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low frequency accelercmeters, velocity
trangducers, and seismometers ara used
extensively to investigate vibrations on
mechanical structures. Ths measurement of
low framency (1-100 Hr), low amplitude
(<10 xV) signals from these transducers
has been a prohlem for conventional data
acquisitien

systoms. This paper
describes a system for Jlow-frequenocy
transducer measurements  whigh first

digitizes the voltage signal utilizing a
commercial high speed digitizér. Software
routines developed at KBS for a desktop
comptiter then costimate the rms amplitude,
dc offset, and any distortion components
in the transducer signal.

Using a software based saystem with a
high-speed sampling voltmeter provided
great flexibility in developing a2 system
for this particular application. Compared
with previous systems for low-fregquency
vibration measurements at the National
Bureau of Standards, the present approach
is also more accurate.

INTRODUCTION

This paper describes a useful extension
to a system for calibrating accelerome-
ters in tha frequency range 1 Hz to 200
Hi. The system is documented in & recent
publication of the ISA [1]. The present
paper is a supplement to the ISA paper in
that it uses the same experimental saetup,
except for the data acquisition system
and the signal processing software.. The
enmphasis of thig paper ie on tha new data
acquisition hardware and software. The
system usas a high-aspeed dc digital volt=-
nater for measurements of low-freguency
ac transducer signala. Because of its
high sampling rate and IEEE interface
capability, this voltmeter is ideal for a
computer-controlled low-freguency voltage
moeasurement system,

DESCRIPTION OF THE CALIBRATION SYSTEM

The calibration system uses a fringe-
counting interferomater for displacement
neasurement. The interferometer shown in
£ig 1 consists of the laser light source,
two beam splitters mounted directly on
tha head of the laser and a 172 inch
retro-reflector wmounted on the shaker
table. The interferometer measures the
displacemant of tha shaker table with
reference to the beam-splitters mounted
on the laser. The light emerging from
the interferometer produces interference
fringes -on the photo-detactor. The laser
has a wavelength, A, of £32.8 nn and the
datector is a silicon photo-dicde with a
signal amplifier (gain of 20) having a
bandwidth of approximately 1 XHz to 2
MHz. Tha counter measures the number of
fringes corresponding to the shaker dis-
placement amplitude {2). The acceleration
is given by egq (1), where f is the
vibration frequency, n is the number of
fringes/cycle , d is the displacement

amplitude in meters, and g is the
standard azcceleration of free fall,
9.80665 m/s“,

a = (2¢£)2a/g= Anx2f2/2g )

The sensitivity of the acceloromater is
calculated by:

8 = E/a (2)

where E is the amplitude of the voltage
output from the accelerometer. The
present paper describes the procedure
uged to measure E,

LOW-SIGNAL-LEVEL MEASUREMENTS

One difficulty 4in obtaining .accurate
readings of accelerometer signals encoun-
tered in low-frequency wmeasurements has
been the low voltages produced. A typical
accoeleromater sensitivity is nominally 10
mV/g. For a 2-Hz signal and a displace-
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CALIBRATION SYSTEM '

nent of one inch, a signal of approxi-
mately 2 nV is produced. This low
voltaga is difficult to measure for most
commercial ac digital voltmeters. But it
is often desirable to wmake measurements
at much lower voltages since xost low-
freqguency accelerometers can respond to
micro-meter displacenents. Table 1 gives

In the following section outlining the
parameter estimatlon procedure, it is

voltages corresponding to sevaral shown how accurate ineaau):‘emgnt‘_.st can be
displacements, at 2 Hz for an cbtained at the displacement levels given
accelerometer of 10 mV/g nominal in the above table, even for ac-
sensitivity. celerometers with low sensitivity.

TABLE 1

Displacement and Corresponding Acceleration and Voltage at 2 Hz
for a 10 mV/g Accelerometer

Displacement " “Acceleration Valtage -
doubla amplitude anplitude anplitude
mm  inch(approx.) g nv
25 1 0.2 2.0
10 0.39 0.08 0.8
1 0.20 0.04 0.4
2 0.08 0.016 0.16
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PARAMETER ESTIMATION ALGORITHM

The algorithm -developed for processing
the noisy low-frequency signals in the
present application is a special case of
a more general parameter estimation probd-
lem. Only an outline .of the special-case
theory will be given here; the ramifica-
tions of the bigger problem will be dis-
cussed in a later paper. It is planned
also at that time to compare the results
obtained by several approaches, including
synchronous detection, Fourier analysis,
and maximum likelihood detection.

Por thics application ﬂx&
mate the amplitude J(A ) of a sinu~
soidal signal from da%u x(t) which may
contain noise n(t) and a dc offset A,

ilt ie to esti-

x{t)= A+ AjCOSWL +B;simwt + g(t) 3}
The angular frequency « is presumed to be
known and the noise is assumed tgo have a

Gaussian distribution with mean g(t) = 0
and a constant variance

.qz.(t) - ,02 .

(4)
Following [3], we define
o sinf (N+1/2) wat)
vy (kat)=cos wkat = o Tn(eatyz) )
and .p,(kat) = sin wkat (6)

where at is the sampling period, and k is
an integer.

r 2N+1 samples taken uniformly over a
tgme I‘ tervalp[- L), of

Xy = X(Kat)= Ap + Ay ey (kat)
+B) py(KSt) +n(Rat)

where k= =N,

L&
v ~2,-1,0,1,2, ... X,

s

at=L/N (8)

and

sinf (N+1/2) wat
Ag = A+ A [(8+1/2) wat)

1 T2n+1) sin(wat/2)

)

(9)

Applying the method of maximum likelihood
(4] to the sampled function X, the fol-
lowing formulas for the estimates
Ao',val* , and Bl* can be derived:

R 1 N
Ay = - z X
0 2N + 1 kmeN X 10)
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N
B Ry oy (k)
k=-N k1

S - (11}
T el
k==N
N
> Xy 95 (K)
. ooy e 2 |
I ey (k)
k==N

where gy(k) and yy(k}) axre <caleculated from

(5) and (6). The estimated dc offset is
calculated from eq (%), using the
estimated values of A, and Ay

sin [(N+1/2) w{I/N]
* * A * ,tv( /__ _‘ul_ -, 1y
(2N+1) &in (oy1/2N)

.lfsing the estimates given by egs. (11),
(12), and (13) the defining eq (7), may
be rewritten as

x(kL/N)BA +E cos(ut-f-arctan(—B 1/}\ 1))

+n(kL/N) {14).
where the amplitude of the ac voltage is
E* = /1A M) M7) (15)

Using eg (14), the signal waveform can
be reconstructed from the estimated pa-

rameters and the residue can be be tested
for ‘randomness.

The noise can be calculated from eq(4)
and eq(7):

o = { . 3,; [ Xp=Ro =Ry %o (k)
2041 ¥y 0 1T

-8y *es (K)1212/2 (16

Without any additional measurements we
can compute confidence 1limits for the
estimated parameter values. In the pre-=
sent application, a numder of useful sim-
plifications are possible because of the
following conditions: (1) the number of
samples is wvery large, (2N+1) >>1, and
{2) the length of the record covars two
tycles of the sinewave, that is, I=2x/uw.
The most important consequences of these
conditions are that the t-distribution is
closely approximated by the Gauisian dis;
tribution: the variances of A and B
‘are approximately equal, and all resul%s
are identical with those obtained on the
basis of a least-squares fit {5].



Thus, the confidence interval for A* be-
cones

(a* & t0*7/(2m). (17)
where t_ vis. the value of
A* -a

corresponding to the confidence coeffi-
cient (1-a).""

Similarly, according to reference [6] the
approximate confidence interval for the
furction E* can be computed as follows:

(af(hlz+?512)-
05 Tony

* L
E e, 12 ‘Z(Ai-)

. 2.0 2
WRAS Wi

K,
where &2 (]\1:) and. sf.(_hl*) are the vari-

ances of A}" and By reéspectively. Since
for integra;l* number of cygles and N

large, s(Ay") = S(Bi*) = o /J(2N) _[_3],'
this expression reduces to

)
1?2 ,sz.(_‘sl*)]l/z . (18)

E* £t ot//(2n) . {19)
Remembering that A; and Bj represent peak
values and ¢*, a rms valle, 3 "relative®
confidence interval can be stated in the
following simple, but meaningful, form:

t

a Signalpyg

+

T

Figure 2 shows a family of confidence
1imits computed from this expression.

e . {20)
Noisem-(s )

APPLYING THE ALGORITHM TO
ACCELEROMETER CALIBRATIONS

This measurement technique was applied to
accelerometer calibration at low frequen=-
cles (1-200 Hz) by the use of & high-
speed voltmeter which can sample as fast
as 100,000 wvoltage samples/second and
ranges automatically down to 40 mV full
scale with a resolution of 10 aV. The
output rfrom the accelerometer under test
is connected to the sampling voltmeterx.
This voltmeter under computer control can
be programmed to select the sampling rate
and number of samples. The captured data
samples are transferred to a desk-top
computer for analysis. The voltage of the
test accelerometer is c¢alculated by edq
(15) given above. - Also the dc-offset
voltage and the noise are calculated by
equations (13) and (16) respectively.

The ability of the parameter estimation
algorithm to extract small sinusoidal
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signals from noisy transducer signals
provides a means of ‘measuring much lower
acceleration levels than previous mea-
surement systems.

ESTIMATING ERRORS

In order to check the functional rela-
tionships shown in figure 2, a computer
program was written in Pascal to simulate
typical data and to calculate the ex-
pected errors. The program generated a
sinusoidal waveform with random noise,
dc-offset, and phase shift according to
eq (14). The algorithm was then used to
calculate the sinusecidal voltage compo-
nent, the dc-offset, and the signal to
nolse ratio.

The example shown in figure 3 is a com-
puter generated 1 volt, 2-Hz sinusoidal
signal with added random noise. The
voltage corresponding to the sinuscidal 2
Hz component was computed from eqg. 15 and
the noise from eq. 16. A sample run con-
sisted of 1001 digitized data points (two
cycles) for a 2-Hz, 1-volt signal, using

v,

0.04

VOLTAGE

-0,01 S
0.6

“TIME (SEC)

FIGURE 3. COMPUTER GENERATED
SIGNAL WITH NOISE AND OFFSET



a phase of 25 deg and a dc-offset of 10
percent. Five hundred such sample runs 5 v l
were taken and their estimcted wvoltages ) ]
g - . i ] L"Sﬂi-ﬁ

were compared to the original 1 Volt. The
number of voltages outside 5%,4%, 3%,
2%, 1%, 0.5%, 0.35, 0.2%, and 0.1% was
recorded 3in each case. By intreoducing
differing amounts of random noise into
the simulated signal, a set of estimated
voltage-amplitude deviations was computed
for a wide range of S/N ratios. Fiqure 4
shows a family of errors-versus-tonfi-
dence curves for 3 values of S/N ratios
computed from eq (20). The results of the
simnulated tests just described are also
shown in figure 4. For example, for a §/N

= 3, the number of sample runs whose es- [ —SM - 20
timated voltage liées outside a 3% band ~ R I | e S/N =100
was 20 out of 500 runs. This is plotted 0 =3 ] 0Ll ’
as a 3% relative amplitude deviation at a 80 85 20 95 -99.9

RELATIVE AMPLITUDE DEVIATIONS (%)
]

96% confidence level.
CONFIDENCE %
e} CALCULATED

Table 2 shows data for an accelercmeter e " FROM EQ. 20 @ RESULTS OF

with a nominal sensitivity of $00 =mvV/g,
c;‘li,brate.d at 10 Hz O‘Vfri aivfdg accelera~-
tion range. The sensitlvities shown are FIGURE 4. CONFIDENCE LIMITS FOR SOME
the averaga of 25 runs ( of 1001 samples A e ey ¢ p he )
cachy g - TYPICAL §/N RATIOS

SINULATED TESTS

TABLE 2

Calibration Data for a $00 mV/g Accelerometer at 10 Hz

Peak Measured Fringes/ Peak(mV). Sig/ = Voltage
Acceleration Sensitivity cycle Voltage Noise Error (3)
{9) ( v/a) (approx.) {(approx) (approx) Expected
0.96 0.5254 30,000 504 190 <0.1
0.48 0.5255 15,000 252 480 <0.1
0.10 0.5256 3280 52 335 <0.1
0.06 0.5258 1820 30 300 <0.1
0.004 0.5243 120 2 20 0.3

0.0006 0.5103 18 0.3 3 1.5

and t:ne errors shown 1n rigure 5 were

calculated from the maximum spread in the
The expected voltage error in table 2 was h run
estimated from figqure 2. Not only the ex- voltages of the ten 8. By intreducing
ror in estimating the voltage signal, but 2.8 . — SR

also the low fringe count contribute to
the uncertainty of the sensitivity mea-
surement in the lowest acceleration shown
in table 2. The frequency counter is set
to count over approximately a 10-s inter-
val to minimize the errors due to a small
fringe count. The Jlowest acceleration
shown in table 2 (0.0006 g) would not be
considered a valid calibration and is
shown only to illustrate the e¢rrors in-
volved in measurements at thls extrene,.

L
PN TN RN UL R N TN VU W DU P |

I

RELATIVE AMPLITUDE
DEVIATIONS (%)

-]

In order to test the advantages of aver-
aging, twenty five simulated sample runs

o
s
8
8

(of 1001 digitized data points) were SIGNAL/NOISE

taken and the average voltage and S/N ra-

tio were computed for the 25 runs. Ten FIGURE 5. EXPECTED DEVIATIONS USING
such sets of 25 runs each were computed SIGNAL AVERAGING
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Table 3

Effect of Averaging on Expected Error

Accelerometer Acceleration voltage  S/N
A\

Expected voltage

Sensitivity g/1000 Error

No With
Averaging Averaging
500 WV/g % y 20 5.3 0.2

0.6 0.3 3 1.6 a.6

10 =V/g 30 0.3 5 1.6 0.5

a0 0.8 6 1.2 0.4

differing amounts of random noise a set ACKNOWLEDGEMENTS

of errors was calculated for a wide range
of S/N ratios. Examples were also con-
puted using different phases and offsets.
Varying the phasa and offset did not
change the general results shown in fig-
ure 5. Other examples using smallex
voltage amplitudes down to less than 0.5
nv were computed to test the calculations
for round=-off errors. The results foxr
smaller veltages are similar to the data
in rigure 5.

Table 3 shows data’ for the the accelerom-=
eter of Table 2 and also an accelerometer

:: 10 mV/g using averaging of 25 sets of
ata.

SUMMARY

A Jlow-freguency calibration system for
accelerometers has been developed which
uses a fringe-counting interferometer and
a high-gpeed digital acquisition systen
for accurate low-frequency, low-yoltage
measurements. The low~valtage measure-
menta ara possibla dua to the use of a
parameter estimation algorithm which cal-
culates the sinusoidal voltage output of
a transducer in the presence of noise and
de-offset voltage. Confidence limits have
been calculated for neasurements in the
prasence ©of conatant offsets and random
Gaussian noise. Some examples of the type
of measuremsnts pogsibla using the param-
ater estimation are the following (for an
accelerometer of 500 wmV/g mensitivity).
Accelerations of 0.004 g were wmeasured
with a 90% confidence limit, with a volt-
aic error estimate of 0.3% (5/N=20). 'BY
nsignal averaging of 25 l:jltl of data, the
error estimate can be reduced to 0.2%.
Similaxly, fox a 10 mV/g accelercmoter,
an acceleration of 0.08 g was measured at
a 90% confidence limit with 1.2% esti-
ruated erroxr (S/N=6), which reduces to
0.4% atter signal averaging.
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