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Abstract

I present a matching model with heterogeneous workers, firms, and worker-fim
matches. The model generalizes the seminal Jovanovic (1979) model to the case of
heterogeneous agents. The equilibrium wage is linear in a person-specific component,
a firm-specific component, and a match specific component that varies with tenure.
Under certain conditions, the equilibrium wage takes a simpler structure where the
match specific component does not vary with tenure. I discuss fixed- and mixed-
effect methods for estimating wage models with this structure on longitudinal linked
employer-employee data. The fixed effect specification relies on restrictive identification
conditions, but is feasible for very large databases. The mixed model requires less
restrictive identification conditions, but is feasible only on relatively small databases.
Both the fixed and mixed models generate empirical person, firm, and match effects
with characteristics that are consistent with predictions from the matching model; the
mixed model moreso than the fixed model. Shortcomings of the fixed model appear to
be artifacts of the identification conditions.



1 Introduction

Recent developments in the creation and analysis of longitudinal linked employer-employee
data have created new opportunities for modeling labor markets. Chief among these, linked
employer-employee data provide an environment to formally model wages and employment
as equilibrium outcomes. Arguably of equal importance, the longitudinal nature of these
data provide a means to accomodate heterogeneity — both observed and unobserved — on
both sides of the market. In combination, empirical equilibrium models with heterogeneous
agents promise to give fresh insight into almost all aspects of the labor market. To date,
however, empirical analyses on longitudinal linked data have focused on either equilibrium
aspects or heterogeneity aspects, but rarely the two together.

This purpose of this paper is twofold. First, I present a matching model with hetero-
geneous workers, firms, and worker-firm matches. With a simple production technology
and Nash bargained wage, equilibrium wages are linear in a worker-specific component, a
firm-specific component, and a match-specific component. In the second part of the paper,
I present methods for estimating a wage model with this structure and some preliminary
empirical results.

The behavioral model generalizes the seminal Jovanovic (1979) matching model to the
case of heterogeneous workers and firms. Worker and firm types are observable when the
worker and firm meet. However, agents learn the value of match quality slowly by observ-
ing production outcomes. Firms employ many workers. All separations are endogenous,
occurring when agents learn that match quality is low.

The model is related to the literature on heterogeneous search and matching. A recent
survey of this literature is Burdett and Coles (1999). Two themes emerge from work in
this area: there are externalities due to heterogeneous matching, and assortative matching
arises only under certain conditions. Gautier (2000), Sattinger (1995), and Shimer and
Smith (2001) focus on the externality which arises when heterogeneous agents enter into
matches. When a worker of some type x matches with a firm of some type y, there is one
less type x worker and one less type y firm with whom other agents can match. When search
frictions are present, this externality can result in inefficient assignment of workers to jobs.
Albrecht and Vroman (forthcoming) and Shimer and Smith (2000) consider the conditions
under which two-sided search with heterogeneous agents generates assortative matching.!
These conditions are generally more restrictive than those proposed by Becker (1973) for the
full information (no search friction) case.

There is considerable variation in the heterogeneity structures considered by other au-
thors. In no instance is there a distinction between firm heterogeneity and worker-firm match
heterogeneity — roughly speaking, a firm is a job or collection of independent jobs. In this
case, there is little to be gained by modeling firms who employ many workers. Consequently,
most model firms who employ a single worker. Albrecht and Vroman (forthcoming), Gau-

! Assortative matching is match formation between agents of the same type (appropriately defined).



tier (2000), and Kohns (2000) develop models with exogenous heterogeneity on one side of
the market, and endogenous heterogeneity on the other. Workers are characterized by an
exogenous skill level (high or low). Firms choose the “complexity” or skill level of a job
when opening a vacancy (also high or low). High skill workers are more productive in high
skill jobs than are low skill workers, or than in low skill jobs. In contrast, Sattinger (1995),
Shimer and Smith (2000), Shimer and Smith (2001), and Stern (1990) present models where
agents on both sides of the market are characterized by exogenous heterogeneity. All but
Shimer and Smith (2000) rely on a discrete number of agent types.

To put my matching model in context, it is useful to comment on several other aspects
of the models discussed so far. In particular, it is useful to consider the mechanisms by
which matches terminate, and the assumed information structure. These are intimately
related in my model. Only Gautier (2000) allows endogenous separations, which arise from
on the job search. Other authors either treat matches as lifetime matches (no separations)
or only allow matches to dissolve at an exogenous rate. Correspondingly, there is no room
for learning about agents’ types or about match quality— in all but Stern (1990), agent
types are observable. However in Stern’s (1990) model no new information is ever acquired
about agent types after a lifetime contract is signed. Thus there is no learning or endogenous
dissolution.

The matching model that I present in Section 2 differs from those discussed above in some
important respects, some of which I have already mentioned in passing. The foremost of these
is the heterogeneity structure. I assume that workers vary in their average productivity, which
I refer to as worker quality. Worker quality determines in part the worker’s productivity
at any firm. Firms vary in their technology, which affects the average productivity of all
workers they employ. I refer to this heterogeneity component as firm quality. Firm quality
is common to all workers employed by the firm. Finally, worker-firm matches also vary in
their average productivity, which I refer to as match quality. Worker quality, firm quality,
and match quality are all exogenous and take values on a continuum. The output produced
by a worker-firm match is a function of all three heterogeneity components, and is subject to
match-specific shocks. When a worker and firm meet, they can determine the other’s quality
by inspection. They both observe a noisy signal of match quality. On the basis of each
party’s quality and the signal of match quality, they determine whether or not to pursue
the match. If they do, wages are the outcome of a bilateral bargain. Subsequent production
outcomes are signals of match quality and prompt renegotiation of the wage. I show there
is a reservation level of beliefs about match quality below which matches dissolve. Thus
separations are endogenized as the result of learning about match quality.

Under certain conditions, which I discuss in Section 2.3, the equilibrium wage is linear
in a worker-specific component, a firm-specific component, and a match-specific component.
Such a wage model is estimable on longitudinal linked employer-employee data. The various
specification discussed in Section 3 generalize the linear models with fixed person and firm
effects developed in Abowd et al. (1999) and Abowd et al. (2002).



The remainder of this paper is organized as follows. In Section 2 I briefly present the
matching model and some basic results. The model is a work in progress and not all aspects
of equilibrium are completely characterized in this draft. Since the focus in the remainder
of the paper is to develop an empirical specification for the equilibrium wage, my focus
in Section 2 is to derive this. In Section 3 I present several methods based on linear and
linear mixed models for estimating the equilibrium wage function. Section 4 describes the
Longitudinal Employer Household Dynamics (LEHD) Program database on which I estimate
the empirical model. Section 5 presents some very preliminary empirical results, and Section
6 concludes.

2 A Matching Model with Heterogeneous Workers, Firms,
and Worker-Firm Matches

The economy is populated by a continuum of infinitely-lived workers of measure one. There
is a continuum of firms of measure ¢. All agents are risk neutral and share the common
discount factor 0 < § < 1. Time is discrete.

Workers are identified by the continuous index . They are heterogeneous in their average
productivity when employed, denoted ;. Assume

; ~ N (0,00) iid across workers. (1)

I will refer to 6; as worker quality and use Fjy to denote the distribution function in (1).
Workers are also heterogeneous in the value of home production when unemployed, denoted
h;. Assume 6; and h; are exogenous, known to the worker, and observable to the firm when
worker and firm meet. Workers seek to maximize the expected present value of wages.

Firms are identified by the continuous index j. They employ many workers. Firms operate
in a competitive output market and produce a homogeneous good. The price of output is
normalized to 1. Output can only be produced by a worker matched to a firm. Firms seek to
maximize the expected net revenues of a match: the value of output minus a wage payment
to the worker.

Firms are heterogeneous in their technology, denoted 1;, which affects the average pro-
ductivity of all their employees. Assume

%‘ ~ N (O,a¢) iid across firms. (2)

I will refer to ¢; as firm quality and use Fy to denote the distribution function in in (2).
Firms are also heterogeneous in their cost of maintaining a vacancy, denoted k;. Assume
that firms know their own values of ¢; and k;, and that these parameters are observable by
the worker when worker and firm meet. Both v; and k; are exogenous. Firms incur cost

c(ej) to hire e; workers. Assume c is continuous, increasing, and convex.
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Unemployed workers are matched to firms with open vacancies. Search is undirected.
The total number of matches formed in a period is given by m (u,v) where u is the number
of unemployed workers in the economy, and v is the number of open vacancies. Both v and v
are determined endogenously. Assume m is non-decreasing in both u and v. The probability
that a randomly selected unemployed worker will be matched to a firm in the current period
ismT= %m (u,v). Similarly, the probability that a randomly selected vacancy will be filled is
A= %m (u,v). With a large number of workers and firms, all agents take u and v as given.

Worker-firm matches are heterogeneous in their average productivity, denoted ~,;. As-
sume

¥i; ~ N (0,0,) iid across matches. (3)

I will refer to +,;; as match quality and use F’, to denote the distribution function in (3).
Match quality ~;; is unobserved. When a worker and firm first meet, they observe a noisy
signal of match quality z;; = ;; + n;; where

Mij ~ N (0,1) iid across matches. (4)

I will use F;, to denote the distribution function in (4) . The worker and firm form beliefs about
the value of v,; on the basis of a prior and the signal z;;. Workers and firms subsequently
update their beliefs over v,; on the basis of output realizations. Prior beliefs and the updating
process are discussed in Section 2.1.

Output is produced according to the production function:

Gijr = B+ 0i + 05 + 7 + €ijr (5)

where 7 indexes tenure (the duration of the match), p is the grand mean of productivity,
and €;j; is a random disturbance. Assume

gijr ~ N (0,0.) iid across matches and tenure. (6)

The linear production technology (5) generalizes that of Jovanovic (1979) to the case of
heterogeneous workers and firms in a discrete time setting. As a normalization, I use tenure
7 = 1 to refer to the period in which the match forms, i.e., before any production has taken
place.

Within-period timing is as follows:

1. Unemployed workers are randomly matched to a firm with an open vacancy. Upon
matching, agents observe 6; and 1;, and obtain the signal ;.

2. Given all tenure-7 information about the match (0;, ¥; and current beliefs over 7,;)
the worker and firm decide whether or not continue the match. The current period
wage w;;, is simultaneously determined by a Nash bargain.



3. If agents decide to continue the match, output g;;, is produced and observed by both
parties. Agents update their beliefs about ;.

4. The negotiated wage is paid to the worker.

5. Firms open vacancies v;.

Assume that reputational considerations preclude agents from reneging on the agreed-
upon wage payment.

2.1 Beliefs About Match Quality

Assume agents’ prior beliefs about 0;, ¥, v;;, 1;;, and ;5 are governed by equations (1),
(2), (3), (4), and (6). Recall 0; and v, are learned when the match is formed. Agents
update their beliefs over ,; using Bayes’ rule when they acquire new information, i.e., upon
observing the signal x;; and production outcomes g;;..

After observing the signal z;;, worker and firm posterior beliefs about v,; are normally
distributed with mean m,;; and variance s; where

Oy
J1 J ( o, + 1> ( )
Oy

s = . 8

L= o (®)

In each subsequent period that the match persists, worker and firm extract the signal vy, ;+€;;-
from observed output g¢;;,. Hence at the beginning of the 7" period of the match (that is,
after observing 7 — 1 production outcomes), worker and firm posterior beliefs over match

quality are normally distributed with mean m;;, and variance s,, where

Myjjr— ij + Eijr— 1 1
Mijr = ( J 1—1—7] ! 1)/( +—>
Sr—1 O¢ Sr—1 O¢

7—1
Vi; T Eijs o,+1 71-1
= () () 0

£

s=1
111
Sr - Sr—1 O¢
1 -1
_ Ol T (10)
o 0.

Clearly s, is deterministic and does not depend on the value of the signals received. It is
fairly straightforward to show that

lim Mijr = Vz‘j (11)
lims, = 0 (12)



which is a standard result for Bayesian updating with “correct” priors (see e.g., Blume and
Easley (1998)).

Denote the complete set of tenure-7 information about the productivity of a match by
Qijr = (0i,¢j,mij7757—) . It is notationally convenient to describe the evolution of beliefs
using a transition distribution F (§2;41]€5-) . Both 6; and 1); are fixed, so the transition
distribution describes the probabilistic evolution of m;; 11 given m;;., and the deterministic
evolution of s,y given s.. The distribution of m;; 41|m;j, is normal with mean and variance

E (mij,7+1|mij7) = My (13)
2
s
V 15,7 ijT = s . 14
ar (Mijr41|mijr) s +o. (14)

More generally, for any r > 7 the distribution of m;;,|m;;, is normal with mean and variance

E(mijrlmijr) = myjr (15)
st(r—r
V(M" (mijr|mij7) = s (’r‘ — 7_) _'_)0_ . (16)

2.2 Match Formation, Duration, and Wages

In the Nash bargain framework, after an unemployed worker and a firm with an open vacancy
meet, the match is consummated if the expected joint surplus of the match is nonnegative.
The same condition determines whether or not the match persists at any subsequent tenure
7 > 1. At each such juncture, expectations are taken with respect to tenure-7 information
about the match, €2;;,. Thus we shall see that equilibrium wages map tenure-7 information
about the match into payments from firm to worker. To reflect this, I write the tenure-r wage
as wijr = w (€;,) for each 7 > 0. I assume the function w is known to all agents, and that
w is an equilibrium function in the following sense: it is chosen so that workers and firms
agree about the set of acceptable job matches. These assumptions imply that for a match
between worker ¢ and firm 7 which has lasted 7 periods, there is a reservation level of beliefs
over match quality, m;;,, below which matches dissolve and above which matches continue.
In deriving the equilibrium wage and conditions under which matches form/persist, I use
the following notation: J [w (€2;;,)] is the expected value to worker i of employment at firm
J at wage w;jr; Q; is the value of worker i’s outside option (unemployment); IT [w (§2;;,)] is
the expected value to firm j of net revenues from a match with worker i at wage w;;-; and
V; is the value of firm j’s outside option (a vacancy). At tenure 7, the match continues if

and only if
T T Q)] + I w (2] > Qi+ Vi (17)

When (17) is satisfied, the wage w;;r = w (§;-) is given by the Nash bargaining wage
condition

Jw (Qigr)] = Qi = 6 (J [w (Qigr)] + I w (Rigr)] = Qi = V) (18)
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or equivalently,
(1=6) (J [w (Qijr)] — Qi) = 6 (I [w (Rijr)] = V5) (19)

where ¢ is the exogenously given worker’s share of the joint surplus.

In solving for the equilibrium wage and employment condition, I use the following strat-
egy. First, I make two conjectures regarding the structure of equilibrium wages and em-
ployment. Then I characterize the various value functions under the assumption that the
conjectures are true. Finally, I show that equilibrium wages and employment satisfy the two
conjectures. Conjecture 1 has powerful implications for simplifying expectations over future
values of w (€2;;-) . Recall that m;;, and s, are the mean and variance of tenure-7 beliefs over
match quality.

Conjecture 1 The equilibrium wage offer function w is linear in m;;, and independent of
S

Conjecture 2 concerns the reservation level of beliefs over match quality, which I denote
myjr. That w is an equilibrium function in the sense that workers and firms agree about the
set of acceptable matches implies that such a reservation level of beliefs exists: when the
mean of beliefs over match quality falls below m;;-, the match terminates.

Conjecture 2 The reservation level of beliefs about match quality, m;;, is independent of
tenure. That is, ;- = m;; for all T > 0.

I prove that Conjectures 1 and 2 are true in Propositions 4 and 5.

Before deriving the various value functions, I need to introduce some final notation. Let
G, (z) = Pr (myjr < x|4j-) . Then G, (m;;,) is the subjective probability that the match will
terminate at tenure r, given tenure-7 beliefs. Note G, is just the normal distribution with
mean and variance given by (15) and (16). I will use E, to denote an expectation taken
with respect to tenure-7 information. Tenure-7 expectations of tenure 7 + 1 quantities can
be taken with respect to the transition density of beliefs, denoted F' (€2;;,41|€%;) , described
in Section 2.1.

2.2.1 The Worker’s Value of Employment and Unemployment

The expected value to worker ¢ of employment with firm j at wage w;j, = w (€;5,) is today’s
wage payment plus the discounted expected value of employment next period, adjusted for
the possibility that the match terminates. That is,

Jw (Qjr)] = wigr + B[1 = Gryr (Mijri1)] Erd [0 (Qijry1)] + BGrir (Mijrin) Qi
= Wi + B[l — Gryy (Mijri1)] /J [w (Qijr1)] AF (Qijri1(€ijr)
+BG 11 (Mijr11) Qs (20)



When Conjecture 1 is true, F,w;;, = w;j, for all » > 7. When Conjecture 2 is also true,

EJw(Qijr1)] = Erwijrgn + B[1 = Gryo (M) ErEr i J [w(Qijri0)] + BGri2 (M) Qi
= Wijr + B[l = Gryg (Mij)] Erd [w (Qijrya)] + BGria (M) Qi (21)

and forward recursion gives

Jw (Qijr)] = wir <1+ oIl -6 (mz’j)]>

s=7+1 r=7+1
oo s—1
+Qi Y BTG (my) [ 11 =G (my)]. (22)
s=7+1 r=7+1

Equation (22) says that the expected value of employment is a weighted average of
the current wage and the value of unemployment. The weights are discounted sums of
probabilities of the match terminating at each future tenure 7, given current beliefs over
match quality.

Deriving the value of unemployment is rather tedious and not particularly instructive.
Thus I relegate it to Appendix A. When Conjectures 1 and 2 are true, the value of being
unemployed today and behaving optimally thereafter is

0; = h; + pBm (220:1 5771 f w (Q?jl) HZ:1 [1 -G, (mij)] dF¢)
B RN O S I J G (mi) [Ti2) [1 = G ()] dFy

where QF;, = (92-,1/1j,0,51) . The numerator in Equation (23) is the sum of the value of
home production today and the discounted expected value of employment in subsequent
periods when the identity of the matching firm is unknown. That is, before firm quality
and the signal z;; are known. The denominator normalizes to account for the possibility of
re-entering unemployment at each future tenure.

(23)

2.2.2 The Firm’s Value of Employment and of a Vacancy

I now turn to the firm’s value of employment. The value to firm j of employing worker i at
wage w;jr = w (£;;-) is today’s expected net revenues plus the discounted expected value of
employment next period, adjusted for the possibility that the match terminates. Thus,

Mw (Qjr)] = Erqijr — wijr + B[1 — Gryx (Mijrp1)] BT [w (Qijri1)] + BGri1 (Mijria) Vj

= p+0; +; + mijr — wigr + Bl — Gry (Mijri)] /H [ (Qij 1) AF (Qijry1|Qjr)

+BG 11 (Mij 1) V.

(24)



Applying Conjectures 1 and 2, forward recursion analogous to (21) and (22) gives

Mw (Qijr)] = (s + ) + myr — wijr) (1 +Y T -6 (mij)])

s=71+1 r=7+1
00 s—1
+V Y TG (my) [ -G ()] (25)
s=71+1 r=17+1

Equation (25) says that the value of employing worker i is a weighted average of the expected
net revenues accruing to the match (expected output minus the current wage) and the value
of a vacancy. Like the worker’s value of employment, the weights are discounted sums of
probabilities that the match terminates at each future tenure 7, given current beliefs over
match quality.
I derive the value of a vacancy in Appendix A. When Conjectures 1 and 2 are true, this
is
Y ooz B I+ 0+ 2y — w ()] TToy [1 — Gs ()] dFp) — K (26)
J T _ T— _ :
L=B1=A) =AY, 07 [ Gy (my) [T, [ = G ()] dFy
The numerator in (26) is the discounted expected value of employing a worker next period
before the identity of the matching worker ¢ is known (that is, before worker quality and
the signal x;; are known) minus the cost of maintaining the vacancy. The denominator
normalizes the value to reflect the possibility of the match terminating at each future tenure.

2.2.3 The Firm’s Decision to Open Vacancies

The production technology (5) implies that employees of firm j produce independently of
one another. As a consequence, in each period the firm’s decision to open vacancies is a
static one. The number of hires today has no dynamic consequences for future hiring or
productivity. When firm j opens v; vacancies, we can model the number that are filled, e;,
as a binomial process. It follows that the number of vacancies opened by firm j in a given

period solves?
vj
max
Vj eN
—

where I (Q/Jj) is the expected present value of net revenues from a match for a firm of quality
1, before the identity of the matching worker ¢ is known. I derive Ilg (wj) in Appendix A.

Note that firm size (employment) is indeterminate. However, convex hiring costs ¢ guar-
antee the solution to (27) is well defined and the number of vacancies opened in any period
by firm j is finite. At any point in time, the total number of vacancies in the economy is
just v = ff v;dj.

UJ) A9 (1= X" [e;1lg (v;) — c(ej)] — kjv; (27)

€j

2The approach to modeling vacancies is based on Nagypal (2000).
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2.2.4 The Equilibrium Wage

With expressions for the value functions in hand, I can now prove the two Conjectures and
derive the equilibrium wage and employment conditions. Define the following terms:

S

Agr = 1+ > 57 J] 1 =G, (my)] (28)

s=71+1 r=7+1
e8] s—1
By = 1= Y B7G(my) [] 1 -G (my)l. (29)
s=71+1 r=1+1

Substituting the definitions of A;;; and B;;, into (22), we see the worker’s net surplus from
the match is:

J [w (QijT)] — Qi = wijr Aijr — Qi Bijr. (30)

Similarly, the firm’s net surplus from the match is:
11 [w (QUT)] — ‘/J = (/L + 02 + ¢j + Myjr — 'LUijT) Aijr — V}BZ‘]‘T. (31)

Substituting (30) and (31) into the Nash bargaining wage condition (19) gives the equilibrium
wage:
BijT

wigr = 8 (14 0; + 00+ mijr) + (1= 8) Qs — V) ==
1JT

(32)

Lemma 3 Define A;j; and B;j; as in (28) and (29). Then

BijT

A, 7

for alli,j, and 7 > 0.

The proof of Lemma 3 is in Appendix B. We can now prove Conjectures 1 and 2, which
are restated as Propositions 4 and 5.

Proposition 4 The equilibrium wage offer function w is linear in m;;. and independent of
S

Proof. Follows directly from equation (32) and Lemma 3. In particular, the equilibrium
wage is

Wijr =6 (u+0; +¢; +myr) + (1 —6) Q; — 6V;) (1 = ). (33)

|
As conjectured, (33) verifies that the equilibrium wage is linear in the posterior mean
of beliefs about match quality. It is worthwhile relating this result to the Jovanovic (1979)

11



equilibrium wage. In his model, workers and firms are ezx-ante identical but matches are
heterogeneous, and production occurs according to the continuous time analog of (5) with
0; = 1p; = 0 for all ¢, j. The Jovanovic (1979) equilibrium wage is equal to expected marginal
product, which in his case is also the posterior mean of beliefs about match quality. His
result relies on the assumption that firms earn zero expected profit. Similar to Jovanovic’s
model, the equilibrium wage (33) is linear in expected marginal product, p + 6; +1; +mj,,
and in the posterior mean of beliefs about match quality, m;;;. A stronger result is that
when workers capture all the quasi-—rents associated with the match, that is as 6 — 1, so
that firms earn zero expected profit; and when the cost of maintaining a vacancy is zero (as
in Jovanovic (1979)); then the equilibrium wage converges to wj;, = p+0; 4+ ; +m;j,. That
is, the equilibrium wage converges to the expected marginal product of the match. In this
sense, the Jovanovic (1979) equilibrium wage is a special case of (33).
Note we can rewrite the Nash bargained wage in (33) as

= p+0;+; +my, (34)
where fi = 6p1, 0; = 80;+(1 — B) (1 — &) Qs vb; = [6¢; — (1 — B) 8V;] , and 1y, = my;,. The
expression (34) shows that equilibrium wages are a function of a worker-specific component
0;, a firm-specific component {bj, and a match-specific component that varies with tenure
myjr. 1 will make use of this fact in developing an empirical strategy in what follows. In
Section 2.3, I develop conditions under which 7;;, does not vary with tenure.

In what follows, I refer to 6; and ¢ as empirical person and firm effects. We can interpret
the empirical person effect as a bargalning—strength weighted average of the worker’s quality
and outside option, adjusted for waiting. Similarly, the empirical firm effect is just the
worker’s share of the firm’s surplus from the match, adjusted for waiting.

Proposition 5 The reservation level of beliefs about match quality, m;;., is independent of
tenure. That is, m;;- = m;; for all 7> 0.

Proof. The reservation level of beliefs about match quality, m;;-, is the level at which
parties to the match are indifferent between continuing the match and allowing it to dissolve.
That is, the value at which the joint surplus from the match is zero. Thus m;;, is defined by

T [w (Qige)] + T w ()| = Qi +V (35)
where Q;;, = (0;,;, Mijr, s;) . Substituting (30) and (31) into (35) yields
(1 + 0 + ) + mugr) Aigr = (Qi + V) Bijr
and applying Lemma 3,
Mijr = (Qi+V;) (1= 8) —p—0; — ¢, (36)

12



forall7>0. m
In conjunction with the definitions of @); and Vj, equation (36) confirms that the reserva-
tion level of beliefs about match quality is a function only of worker and firm characteristics:
0, hi, ¢;, and k;. Comparative statics on (36) can be used to characterize how employment
duration and match quality vary with ¢; and v,. Unfortunately @); and V; are themselves
complex functions of 6; and 1);, which complicates signing the derivatives. Nevertheless, (36)
makes clear that the effects of 6; and 1); on expected duration should be symmetric.
Although less interesting from a theoretical perspective, comparative statics on (36) with
respect to the empirical person and firm effects 6; and 1); are readily obtained. In particular,
it is easy to show that
Omy _Omy _ Ly (37)
00; o, 6
Thus the empirical person and firm effects have a symmetric negative effect on reservation
match quality. Based on (37), on average we should expect higher values of 0; and {p ; to be
associated with longer job duration. Furthermore, the duration-weighted correlation between
0; and 1, should be positive.®

2.3 Special Cases Where Wages are Linear in a Match-Specific
Component

For the empirical application that follows, I need to derive conditions under which the
equilibrium wage is linear in person-, firm-, and match-specific components. There are two
such conditions. The first is an asymptotic result. The second is when match quality is
observable.

2.3.1 An Asymptotic Result

It is a standard result that Bayesian learning with “correct” priors is consistent (see Blume
and Easley (1998) for a formal definition). In the context of this model, consistency is
summarized by (11) and (12). Applying these to the equilibrium wage (34) it is easy to
verify that

T—00

= /1"‘91“"17)3""%]‘ (38)

where [, 6;, @j were defined previously and ¥;; = 67;;. The key feature of (38) is that it is
linear in person-, firm-, and match-specific components.

3To the extent that an empirical model with person, firm, and match effects approximates (34), we should
also expect the duration-weighted correlation between the match effect and person/firm effects to be positive.
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2.3.2 Observable Match Quality

A second case that generates equilibrium wages with the same structure as (38) is when
match quality is observable. Retaining all other aspects of the model, it is easy to verify
that when +,; is observable

w, .
) = T
T (@) = 2 (39)
pA b+ + 7y — wir
1-p
and @; and Vj are special cases of (23) and (26), respectively. Applying the Nash bargaining
wage condition (19) yields the equilibrium wage

Wijr = 5(M+9i+¢j+%’j)+(1—5)[(1_5)Qi—6vj]

= Op+[00i+ (1= B)(L—6) Q]+ [8¢; — (1= B) 8Vj] + b7,
= [i+0;+; + 7, (41)

IT [w (Qij7)] (40)

The separation condition is unchanged from equation (36). Of course in this context there
are no endogenous separations. In fact, there are no separations at all. When v,; > m;;,
the match forms and never ends. If v;; < m;; then agents separate and no production
takes place. Though it is a little unsatisfying, it is a trivial modification to accommodate
exogenous separations. This is the route most of the literature has taken.

3 Empirical Model

I now develop an empirical strategy based on the matching model in Section 2. Though an
empirical specification based on the general form of the equilibrium wage function (34) is
feasible, it is complicated by the presence of m;;-. This term — the mean of beliefs about
match quality — implies a complex within-match covariance structure. Such a model is
related to that of Farber and Gibbons (1996).* As a first step towards estimating a more
general specification, in this version I focus on the special cases presented in Section 2.3.
That is, a wage function that is linear in person-, firm-, and match-specific components
like (38) and (41). As discussed in the previous Section, this model can be interpreted as
an asymptotic approximation to (34), or the exact equilibrium wage when match quality is
observable.

4Farber and Gibbons (1996) consider the case with homogeneous firms and jobs, and unobservable person
heterogeneity. Person heterogeneity in their model plays a role similar to match quality in mine: firms learn
about the worker’s unobservable productivity by observing production outcomes.
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Predictably, I model wages in logs rather than levels. Applying an often used transfor-
mation to (38) or (41):
é b o
M H H
which implies

Inw;;; =~ 1H/~L+T+&+Tj
SRR
= g+0i+¢;,+75 (43)
where the first line of (43) uses In (1 + z) ~ z, and where i = In i, 0 ﬁ’ {ﬂ =, and

< Yig
Vij

In the model of Section 2, there were no aggregate shocks to the economy, nor did
the average productivity of a given worker vary with labor force experience. I relax these
assumptions for the empirical specification, and in the sequel I include a set of time-varying

covariates z;;, in the wage model.” The basic estimating equation is
Inwijr = i+ 24578+ 0 + 0 + 55 + Eijr (44)

where &;;; is a statistical residual.

The empirical wage model (44) is estimable on longitudinal linked employer-employee
data. Identifying the person, firm, and match effects requires repeated observations on
workers at multiple firms, and repeated observations on multiple workers in a given firm.
One can model the person, firm, and match effects as either fixed or random. Each approach
has both desirable and undesirable characteristics.

3.1 Modeling Wages With Fixed Worker, Firm, and Match Effects

Before proceeding, I restate the basic estimating equation (44) in notation more consis-
tent with the linear models literature and the previous work of Abowd et al. (1999) and
Abowd et al. (2002). In particular, I drop the inverse-hats from parameters in (44). With
considerable abuse of earlier notation, I estimate the wage equation:

Yijt = ty + (Tije — 1) B+ 0 + ) + 7,5 + €ije (45)

where y;;; is the natural logarithm of quarterly earnings of individual 7 = 1,..., N at firm
Jj=1,...,J in quarter ¢t = n;i, ..., nir;; Tij is a vector of P characteristics of individual ¢ which

°In the application that follows, these include fixed year and quarter effects, and a fixed experience effect.
Note the model as already specified accomodates time-invariant characteristics that are observable to the
econometrician, e.g., education or industry. These are just components of the person, firm, and match effects.

15



vary over time and within job;® 5 measures returns to characteristics in z;;; 6; is the pure
person effect; ¢, is the pure firm effect for the firm j at which worker 7 is employed at date
t (formalized by the link function j = J (4,t)); 7;; is the pure person-firm match effect; p,, is
the grand mean of y;;; and p,, is the grand mean of z;;;; and ¢;;; is a statistical residual. Note
that whereas 7 was used to denote tenure in the previous sections, here ¢ denotes calendar
time.” I reiterate that 6;, ¢;, and -y;; are the empirical effects of (44) and not the theoretical
person, firm, and match quality of Section 2. Assume ¢;;; has the following properties:

E[£ijt|i7j;t7$ijt] = 0
{ o ifi=k,j=1, andt=s,

COU {8ijt75k'l$|i7j7 t: k7l78axijt7mkls] 0 otherwise

The pure person effect is further decomposed into components observed and unobserved by
the econometrician as follows:®
‘9i = o5+ u;n

where u; are observable time-invariant person characteristics; «; is a person-specific intercept;
and 7 measures returns to characteristics. Rewriting equation (45) in matrix notation,

y=XpB+DO0+F+Gvy+e (46)

where X is the N* x P matrix of observable time-varying characteristics (in deviations from
grand means), D is the N* x N design matrix for the person effects, F' is the N* x J
design matrix for the firm effects, G is the N* x M design matrix for the match effects,
y is the N* x 1 vector of annual earnings (also in deviations from the grand mean), ¢ is
the conformable vector of residuals, M < NJ is the number of worker-firm matches, and
N* = SN (nir, — ng +1) is the total number of observations.” The parameter vectors 3,
0, 1, and v are of conformable dimension. Note that the wage models of Abowd et al. (1999)
and Abowd et al. (2002) are special cases of (46) where v = 0.

For what follows, the rows of y, X, D, F, and G are arranged in lexicon order, that is by

6In general, x5 could also contain time-varying firm and job characteristics.
"The distinction only matters because the model includes time effects in Tijt-
8Similar decompositions of the pure firm and match effects are also possible. For example,

Y, = ¢;+2(C

Vi = Sij +wié
In fact, even more general decompositions of the pure person, firm, and match effects are possible with
sufficient data. For example, the pure firm effect could include a firm-specific tenure effect. In this application,

I only consider the simple decomposition of #; into observed and unobserved compnents.
9For simplicity, I assume one record per person per period.
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t within j within 7. Hence,
Y1,0(1,n11),m11

yl,J(l,anl ),anl

YN,J(N.nn1)mnnt

L yN»J(anNTN)7nNTN i

with J (i,n,4-1) < J (i,n4); X, D, F, G, and ¢ are arranged conformably.

3.1.1 Estimation

The least squares estimator of (46) solves the normal equations:

X'X X'D X'F X'G1[#3 X'y

D'X D'D DF DG 0| | Dy (48)
F'X F'D F'F FG||g| | Fy |-

G'X G'D GF GG | |4 G'y

In principle, (48) could be solved directly for the least squares estimators 3, 9, @Ab, and .
In practice, however, for large N and J, computing the (generalized) inverse of the cross-
products matrix in (48) is infeasible due to its extreme dimension — (P + N + J + M) x
(P+ N+ J+ M). The following method solves for the least squares estimators without
inverting the cross-products matrix.

Applying standard results for partitioned regression, the least squares estimator of 3 is

B=(X'MpraX) X'Mpray (49)

where A~ denotes the generalized inverse of matrix A and Mp r ¢ is the column null space
of [ D F G } :

Mprg 0 0 .. 0
0 M[DFG] 0 e O
0
0 0 .. 0 MY,q
i 1.,
M[DFG] =1 (TZJ > 0) [Tij - FZTijZTij (51)
)
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nyT;
Ty= Y 1(J(i,t) =) (52)
t=mn;1
where the function 1 (A) takes the value one if A is true, and zero otherwise; 1,4 is the A x A
identity matrix and i4 is an A x 1 vector of ones. Equations (49) - (52) imply that the least
squares estimator of § can be obtained from a regression of y on X, both in deviations from
match-specific means. That is, from the regression

Yije — ty — Yij- = (Tige — fy — Tij.) B+ Vit (53)

where 7;;. = 1 Z?Tnl (J (4, t) = J) yije» Tig. = 1 Z?il (J (i,t) = J) @ije, and vy, is a
statistical re51dual

The least squares estimators of the person, firm, and match effects solve the remaining
normal equations from the partitioned regression:

D'l DD DF DGT[6 D’
F' | Xp+ | F'D F'F F'G v |l=1F |y (54)
G’ G'D G'F GG A G’
or, )
6 D'D D'F DG | | D R
| =| FD FF FG P (y—Xﬁ) (55)
A G'D G'F GG G’
which implies that for each worker-firm match,
j\ij = 9l+77])j+'3/13
= Uiy — L0 . (56)

3.1.2 Identification

There are several approaches to decomposing j\ij into person, firm, and match effects. All
require additional identifying assumptions. To see why, notice there are only M cell means
(the A;;) on which to estimate N+ J 4 M person, firm, and match effects. This is frequently
called an overparameterized model.

A common approach is to impose linear restrictions on the estimated effects. An often
applied set of restrictions, frequently called ¥*-restrictions (see e.g., Searle (1987, p. 328-
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330)) is

N J
> 6; = Oand Y ;=0 (57)
i=1 j=1
I J
> 4y = 0Vj and Y 4, =0Vi (58)
i=1 j=1

within a connected group of data.!” The Y *-restriction approach is not without drawbacks.
An example of one such drawback is that the set of ¢ appearing in the sum Zile Yij = 0Vj
is different for each j. Thus, for example, adding one more worker or firm to the sample can
change the value of the estimated effects for all other connected workers and firms. This
complicates any interpretation of the estimated effects. For this reason, I opt for an alternate
identification strategy.

The approach I adopt is to assume the match effects are orthogonal to the person and firm
effects. In this case, the match effects are identified whenever both 6; and {bj are identified.

Identification conditions for 6; and {b ; are given in Abowd et al. (2002). Briefly, these rely on
a notion of connectedness in the data (see footnote 10). Graph theoretic methods are used
to determine groups of connected persons and firms. When there are G mutually exclusive
connected groups in the data, there are exactly N + J — G identified person and firm effects.

Under the orthogonality assumption, it is possible to decompose \;; into person, firm, and
match effects without computing the generalized inverse of the cross-products matrix in (55)
by methods such as least squares conjugate gradient (LSCG) optimization. An algorithm for
solving large two-factor analyses of covariance (with main effects only) via LSCG has been
developed at the U.S. Census Bureau (see Abowd et al. (2002) for details). In principle,
the complete set of effects (3,6,1,7) could be estimated via LSCG. However its current
implementation at the Census Bureau is designed to solve for covariate, worker, and firm
effects only. This necessitates a two-step procedure. I first estimate § from the regression
(53). With 3 in hand, I compute 5\7;3- as in (56). To estimate the worker, firm, and match

effects, I use LSCG to decompose 5\1-]- into worker and firm effects <@Z, ﬁ@) , and a residual

component ¥,;; — the estimated match effect. By definition, ¥;; is orthogonal to 6; and {ﬂj.

10See Searle (1987) for a general discussion of connectedness. In labor market data, firms are connected
by common employees; workers are connected by common employers. Abowd et al. (2002) develop a
graph theoretic algorithm for finding connected groups of workers and firms in longitudinal linked employer-
employee data.
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3.1.3 Advantages and Disadvantages of Modeling the Person, Firm, and Match
Effects as Fixed

The linear model approach to estimating fixed person, firm, and match effects has several
advantages and disadvantages as compared to competing estimators. Under the orthogo-
nality assumption it is feasible for very large databases, such as the one employed here.
Conversely, on small samples or survey data which are not highly connected (that is, when
G is large), there are few identified effects. A mixed model approach relies less heavily on
connectedness, and in general requires less restrictive identification assumptions. Finally,
though the estimates 91‘, ¥, and ¥,; are inconsistent, they are unbiased.

3.2 Modeling Wages With Random Worker, Firm, and Match Ef-
fects

An alternative to the linear model methods discussed in the previous section is to adopt a
mixed models approach. That is, to treat the person, firm, and match effects as random.
Maintaining notation from the previous section, I estimate the linear mixed model:

Yijt = My + (Tije — p1g) B+ un + i + 0, + 75 + €4 (59)
where

a ~ N

¢j ~ N

Vg ~ N
e~ N(0,02) iid

and (8 and 7 are treated as fixed. The model can be estimated by standard techniques as

described in Searle et al. (1992) or McCulloch and Searle (2001). Such methods include

maximum likelihood (ML) or restricted maximum likelihood (REML). I use the latter.

The REML approach is to apply maximum likelihood to linear functions of y, say K'y,
where K’ is chosen so that K’y contains none of the fixed effects (6 and n). This yields
REML estimates of the variance components (07, 07, 02, 02). It is a standard result that
the estimated variance components are invariant to the values of the fixed effects. Unlike
ML, REML has the further advantage of explicitly taking into account degrees of freedom
for the fixed effects.

With REML estimates of the variance components in hand one can compute estimates
of the fixed effects and Best Linear Unbiased Predictors (BLUPs) of the random effects. Let

2y 0 0
QO = 0 o2, O (61)

0 0 o2y
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and let A and Q denote the REML estimates of A and Q. Rewrite (59) in matrix notation
y=XB+Un+ Da+ Fy+ Gy+e. (62)

The BLUPs and estimates of the fixed effects solve the mixed model equations

-_X/_A X’ R o X! R
Y larx v [U,}Al[p F @ ; Ay
[ D'’ D a|l=| D"
FIAYX U] | F|AYDF Gl+Qt || F' | Ay
L LG G Iyl LLGE ]

(63)

It is worth noting I do not assume that the design of the random effects (i.e., [ D F G ] )
is orthogonal to the design of the fixed effects ([ X U ]) . Most econometric specifications
of mixed models assume an orthogonal design. Although the orthogonal design assumption
considerably simplifies solving the mixed model equations (63),!! it is by no means neces-
sary. Furthermore, the orthogonal design assumption is generally violated in economic data.
Finally, note the Abowd et al. (1999) and Abowd et al. (2002) wage models with fixed
person and firm effects are special cases of (62) with v =0 as  — 0.

3.2.1 Advantages and Disadvantages of the Mixed Model Approach

Unlike the linear models of Section 3.1, mixed model estimation is generally limited to rather
small samples. In the animal and plant breeding literature, where mixed models are com-
monplace, the solution has been to estimate variance components on a subset of the data,
and use these to compute BLUPs and fixed effects for the entire sample. To its credit, how-
ever, the mixed model approach does not require restrictive identification assumptions such
as those discussed in Section 3.1.2. Instead, prior information embedded in the distributional
assumptions of (59) identifies the effects. Finally, although some connectedness is required
to precisely estimate €2, the degree of connectedness required is considerably less than in the
linear model case.

A decided advantage of a mixed models approach is that one can accommodate much
more general covariance structures than A and €. In particular, it is feasible to estimate the

X/
U/

1'With an orthogonal design, [ [ D F G } = 0. Thus the off-diagonal blocks in (63) are zero,

and one can solve for the BLUPs and fixed effects separately:

X' 1 X' 1
[U,]A—l[X U] 0 ; Ay
Dl R a | = Dl . (64)
0 F' |A'[D F G]+Q7! Y F' | Aty
G’ y G’
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complex within-match covariance structure predicted by the general form of the equilibrium
wage function (34). I leave this for future work.

4 Data

Data in this study are from the Longitudinal Employer-Household Dynamics (LEHD) Pro-
gram database, under development at the U.S. Census Bureau. The LEHD database includes
seven states: California, Florida, Illinois, Maryland, Minnesota, North Carolina, and Texas.
Together, these states represent about 60 percent of U.S. employment. In this paper, I use
data from two of the seven LEHD states. The identity of the two states cannot be revealed
for confidentiality reasons.

The LEHD data are administrative, constructed from quarterly Unemployment Insurance
(UT) system wage reports. Every state in the U.S., through its Employment Security Agency,
collects quarterly earnings and employment information to manage its unemployment com-
pensation program. The characteristics of these Ul wage data are detailed elsewhere, for
example Stevens (2002) and Burgess et al. (2000). With the UI wage records as its frame,
the LEHD data comprise the universe of employers required to file UI system wage reports
— that is, all employment covered by the Ul system in the seven participating states. The
data span the first quarter 1990 through the fourth quarter 1999 (40 quarters).

Individuals are uniquely identified in the data by a Protected Identity Key (PIK). Em-
ployers are identified by a state unemployment insurance account number (SEIN). Unfortu-
nately, the Ul wage records contain only very limited information: PIK, SEIN, and quarterly
earnings. In the LEHD database, additional demographic characteristics are integrated with
these data from various internal Census Bureau sources. Such characteristics include sex,
race, date of birth, and education.'?

The dependent variable for the wage regressions is real full-quarter earnings. Individual
1 is identified as having worked a full quarter at SEIN j in quarter ¢ if there are Ul wage
records for which J (i,t — 1) = J (i,t) = J (i,t + 1). If the individual worked a full quarter
at firm j in ¢, then the full-quarter earnings measure w;;; is simply reported earnings (about
80 percent of the analysis sample). If the individual did not work a full quarter in ¢, and
worked no full quarters at this employer in the previous or subsequent 4 quarters (a nine
quarter moving window), the record was dropped (about 15 percent of all wage records). If
the individual did not work a full quarter in ¢ but did work at least one full quarter in the
nine quarter window, one of two earnings measures was used. First, if reported earnings in
quarter t were at least 80 percent of earnings in the full quarter, then reported earnings were
treated as full-quarter earnings (about 12 percent of the analysis sample). If on the other
hand reported earnings were less than 80 percent of those in the full quarter, earnings were

12Gex, race, and date of birth are based on an exact match to administrative data sources. Education is
based on a statistical match.
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imputed to the full-quarter level (about 7 percent of the analysis sample).

Missing data items are multiply-imputed using the Sequential Regression Multivari-
ate Imputation (SRMI) method. See Rubin (1987) for a general treatment of multiple-
imputation; the SRMI technique is due to Raghunathan et al. (1998); Abowd and Woodcock
(2001) generalize SRMI to the case of longitudinal linked data. Missing data items include
full-quarter earnings (in the case described above), full-time status, and education. I gener-
ate three implicates of the missing data items. The results presented in this draft are based
on a single implicate only.

A dominant employer is identified for each individual in each quarter. Individual i’s
dominant employer in quarter ¢ is the employer at which ¢’s earnings were largest in t. The
analysis sample is restricted to full-time private sector employees at their dominant employer,
who worked at least one full quarter in the nine quarter window, between 16 and 70 years of
age, with real quarterly earnings of at least $250 (1982 dollars), employed in non-agricultural
jobs which lasted at least 2 quarters, at SEINs with at least five employees. For the two
states on which the analysis is performed, the resulting analysis sample consists of 190 million
quarterly earnings observations on 10 million individuals employed at approximately 275,000
firms, with a total of over 18 million unique worker-firm matches.

Covariates X in the earnings regressions include year and quarter dummies, a dummy to
indicate whether earnings were imputed to the full-quarter level (interacted with sex), and a
quartic in labor force experience (interacted with sex). The experience measure is defined as
follows. At each individual’s first appearance in the data, labor force experience is defined
as potential experience (age-education-6). The individual accrues 0.25 years of experience
for each subsequent quarter of full-time employment. Covariates in U are education (five
categories) interacted with sex.

Table 1 presents basic summary statistics. There are few surprises. Men comprise 55
percent of the sample. The average real full quarter earnings of women, $8853, are approxi-
mately 61 percent of men’s average earnings. On average, women have 6 months more labor
force experience than men, and one year less education. Additional demographic information
will be available in a future version of this paper.

5 Results

In this Section I report some very preliminary results of estimating the fixed wage model
(45) and mixed wage model (59) on the LEHD database. Each model is estimated separately
on each state. The resulting estimates are pooled to be representative of 1997 employment.
As mentioned, the fixed model is particularly well suited to estimation on large databases.
Consequently, the estimation is performed on the entire analysis sample. In comparison, the
mixed model is very computationally intensive. For this reason, the mixed model estimation
is performed on a 3 percent simple random subsample of individuals. The mixed model
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subsample consists of 4.6 million observations on 330,000 individuals employed at 97,000
firms, with a total of approximately 532,000 unique worker-firm matches.'?

The data are highly connected. Considering these are universe data, this is not terribly
surprising. For the complete analysis sample, the largest connected group in each state
contains approximately 99.9% of observed jobs. Even in the mixed model subsample, the
largest connected group in each state contains more than 90% of jobs.

Figure 1 plots the estimated returns to experience under the two models. As is typically
found, the returns to experience are lower for women than men and accrue more slowly to
women than to men. That is, the women’s profile is flatter and lies everywhere below that
of men. At low levels of experience the fixed and mixed model profiles are very similar.
However, above 10 years of labor force experience the profiles diverge markedly. At higher
levels of experience, the mixed model attributes considerably less wage growth to experience
than does the fixed model.

Lacking much else in the way of detailed demographic data, it is the person, firm, and
match effects themselves which are of primary interest. However, for the fixed models I
estimate nearly 30 million effects; nearly 1 million for the mixed model. Summarizing these
in an informative fashion remains a challenge.

Table 2 presents correlations among the estimated wage components from both wage
models. The data are duration weighted. All wage components exhibit a strong positive
correlation with log earnings under both models. Among wage components, the person effect
f; is most strongly correlated with log earnings: 0.64 in the fixed model, 0.69 in the mixed
model. Match effects v,; exhibit a dramatically higher correlation with log earnings under
the mixed model (0.59) than under the fixed model (0.23). This is presumably an artifact of
the orthogonality condition that identifies the match effect in the fixed model. Both models
yield person effects which are negatively correlated with time-varying observables z;;;3. The
negative correlation is considerably stronger in the fixed model (-0.30) than in the mixed
model (-0.03). In contrast, in both models firm effects 1; are positively correlated with
time-varying observables.

Recall that the matching model of Section 2 predicted that the estimated person and
firm effects should be positively correlated. This is true under both the fixed and mixed
specifications. The matching model also predicted a positive correlation between 6; and
75> and between ; and v,;. In the fixed model, the match effects are orthogonal to the
person and firm effects by design. In contrast, under the mixed model the match effects are
positively correlated with person effects (0.52) and firm effects (0.05), as predicted. This
suggests that the orthogonality assumption used to identify the match effect in the fixed
model may be too restrictive. Certainly, it appears inconsistent with the matching model.

Table 3 presents the estimated variance components from the mixed model. Person effects
exhibit the greatest variation (o2 = 0.197), followed by firm effects (07, = 0.151) and match

I3BLUPs are only computed for the subsample.
HExact counts of workers, firms, and jobs in each group are excluded for confidentiality reasons.
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effects (03 = 0.135)."" Coupled with the strong correlation between person effects and log
earnings, the large variance component o2 suggests that personal heterogeneity is a more
important contributor to earnings variation than are firm and match heterogeneity.

Figures 2 and 3 plot the means of the estimated wage components by observed job
duration. As one would expect, longer lasting employment relations are on average associated
with higher earnings. This is consistent with the matching model in Section 2. The matching
model also predicts that on average higher values of person, firm, and match effects should
be associated with longer job duration. This is true of effects estimated under the mixed
model (Figure 3). However, under the fixed model the mean match effect is increasing in
job duration only up to about 5 years, beyond which it declines.

Figures 2 and 3 both indicate that time-varying observables are important earnings de-
terminants among low duration jobs, but less important in employment relations that last a
long time. This is true for the mixed model moreso than for the fixed model. In contrast, the
person effect is on average a relatively small component of earnings for low duration jobs,
and the largest component among long lasting jobs. Under the mixed model, the match com-
ponent is also a very important determinant of earnings among long lasting jobs. Finally,
the firm effect appears to be a more important component of earnings among low duration
jobs than among long lasting jobs.

6 Conclusion

I presented a matching model with heterogeneous workers, firms, and worker-fim matches.
The model generalizes the seminal Jovanovic (1979) model to the case of heterogeneous
workers and firms. The equilibrium wage is linear in a person-specific component, a firm-
specific component, and a match specific component that varies with tenure. Under certain
conditions, the equilibrium wage takes a simpler structure where the match specific compo-
nent does not vary with tenure. I discussed fixed- and mixed-effect methods for estimating
wage models with this structure on longitudinal linked employer-employee data. The fixed
effect specification relies on restrictive identification conditions, but is feasible for very large
databases. The mixed model requires less restrictive identification conditions, but is feasible
only on relatively small databases. Both the fixed and mixed models generate empirical
person, firm, and match effects with characteristics that are consistent with predictions from
the matching model; the mixed model moreso than the fixed model. Shortcomings of the
fixed model appear to be artifacts of the identification conditions.

The paper suggests several directions for future work. The first is to develop an estimator
for the general case of the equilibrium wage function in the matching model. This is feasible
but difficult due to a complicated within-match covariance structure. The mixed model

15T stress that these are estimates of the variance components from the mixed model (59), and not the
structural variances defined in (2) and (3). Recovering structural parameters is left for future work.
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can accommodate such a covariance structure, but not without a considerable increase in
computational requirements. An alternative is to fit residuals from a simple regression of
earnings on observables to this covariance structure, using some minimum distance estimator.

As mentioned at the outset, empirical equilibrium models with heterogeneous agents
promise to shed new light on many labor market phenomena. This paper is primarily a
methods piece and has not addressed specific labor market phenomena in any detail, though
this promises to be a fruitful area for future research. Consider, for example, the source and
determinants of inter-industry wage differentials. This remains one of the most pervasive
and difficult to explain phenomena in the discipline. Along the lines of Abowd and Kramarz
(1999), one could decompose observed inter-industry wage differentials into components due
to workers, components due to firms, and components due to worker-firm matches. An
application along these lines will be available in a future version of this paper.
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A Appendix: Omitted Derivations of Value Functions

A.1 The Value of Unemployment

I begin by deriving the value of unemployment. Let J,(6;) denote the expected present
value of wages of a worker of quality 8; who was unemployed last period and who is about to
draw a match. Clearly, J; (6;) is simply the expected value of J [w (£2;;1)] before the match
is formed. That is, before the identity of the matching firm 5 is known, and before the signal
x;; is observed. Then
Jo(0i) = Eoll—Gi(mg)wig + QiEcG1 ()
+BEy [1 — G1 (my)] [1 = Gz (my)] T [w (Quj2)] + BQiEo [1 — G1 (y)] G2 (M)

_ / (L — Gy (my;)] / / widF,dF, dFy + Q; / G (i) dF,
8 [ (1= Gy )] (1= Ga ()] [ [ 71w ()] dF, PP
+0Q; / [1— Gy ()] G () dF (65)

which accounts for the possibility that the signal x;; is too low for the match to persist. Let
Q0 = (Hi, ¥,,0, 37). When w is linear in m;;, we can write

1T
E()wijl = ///wijlandFded,

- / w () dF,. (66)
When w is also independent of s,

E()U)ijT = w (Q?j’r) de

w (Q%l

) dFy, for all 7 > 0.

——
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Consequently when Conjectures 1 and 2 are true,

Ey[1 -Gy (my;)] [1 — G (m

232
_ /[1_01( DL — Go (m // Q)| dF, dF, dF,

(Qm?)
= /[1 — Gl (’ﬁ’LZ]) G2 ’ITLU // +ﬁ ]. - Gg mzj)] E()J[ (szg)] andF.dew
+BG3 (mz]) Qz
- / 11— Gy (i) [1 = G ()] w (22,) dF,
+6/ 1 - Gl mz] 1 - GQ (mz]) 1 - G3 m@] //Eo 2]3 dF dF. dF¢
150, / 11— Gy (73y)] [1 = Ga (173;)] G (s dF. (67)

Forward recursion on (65) gives:

T

ZBT 1/ wl)[[l[l_Gs (mi;)] dFy

+szﬁf ! / (i) [] 11 = G (i) dFy. (68)

s=1

Recall that @; is the value of the worker’s outside option — that is, the value of being

unemployed today and behaving optimally thereafter. Thus Q; = h;+07Jy (0;)+06 (1 — ) Q;

where 7 = 2m (u, v) is the worker’s probability of drawing a match. Using (68),

hi+ B (30 87 [w (%) TTh_y [1 — Gs (my)] dFy) .
1= B —m) =732, 6 [ Gy (mi) [Ti2) [1 — G ()] dFy

Q; = (69)

A.2 The Value of a Vacancy

I now turn to the value of a vacancy. Let Il (¢j) denote the expected present value of net
revenues from a match for a firm of quality 1; before the identity of the matching worker ¢
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is known. Then

Mo () = Eoll—Gi(my)l (g — wijn) + EoV;Gi ()
+BEo [1 — Gy (mi)] [1 — G2 (M) T [w (Qig2)] + BV Eo [1 — G ()] Ga (M)

= /[1—G1 (m,-j)]//(qiﬂ—wijl)andF,deg+X/;/G1 (mij) dFy
8 [ (1= Ga ) 1= Ga ()] [ [ T ()] dFdF,dFy
BV, / (1= G ()] G (2s;) dF (70)

which reflects the possibility that the signal z;; is too low for the match to form. Following
Section A.1, we can write

Eow;r = / w () dFy
- /w (1) dFp for all T > 0. (71)

and solve 11 (@b j) recursively to obtain

T

o (v;) — Zﬂf_l/ [+ 0+ —w (%) T] 11 = Gs ()] dFy

s=1
A / G, (i)
T=1

Recall Vj is the value of firm j’s outside option — that is, the value of a vacancy. Thus
Vi = —k; + B (wj) + B (1 —A)V;, where k; is firm j’s cost of maintaining a vacancy and
A= %m (u,v) is the probability of a given vacancy being filled. Hence,

Vo BACZ BT [ [+ 0+ 0y —w (99)) ] TToey [1 — Gs ()] dFy) — k;
! 1= B(1=X)=AYX2, B [Gr (myy) [Ti21 [1 — Gy (mi;)] dFy '

T—1

1:[ 1 — G, ()] dFp. (72)

(73)

29



B Appendix: Proof of Lemma 3
Proof. To simplify notation, let g, = G4, (Myjr4p) for p=1,2,3, ... . From the definitions
in (28) and (29) — and without using Conjecture 1 or Conjecture 2,

S

Aijr = 1+ Z BT H [1 = G, (M)

s=7+1 r=r+1
= 1+41—g)+F1-g1) (1 =) + 5 (1= g1) (1 —g2) (1~ ga) + ...
0o s—1
By, = 1= > B7G(my) [[ [1-G(my)
s=7+1 r=1+1

= 1-8g-F1-g)g—3F1—ag)(l—g)gs+ ..
Now define the terms

ag = 1

ag = f3 (1 - 91)

ay = FP(1—g1)(1—g)

as = F(1—g1)(1—gs)(1—gs)

and so on, so that A;;; = > o~ as. Similarly, define

by = 1

by = —Bq

by = —f°(1—g1)9

by = —3°(1—g1)(1—g2)gs

and so on, so that B;;; = Zzio bs. Now notice that

a; = ﬂ + b1
ay = 52 + Bb1 + bo
az = [+ 3°by + Bby + by

and so on, so that

as = 65 + BSilbl + 6572[72 + 6873173 + ...+ ﬁbsfl + bs

= D B
r=0
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for s =0,1,2,3,.... Thus,

Aijr = ZZﬁs_rbr

s=0 r=0
= 14 (B+b)+ (8% + Bby +bo) + (8> + %1 + Bbs + b3) + ...
= 14848+ +.)+b(1+8+8+8+.)+b(1+8+58+8+..) +...
1 by by
-3 1-8"1-5

+ ...
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Table 1: Summary Statistics

Variable N Mean  Std. Dev.
Men
Full Quarter Earnings ($1982) 105,258,200 14428 40645
Labor Force Experience (Years) 105,258,200 19.3 11.43
Education (Years) 105,258,200 13.1 2.86
Earnings Imputed to the Full Quarter Level 105,258,200 0.076 0.264
Women
Full Quarter Earnings ($1982) 85,100,389 8853 14334
Labor Force Experience (Years) 85,100,389 19.9 11.93
Education (Years) 85,100,389 12.2 4.47
Earnings Imputed to the Full Quarter Level 85,100,389 0.067 0.251
Complete Analysis Sample
Number of Observations 190,358,589
Number of Workers 10,337,435
Number of Firms 274,884
Number of Worker-Firm Matches 18,091,178
Mixed Model Subsample
Number of Observations 4,619,308
Number of Workers 330,573
Number of Firms 97,012

Number of Worker-Firm Matches

532,104
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Table 3: Estimated Variance Components

Variance
Source Component Std. Err.
Person Effect (a) 0.197 0.0013
Firm Effect (v ) 0.151 0.0018
Match Effect (y) 0.135 0.0008

Residual (¢) 0.100 0.0001
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