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SUMMARY 

The t o p o l o g y  of s e v e r a l  t ypes  of m o d i f i e d  s u r f a c e s  o f  h e l i c a l  gear; a r e  
p roposed.  The m o d i f i e d  sur faces  a l l o w  a b s o r p t i o n  o f  l i n e a r  or  a l m o s t  l i n e a r  

=I- f u n c t i o n  o f  t ransmis ; ion  errs-s caused by gear  r n i s a l i g n m e n t ,  and improvement 
o f  t h e  c o n t a c t  o f  gear  t o o t h  s u r f a c e s .  P r i n c i p l e s  and c o r r e s p o n d i n g  programs 

l o p e d .  The r e s u l t s  o f  t h i s  i n v e s t i g a t i o n  a r e  i l l u s t r a t e d  w i t h  n u m e r i c a l  
examples.  

Ln 
0 
d- 
W 
I f o r  computer  a i d e d  s i m u l a t i o n  o f  meshing and c o n t a c t  o f  gears  have been deve- 

1 .  INTRODUCTION 

T r a d i t i o n a l  methods f o r  g e n e r a t i o n  of i n v o l u t e  h e l i c a l  gears  w i t h  p a r -  
a l l e l  axes p r o v i d e  deve loped r u l e d  t o o t h  s u r f a c e s  f o r  t h e  gear  i z e t h  ( f i g .  1 ) .  
The tooth surfaces c o n t a c t  each o t h e r  a t  e v e r y  i n s t a n t  a l o n g  a l i n e ,  L ,  t h a t  
i s  t h e  t a n g e n t  t o  t h e  h e l i x  on t h e  base c y l i n d e r .  The s u r f a c e  no rma ls  a l o n g  
L do n o t  change t h e i r  o r i e n t a t i o n .  The d i s a d v a n t a g e  o f  r e g u l a r  h e l i c a l  gears  
i s  t h a t  t h e y  a r e  very s e n s i t i v e  t o  m i s a l i g n m e n t s  such as t h e  c r o s s i n g  or i n t e r -  
s e c t i o n  o f  gear  axes .  The m i s a l i g n e d  gears  t r a n s f o r m  r o t a t i o n  w i t h  a l i n e a r  
f u n c t i o n  or t r a n s m i s s i o n  errors and t h e  b e a r i n g  c o n t a c t  i s  s h i f t e d  t o  t h e  edge 
o f  t e e t h .  The f r e q u e n c y  o f  t r a n s m i s s i o n  er rors  c o i n c i d e s  w i t h  t h e  f r e q u e n c y  
of  t h e  change of t e e t h  b e i n g  i n  mesh. The a c t u a l  c o n t a c t  r a t i o  ( t h e  average 
number o f  t e e t h  b e i n g  i n  mesh a t  e v e r y  i n s t a n t )  i s  close t o  one and i s  f a r  
from t h e  expec ted  v a l u e .  

These a r e  t h e  reasons  why we have t o  r e c o n s i d e r  t h e  c a n o n i c a l  i d e a s  on 
i n v o l u t e  h e l i c a l  gears  and m o d i f y  t h e i r  t o o t h  s u r f a c e s .  Crowning  t h e  gear  su r -  
f a c e  i s  needed t o  negate  t h e  e f f e c t s  o f  t r a n s m i s s i o n  e r r o r s  and t h e  s h i f t  o f  
c o n t a c t  between t h e  gear  t o o t h  s u r f a c e s .  D e v i a t i o n s  o f  s c r e w  i n v o l u t e  gear  
t o o t h  s u r f a c e s  t o  p r o v i d e  a new t o p o l o g y  t h a t  can reduce t h e  gear  s e n s i t i v i t y  
t o  m i s a l i g n m e n t  w i l l  be deve loped.  T h e o r e t i c a l l y  t h e  m o d i f i e d  t o o t h  s u r f a c e s  
w i l l  be i n  c o n t a c t  a t  e v e r y  i n s t a n t  a t  a p o i n t  i n s t e a d  o f  a l i n e .  A c t u a l l y ,  
due t o  t h e  t r a n s m i t t e d  l o a d  t h e  c o n t a c t  w i l l  be spread o v e r  an e l l i p t i c a l  a r e a  



whose d imens ions  may be c o n t r o l l e d .  Methods f o r  gear  t o o t h  s u r f a c e  g e n e r a t i o n  
t h a t  p r o v i d e  t h e  d e s i r a b l e  s u r f a c e  d e v i a t i o n  a r e  proposed.  For economica l  r e a -  
sons o n l y  t h e  p i n i o n  t o o t h  su r face  i s  m o d i f i e d  w h i l e  t h e  gear  t o o t h  su r face  i s  
k e p t  as a r e g u l a r  screw i n v o l u t e  s u r f a c e .  

2 .  SIMULATION OF M E S H I N G  

The i n v e s t i g a t i o n  o f  i n f l u e n c e  of gear  m i s a l i g n m e n t  r e q u i r e s  a n u m e r i c a l  
s o l u t i o n  for t h e  s i m u l a t i o n  o f  meshing and c o n t a c t  o f  gear  t o o t h  s u r f a c e s .  The 
b a s i c  i d e a s  o f  t h i s  method ( r e f .  2 )  a r e  as fol lows: 

( 1 )  The meshing o f  gear  t o o t h  s u r f a c e s  i s  c o n s i d e r e d  i n  a f i x e d  coor- 
d i n a t e  system, Sf .  U s u a l l y ,  t h e  genera ted  gear  t o o t h  s u r f a c e s  may be r e p r e -  
sen ted  i n  a t h r e e  p a r a m e t r i c  form w i t h  an a d d i t i o n a l  r e l a t i o n  between these  
parameters  - Gaussian c o o r d i n a t e s .  Such a form i s  t h e  r e s u l t  of r e p r e s e n t a -  
t i o n  of t h e  gear  t o o t h  s u r f a c e  as an enve lope  o f  t h e  f a m i l y  o f  t h e  tool  su r -  
face ( t h e  g e n e r a t i n g  s u r f a c e )  and two of t h e  t h r e e  Gaussian c o o r d i n a t e s  a r e  
i n h e r i t e d  from t h e  tool  s u r f a c e .  

The c o n t i n u o u s  tangency  o f  gear  t o o t h  s u r f a c e s  i s  r e p r e s e n t e d  by  t h e  
f o l l o w i n g  e q u a t i o n s  

- r ( l ) ( u l  ,e, '9, A ~ )  = r ( 2 . 1 )  

( 2 . 2 )  

( 2 . 3 )  

( 2 . 4 )  

Here:  U i  and 6 i  a r e  t h e  tool su r face  c u r v i l i n e a r  c o o r d i n a t e s ,  + j  i s  t h e  
pa ramete r  o f  m o t i o n  i n  t h e  p r o c e s s  of g e n e r a t i o n  o f  t h e  gear  t o o t h  s u r f a c e ,  8 i  
1 s  t h e  a n g l e  o f  r o t a t i o n  o f  t h e  gear  b e i n g  i n  mesh w i t h  t h e  m a t i n g  g e a r .  

Equa t ions  ( 2 . 1 )  t o  ( 2 . 4 )  p r o v i d e  t h a t  t h e  p o s i t i o n  v e c t o r s  r(I) and r(2) - - 
and s u r f a c e  u n i t  normals  

s u r f a c e s  i n  c o n t a c t  ( f i g .  2 ) .  V e c t o r  e q u a t i o n s  ( 2 . 1 )  and ( 2 . 2 )  y i e l d  f i v e  

independent  e q u a t i o n s  and t h e  t o t a l  e q u a t i o n  system i s  

and n ( 2 )  a r e  equa l  f o r  t h e  gear  tooth 
.., - 

An i n s t a n t a n e o u s  p o i n t  c o n t a c t  i n s t e a d  o f  a l i n e  c o n t a c t  i s  gua ran teed  i f  t h e  
Jacob ian  d i f f e r s  from z e r o ,  i . e .  i f 

( 2 . 6 )  
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i f  t h e  i n e q u a l i t y  e q u a t i o n  ( 2 . 6 )  i s  obse rved ,  t h e n  t h e  sys tem o f  e q u a t i o n  
( 2 . 5 )  may be s o l v e d  i n  t h e  ne ighborhood  of t h e  c o n t a c t  p o i n t  b y  f u n c t i o n s  

( 2 . 7 )  

These f u n c t i o n s  o f  c l a s s  
t h e  f i r s t  o r d e r ) .  F u n c t i o n s  ( 2 . 7 )  and e q u a t i o n s  ( 2 . 5 )  p r o v i d e  t h e  i n f o r m a t i o n  
o n  t h e  t r a n s m i s s i o n  e r r o r s  ( d e v i a t i o n  o f  $2($1)  from t h e  p r e s c r i b e d  l i n e a r  
f u n c t i o n )  and t h e  p a t h  of t h e  c o n t a c t  p o i n t  o v e r  t h e  gear  t o o t h  s u r f a c e .  

C1 ( a t  l e a s t  th.y have c o n t i n u o u s  d e r i v a t i v e s  o f  

For t h e  case when t h e  gear  tooth s u r f a c e  i s  a r e g u l a r  screw i n v o l u t e  
s u r f a c e ,  i t  may be d i r e c t l y  r e p r e s e n t e d  i n  a two-pa ramet r i c  form and t h e  
number o f  e q u a t i o n s  i n  sys tem ( 2 . 5 )  may be reduced t o  s i x .  

3 .  SIMULATION OF CONTACT 

Due t o  t h e  e l a s t i c  approach of t h e  gear  t o o t h  s u r f a c e s  t h e i r  c o n t a c t  i s  
spread o v e r  an e l l i p t i c a l  a r e a .  I t  i s  assumed t h a t  t h e  magn i tude o f  t h e  e l a s -  
t i c  approach i s  known from e x p e r i m e n t s  or may be p r e d i c t e d .  Knowing i n  a d d i -  
t i o n  t h e  p r i n c i p l e  c g r v a t u r e s  arid d i r e c t i o n s  for two c o n t a c t i n g  su r faces  a t  
t h e i r  p o i n t  o f  c o n t a c t  we may d e t e r m i n e  t h e  d imens ions  and o r i e n t a t i o n  o f  t h e  
c o n t a c t  e l l i p s e  ( r e f .  2 ) .  

The d e t e r m i n a t i o n  of p r i n c i p a l  c u r v a t u r e s  and d i r e c t i o n s  f o r  a s u r f a c e  
r e p r e s e n t e d  i n  a t h r e e - p a r a m e t r i c  form i s  a c o m p l i c a t e d  c o m p u t a t i o n a l  p rob -  
lem.  A s u b s t a n t i a l  s i m p l i f i c a t i o n  o f  t h i s  p rob lem may be a c h i e v e d  u s i n g  t h e  
r e l a t i o n s  between p r i n c i p l e  c u r v a t u r e s  and d i r e c t i o n s ,  and t h e  pa ramete rs  o f  
m o t i o n  f o r  two s u r f a c e s  b e i n g  i n  c o n t a c t  a t  a l i n e .  One o f  t h e  c o n t a c t i n g  su r -  
f a c e s  i s  t h e  too l  su r face  and t h e  o t h e r  i s  t h e  g e n e r a t e d  s u r f a c e .  

H e l i c a l  gea rs  w i t h  m o d i f i e d  gear  t o o t h  s u r f a c e s  w i l l  be des igned  as su r -  
f a c e s  b e i n g  i n  p o i n t  c o n t a c t  a t  e v e r y  i n s t a n t .  The p o i n t  of  c o n t a c t  t r a c e s  
o u t  on  t h e  s u r f a c e  a s p a t i a l  c u r v e  ( t h e  p a t h  o f  c o n t a c t )  whose l o c a t i o n  must  
be c o n t r o l l e d .  The t a n g e n t  t o  t h e  p a t h  o f  c o n t a c t  and t h e  d e r i v a t i v e  o f  t h e  
gear  r a t i o  d(m21(4) l> /d$2)  may be c o n t r o l l e d  by  u s i n g  t h e  r e l a t i o n s h i p  
between p r i n c i p l e  c u r v a t u r e s  and d i r e c t i o n s  f o r  t h e  two s u r f a c e s  t h a t  a r e  in 
p o i n t  c o n t a c t  ( r e f .  2 ) .  Here :  

i s  t h e  gear  r a t i o .  

3 



4.  PARTIAL COMPENSATION OF T R A N S M I S S I O N  ERRORS 

Nonmisa l igned gears  t r a n s f o r m  r o t a t i o n  w i t h  a c o n s t a n t  gear  r a t i o  m21 
and 

1 
0 N 1  

N2 
$ ( $ , = - +  2 1  

i s  a l i n e a r  f u n c t i o n .  Here :  N1 and N2 a r e  t h e  number o f  gea r  t e e t h .  An 
i n v e s t i g a t i o n  o f  t h e  e f f e c t  o f  h e l i c a l  gear  r o t a t i o n a l  a x i s  i n t e r s e c t i o n  o r  
c r o s s i n g  i n d i c a t e s  t h a t  $2 ($1>  becomes a p i e c e - w i s e  f u n c t i o n  wh ich  i s  n e a r l y  
l i n e a r  fo r  each c y c l e  o f  meshing ( f i g . 3 ( a > > .  The t r a n s m i s s i o n  er rors  a r e  
de te rm ined  by  

( 4 . 1 )  

and t h e y  a r e  a l s o  r e p r e s e n t e d  by  a p i e c e - w i s e  l i n e a r  f u n c t i o n  ( f i g .  3 ( b > ) .  Trans-  
m i s s i o n  errors o f  t h i s  t y q e  cause a d i s c o n t i n u i t y  o f  t h e  gear  a n g u l a r  v e l o c i t y  a t  
t r a n s f e r  p o i n t s  and v i b r a t i o n  becomes i n e v i t a b l e .  The new t o p o l o g y  o f  gear  t o o t h  
s u r f a c e s  proposed i n  t h i s  a r t i c l e  a l l o w s  t h e  a b s x p t i o n  o f  a l i n e a r  f u n c t i o n  o f  
t r a n s m i s s i o n  e r r o r s  t h a t  r e s u l t s  i n  a reduced  l e v e l  o f  v i b r a t i o n .  T h i s  i s  based 
on t h e  p o s s i b i l i t y  t o  abso rb  a l i n e a r  f u n c t i o n  by  a p a r a b o l i c  f u n c t i o n .  

Cons ide r  t h e  i n t e r a c t i o n  o f  a p a r a b o l i c  f u n c t i o n  g i v e n  by 

2 
= -a+, 

( 1 )  

w i t h  a l i n e a r  f u n c t i o n  r e p r e s e n t e d  by 

( 2 )  
= b@, 

( 4 . 2 )  

( 4 . 3 )  

The r e s u l t i n g  f u n c t i o n  

may be r e p r e s e n t e d  i n  a new c o o r d i n a t e  system by  ( f i g .  4): 

2 
Y2 = 

where 

( 4 . 5 )  

( 4 . 6 )  

( 1 )  We c o n s i d e r  t h a t  A@2 = -a$; i s  a p redes igned  f u n c t i o n  t h a t  e x i s t s  even i f  
/ ? \  

m isa l i gnmen ts  do n o t  appear .  The a b s o r p t i o n  o f  f u n c t i o n  A+;L’=  b+l by  t h e  

p a r a b o l i c  f u n c t i o n  A@z = -a@, means t h a t  gear  m i s a l i g n m e n t  does n o t  change ( 1  1 
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the predesigned parabolic function of transmission errors. 
function of transmission errors At$2 = At$2 
a parabolic function although the gears are misaligned. 
of transmission errors 42(41) 

function is accompanied by the change of transfer points. 
determine the positions of the gears where one pair of teeth is rotating out 
of mesh and the next pair is coming into mesh. The change of transfer points 
for the pinion is determined as 

Thus the resulting 
will keep its shape as 

may be obtained by translation of the parabola 
The absorption of a linear function of transmission errors by a parabolic 

The transfer points 

(’) + 

The resulting function 

2 and for the gear b. 
4a 

The cycle of meshing 

of one pair of teeth is given by: $1 = 6 2a i e  1,2. It may happen that the 
absorption of a linear function by a parabolic function is accompanied with a 
change that is too large. 
parabolic function of transmission errors, 92(91), will be represented as a 
discontinuous function for one cycle of meshing (fig. 5). To avoid this, it 
is necessary to limit the tolerances for gear misalignment. 

If this occurs the transfer points and the resulting 

5. MISALIGNMENT OF REGULAR HELICAL GEARS 

The computer aided simulation of meshing of misaligned helical gears with 
regular tooth surfaces shows: (1) the bearing contact is shifted to the edge 
of the tooth, and (2) transformation of rotation is accompanied with large 
transmission errors. There are two sub-cycles of meshing during the complete 
meshing cycle for one pair of teeth. 
ing of (1) a curve with a surface, and (2) a point with a surface. The curve 
is the involute curve at the edge of the tooth of the gear and the point is 
the tip of the gear tooth edge. The transmission errors for the period of a 
cycle are represented by two linear functions (fig. 6). The transformation of 
rotation will be accompanied with a jump of the angular velocity of the driven 
gear and therefore vibrations are inevitable. 

These sub-cycles correspond to the mesh- 

The results of computation are presented for the following case: 
Given: 
the normal pressure angle i s  q~,, = 20°.  
angle by = 5 arc minutes. The computed transmission errors are represented in 
table 5.1. 

the number of teeth are N1 = 20, N2 = 40 the helix angle is B = 15O, 
The gear axes are crossed and form an 

6. SURFACE DEVIATION BY THE CHANGE OF PINION LEAD 

A method of reducing the sensitivity to misalignment for the case of 
crossed helical gears i s  surface deviation by the change of pinion lead. The 
crossing angle y is chosen with respect to the expected tolerances of the 
gear misalignment ( y  i s  the range of 10 to 15 arc minutes). The gear ratio 
for helical gears with crossed axes may be represented by (ref. 2): 

5 



I '  

( 6 . 1 )  

where r b i  and x b i  a r e  t h e  r a d i u s  o f  t h e  base cy1 i n d e r  and t h e  l e a d  a n g l e  on  
t h i s  c y l i n d e r ,  i a  1,2. 
p i t c h  c y l i n d e r .  
h e l i c a l  gea rs  i s  t h a t  t h e  gear  r a t i o  i s  n o t  changed by  t h e  m i s a l i g n m e n t  ( b y  t h e  
change o f  y ) .  The d i s a d v a n t a g e  o f  t h i s  t y p e  o f  s u r f a c e  d e v i a t i o n  i s  t h a t  
l o c a t i o n  o f  t h e  b e a r i n g  c o n t a c t  o f  the  gears  i s  v e r y  s e n s i t i v e  t o  gear  m i s -  
a l i g n m e n t .  
c o n t a c t  t o  t h e  edge o f  t h e  t o o t h  ( f i g .  7 ) .  

i s  t h e  l e a d  a n g l e  on  t h e  
Here: The advantage 01 t h i s  t ype  o f  s u r  ace d e v i a t i o n  f o r  c r o s s e d  

IXp2 - X 1 1  = y .  

A s l i g h t  change o f  t h e  c r o s s i n g  a n g l e  causes s h i f t i n g  o f  t h e  

The d i s c u s s e d  t y p e  o f  s u r f a c e  d e v i a t i o n  i s  reasonab le  t o  a p p l y  f o r  manu- 
f a c t u r i n g  o f  expens ive  r e d u c e r s  o f  l a r g e  d imens ions  when t h e  l e a d  o f  t h e  p i n i o n  
can be a d j u s t e d  by  r e g r i n d i n g .  Parameters r b l  and Xbl  a r e  changed f o r  
r e g r i n d i n g .  
r b l  s i n  Ab1 i s  n o t  changed b y  r e g r i n d i n g .  Then, t h e  gear ,  r a t i o  M21 
w i l l  be o f  t h e  p r e s c r i b e d  v a l u e  and t r a n s m i s s i o n  e r r o r s  caused by  t h e  c r o s s i n g  
o f  t h e  axes w i l l  be z e r o .  

However, t h e  pa ramete rs  must be a d j u s t e d  so t h a t  t h e  p r o d u c t  o f  

T h e o r e t i c a l l y ,  t r a n s m i s s i o n  e r r o r s  a r e  i n e v i t a b l e  i f  t h e  axes of c r o s s e d  
h e l i c a l  gea rs  become i n t e r s e c t e d .  A c t u a l l y ,  i f  gear  m i s a l i g n m e n t  i s  o f  t h e  
range  o f  5 t o  10 a r c  m i n u t e s ,  t h e  t r a n s m i s s i o n  errors a r e  v e r y  sma l l  and may be 
n e g l e c t e d .  
o f  t h e  b e a r i n g  c o n t a c t  t o  t h e  edge ( f i g .  7 ) .  

The main  p r o b l e m  for  t h i s  t y p e  o f  m i s a l i g n m e n t  i s  a g a i n  t h e  s h i f t  

7 .  GENERATION OF P I N I O N  TOOTH SURFACE BY A SURFACE OF REVOLUTION 

The purpose o f  t h i s  method for d e v i a t i o n  o f  t h e  p i n i o n  t o o t h  su r face  i s :  
( 1 )  t o  reduce  t h e  s e n s i t i v i t y  o f  t h e  gears  t o  m i s a l i g n m e n t ;  ( 2 )  keep t r a n s -  
m i s s i o n  e r r o r  t o  a low l e v e l ;  and (3) s t a b i l i z e  t h e  b e a r i n g  c o n t a c t .  T h i s  
I n v e s t i g a t i o n  shows t h a t  t hese  g o a l s  may be ach ieved  by  t h e  proposed method of 
c rown ing .  However, w i t h  t h i s  method t h e  i n s t a n t a n e o u s  c o n t a c t  e l l i p s e  moves 
a c r o s s  b u t  n o t  a l o n g  t h e  s u r f a c e  ( f i g .  8 ) .  T h e r e f o r e  t h e  b e a r i n g  c o n t a c t  can- 
n o t  c o v e r  t h e  whole s u r f a c e .  

The proposed method f o r  g e n e r a t i o n  i s  based on t h e  f o l l o w i n g  c o n s i d e r a -  
t i o n .  I t  i s  w e l l  known t h a t  t h e  g e n e r a t i o n  o f  a h e l i c a l  gear  may be per fo rmed 
b y  an i m a g i n a r y  r a c k - c u t t e r  w i t h  skew t e e t h  whose normal s e c t i o n  r e p r e s e n t s  a 
r e g u l a r  r a c k - c u t t e r  f o r  spu r  gea rs  ( f i g .  9 ( a > > .  We may imag ine  t h a t  two gen- 
e r a t i n g  s u r f a c e s ,  Cg  and C p ,  a r e  a p p l i e d  t o  g e n e r a t e  t h e  gear  t o o t h  su r -  
f a c e  and t h e  p i n i o n  t o o t h  s u r f a c e ,  r e s p e c t i v e l y  ( f i g .  9 ( b > > .  S u r f a c e  C g  i s  a 
p l a n e  ( a  r e g u l a r  r a c k - c u t t e r  s u r f a c e ) ,  and C p  i s  a cone s u r f a c e .  Sur faces 
Cg and C p  a r e  r i g i d l y  connected  and p e r f o r m  t r a n s l a t i o n a l  m o t i o n ,  w h i l e  t h e  
p i n i o n  and t h e  gear  r o t a t e  abou t  t h e i r  axes ( f i g .  10). The g e n e r a t e d  p i n i o n  and 
gear  w i l l  be i n  p o i n t  c o n t a c t  and t r a n s f o r m  r o t a t i o n  w i t h  t h e  p r e s c r i b e d  l i n e a r  
f u n c t i o n  4 2 ( # 1 ) .  However, due t o  gear  m i s a l i g n m e n t ,  f u n c t i o n  42 (41 )  becomes 
a p i e c e w i s e  f u n c t i o n  ( f i g .  3 ( a > )  t h a t  i s  n o t  a c c e p t a b l e .  To absorb  a l i n e a r  
f u n c t i o n  o f  t r a n s m i s s i o n  e r r o r s  ( 3 ( b > ) ,  a p redes igned  p a r a b o l i c  f u n c t  on  of 
t r a n s m i s s i o n  e r r o r s  i s  used.  For t h i s  reason a s u r f a c e  o f  r e v o l u t i o n  t h a t  
s l i g h t l y  d e v i a t e s  from t h e  cone s u r f a c e  i s  p roposed ( f i g .  9 ( c ) ) .  The r a d i u s  
o f  t h e  s u r f a c e  o f  r e v o l u t i o n  i n  i t s  a x i a l  s e c t i o n  de te rm ines  t h e  l e v e  of t h e  
p r e d e s i g n e d  p a r a b o l i c  f u n c t i o n .  
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The meshing o f  gears  u s i n g  t h e  c rown ing  method d e s c r i b e d  i n  t h i s  s e c t i o n  
has been s i m u l a t e d  b y  n u m e r i c a l  methods.  The r e s u l t s  o f  t h e  i n v e s t i g a t i o n  a r e  
i l l u s t r a t e d  w i t h  t h e  f o l l o w i n g  example.  

G iven :  number o f  p i n i o n  t e e t h  N1 = 20, number o f  gear  t e e t h  N2 = 40, 
d i a m e t r a l  p i t c h  i n  normal  s e c t i o n  Pn = 10 i n - l ,  p r e s s u r e  a n g l e  i n  normal  
s e c t i o n  q n  = Z O O ,  h e l i x  a n g l e  I3 = 15O. The p i n i o n  t o o t h  i s  crowned by  
r e v o l u t e  s u r f a c e  w i t h  g e n e r a t r i x  a r c  p = 30 i n .  The r e v o l u t e  s u r f a c e  i s  
d e v i a t e d  from a cone (compar ing  C p  i n  f i g s .  9 ( b >  and ( c ) ) .  The cone has 
h a l f  apex a n g l e  CL = 20° and b o t t o m  r a d i u s  R = 10.6 i n .  

The t o p o l o g y  of t h e  p i n i o n  t o o t h  s u r f a c e  p r o v i d e s  a p a r a b o l i c  t y p e  o f  p r e -  
des igned  t r a n s m i s s i o n  errors w i t h  d = 6 a r c  seconds ( f i g .  4 ( a ) )  and a p a t h  
c o n t a c t  t h a t  i s  d i r e c t e d  ac ross  t h e  t o o t h  s u r f a c e  ( f i g .  8 ) .  

The i n f l u e n c e  o f  gear  m i s a l i g n m e n t  has been i n v e s t i g a t e d  w i t h  t h e  deve- 
l o p e d  computer  p rogram and t h e  r e s u l t s  of c o m p u t a t i o n  a r e  r e p r e s e n t e d  i n  t a b l e  
7 . 1  and 7 . 2  f o r  c rossed  and i n t e r s e c t e d  gear  axes ,  r e s p e c t i v e l y .  The m i s a l i g n -  
ment o f  gear  axes i s  5 a r c  m i n u t e s .  

The r e s u l t s  o f  compu ta t i on  show t h a t  t h e  r e s u l t i n g  f u n c t i o n  o f  t r a n s -  
m i s s i o n  e r r o r s  i s  a p a r a b o l i c  one.  Thus t h e  l i n e a r  f u n c t i o n  o f  t r a n s m i s s i o n  
e r r o r s  t h a t  was caused by  gear  m i s a l i g n m e n t  has been absorbed by t h e  prede-  
s i g n e d  p a r a b o l i c  f u n c t i o n .  

8 .  CROWNED HELICAL P I N I O N  W I T H  LONGITUDINAL P A T H  CONTACT 

A l o n g i t u d i n a l  p a t h  o f  c o n t a c t  means t h a t  t h e  gear  t o o t h  su r faces  a r e  i n  
c o n t a c t  a t  a p o i n t  a t  e v e r y  i n s t a n t  and t h e  i n s t a n t a n e o u s  c o n t a c t  e l l i p s e  
moves a l o n g  b u t  n o t  ac ross  t h e  s u r f a c e  ( f i g .  l l ( i )) .  I t  can be expec ted  t h a t  
t h i s  t y p e  of c o n t a c t  p r o v i d e s  improved c o n d i t i o n s  of l u b r i c a t i o n .  I J n t i l  now 
o n l y  t h e  N o v i k o v - W i l d h a b e r ' s  gears  c o u l d  p r o v i d e  a l o n g i t u d i n a l  p a t h  o f  con- 
t a c t .  A d i sadvan tage  o f  Nov ikov -Wi ldhaber  g e a r i n g  i s  t h e i r  s e n s i t i v i t y  t o  t h e  
change o f  t h e  c e n t e r  d i s t a n c e  and axes m i s a l i g n m e n t .  The s e n s i t i v i t y  t o  non- 
i d e a l  o r i e n t a t i o n  o f  t h e  meshing gears  cause a h i g h e r  l e v e l  o f  gear  n o i s e  i n  
compar ison  w i t h  r e g u l a r  i n v o l u t e  h e l i c a l  g e a r s .  L i t v i n  e t  a l .  ( r e f .  3)  pro -  
posed a compromis ing  t y p e  of nonconformal  h e l i c a l  gea rs  t h a t  may be p l a c e d  
between r e g u l a r  h e l i c a l  gea rs  and Nov ikov-Wi ldhaber  h e l i c a l  g e a r s .  The gears  
of t h e  proposed gear  t r a i n  a r e  t h e  c o m b i n a t i o n  of r e g u l a r  i n v o l u t e  h e l i c a l  
gear  and a s p e c i a l l y  crowned h e l i c a l  p i n i o n .  The i n v e s t i g a t i o n  o f  t r a n s m i s s i o n  
errors for h e l i c a l  gears  w i t h  a l o n g i t u d i n a l  p a t h  of c o n t a c t  shows t h a t  t h e i r  
good b e a r i n g  c o n t a c t  i s  accompanied w i t h  an u n d e s i r a b l e  i n c r e a s e d  l e v e l  o f  
l i n e a r  t r a n s m i s s i o n  errors.  The a u t h o r s  p ropose t o  compensate t h i s  d i sadvan-  
tage  by  a p redes igned  p a r a b o l i c  f u n c t i o n  o f  t r a n s m i s s i o n  er rors  t h a t  w i l l  
absorb  t h e  l i n e a r  f u n c t i o n  o f  t r a n s m i s s i o n  er rors  (see  s e c t i o n  4 ) .  The two 
f o l l o w i n g  methods f o r  d e r i v a t i o n  o f  t h e  p i n i o n  t o o t h  s u r f a c e  w i t h  t h e  m o d i f i e d  
t o p o l o g y  w i l l  now be c o n s i d e r e d .  

Method 1 

Cons ide r  t h a t  two r i g i d l y  connected  g e n e r a t i n g  s u r f a c e s ,  C g  and Zp ,  
a r e  used f o r  t h e  g e n e r a t i o n  o f  t h e  gear  and t h e  p i n i o n ,  r e s p e c t i v e l y  ( f i g .  l l ( b > > .  
S u r f a c e  C g  i s  a p l a n e  and r e p r e s e n t s  t h e  s u r f a c e  o f  a r e g u l a r  r a c k -  
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c u t t e r ;  s u r f a c e  C p  
c i r c u l a r  a r c .  We may imag ine  t h a t  w h i l e  s u r f a c e s  C g  and C p  t r a n s -  
l a t e ,  as t h e  p i n i o n  and t h e  gear  r o t a t e  abou t  t h e i r  axes.  To p r o v i d e  t h e  p r e -  
des igned  p a r a b o l i c  f u n c t i o n  of t r a n s m i s s i o n  errors i t  i s  necessa ry  t o  obse rve  
t h e  f o l l o w i n g  t r a n s m i s s i o n  f u n c t i o n s  by g e n e r a t i o n  

i s  a c y l i n d r i c a l  s u r f a c e  whose c r o s s - s e c t i o n  i s  a 

Here:  ~ ( l )  and a r e  t h e  a n g u l a r  v e l o c i t i e s  o f  p i n i o n  and gear  d u r i n g  
c u t t i n g ;  V i s  t h e  v e l o c i t y  o f  t h e  r a c k - c u t t e r  i n  t r a n s l a t i o n a l  m o t i o n ;  N 1  
and N2 a r e  t h e  gear  and p i n i o n  t o o t h  numbers; $1 i s  t h e  a n g l e  o f  
r o t a t i o n  o f  t h e  p i n i o n  d u r i n g  c u t t i n g .  The genera ted  gears  w i l l  be i n  p o i n t  
c o n t a c t  a t  e v e r y  i n s t a n t  and t r a n s f o r m  r o t a t i o n  w i t h  t h e  f u n c t i o n  

(8.2) 

T h i s  f u n c t i o n  r e l a t e s  t h e  ang les  o f  r o t a t i o n  o f  t h e  p i n i o n  and t h e  g e a r ,  
$ 1  and $2,  r e s p e c t i v e l y ,  f o r  one c y c l e  o f  meshing.  The p r e d e s i g n e d  f u n c t i o n  
o f  t r a n s m i s s i o n  er rors  i s  

2 
A$2 = -a+, ( 8 . 3 )  

I t  i s  e v i d e n t  t h a t  a f t e r  d i f f e r e n t i a t i o n  o f  f u n c t i o n  (8.2) we o b t a i n  t h a t  t h e  
gear  r a t i o  u(~)/u(’) s a t i s f i e s  e q u a t i o n  ( 8 . 1 ) .  

To a p p l y  t h i s  method o f  g e n e r a t i o n  i n  p r a c t i c e  i t  i s  necessa ry  t o  v a r y  t h e  
a n g u l a r  v e l o c i t y  o f  t h e  p i n i o n  i n  t h e  p rocess  o f  i t s  g e n e r a t i o n .  T h i s  may be 
accompl ished by  a computer  c o n t r o l l e d  machine f o r  c u t t i n g .  

Method 2 

The d e r i v a t i n n  o f  t h e  crowned p i n i o n  t o o t h  s u r f a c e  i s  based on two s tages  
o f  s y n t h e s i s .  On t h e  f i r s t  s tage  i t  i s  assumed t h a t  o n l y  one g e n e r a t i n g  s u r -  
f a c e ,  p l a n e  C , i s  used t o  g e n e r a t e  b o t h  m a t i n g  s u r f a c e s  - gear  t o o t h  s u r -  
f a c e ,  C2, and ?he p i n i o n  t o o t h  s u r f a c e ,  
p a r a b o l i c  f u n c t i o n  o f  t r a n s m i s s i o n  e r r o r s ,  t h e  v e l o c i t  V i n  t r a n s l a t i o n a l  
m o t i o n  o f  C and t h e  a n g u l a r  v e l o c i t i e s  ~ ( 2 )  and o f  12 and 11 

and 
p i e c e w i s e  f u n c t i o n  ( 8 . 2 ) .  

t a c t  and s u b s t i t u t e  t h e  i n s t a n t a n e n o u s  l i n e  c o n t a c t  by  t h e  p o i n t  c o n t a c t .  T h i s  
becomes p o s s i b l e  i f  t h e  p i n i o n  t o o t h  s u r f a c e  w i l l  d e v i a t e d  as i t  i s  shown i n  
f l g u r e  l l ( c ) .  
11. The d e v i a t i o n  o f  C 1  w i t h  r e s p e c t  t o  11 may be accompl ishFd i n  v a r i o u s  
ways, f o r  i n s t a n c e ;  i n  such a way, t h a t  t h e  c r o s s - s e c t i o n  o f  11 i s  j u s t  a 

11. To p r o v i d e  t h e  p r e d e s i g n e d  

a r e  r e l a t e d  8 y e q u a t i o n  ( 8 . 1 ) .  Then, t h e  genera ted  gear  t o o t h  su r faces ,  C 1  
C2, w i l l  be i n  l i n e  c o n t a c t  a t  e v e r y  i n s t a n t  and t r a n s f o r m  r o t a t i o n  w i t h  t h e  

C)n t h e  second s tage  o f  s y n t h e s i s  i t  i s  necessa ry  t o  l o c a l i z e  t h e  b e a r i n g  con- 

O n l y  a ni,trrow s t r i p ,  L, w i l l  be k e p t  w h i l e  C 1  w i l l  be changed i n t o  
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c i r c u l a r  a r c .  The g e n e r a t i o n  of Z i  r e q u i r e s  a computer  c o n t r o l l e d  machine 
t? r e l a t e  t h e  m o t i o n s  of t h e  tool  su r face  and b e i n g  genera ted  p i n i o n  s u r f a c e  
11. The tool  su r face  ( i t  may be j u s t  a p l a n e )  and 11 w i l l  be t h e  p o i n t  
c o n t a c t  i n  t h e  p rocess  o f  g e n e r a t i o n  ( r e f .  4 ) .  

Comparing t h e  two methods for  t h e  g e n e r a t i o n  o f  t h e  p i n i o n  t o o t h  s u r f a c e ,  
i t  may be conc luded  t h a t  b o t h  p r o v i d e  a l o c a l i z e d  b e a r i n g  c o n t a c t ,  a l o n g i t u -  
d i n a l  p a t h  o f  c o n t a c t  and p r e d e s i g n e d  p a r a b o l i c  f u n c t i o n  o f  t r a n s m i s s i o n  e r r o r .  
The d i f f e r e n c e  between t h e s e  methods i s  t h a t  t h e  too l  and p i n i o n  t o o t h  s u r f a c e s  
a r e  i n  l i n e  c o n t a c t  by  a p p l y i n g  t h e  f i r s t  method f o r  g e n e r a t i o n  and i n  p o i n t  
c o n t a c t  by t h e  second one.  The d i s a d v a n t a g e  o f  b o t h  methods f o r  c r o w n i n g  o f  
t h e  p i n i o n  i s  t h a t  t h e  t r a n s m i s s i o n  e r r o r s  caused by  gear  m i s a l i g n m e n t  a r e  
l a r g e  and i t  i s  necessa ry  t o  fo resee  a h i g h  l e v e l  of t h e  p r e d e s i g n e d  p a r a b o l i c  
f u n c t i o n  f o r  t h e  a b s o r p t i o n  of t r a n s m i s s i o n  errors.  T h i s  i s  i l l u s t r a t e d  w i t h  
t h e  f o l l o w i n g  example. 

G iven  ( t h e  d a t a  i s  from r e f .  3 ) ;  p i n i o n  t o o t h  number N1 = 12, year  
t o o t h  number N2  = 94; d i a m e t r a l  p i t c h  i n  normal  s e c t i o n  Pn = 2 i n -  , 
p r e s s u r e  a n g l e  i n  normal  s e c t i o n  y n  = 30"; h e l i x  a n g l e  5 = 15". 

The p i n i o n  t o o t h  s u r f a c e  i s  a crowned su r face  whose c r o s s - s e c t i o n  i s  an 
a r c  o f  a c i r c l e  o f  t h e  r a d i u s  0 .3584.  The p redes igned  p a r a b o l i c  f u n c t i o n  i s  
o f  t h e  l e v e l  d = 25  a r c  seconds ( f i g .  4 ( a ) > .  

Cons ide r  now t h a t  t h e  axes of t h e  gear  and t h e  p i n i o n  a r e  c r o s s e d  and t h e  
c r o s s i n g  a n g l e  i s  3 a r c  m i n u t e s .  The computer  p rogram for t h e  s i m u l a t i o n  o f  
meshing p r o v i d e s  t h e  d a t a  o f  t r a n s m i s s i o n  e r r o r s  t h a t  i s  g i v e n  i n  t a b l e  8 .1 .  
The d a - a  o f  t a b l e  8 . 1  shows t h a t  t h e  r e s u l t i n g  f u n c t i o n  o f  t r a n s m i s s i o n  e r r o r s  
i s  a p a r a b o l i c  f u n c t i o n .  Thus, t h e  l i n e a r  f u n c t i o n  o f  t r a n s m i s s i o n  errors 
caused by m i s a l i g n m e n t  o f  gear  axes has been absorbed by t h e  p r e d e s i g n e d  pa ra -  
b o l i c  f u n c t i o n .  

Tab le  8 . 2  r e p r e s e n t s  t h e  t r a n s m i s s i o n  e r r o r s  f o r  t h e  same h e l i c a l  gea rs  
for  t h e  case when t h e  gear  axes a r e  i n t e r s e c t e d  and form an a n g l e  o f  3 a r c  
m i n u t e s .  The r e s u l t i n g  f u n c t i o n  o f  t r a n s m i s s i o n  e r r o r s  i s  a g a i n  a p a r a b o l i c  
f u n c t l o n  w i t h  t h e  l e v e l  d = 2 6 . 2  a r c  seconds. The r e l a t i v e l y  h i g h  l e v e l  o f  
t r a n m i s s i o n  errors i s  t h e  p r i c e  t h a t  must  be p a i d  for  t h e  l o n g i t u d i n a l  p a t h  o f  
c o n t a c t .  However, t h e  proposed t o p o l o g y  of t h e  p i n i o n  t o o t h  s u r f a c e  p r o v i d e s  
a r e d u c t i o n  of t h e  l e v e l  o f  gea r  n o i s e  s i n c e  t h e  l i n e a r -  f u n c t i o n  o f  t r a n s m i s -  
s i o n  errors i s  s u b s t i t u t e d  b y  a p a r a b o l i c  f u n c t i o n .  

8 .  CONCLUSION 

A new t o p o l o g y  has been deve loped  f o r  s e v e r a l  t ypes  o f  h e l i c a l  g e a r s .  
P r i n c i p l e s  of computer  a i d e d  s i m u l a t i o n  of meshing, c o n t a c t ,  and r e s p e c t i v e  
computer  programs have a l s o  been deve loped.  These i d e a s  have been a p p l i e d  fo r  
h e l i c a l  gea rs  w i t h  m o d i f i e d  gear  t o o t h  s u r f a c e s  t h a t  a l l o w  a r e d u c t i o n  o f  
t r a n s m i s s i o n  e r r o r s  and improve t h e  b e a r i n g  c o n t a c t .  The r e s u l t s  o f  n u m e r i c a l  
examples o f  crowned h e l i c a l  gea rs  show t h a t  t h e i r  s y n t h e s i s  s h o u l d  be based on 
a compromise between t h e  r e q u i r e m e n t s  of t r a n s m i s s i o n  errors and t h e  p a t t e r n s  
of t h e  b e a r i n g  c o n t a c t .  
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FIGURE 5. - DISCONTINUED PARABOLIC FUNCTION OF TRANS- 
MISSION ERRORS. 

FIGURE 6. - TRANSMISSION ERROR OF HELICAL GEARS. 
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FIGURE 11, - HELICAL GEAR AND GENERATING 
TOOL SURFACE. 
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