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Abstract. A mathematical model is advanced to simulate dynamically and spatially varied
shallow water flow and soil detachment, transport, and deposition in rills. The model
mimics the dynamic process of rill evolution, including variable rates of sediment
redistribution along the bed and changes in local bed morphology. The sediment source
term in the model uses a point scale, probabilistic relationship based on turbulent flow
mechanics and a recently developed sediment transport relationship for rills based on
stream power. The interdependent feedback loops between channel bed morphology, local
flow hydraulics, and local scour and deposition, within the framework of the full hydrodynamic
equations with inertial terms, constitute a mathematical model with the capacity to
represent spatial variability and temporal evolution of the rill. Finite elements were
applied to numerically solve the hydrodynamic and sediment continuity equations. A series
of laboratory flume experiments were performed to evaluate the model. Initial bed slopes

were 3, 5, and 7% with step increases of water inflow rates of 7.6, 11.4, and 15.2 L min
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The soil material used in the flume was a kaolinitic, sandy-clay loam. The rill model
equations were solved for increasingly complex cases of spatial and temporal variabilities.
The model followed measured patterns of morphological changes as the rill evolved, which
suggests that the feedback loops in the model between erosion, bed morphological
changes, and hydraulics were adequate to capture the essence of rill evolution.

1. Introduction

Rills are small channels which function as both sediment
source areas and sediment transport vehicles on hillslopes.
They are therefore critical components to the erosion system
for upland areas. Where erosion rates are great, actively erod-
ing rills are generally present [Ellison, 1947; Foster, 1982; Gilley
et al., 1990; Govers, 1990, 1992; Govers and Rauws, 1986; Near-
ing et al., 1989, 1997]. Eroding rills evolve morphologically in
time and space. The rill bed surface changes as soil erodes,
which in turn alters the hydraulics of the flow. The hydraulics
is the driving mechanism for the erosion process, and therefore
dynamically changing hydraulic patterns cause continually
changing erosional patterns in the rill. Thus the process of rill
evolution involves a feedback loop between erosion, hydrau-
lics, and bed form. Flow velocity, depth, width, hydraulic
roughness, local bed slope, friction slope, and erosion rate are
time and space variable functions of the rill evolutionary pro-
cess. The purpose of this work was to gain a more complete
understanding of the evolutionary process of rill development
using a combination of theoretical, numerical, and empirical
methods. This paper presents the conceptual and mathemati-
cal relationships which are used to describe rill erosion pro-
cesses, numerical solutions of the rill erosion equations, com-
parisons to measured rill erosion data, and implications of the
model result relative to the scientific understanding of erosion.
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Current models rely on assumptions and mathematics which
simplify the dynamic and spatially varying nature of rill ero-
sion. Such simplifications are made for several reasons, not the
least of which is that most erosion models are oriented toward
predictions for soil conservation purposes rather than for the
scientific understanding of the processes involved. Full descrip-
tions of soil erosion involve complex equations which are often
not suited to soil erosion prediction technology and are not
warranted in terms of erosion prediction accuracy, since soil
erosion is highly variable even under supposedly similar envi-
ronmental conditions [Wendt et al., 1986). Current models do
not attempt to describe rill evolution and the associated spa-
tially variability in rills. The Water Erosion Prediction Project
(WEPP) [Flanagan and Nearing, 1995; Nearing et al., 1989,
1990; Nearing and Nicks, 1998]; GUEST [Misra and Rose,
1996]; Hairsine and Rose [Hairsine and Rose, 1992a, b}; and
EUROSEM [Morgan et al., 1992; Morgan, 1995] models, for
example, assume a constant flow width, constant hydraulic
roughness, linear changes in flow rates with distance, and a
nonchanging slope steepness profile. In addition to these lim-
itations, both WEPP and GUEST are steady state models, and
all four have limited capability in addressing spatial variability.
All four of these models, as well as several others, are useful
for erosion prediction purposes if adequately parameterized,
but none attempt to mimic rill evolution.

The objective of this research was to construct a model
which mimics the physics of rill evolution. The result is a
mathematical model which self-generates the temporal and
spatial variability of rill characteristics by linking the processes

3157



3158

of erosion, changes in bed morphology, and hydraulics through
dynamic feedback loops. Changes in local rill slope and width
are based on the dynamics of local soil detachment and sedi-
ment deposition rates. Changes in slope and width cause as-
sociated changes in flow velocity, shear stress, and energy,
which in turn define the capacity of the flow to detach, trans-
port, and deposit sediment. The model uses a full form of the
hydrodynamic routing equations, a probabilistically based soil
detachment model, and a new sediment transport equation for
rill erosion. Finite element techniques were used to solve the
erosion equations. Laboratory experiments were conducted in
order to test the model. The experiments involved three (ini-
tial) slopes of 3, 5, and 7%, and three nominal levels of water
inflow rates of 7.6, 11.4, and 15.2 L min~? at each slope. We
performed the study by applying the model through increasing
levels of complexity in the description of the rilling process.
The first case was essentially that used by rill erosion models to
date: both rill widths and bed slopes are considered to be time
invariant and spatially uniform through the simulation period.
In the second case, widths are time invariant and spatially
uniform, whereas slopes are time variable and spatially non-
uniform. In this second case we begin to investigate the impli-
cations of changing morphology on sediment production in the
rill because the slope changes nonuniformly based on nonuni-
formity in scouring of the bed. In the third case, widths are
. time invariant but spatially nonuniform, and slopes are again
time variable and spatially nonuniform. Finally, we consider
the most complex and most realistic case of time variant and
spatially nonuniform rill widths and bed slopes.

The model has several limitations, which we list here and
discuss in more detail in section 5: (1) Calculations for channel
width adjustments are somewhat restrictive due to the one-
dimensional treatment of the flow and sediment flux as well as
limitations in knowledge of the processes involved. (2) Param-
eter values, particularly for sediment deposition and dispersion
terms, are defined by reasonable model response (sensitivity)
rather than by a physical basis. (3) The lack of test data for
clear quantification on rates of rill widening and narrowing
prohibits the capability for a complete test of the how the
model performs as a function of time. (4) The need and lack of
physical explanation for the introduction of a minimum flow
depth in the hydraulic calculations indicate a gap in the knowl-
edge of this process.

2. Model Description

2.1. Hydrodynamic Equations

One-dimensional hydrodynamic equations for constant
width have been discussed extensively [see Milne-Thomson,
1960; Shames, 1992; Zienkiewicz and Taylor, 1991]. This model
differs in that the width may be nonuniform and dynamically
changing. Using mass balance, the continuity equation for wa-
ter flow in a width-varied rill is given as

a(hw) 6(uhw)_
at + ax

ow (1)

where x (m) is downslope distance, ¢ (s) is time, A(x, ¢} (m) is depth
of flow measured in the vertical direction, u(x, £) (m s™%)
depth- and width-averaged velocity in the x direction, w(x, t)
(m) is width of rill, o(x, ) (m s~ ") is the addition or subtrac-
tion of water mass along the rill such as might occur via rainfall
excess, reemergent subsurface flow, or transmission losses.
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Momentum conservation gives the following equation for
water flow in a width-varied rill [Jayawardena and White, 1977]:

a(uhw)  a(uhw)
+

g a(h’w)
ot ax T2 ax

SI
= _ghW( 4,—1 Y Sf ’+ Sfx)
(2)

where g (m s™?) is acceleration due to gravity, S,(x, f) (mm™) is
slope of the rill, S, (x, t) (m m™") is friction slope given as
[Chow, 1959]

Sy = (%),% 3)

172 s71) is a factor of flow resistance given

where Chezy’s C (m
by [Chow, 1959]
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The term f (nondimensional) in (4) is the Darcy-Weisbach
hydraulic friction coefficient.
Bed slope is simply

S, = az/ox : (5)

where z(x, t) (m) is the elevation of the ground surface.

2.2. Sediment Continuity Equation

The sediment transport associated with the shallow water
flow is given by

= 2w, %) 4 s 6
ot ax = ax\ WD gy ) * (S —copw ©)

where c(x, t) (kg m™?) is sediment concentration, S (x, t)
(kg m~2s™") is the sediment source/sink term, and D, (m*s™")
is the dispersion coefficient for the sediment. The dispersion
term in (6) is not often used in erosion routing equations, data
for attaching a value to D, is limited, and its importance is not
well documented. However, the physical presence of the pro-
cess is certain, particularly for the one-dimensional case. A
cross section of the rill flow at any point and at any moment in
time will invariably exhibit a distribution of flow velocities. The
flow velocity variations are due in part to variations in the
cross-sectional geometry of the flow, as well as to differences in
flow velocity between the free flowing stream and the fluid
boundary layer.

2.3. Sediment Source/Sink Term

Equation (6) for sediment continuity is a relatively noncon-
troversial equation in erosion literature; however, the form of
the source term for (6) is the subject of lively discussion in the
field of erosion science [Elliot, 1988; Elliot and Laflen, 1993;
Elliot et al., 1989; Ellison, 1947; Foster, 1982; Rose et al., 1983a,
b; Hairsine and Rose, 1992a, b; Laflen et al., 1991; Morgan et al.,
1992; Morgan, 1995; Nearing et al., 1990; Meyer et al., 1975]. In
the development of this erosion model we chose to use the
concept of transport capacity, with detachment occurring when
sediment load is less than local transport capacity and deposi-
tion occurring when sediment load exceeds local transport
capacity.

2.3.1. Detachment rate. Soil detachment by flowing water
is caused by turbulence [Nearing and Parker, 1994]. To date all
physically based soil erosion models have used average flow
parameters, such as average flow shear stress [Nearing et al.,
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1989] or unit stream power [Morgan et al., 1995]. In this model
we used a detachment model which is based explicitly on the
characteristics of intermittent turbulent flow stresses which
cause soil detachment. The relationship is presented in detail
by Nearing [1991]. The relationship for detachment by turbu-
lent flow takes the form '

e = FPM (7

where e (kg (m? s)™") is detachment rate from the bed, F (s
m?)~! is the spatial and temporal frequency of turbulent
“bursts” associated with coherent flow structures, P is the
probability that the burst will cause a failure event on the bed
which detaches soil, and M (kg) is the average mass detached
per failure event. The equation may also be written as [Nearing,
1991a]

e = KCPhV2S}> (8)

where K is an empirical coefficient which can be determined
from experimental data, C is the Chezy roughness coefficient,
h (m) is flow depth, and S, (m m ') is friction slope. The
probability of detachment, P, is equal to the overlapping por-
tion of two distribution functions: the first of the soil tensile
strength for individual soil particles which acts as the resistance
force to detachment and the second is the instantaneous shear
stresses associated with turbulent bursts at the bed surface
(Figure 1).

The term e is the potential detachment rate, i.c., the detach-
ment rate for clear water flow. The actual value of the source
term, S, is calculated based on the potential detachment rate
and an adjustment to account for sediment load transport as
discussed below in the section 2.3.3.

2.3.2. Sediment transport capacity. The transport capac-

ity relationship for the model was taken from recent laboratory
experiments on rills [Nearing et al., 1997]:

B B exp [a +b log (w)]
logy (T)) =4 + 1+ exp[a + b log (w)] ®)

where T, (g (cm s)™")) is sediment transport capacity, a =
0.845: b = 0.412; A = —3447; B = 38.6]; and o (gs?) is
defined as stream power and is given as

(10)

where g (cm?s™") is the unit flow discharge and p (g cm ™) is
the density of water.

2.3.3. Detachment/transport coupling. The potential de-
tachment rate e is based on the a model which describes the
physics of soil detachment by clear water, turbulent flow. The
presence of sediment in the flow will reduce the actual detach-
ment rate due to several factors. One reason for the reduction
in soil detachment rate with the presence of sediment in the
flow is related to the effect of sediment on turbulent velocity
fluctuations. Einstein Ning Chien [1954] and Vanoni and Nami-
cos [1960] discussed the reduction in turbulent intensities with
the presence of sediment in the flow. Another explanation was
suggested by Rose et al. [1983a, b] and Hairsine and Rose
[1992a, b}, who attribute the effect of sediment load on de-
tachment rates to the shielding of the bed surface by sediments
which are continually deposited on the bed and subsequently
reintrained during the transport process. A third argument for
explaining the interaction of sediment on detachment was pre-
sented by Foster and Meyer [1972] and Meyer et al. [1975],
wherein they suggest simply that detachment rate is reduced

o = pgSsq
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Figure 1. Probability density functions for instantaneous tur-
bulent boundary shear stresses and soil particle tensile
strengths (conceptual).

with the presence of sediment due to the fact that energy
expended on transport is not available for detachment.

In this model we assumed a linear decrease in detachment
rate as a function of sediment load, i.e.,

C
e

2.3.4. Sediment deposition. For the case where sediment
load, (cq), is greater than the transport capacity, T, deposi-
tion is calculated as a first-order process relative to the excess
load, i.e.,

an

Sss = _a(cq - Tc) (12)

where  (m™?) is an empirical, first-order, deposition coeffi-
cient.

2.4. Temporal Evolution of Rill Bed

2.4.1. Elevational changes. The sediment transport ca-
pacity at an instant in time will vary spatially in the rill as a
function of the stream power, which is itself a function of rill
width, depth, flow rate, velocity, and local friction slope. Dif-
ferences in the sediment transport capacity will in turn effect
differences in detachment and deposition rates, as well as
changes along the bed from detachment to deposition regimes
and vice versa. Thus even in a rill with a uniform initial bed
slope and uniform flow rate on a homogeneous soil bed, ran-
dom variations in rill width can cause variances in transport
capacity which cause differences in the source term of the
sediment continuity equation.

Local detachment and deposition cause temporal changes in
the local bed slope because the rill bed does not erode uni-
formly. Detachment or deposition during the time period (d?)
on the surface area of (w dx) cause changes in the sediment
mass equal to the term (S,,w dx dt), and the mass change in
sediment on the bed is —p,(9z/3t)w dt dx, where p, (kg
m~?) is the bulk density of soil. Mass balance requires that the
sediment source or deposition equal the sediment detached
from or deposited on the rill bed, namely,
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Ssw dx dt = —p, 5 dt w dx (13)
and
0z 1 14
E_ - ;): ss ( )

Integration of (14) yields

1 to+Ar
z(x, t) = — p—f Se(x, 1) dt + z(x, tg) (15)
b

to

where z(x, ,) is the initial morphologic function of the rill bed
at the beginning of the time increment.

The case of S,,(x, t)|,_,, < 0 indicates deposition. In that
case z(x, t, + At) > z(x, ty), which means elevation of the
rill bed at that point is increasing due to sediment deposition
on the surface. For the case of detachment, z(x, ¢, + At) <
z(x, ty) in combination with S..(x, £) > 0.

2.4.2. Width changes. When deposition occurs in a sec-
tion of a rill, the slope of upstream side will decrease along
with the water depth and velocity. Mass balance requires that
the rill width increase. At constant flow rates the mass of water
flow remains unchanged therefore from mass balance:

(16)

where u, and u, are fluid velocities, w,; and w, are rill widths,
and #, and h, are water depths at the beginning and the end
of a time segment of deposition, with

uwihy = uwyh,

ou ’
Uy = Uy + EM t=“=u1+ Au
aw
wy=w|o, + (5 At) =w; + Aw a7n
=
oh
hy=hl., + EA: | =h,+ Ah

=1

where At = t; — tq > 0.

Here we suggest that a fraction of the total depth of depos-
ited sediment (Az) contributes to the decrease in water depth,
ie.,

hy = hy + yAz (18)

where 0 < y = 1 is the coefficient of water depth decrease due
to deposition. The new rill width, w,, is then given as

wih,

=R+ vAz (19)

w;
In the case of deposition, Az < 0; thus we can see from (19)
that w, is greater than w,, i.e., the rill width increases. From
that point in the calculations, updated flow velocities, shear
stresses, and stream power values can be calculated.
Preliminary calculations showed that it was necessary to
place a limit on the decrease in water depth. Thus when the
water depth decreases to a limit, 4, it is supposed that no

further decrease takes place, i.e.,
hl + ‘YAZ = hmin (20)

21

w2 = wlhl/hmin
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3. Methods

3.1.

The finite element method (FEM) was used to solve the
mathematical models for rill hydraulics and erosion (equations
(1), (2), and (6)). We chose to use a sequential strategy for the
simulation of the dynamic processes in order to reduce com-
puter storage requirements to a manageable level. In each time
step, we treat the variable u in (1), & in (2), and their corre-
sponding derivatives with respect to x as being the known
values of the previous time step. Values of u, &, and S for use
in (6) are taken as solutions from (1) and (2) for the given time
step. The values for 4, u, and ¢ are then obtained by solving
(1), (2), and (6) sequentially.

With strategy outlined above, numerical formulations of fi-
nite element simulation of the processes, for every two-node,
linear element, can be given as

w(e)L 2 1 oh ﬁ(z)w(e) -1 1
6 |1 2]\ T 2 |11

L wOL
vagao s w0 £ 13| Jm =TT 3@

Numerical Formulations

‘ 22)
L[2 17fou a9r-1 1]  o¥L[2 1
o3 35 75 1] -G el
g[-1 1 gh -1 1
--§[5 dm-Se[ 3 i)e

gL [2 1] - _ _

e [1 2] {89(S,} + SP{u,-at — FOnY (23)
RL[2 1][ac 97 -1 11 D91 -1
s |11 2l T1 2 -1 1|t -1 1

9L [2 1 L [2 1
a1 oo i 2o

where 7, B©, ¢©, 5, 5©, D), a®, w©, 59, 50,
and F§) are the averages of the corresponding variables within
the element e and L is the element length.

These three equations can be represented by one general
equation as

(24

[pH$} + [KN o} — {f} = {0} (25)

where {¢} is {h}, {u}, or {c}, and [p], [k], and { f} are the
capacitance matrix, the stiffness matrix, and the force vector in
each equation and element.

The system of equations expressed by (22), (23), and (24) are
a system of ordinary differential equations with respect to time.
The “time marching” integral method can be used to obtain
the solutions for different time steps. For this purpose, finite
difference in time was used.

Assembling the local matrices, we obtain a system of equa-
tions for solving the problem, with the global matrix [4] and
global vector {B} specified as

[AN¢} = {B} (26)

[A1= 2 (p + 0AL[k¥])

e=1

@7
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N
(B} =2 ([p¥] - (1 — 0)A[k“]{$}, + At{f©}

e=1

(28)

where 6 = 0, 4, 1 for differential patterns in time.

3.2. Computational Procedures

The framework of program is outlined as the following:

1. Data for initial and boundary conditions for elevations,
widths, error limits for velocity, water depth, and sediment
concentration are read, along with soil information such as
tensile strength and its variation.

2. The hydraulic equations for mass and momentum bal-
ance (equations (1) and (2)) are solved for velocity and water
depth.

3. Transport capacity is computed (equation (9)).

4. Detachment or deposition rates are calculated, depend-
ing upon whether sediment load is less than or greater than
transport capacity (equations (11) and (12)).

5. The sediment continuity equation is solved for sediment
concentration (equation (6)).

6. Errors for velocity, water depth, and sediment concen-
tration, as compared to the corresponding values at the previ-
ous time step, are calculated. If one or more of the errors are
greater than the set values, we return to item 2 (above) for
another iteration. If any of the three errors is greater than that
for the previous iteration, the time increment for the calcula-
tion is shortened. The initial time step is 50 s and may go as
short as 0.5 s, depending upon the number of interations where
the time step is decreased. Otherwise, the same time increment
is kept for the next iteration. If the errors are all in the satis-
factory range, we continue to the next part (7) of the calculations.

7. Elevational changes are calculated from the sediment
source rate, i.e., detachment or deposition (equation (15)).

8. Width evolutions from deposition are calculated
(equation (19)).

9. Rill slopes are calculated from the newly obtained ele-
vation values (equation (5)).

10. Time steps are checked. If the desired number of time
steps or end of simulation is reached, stop. Otherwise, go back
to step 2 for the next time step.

3.3. Flume Experiments

A flume of approximately 8.5 m long and 0.6 m wide was
used for the experiments. The slope of the flume was adjust-
able. Cecil soil, a kaolinitic, sandy-clay loam, air dried then
sieved, was packed into the flume to an even depth of 20 cm to
imitate a uniformly sloped bed of homogeneous soil. A slight
“V” was shaped on the surface over the cross section of the bed
to ensure that water did not tend toward the outer edges of the
flume along its length. Experiments were made on three initial
slopes: 3, 5, and 7%. Clear water was introduced onto the
upper end of the bed. Water inflow rates of 7.6, 11.4, and 15.2
L min~! were used for each of the three slopes.

At each flow rate and slope, velocities and rill widths along
the rill and sediment concentration at the outlet were mea-
sured after the water flow was established. Velocities were
measured with fluorescent dye [King and Norton, 1992; Gilley et
al., 1990]. Velocity measurements at five contiguous sections
along the rill and two or three sediment samples were taken
from the outlet for each treatment. Rill widths were recorded
at each 30 cm interval.

Reynold’s numbers of the flow (Re = u h/v) ranged from
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approximately 400 to 5700, with 93% in the range greater than
500, 68% greater than 1000, and 33% greater than 2000. Gen-
erally, it is considered that channel flows with Re less than 500
are laminar, from 500 to 2000 fall in the transitional range, and
those greater than 2000 are fully turbulent [Chow, 1959]. This
classification is questionable for rill flows wherein flow depths
are small compared to the roughness element sizes [see, e.g.,
Bunte and Poesen, 1993]. In our case, flow depths ranged of the
order of 1 to 10 mm and exhibited significant variations in flow
depth along the rill for the same experimental treatment.

3.4. Boundary and Initial Conditions

Considering the experimental setup, the boundary condi-
tions for simulating the processes in the examples are listed as

Uxy = Ug

hx, = ho

cx, =0 (29)
ff_ _ S0, 1)
axl .. u(0, )h(0, t)

where u,, hgy, and S (0, t) are velocity, water depth, and
sediment source at the inlet. The parameters u, and A, are
restricted by the rate (g) of in-flow as

q = ughgwg

where w,, is the width at the inlet.
The initial conditions are given as

u(x,t=0)=u
hix,t=0)=h;
Ci(t = O) =0

(30)

and u; and h; can be set at any value, except that /; may not be
zero for use in (3).

3.5. Material Parameters

3.5.1. Detachment rate coefficient for the probability func-
tion. In order to apply the probabilistic detachment model to
the flume data it was necessary to determine the detachment
model parameters. Parameters for the detachment model had
been previously obtained using point detachment data [Near-
ing, 1991], but not for the Cecil soil. Nearing et al. [1991a] did
measure point detachment for the Cecil soil, however. The
data from that study were analyzed and used here to parame-
terize the detachment model. Optimization of parameters was
conducted as suggested by Nearing [1991] and values obtained
were as follows: the coefficient of variation of T, CV, was set
at 0.4; the coefficient of variation of 7, CV_, was set also at 0.4;
and the parameter K from (8) was optimized to a value of
440.54 kg m™>. Average tensile strength, T, was taken to be
1100 Pa, as was measured by Nearing et al. [1991b]. These
parameters produced a coefficient of determination, 7, of
0.998 between calculated (equation (8)) and measured [Near-
ing et al., 1991a] point detachment rates.

3.5.2. B: First-order deposition parameter. In sections of
the rill where sediment load was higher than the transport
capacity of the flow, the sediment sink term in (6) was calcu-
lated as a first-order function of the sediment load excess:

(3D

ac*/at = —Bc*
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Figure 2. Analysis of the first-order deposition coefficient, 3,
for the case of 5% slope and flow rate of 11.4 L min™ ™.

where B (s7') is a first-order, empirical, deposition parameter
and c* (kg m?) is excess sediment concentration, i.e., c* =
¢ — ¢, Where ¢, is the sediment concentration at transport
capacity. Numerical tests on the influence of different B values
on deposition were conducted and the results are shown in
Figure 2 for the case of constant, nonuniform rill width and
constant slope. Flow rate used was 15.2 L min~* and initial bed
slope was 7%. The appropriate value for 8 must produce a
pattern of deposition such as was observed in the rill; thus from
Figure 2 we determined that the appropriate g value for these
experiments will fall into the range from 1 to 6. Further study
is necessary to determine the best value of B in different
situations, but for purposes of this study we consider that using
a value of B = 3 was reasonable for our experimental condi-
tions.

3.5.3. D, Hydrodynamic dispersion coefficient of sedi-
ment. The hydrodynamic dispersion coefficient of sediment
is another important parameter in the sediment continuity
equation given by (6). Various D, values were tested so as to
determine the sensitivity of the calculations to D, and to select
an appropriate value. The results, as given in Figure 3 for the
case of varied rill width with constant slope, show that D,
ranging from 0.01 to 0.1 m* s~! gave reasonable results, i.e.,
sediment load changes downslope followed the pattern of dep-
osition observed in the rill. Flow rate used was 15.2 L min™'
and initial bed slope was 7%. From Figure 3 we see that the
sections of the sediment load curve which exhibit increasing
sediment load intersect with the decreasing transport capacity
curve, whereupon the sediment load decreases as expected. As
with the case of the deposition coefficient, the optimal value
for D, should be further studied with explicit experimental
data, but a D, of 0.01 to 0.1 m? s~ ! was apparently reasonable
for the given conditions. A value of 0.05 m* s™* for D, was
chosen for this study.
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3.6. Simulation Scenarios

We wrote the mathematical model and its finite element
solution in the form of a C++ program. For initial evaluation
of the model we compared model-computed velocities and
sediment concentrations to the measured data. Calibrations
were made as necessary. In order to investigate the spatial and
temporal evolution patterns of the rills we then performed
simulation for increasingly complex scenarios: (1) time invari-
ant and spatially uniform rill widths and bed slopes (eleva-
tions); (2) time invariant and spatially uniform widths, time
variable and spatially nonuniform slopes; (3) time invariant but
spatially nonuniform widths and time variable and spatially
nonuniform slopes; (4) time variable and spatially nonuniform
rill widths and bed slopes.

Simulations were conducted for three constant inflow rates
of 7.6, 11.4, and 15.2 L/min~! (2, 3, and 4 gallons per minute)
and each for three initial bed slopes of 3, 5, and 7%. -

4. Results and Discussion
4.1.

We made comparisons between experimental and simulated
data using the case of constant and nonuniform, measured rill
widths and constant slopes. Velocities were measured as aver-
aged values in each of five sections of equal lengths of the rill.
Sediment concentrations were averaged from the two or three
samples for each treatment.

Simulated velocities, as regressed, were nearly on a one-to-
one line with the experimental values, with 7> = 0.6185 (Fig-
ure 4).

Initial simulations showed a problem with the sediment
transport equation used in the model as applied to these data
(Figure 5). The model initially underpredicted sediment loads.
The reason for this may be simply that while the sediment
transport equation worked well in the study of Nearing et al.
[1997] on the log-log scale, a factor of 3 difference for any
individual data set is not unreasonable for this type of data. We
calibrated the sediment transport equation to the data in this

Comparisons of Simulations and Experiments

400 )  jnitial Slope = 7% TG (kg/m’)
Flow Rate = 15.2 /min —— Wiath(em)
————— D = 0.005
““ N  m—_————- D = 0.01
P ——— — —— D = 0.05
B 300 S T e
c = %
22
S
S ®
a9
3 200 —
-
oE ]
Q_-—
»n o
e o
£ @ 400 -
0 T T T T T T T )

0 2 4 6 8
Downslope Distance (m)

Figure 3. Analysis of the hydrodynamic dispersion coeffi-
cient, D, for the case of 5% slope and flow rate of 11.4 L
min~ %,
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experiment by simply increasing the sediment transport func-
tion (equation (9)) by a factor of 2.71.

Sediment results for the calibrated model are shown in Ta-
ble 1. The model followed the trends in the measured data
quite well. Sediment concentrations increased as a function of
bed slope for both the measured and simulated data. The
trends in sediment concentration as a function of flow rate
were not as definite. For the 3 and 7% slopes the 15.2 L min™!
flow rate showed a lower measured sediment concentration
than did the 11.4 L min~" flow rate. The model also showed a
similar trend for the 7% slope and showed nearly similar (31.5
versus 32.6 g L™ 1) concentrations for the 3% slope case for the
11.4 and 15.2 L min™"! flow rates, respectively. This result
illustrates the fact that hydraulics was the controlling influence
over erosion in the flume rather than flow rate per se. In these
cases the wider flow near the outlet of the flume for the 152 L
min~! case lowered the transporting capacity to a level near or
less than that for the 11.4 L min~* case. The effect is more or
less random, in the sense that wider and narrower regions of
the rill flow alternated along the flume length, and it so hap-
pened that the rill was wider at the flume end for the 152 L
min ™~ flow rate case for the 3 and 7% slope as compared to the
11.4 L min~! case. This result illustrates the importance of

spatial variability of flow patterns in apparent random varia-

tions of soil erosion measurements.

4.2. Time Invariant and Spatially Uniform
Rill Widths and Bed Slopes

For these trials feedback between soil detachment, changes
in bed morphology, and hydraulics were not allowed, which are
the implicit assumptions heretofore used in erosion modeling
[Nearing et al., 1989, 1990; Morgan et al., 1992; Morgan, 1995;
Misra and Rose, 1996]. When constant flow rate is introduced
into the rill, water depth and velocity after some period of time
are simulated as both constant and uniform, and hence sedi-
ment transport capacity is also uniform and constant (Figure
6a). The sediment load increases downslope gradually and
approaches the transport capacity. Likewise, detachment rate
decreases along the rill as the sediment load increases (Figure

0.8
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E °
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8 o"’
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P
= 0.2~ y =1.0156 x
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Figure 4. Measured and computed average flow velocities.
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Figure 5. Measured and computed sediment concentrations
for the calibrated and uncalibrated simulations.

6b), i.e., detachment rate is not uniform along the rill. This is
due to the sediment feedback relationship as discussed above
wherein detachment rate is inversely proportional to the sed-
iment load deficit with respect to transport capacity. If one
were to calculate the amount of sediment removed from the
bed over a period of time, the results would indicate a greater
loss of rill bed material at the upper end of the rill than at the
lower end (Figure 6¢). This case is obviously nonsensical in
terms of sediment mass balance and the assumption of con-
stant slope along the rill, and the results illustrate a fundamen-
tal problem and limitation associated with current rill and flow
detachment erosion models which do not take into account
changes in bed slope as erosion progresses.

4.3. Time Invariant and Spatially Uniform Widths and
Time Variable and Spatially Nonuniform Slopes

This case considers the influence of detachment and depo-
sition on changes and variations of rill bed slope, as well as the
influence of bed slope changes on the rill hydraulics and the
further influence of the hydraulics on detachment rates. It does
not, however, take into consideration variabilities in flow width
either in time or space. Initially, the transport capacity, detach-
ment rate, and elevation on the rill bed are the same as for the

Table 1. Sediment Concentrations From the Model
Calculations and the Measured Flume Data

Flow Sediment Concentrations, g L™!
Rate, Slope,
L min~! % Computed Measured
7.6 3 19.77 18.20
11.4 3 31.45 28.70
15.2 3 3259 27.60
7.6 5 59.63 54.78
11.4 5 68.62 60.45
15.2 5 76.85 81.00
7.6 7 79.18 102.25
11.4 7 139.21 147.52
15.2 7 130.74 139.30
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Figure 6a. Simulated transport capacity and sediment load
results for time invariant and spatially uniform rill widths and
bed elevations. Flow rate was 11.4 L/min and initial bed slope
was 5%.

previous case (Figures 7a, 7b, and 7c). Transport capacity is
constant along the bed length (Figure 7a), detachment rate is
maximum at the upper end of the bed where clear water enters,
and decreases to a very low value at the end of the bed (Figure
7b), and the slope is uniform and constant with distance (Fig-
ure 7c). As time progresses, however, material is eroded at a
greater rate from the upper end of the flume and the bed slope
changes (Figure 7c). The rill bed becomes flatter near ‘the
upper end, and the flattening extends farther downslope with
time. This effects a corresponding change in the flow hydrau-
lics, which translates to a change in both sediment transport
capacity (Figure 7a) and soil detachment rate (Figure 7b)
along the rill bed. Whereas during the initial stages of rill
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Figure 6b. Same as Figure 6a, except for detachment rates.
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Figure 6¢c. Same as Figure 6a, except for bed elevations.

erosion the detachment rate is greatly different along the bed,
the detachment rate after 83 min (in this case) is significantly
more homogeneous along the rill.

4.4. Time Invariant but Spatially Nonuniform Widths and
Time Variable and Spatially Nonuniform Slopes

In this case, the rill width is kept constant with respect to
time but is nonuniform; namely, the experimentally measured
widths along the rill are used. This case addresses the com-
plexity and physical reality of spatial variability associated with
rill flow hydraulics and morphology. Rill bed evolution in terms
of changes in the bed elevation and slope is computed as a
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Figure 7a. Simulated transport capacity and sediment load
results for time invariant and spatially uniform widths and time
variable and spatially nonuniform bed elevations. Flow rate
was 11.4 L min~! and initial bed slope was 5%.
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Figure 7b. Same as Figure 7a, except for detachment rates.

result of detachment and deposition, along with the changes in
hydraulics and subsequent erosion along the bed.

Results for a flow rate of 11.4 L min~* and slope of 5% are
illustrated in Figures 8a, 8b, and 8c. Transport capacity varies
along the rill bed largely as a function of the rill width initially
(Figure 8a) and later in the experiment according to both rill
width and local bed slope. Where the rill is narrow, transport
capacity is greater, and vice versa. The variations are quite
large. For these results computed sediment transport capacity
dropped from approximately 210 to 70 kg/m® in the distance
from 1.5 to 2 m rill length (Figure 8a). The abrupt changes
were even greater for the 3% slope, though less for the 7%
slope (results not shown).

The sediment load tends to follow, but lag, the downslope
variability in the sediment transport capacity. The sediment
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Figure 7c. Same as Figure 7a, except for bed elevations.
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Figure 8a. Simulated transport capacity and sediment load
results for time invariant and spatially nonuniform widths and
time variable and spatially nonuniform bed elevations. Flow
rate was 11.4 L min~ ' and initial bed slope was 5%.

load curves are somewhat damped relative to the transport
curves, however, and the downslope variability of the load is
not as great as that of the transport capacity. This is due to the
fact that within the model, detachment and deposition are
first-order functions of the difference between transport ca-
pacity and sediment load, with the added factor of sediment
dispersion. Whereas sediment transport capacity dropped
from 210 to 70 kg/m> between 1.5 and 2 m for 5% case (Figure
8b), as discussed above, calculated sediment load dropped only
from 160 to 120 kg/m> over the same distance.

Associated with the fluctuations in the sediment transport
capacity and sediment load is the fact that the rill has alter-
nating regions of detachment and deposition (Figure 8a). This
result was observed visually in the flume during the experi-
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Figure 8b. Same as Figure 8a, except for detachment rates.
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ments. The narrow areas of the rills were apparently scouring
the surface, while the wider regions were experiencing sedi-
ment deposition, and the two types of regions alternated down
the rill length. The previous cases discussed above where rill
width was modeled as being spatially uniform do not exhibit
this phenomenon and, in fact, do not allow for net deposition
at any point along the rill bed (Figures 6b and 7b).
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1T e Width (10 min)
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Elevation and Width (m)
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0 2 4 6 8
Downslope Distance (m)

Figure 9a. Simulated rill widths as a function of time for the

case of time variable and spatially nonuniform rill widths and
bed elevations for a flow rate of 11.4 L/min and 3% initial
slope.
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Figure 9b. Same as Figure 9a, except for 5% initial slope.

4.5. Time Variable and Spatially Nonuniform
Rill Widths and Bed Slopes

This case takes into account a further complexity of rill
evolution associated with the widening of the rill as deposited
material accumulates on the bed in the regions of deposition.
Deposition of sediment tends to increase the rill width and in
turn decrease both the flow velocity, depth, and transport ca-
pacity, which further enhances deposition. In other words,
once a deposition region is initiated, it may act as a self-
propagating phenomenon until it is limited by a minimum flow
depth. An effort was made here to simulate the width evolu-
tion as influenced by sediment deposition. Results are illus-
trated in Figures 9a, 9b and 9c for flow rate 11.4 L min~" and
slopes of 3, 5, and 7%, respectively. The initial rill widths are
the experimentally measured ones as adopted for the previous
case discussed above and then allowed to evolve as deposition
proceeds. The computed rill width increased in the deposi-
tional region, thus illustrating computationally the concept for
rill widening discussed above.

The rules for evolution of the rill width in this model are
limited to the case of rill widening in areas of deposition, but
the results are encouraging. More work is needed to better
define the limiting factors for rill widening and also for the
process of “rechanneling” to describe the rill scouring process
downstream of the depositional areas.

5. Summary

Rilling is a critical aspect of soil erosion and sediment trans-
port in upland areas. Therefore, to understand soil erosion
processes in a rill is of significance. Mathematical modeling, in
combination with controlled laboratory experiments (i.e., phys-
ical modeling), is one path toward a better understanding of
the rill. This study presents a mathematical representation of
the rill which is quite different from previous models in several
ways. This is a first attempt to develop an evolutionary model
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which “self-generates” changes in the rill morphology over
time and space. In addition to being a dynamic and a spatially
varied model, it links hydraulics, sediment redistribution, and
bed morphology in a dynamic feedback loop. The equations
allow for bed elevations and rill flow widths to change at
varying rates along the rill length as a function of erosional
processes.

In addition to the evolutionary aspect of the mathematical
model here presented, the equations also contain other new
characteristics which better describe the physics of the rill.
Although we know that turbulence is an integral and necessary
condition for detachment by flowing water [Nearing and Parker,
1994], and though the physics of the turbulent detachment
process is partially understood [Nearing, 1991}, turbulence has
not been specifically integrated into a working erosion model
as is done here. Also, the inclusion of the term in the sediment
continuity equation for sediment dispersion allows for new
theoretical exploration of that factor.

Limitations of the model are evident. Certainly one-
dimensionality places limits on the cross-sectional variability in
the rill structure and processes. Meandering is not modeled.
Although the model has capability of addressing many aspects
of soil erosion by water, further study as how to incorporate
headcuts, sidewall sloughing, width changes and stabilization
during scour, and rill narrowing as it leaves depositional re-
gions would enhance the model’s usefulness. The limitation of
the model relative to channel width adjustments is arguably the
weakest link in the model structure. Better knowledge of the
processes involved in rill width adjustments is needed. Also, we
need better data on the rates of rill width changes in order to
better evaluate the model’s predictions of morphological evo-
lution. As was mentioned previously, parameter values for the
sediment deposition (B8) and dispersion (D, ) terms need to be
physically defined based on direct experimental measurements.
In the current study, these values were determined solely by
conducting sensitivity analyses on the parameters and choosing
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reasonable values (Figures 2 and 3). Experiments and analysis
are also needed in order to understand why we needed to
introduce arbitrary values for minimum flow depth, 4 ,,;,,, in the
hydraulic calculations.

Despite these limitations, the model results point to some
interesting and clear implications. The simulations indicate
that in a rill with uniform initial conditions, including uniform
initial bed slope and uniform flow rate on a homogeneous soil
bed, random variations in rill width can cause variances in
transport capacity which cause differences in the source term
of the sediment continuity equation over time. The model
results for rill widening suggest that once the wider areas of the
rill begin to form, depositibn is enhanced and the wide areas
become wider. Detachment regions remain narrow, which is
conducive to detachment. Thus the rill does not tend toward a
uniform system but rather to one of alternating regions of
detachment and deposition which are self-propagating.

The fact that both sediment transport capacity and sediment
load vary in considerable amounts down the rill has significant
implications for field and laboratory measurements of erosion.
The results of this study imply that significant differences will
be obtained in sediment measurements even under very con-
trolled environmental (soil, moisture, slope, flow rate, etc.)
conditions. In other words, if we measure erosion from field
plots, for example, we can expect that there will be a significant
degree of variation between replicated plots which cannot and
should not be explained in terms of differences in the plot
characteristics. Some of the variation in replicated plots must
be due to random variations in flow patterns and erosional
distribution patterns in the rills on the plots. This degree of
natural variation should be expected and planned in setting up
erosion monitoring systems and in interpreting the results of
field studies. It might be expected, for example, that all erosion
simulation models when applied to field erosion data will ex-
hibit a degree of uncertainty which cannot be explained or
removed by “better” characterization of the erosion plot and
its inputs.

Another implication of this study is the uncertainty of cur-
rent erosion prediction in terms of the spatial variation of
erosion on hillslopes. The WEPP model, for example, portends
to provide estimates of erosion rates along a hillslope profile
[Flanagan and Nearing, 1995]. The results shown in this nu-
merical study of rill erosion indicate that the spatial distribu-
tion estimates from the WEPP and other models, which as-
sume no feedback between erosion and bed morphology, may
be in error.
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