the same base and altitude. 

5. Show by the bisected square pyramid that all pyramids are made 
up of triangular pyramids, and, therefore, that all pyramids including the 
cone are equal to the product of the base and one-third of the altitude. 

6 .  Again show that a cone is one-third of a cylinder with the same 
base and aItitude by pouring the 4 inch cone three times full of water in- 
to the 4 inch cylinder. 

7. Also develop the rule for the pyrimid by means of the dissected 
cube as follows: The area of the base of the cube or the square of 4 
inches multiplied by the entire altitude 4 gives the volume of the cube. 
As each of the pyramids is one-sixth of the cube it5 vol~trne is equal to 
the area of its base which corresponds to the ba3e of the cube multiplied 
by one-sixth of 4, or one-third of 2, the altitude of each pyrirmid. 

8. Show that the volumes of frustums can be best found by cornplet- 
ing the pyramid or cone and finding the difference between the entire 
pyramid or cone and the upper section, 

9, Show by the dissected cube that as it is composed of six pyra- 
mids, its volume is equal to its surface multiplied by one-third of its ra-
dius. Show by the cube-inscribed-sphere that the radius of the cube i s  the 
same as the radius of the inscribed sphere. Show that by cutting off the 
corners, a 14 faced solid is formed composed of 14 pyranlids and that its 
volume and the volume of the variety of solids leading to the sphere, and 
the sphere itsdf which is made up of pyramids is equal to the surface of 
each multiplied by one-third of the radius of the sphere, or one-sixth of 
its diameter, and develop the ordinary rule, Dk x.5236. 

10. Show by pouring the cone full of water into the Cinch cylinder 
and inserting the Cinch sphere, that the sphere is two-thirds of the cylin- 
der and therefore, that as the volume of the 4-inch cylinder iq equal to the 
cube of its diameter multiplied by .7854 the volume of the 4-inch sphere 
is equaI to the cube of its diameter multiplied by tuo-thlms of ,7854,or 
.5236. 


11. Show by the solids the relations existing between a 4-inch cube, 
cylinder and sphere. 

SUMMARY OF SOLIDS. 

Prisrn--cylinder. Base x altitude. Pyramids-cones. Rase X 4. 
aItitude. Cube-pyramid-sphere. 

SQUARE ROOT AND CUBE ROOT FORMS. 

Find the square root of 5625 feet and illustrate with forms. 
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TO &tract the square root of 5625 is to find the side of a square that 
ontains 5625 square feet. 

There are two periods and the root will conskt of tens and units. The 
eatest sqnare that can be constructed out of the quantity expressed by 
e left hand period is 7 tens or 70 fret long, the assumed dimensions of 
e trial block or square. The square of this, or 49 hundreds or 4900, 
btr~cted  from 5625 leaves 725 square feet of material to be added 

this trial square. 

To preserve the square the addition must be made on twosides or two 
in~es7 tens or 70 feet, which is 14 tens or.140 feet in length. 

By dividing the area of the materials to be xdded to the trialsquare by 
he length, which may be effected by dividing 72 tens by 14 tens, that is 

made to the two sides of the trial square. 

CUBE ROOT. 

Find the cube root of 13824. 

To extract the cube root of 13824 is to  find the edge of a cube whose 
ume is 13824 cubic feet. 

The greatest cube that can be constructed Out of 18 thousand is 
housand, the cube root of which is 2 tens or 20-



-- 

I n  other words the greatest number whose cube is contained in 8 
thousand is 2 tens or 20. 

The dimensions of the trial cube is 20. I t s  volunle, 8000, being tak. 
en from 13824. usually effected by taking 8 from 13 and bringing down 
the next period, leaves 5824 cubic fret to be actded to the trial cube. 

In  order to preserve the cube the addition must be made on three 
f ;lees. 

The square of the kirst figure of the root as tens multiplied by 3 gives 
the surface of the three faces, or 1200 square feet, and using this as 
trial divisor it is found that an addition can be made upon this surfare 4 
feet thick. 

By placing upon the three faces of the trial cube the blocks whose 
thickness is assumecl to be 4, it  is seen that there are three side deficien- 
cies. 

The surface of the three blocks necessary to All these deficiencies is 
found by multiplying the first figure of the root as tens, the length of the' 
blocks by the second figure, the width of the blocks, and by three. 

By placing tbe three blocks in their places it will be seen that there 
is still a corner deficiency, the surface of which is found by squaring the 
second figure of :he root. 

The sum of the surfaces of the three faces of the trial cube, the three 
side and the corner deficiencies, gives 1456 the complete divisor, or entire 
surface of the additions, and this multiplied by 4 the second figure of the 
root and the thickness of the additions, gives 5824 cubic feet, the solid 
contents of the additions. 

Subtracting this it is seen that the material to be added to the trial 
cube i i  used up and that the dimension5 of the constructed cube is 24 ft. 

If  preferred the solid contents of each addition can be found sepa-
rately and their sum su1)stracted in accordance with the following operation, 

20~20~3=1200  5824 I -
4800 

4 ~ 4 ~ 2 0 ~ 3 =  960 
4 ~ 4 x 4 =  64 -

5824 -
0000 

BASE, PERPENDICULAR AND HYPOTHENUSE. 
Use the right-angled triangular form with attached squares whic 

clearly shows that the sum of the squares erected on the base and per-
pendicular is equal to the square erected on the hypothenuse, to develop 
tihe rules for finding the bass, perpendicular and hypothenuse, of a right 
anled triangle, where any two of them are given. 
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TESTIMONIALS. 

SAMUELFINDLEY, 

The appliancess invented by TV. W. Ross to aid teachers in giving in- 
struction in menuratior are valuable if not indispensable aids for that 
purpose. 11 take pleasure in recommending them to students, teachers 
and school officers as the best appliances of their kind I have ever ex-
amined or seen used. That you will succeed in securing the general use 
of the "aids" in our schools, is my sincere wish acd desire. 

- T ~ o s .W. HARVEY. 
horn Hon. V. C. Miller, Ohio State Comrnissio~~er of Co~nrnimBchoolu. 

0..August 3,1891.To whom it may concern:- C o ~ u ~ n r r s ,  
I have heard Supt. Ross instruct in Teachers' Institutes and Associa- 

tions. His work on Mensuration is o i  a very high and scholarly character. 
He has an excellent set of blocks and appliances for the purpose, and his 
use of them shows his mastery of the theme. 

The apparatus that Supt. Ross offers for sale is among the most a p  
proved and thoroughly adapted of modern school aids in teaching the 
difficult subject of mensuration. 

I commend his apparatus in strong terms for its use will greatly add 
to the value of the teacher's work. CHAS. C. MILLER, Commissioner. -
From Pmf.23. F. Warner, Supt. of Schools, Bellme, Ohio. 

O., August 3, 1891.Dear Sir and Bra.:-- MASSILLON, 
You stated a t  Delta last fall that YOU thought some of having Your 

mensuration blocks manufactured for school use. Has this been done? 
If so, I desire to procure several sets, both for mY own md school use- I 
consider your presentation of the subject the best I have ever seen. 

E. F. WARNER. 
BELLEVUE,O., August 9,1891. 



To t h e  public:- 
After a careful study of various methods pf presenting the subject of 

mensuration I take pleasure in  saying that  the methods and appliances 
devised by Supt, W. W. Eoss, of Fremont, O., are by all odds the best with 
wihch I a m  acquainted. Every school and every teacher of the subject 
will do well to  use them. E. F. WARNER. 

F ~ o mthe Hon. J .  J. Burns, Supt. of Schools, Cawton, O., and fi~rmwly 
Ohio State  School Cornrni~sioner. 

CANTON,O., August, 1891. 
T o  whom i t  may concern :-

I have heard Supt,. Ross cliscnss the subject of lr~ensuration before 
Teachers' Institutes. His treatment of the subject is by fa r  the  best and 
most complete 1 have ever heard and seen. 1rordially co~nmend his book 
and appliances to  the use of teachers. V t q  respwtf ully, 

,I. .J.  R I T I ~ N ~ .  

P ~ o mGso. H .  Withey, kSupt.of Scltools, Oak Harbo7', 0. 
OAKHARBOR,O.,  Atigust 8, 1891. 

My dear Ross :--
I take great ~ I e a s u r e  in calling the attention of teachers in my section 

o f  the s tate  to  the  use of your Dissected Surface Forrns and Geometrical 
$,lids. T h e  blocks are certainly the most complete now in the market. 
"Seeing is believing." A novice can by the aid of the blocks "see why" 
every operation is performed. Their novelty and simplicity aid the 
teacher, entertain and instruct the pupil and reduce the abbtract features 
of mensuration to a simple, visit)le study. Very truly. 

Qr:o. EI. WIT~IEY.  

Prom 1). P. Mwk.  Supt. of h%ools, of West Salem, Ohio. 
WEST SALEM,O., August 5, 1891 

The Objective Forms prepared by Prof, W. W. Ross to aid i n  tesch- 
ing Mensuration are very helpful especially to  beginners. The pedagogic 
rules, "Proceed from the concrete to  the abstract," "front the seen to the 
unseen" a p ~ l y  most happily and forcibly t o  this ditticult and important 
branch of arithmetic. Every teacher should have :t 3t.t in his school. 
Having trird them, we venture the prediction he would not teach mensu-
ration without them. 

D. F. MOCK. 

From the Hon. J .  W. Knott, o f  Colun~bw,U., a &fember of' the Ohio State 
Board o f  Bchod Ezaminers, and ~Yupt .of Ohio Institute for the Deaf. 

COLUMBUS,0..August 6,1%1. 



---- 

om the Hou. H. iff.Parker, Bupt. of Sc7wol.s. Elyria, Ohio, a"& Mmbct 
fl the Ohio State Board of School Examiners. 

ELYRIA,O., August  6, 1891.. 
eard Yupt. ROSS present the subject of Mensuration a t  
itute and was highly pleased with his methods and  appli-
all who heard him. I have no hesitancy in saying that  his 
rface Forms and Geometrical Solids" are the simplest and 
ng I have seen for use in the class-room. 

H.M.~'AILKKK 

-

SesrA. 0.. August  15. 1891 
m Hor~.g.B. COX,Membe~of Ohio State WonrtJ of RchooZ Ema,rh,r~e.r.s 
t .  W .  W .  Itoss, Fremont. Ohio. 
Dear Sir:--Your fornls for teaching Mensuratian objectively are  the 

t I have ever wen. Your exposition of their use will be a n  invaluable 
to any  one t,eitching this subject. I very cordially recommend both 
F o r n ~ sand the Manna1 to I~oardsof education ;md to teachers. 

Yours truly, E.13.Cox. 

F r h - u r . ~ Y ,0..Sept. 23, 18'31. 
o Whom I t  May Concern: 

J .  W. %ELLEN. 

N o ~ t r v . ~ ~ ~ ,0 ,October 25, 1891. 

R~ipt.C. W .  Bwtler, DeJianc~,Ohio: 
DEFIANCE,OIIIO,September, 22, 1891, 

C .  W. BUTLER., S u p t  Schook. 








