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Linear Data Transfor mations Used in Economics
|. Introduction
Economists use many transformations of time series datato help extract economically
relevant information. Such transformations include 4-quarter and 1-quarter growth rates,
6-month and 3-month moving averages, trailing and centered moving averages, moving
averages of growth rates, and so on.

Ultimately, the best data transformation or filter is the one that helps the most at
addressing the economic question of interest. For example, when considering the cyclical
properties of the real economy, filtersthat highlight the cyclical features of the data are
desirable. On theother hand, when considering whether price inflaion is changing because
of cyclical or longer-term factors, it is desirable to apply filters that bring out the cyclical
and trend-like features of the data, together or separately. Of course, choosing a good filter
should not be viewed as the only step in determining the economic significance of data;
rather it can complement economic insight and knowledge of other factors, such as how the
data are constructed.

In the recent literature, the frequency-domain theory of linear filters has been used to
develop approximationsto “ideal” data transformations or filters. Intuitively, ideal filters
pass through information without distortion from the frequencies that are of interest to the
analyst (such as business-cyclefrequencies) and completely block out all other information.
Indeed, the recently-devdoped filters have deepened our understanding of meaningful
historical economic relationships, discussed below.

However, the new filters are of very limited use for economic agents such as
policymakers and financial-market participants, who devote many resources to
understanding the significance of incoming economic data, because the filters either
completely drop recent observations or generate unreliable estimates of them. This paper
examines filters subject to the constraint that many economic analysts will continue to
utilize the latest published data, relying on less-than-ideal datafilters. It lays out the
properties of standard datatransformations and suggests i mprovements using frequency-

domain techniques. One property isthe degree of bias, that is, the amount by which the
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filter employed deviates from the “idea” filter on average over the frequency range of
interest; to our knowledge, the concept of bias in the frequency domain has not been
examined before. In addition, the timing or phase shift between araw data series and its
filtered valueisexplored. The key finding of this pgper is that moving averages of multi-
period growth rates can attenuate the bias and phase shifts introduced by common data
filters.

1. A Brief History of Frequency

The ideathat even simple transformations can change the propertiesof the underlying data
seriesin surprising and undesireble ways goes back to Slutzky swork in the 1930s His
work implies, for example, that taking the 2-quarter moving averageof the 1-quarter growth
rate of awhite-noise quarterly series, €,, creates a new series with a seasonal pattern, and
taking a 4-quarter growth rate of €, creates a new series with a business cycle pattern but no
seasonal pattern.

The message is that standard transformations may introduce “ spurious’ cyclesin
economic data and thus possibly generate misleading economicinterpretations. However, if
the underlying series has pronounced cyclical and seasonal components, then data
transformations need not introduce spurious patterns The techniques of spectral analysis
discussed below are useful precisely because they allow us to determine whether cyclical or
seasonal patterns (or for that matter any other patterns of interest) in the data could have
been introduced inadvertently through a seemingly innocuous data transformation.

Recent papers explore the possibility of approximating anideal filter. Indeed, papers
by Baxter and King (1999) and by Christiano and Fitzgerdd (1999) providefinite-sample
approximations to an ideal filter. Both Baxter-King (BK) and Christiano-Fitzgerald (CF)
focus on ideal busness-cyde filters and show that certain important economic rdationships,
like the negative Phillips curve correlation between inflation and unemployment rates, show
up strongly at business cycle frequencies—i.e., when the “ideal” business-cycle filter has

been applied to theraw inflation and unemploymert rate data—but nat at lower frequencies.

1. Itisarguable that the strong negative correlation at the business cyde frequencies and non-negative
correlation a lower frequencies reflect the idea that inflation expectationsare dominaed by slow-
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Although the exact specifications of the ideal filters differ in the two papers for
technical reasons, both are two-sided moving averages. With quarterly data, the BK ideal
business-cycle filter is aweghted sum of the aurrent value and 12 leads and lags of the time
series with symmetric weights Through extensive experimentation with quarterly
macroeconomic data, it was determined that 12 was the value that produced filtered series
that best satisfied the BK optimizationcriteria. A major disadvantageof the BK filter to
analysts who focus on recent observations of atime seriesis that three years worth of data at
the ends of the sample period are dropped in computing the filter.

For most macroeconomic time series, the CF ideal business-cyclefilter is aweighted
sum of the current and all leading and lagged values of the data. In contrast to the BK filter,
the CF filter in these cases is asymmetric, discardng no data at the ends of the sample
period. However, CF note that the filtered values of the last couple of observations of the
y,S are not reliably estimated; put another way, their method yields reliable filtered values
for y;.,and earlier observations. Examplesin the CF paper using monthly, quarterly, or
annual data each take y;_, asthe observation 2 years from the end of the sampl e; athough
the filtered value of y;, makes use of all data subsequent to period T-2, it isimplied that
filtered values subsequent to that period are not very reliable.

In addition, the recent research establishes that the famous Hodri ck-Prescott (HP)
filter—which al0 is abusiness cycle filter and does not discard data at the ends of thesample
period—is not “ideal” but, as a practical matter, appears to be a goad approximation with
quarterly macroeconomic data. In addition, the HP filter (with parameter A = 1600) appears
to be a reasonable approximation to the ideal filter that cuts off all information from periods
longer than 32 quarters and allows through all information from periods shorter than 32
quarters (a so-called “high-pass’ filter). However, the HP filter is not without problems: its
filtered estimates become increasingly unreliable at the end of the sample period and it does

not appear appropriate to use with annual data.

moving components.



[11. A Brief Overview of Spedral Analysis

Spectral analysis provides the framework for addressing the key issues of this paper. Atits
most basic level, spectral analysisis based on a fundamental theorem that any stationary
time series, y,, l00sely speaking, can be represented as the sum of (a possibly uncountably
infinite number of) uncorrelated cosine and sine waves of different frequencies and
amplitudes? A formal statement and proof of the representation theorem can be found in
Priestly (1981, chapter 4), for example. Because of thisresult, the variance of a stationary
time seriesisrelated to the amplitudes-that is, the maximum heights and depths—of the
cosine (or sine) waves of all frequencies or equivaently, of al periods.

Low frequencies capture data patterns that repeat only over long periods (i.e., that
capture trend or slow moving components of the data); business-cycle frequencies capture
data patterns or cycles that repeat roughly once every 6 to 32 quarters or 18 to 96 months
(values used in the recent literature and attributed by Baxter and King (1999) to the NBER
research of Arthur Burns and Wesley Mitchell); and seasond frequencies capture cycles that
repeat within ayear.

The contributions that cyclesof each frequency make to the total variance of atime
seriesis described by the spectrum, a curve that plots contributions to variance on the
vertical axis against frequency, measured from lowest to highest (or, equivalently, period
from longest to shortest), on the horizontal axis.® Inwhat follows, w denotes frequency,
measured in radians per unit time; thus 2mt/w isthe period, or length of time required for a

sinusoidal processto repeat afull cycle. The spectrum can takemany shapes. For example,

2. Inasimplecase, y, = A, cos(w,t + 0,) + A, cos(w,t + 0,) + A, cos(w,t + 0,), that is, y, is thesum

of three cosine functions of different frequencies (w,) and phases (0,), with each function multiplied by
A, (the amplitude). 1f 0,=0,, w, = w,, w,=0,=0, and A, = -A, then y,isahorizontal line. Chatfield
(1996) points out that in general, if the A,’s and 0,’s are constants, E(y,) will change with time, imply-
ing that y, is not stationary. More fundamentally, y, is not even a random process unless the A;"s or
0,’s as random variables; further, the A;’s or 0,’s must hav e properties that ensure the stationarity of y, .

3. Thespectrum technically isdefined over frequencies rangingfrom -7 to T (radians per unit time),
and the area under the spectrum is the total variance of the time series. Because the spectrum is
symmetric about the zero frequency, it normally is plotted only for frequencies from 0 to T, or
equivalently it is plotted for periods from infinity to 2 periods.
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if the spectrum is ahorizontal line, then fluctuations at each frequency contribute the same
amount to the overdl variance of aseries; in this case the seriesiswhite noise (just as the
color white is made up of equal contributions from all colors). Granger (1966) argues that
the “typical spectral shape’ of an economic seriesin level form, such as GDP, isvery high
at low frequencies, falls steeply as frequency isincreased, and eventually flattens out; such a
sample spectrum either means that the variance of the seriesis dominated by low frequency
(trend-like) cycles or that the series is non-dationary.

V. Data Transformationsor Filters

Data transformations or filters modify the spectrum of the underlying series, multiplying
that spectrum by afactor greater than one at some frequencies and lessthan one at others. If
thefilter islinear (i.e., if thefiltered seriesis alinear combination of elements of the
original series), then it is possible to determine analytically how much the underlying
theoretical spectrum is distorted at each frequency.

Anideal filter only passes through the frequencies that are of interest to the analyst,
such as business-cycle frequencies, and completely blocks out all other information.
Moreover, within the frequency band of interest, the ideal filter does not re-weight the
underlyinginformation from each frequency. Chart 1 illustrates an ideal business-cycle
filter function for quarterly data (top panel) and monthly daa (bottom panel). Owing to
limitations of our plotting software, the horizontal axis of the figuresin Chart 1 (aswell as
other figuresin Charts 2 and 3) use “Pl” to denote t. The horizontal axis measures
frequency, w, from O to &t (radians per quarter with quarterly data or radians per monthwith
monthly datg) or equivalently measures period from infinity to 2 (quarters or months,
depending on the data).

In each case shown, the ideal filter function equals one inside therange of business-
cycle frequencies and zero outside the range. Of course, many other ideal filters with this
one-zero property are possible: these are referred to asideal “low-pass’ filters (that
highlight only the slow-moving components of the data), ideal “high-pass’ filters (that
highlight only the high-frequency components of the data), and ideal “band-pass’ filters (of

which the ideal business-cyclefilter isaspecia case). Asshown bdow, the filter functions
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associated with standard data transformations are far from “ideal” but, with slight
modifications, can be made to much better approximate an ideal filter.
V. Biasin the Frequency Domain

We now introduce the concept of biasin the frequency domain.

Definition: Denote the average value of the filter function over the frequency range of
interest as AvgF. The bias of the filter functionis AvgF - 1.

That is, biasis the difference between the average value of the filter function and one (the
value of the ided filter) over thefrequency range of interest. It followsamost trivially that,
over the entire frequency rangefrom O to 7t (radians per unit time), the ideal low-pass, high-
pass, and band-pass filter functions are biased (because each has avalue of one

only over a subset of the entire frequency range). A more important result, presented in the
following propogtion, is that the direction of bias determines whether the data
transformation leads to a more or less variable time series; as we will see below, growth-rate
filters have positive bias and, hence, are variance increasing, while moving average filters

have negative bias and are variance decreasing.

Proposition 1: The variance of the data series generated by a data transformation exceeds
that of the underlying stationary seriesif AvgF > 1 (over the entire range of frequencies) and
islessthan that of the underlying seriesif AvgF < 1.

Proof: Recall that the area under the spectrum is the variance of a series and that the
spectrum of atransformed data series in general exceeds the spectrum of the underlying
series for some frequencies and is less at others; put another way, the filter function of the
transformed series increases the spectral values of the underlying series at some frequencies
and lowers them & others. On balance, the increases dominate, and variance is increased, if
AvgF exceeds ore (over the entire range of frequencies); similarly, the decreases dominate
if AvgF islessthan one.

V1. Growth RateFilters
Consider atypical datatrandormation of the level of a quartery series, like GDP, into
growth rates. Let y, denote the logarithm of the variable; thus x, =y, - .., IS approximately

the non-annualized growth rate of the variable. Here we have used afirst-difference filter,
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whichislinear. There are two points to emphasize.

First, the annualized growth rateis given by (1 + x)* - 1 = 4x, + 6x2 + 4x2 + x,* and
thusis not alinear filter; strictly speaking, the theory of linear filters does not apply to the
annualized growth rate, but we will consider the linear part—namely, 4x,, below. Second, at
each frequency, w, the spectrum of the original level seriesis multiplied by the factor,

2 - 2 cosw, for the non-annualized growth rate and by the factor, 16 (2 - 2cosw), for the
linear part of the annualized growth rate (as proven below). These are called “filter
functions,” and several are shown in the accompanying charts.

By plugging in values for w in the case of the nonannualized growth rate, it is seen
that the spectrum of x, (the growth rate) is derived by multiplying the spectrum of y, (the log
level) by factors that grow monotonically from 0 to 4 as frequency rises from 0 to t; for the
linear part of the annualized growth rate, the multiplicative factors grow from 0 to 64 (see
the dotted line in the top left panel of chart 2). The contribution to overall variance from the
zero frequency is completely “killed” or eliminated by the data transformation; thisis
desirable because transforming levels data into growth rates is typically doneto eliminate
long-term stochastic trends or unit roots.*

The cost of this data transformation is that contributions from certain business-cycle
frequencies also are attenuated, while contributions from other business-cycle frequencies
and high frequency variation are greatly magnified. Indeed, with quarterly datathe
multiplicative factors for the linear part of the annualized growth rate are less than the
“ideal” value of one for periods longer than about 25 quarters (or frequencies less than .25)
and greater than one for periods shorter than 25 quarters. The dividing line between
attenuation and magnification arising from this simple growth-rate transformation appears

quite arbitrary.

4. Strictly speaking, contributions from the zero frequency are completely eliminated only if the
original seriesis stationary. For example, if the original seriesis [(2), then first differencing produces
anon-stationary 1(1) series whose spectrum isinfinite at the zero frequency. Also as a practical matter,
standard methods of estimating the spectrum do not produce a zero spectral value at the zero frequency
even for a stationary series becausethe estimate at the zero frequency is a weighted average of
estimated spectral values near and including zero.
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These results readily generalize, as summarized in the following proposition. In the
subsequent di scussi on, the operator, L, is defined by L* z, = z,, for both positive and
negative integer values of k.

Proposition 2: The spectrum of the k-period nonannualized growth rate,
X, =Y, - Yo = (1 - LYY, = c(L)y,, isthe spectrum of y, multiplied by the factor 2 - 2coskw.

Proof: If s,(w) denotes the spedtrum of z, then, as established in severa textbooks,
such as Hamilton (1994, chapter 6), s,(w) = c(€*)c(e™) s(w), where c(e”)c(e'”) isthe filter
function or the squared gain. Inour case, c(€®) =1- €= 1- cos(kw) - isin(kw), from
which it follows that c(€*) c(e'®) = 2 - 2coskw.

This sort of filter is often employed in data presentations. For example, with quarterly data
and k =4, vy, - y,, is approximately the 4-quarter percent change; with monthly data and
k=12,y, - Y. isapproximately the twelve-month percent change.

Proposition 2 allows us to compute the average value of the filter function of the
k-period nonannualized growth rate. For all k, the average valueis 2 over theentire
frequency range, and theaverage value of the 4-quarter growth rate over the quartery
business-cycle frequency range of 1/16 to 1/3 radians per quarter is 2.9.> Moreover, the
average value also exceeds the“ideal” value of 1 for all values of k over the quartaly
business-cycle frequencies. However, over thelow-frequency range of 0 to 1t/16 radians
per quarter, the average value is 0.2 for k = 4.° Because the average values generally differ
from the “ideal” value of 1, the growth-rate filters over the frequency ranges commonly of
interest are biased: the magnification of the specrum of the underlying series at some
frequenciesis not offset on average by theattenuation at others. We summarizethis

discussion in propositions 3 and 4:

Proposition 3: Over the frequency ranges commonly of interest, the filter function of the
k-period nonannualized growth rateis biased. Over the business-cyde frequencies, the
average value of the filter function exceeds 1 for al values of k.

5. The average value of theformeris; (1/7) of" (2 - 2coskw)dw = 2 for k = 1,2,3,.... The average
value of the latter is: [(T/3 - T/16)]™ 16 ™ (2 - 2c0s 4w)dw = 2.9.

6. For k = 10, the average value of the filter function is about 1 over the low frequencies.
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Proposition 4: Because the average value of the filter function of the k-period
nonannualized growth rate is 2 over the entire frequency range, the variance of the series
generated by a k-period nonannualized growth rate filter always exceeds the variance of the
underlying series (assuming stationarity).’

Further, as shown in the top two pands of chart 2, the filter functions for the cases
k = 4 (used with quarterly data) and k = 12 (used with monthly data) have multiple peaks (at
avalue of 4) and “kill” the contribution to overall variance at the zero and seasonal
frequencies; because of the latter, they sometimes are called seasonal difference filters® As
noted in Granger and Newbold (1986), it is sometimes argued that all thiskilling (i.e.,
giving azero weight to contri butions from the seasona frequencies) i s not necessarily a
good thing, because even a white noise series has some of its variance explained by
variation at the seasonal frequencies.

Also, as seen by careful inspection of the top left panel of chart 2, the 4-quarter
percent change yields a smoother transformed series relative to the annualized 1-quarter
percent change series, because the value of the 4-quarter percent change filter function (read
off the left axis) is less than the value of the annualized 1-quarter growth filter function
(read off the right axis) at every frequency except zero. Similarly, the 12-month percent
change smooths relative to the annualized 3-month percent changes, as seen from the top
right panel of chart 2.

The 4-quarter percent change not only smooths relaive to that of the linear part of
the annualized 1-quarter percent change, but it dso produces a series more in time
synchronization (that is, more in phase) with the underlying series. In general, growth-rate
filters generate a time seriesthat leads the underlying series (i.e., both the peaks and troughs

come earlier), albeit by alesser amount as the value of k increases; these ideas are

7. For example, if the underlying series is white noise with variance 0° (and constant spectral vaue of
0%/27T), then the variance of the transformed series is (0%/2T) . [™(2 - 2coskw)dw = 207

8. The seasonal frequencies, w,, are defined as 21k/p wherek = 1,2,3, ... and p is theperiod of the
seasonal, taking the value of 4 for quarterly dataand 12 for monthly data. For example, with quarterly
data the seasonal frequencies are 1/2 and T radians per quarter, corresponding to periods (2T/w,) of 4
quarters and 2 quarters, respectively. With monthly data, there are 6 seasonal frequencies, sarting
with 7/6 (or equivalently, a period of 12 months).
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implications of the next proposition (where variables are again expressed in logs).’
Proposition 5: Let 0,(w) be the phase spectrum of A(y, - y.,) where A is a constant; then
0, (w) = tan[sin (wk)/(1-cos(wk))] > 0for 0 < w < m/k. Also, dO,(w)/dk < 0 for w > 0.

Proof: Letx = Ay, - Ay, = hpy, + hyy,, , wherehy = A and h, =-A and h, = 0,
otherwise. The frequency response function is; H(w) = Ae™@©- Ag'°® =
A(1 - coswk + isinwk). By definition, the phaseis thus 0,(w) = tan[sin (wk)/(1-cos(wk))].
Since 1-cos(wk) > 0 (except for w = 0) and sin (wk) > 0for 0 < w < /K, it follows that 0, (w)
is positive (over the interval defining the principal branch of the inverse tangent function),
implying that the filtered data lead the underlying datafor 0 < w < m/k.

Let u(k) = sin(wk)/(1-cos(wk)). Thus, 0,(w) = tan™ u(k). From the calculus of
trigonometric functions, we know that dO,(w)/dk = (1/(1+u?))du/dk. Carrying out the
differentiation, we get that dO,(w)/dk = - w/2 < 0 (for w > 0).

Intuitively, the reason that growth rates typically lead is that, as the underlying series
approaches a peak, the positive increments to the series diminish in value (the second
derivative is negative in the neighborhood of a maximum); hence, the increments drop off
before the actual series.

In summary, these growth rate filters have the desirable property of removing very
long run stochastic trends (or attenuating them if the underlying series is nonstationary).
Further, the smoathing and better time synchronization achieved by the 4-quarter growth
rate filter relative to the annualized 1-quarter growth rate filter (or the 12-month growth rate
filter relative to the annualized 3-month growth rate filter) often is desirable. However, the
costs of al growth-rate filters are the introduction of bias (in the sense that the magnification
of the spectrum of the underlying series at some frequendesis not offset on average by the
attenuation at others) and timing shifts (that is, the transformed series |eads the underlying

series).

9. The so-called phase spectrum captures thedegree of time asynchronization between aseries and the
filtered value of it. In general the phase varies with frequency, making it atricky concept; for example
the business cycle frequency components of afiltered series may lead the underlying series but higher
frequency components may lag it. To compute the phase, O(w), for the linear sysem x, = X hy,; (with
summation over j running from -co to =), start by taking the Fourier transform of the impulse response
function {h}. Thisisknown asthefrequency reponse function, H(w), and is generally a complex
variable, R(w) + il(w). The phase, O(w), is defined as tan™ [I(wW)/R(W)].
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V1. Moving Averages

Intuitively, arithmetic moving averages are used to highlight underlying trend and smooth
out local fluctuations; indeed in some textbooks, the moving average is called a smoothing
filter. The following three propositions and corollary summarize important points about
moving averages. Both trailing and centered moving averages with uniform (constant)
weights are evaluated.

Proposition 6: The spectrum of an n-term moving average [X, = (Y, + Y1 + - + Yep)/N] IS
derived by multiplying the spectrum of the orignal series (y,) by the factor:
[n + 2cos(n-1)w + 4cos(n-2)w + 6cos(n-3)w + 8cos(N-4)w + ... + 2(n-1)cosw]/n?.

Proof: Consider X, = (Y, + Y1 + - + Yip)/N=(UN)(L+ L + L2+ .. + L™y, = m(L)y,.
Thus the spectrum of the n-term moving average, s(w) is given by m(e“) m(e'”) s(w),
where m(e€®) m(e'”) is the filter function of the moving average. We start with the case of
n=2. Inthiscase, m(é®) m(e'*) = (1/4)[1 + €°][1 + €'°] = (1/4)(2 + €° + €'°) =
(1/4)(2 + 2cosw). Subsequent steps, not shown, are a straightforward application of proof
by induction.

Proposition 6 implies that the variance of atime seriesisreduced by applying a
trailing moving average to it (that is, the resulting transformed series looks smoother than
the original series). This occurs because the moving-averagefilter downweights the
contribution to overall variance from high frequenciesrelative to those from low
frequencies; and, in addition to generally decli ning with frequency, the moving-average
filter function starts with aval ue of unity at the zero frequency, implying that the average
value of thisfilter function is always less than one® Generally, the more terms present in
the moving average, the more rapidly the filter function declines with frequency and, hence,
the smoother theresulting time series. These clamsare proved in the following coroll ary.

Corollary: The value of thefilter function of the n-period tralling moving averageis less
than 1 at al frequencies, except 0, and the average valueis 1/n. Asnrises, thefilter
function declines more rapidly with frequency, when evaluated at low frequendes.

10. If the underlying series is white noise with variance 6%, then the variance of the n-term moving
average is determined as the product of 0%/2T and the integra from -7 to T of the above filter
function; the resulting product is 6%/n. Thus, even a 2-term moving average cuts the variance of an
underlying white noise series in half. If the underlying seriesis a stationary firgd-order autoregressive
process with parameter p (and |p\ <1), then the variance of the 2-term moving averageis (1 + p)/2
times the variance of the underlying series.
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Proof: By direct substitution, we see that the value of the filter function of the n-
period moving average (as specified in proposition 6) at w = 0 isunity. Thisisthemax-
imum value of the filter function over all frequencies from 0 to t, because the maximum
value of cos(x) is1 (at x = 0) and in general the cosine terms in the filter function are thus
lessthan 1. Hence, the average value of the filter functionislessthan 1. The average value
is 1/n, derived by integration of the filter function from O to © (and division by ).

Finally, differentiate the filter function with respect to w. Evaluated at w = 0, the
first derivative is zero and the second derivative is negative, implying that the filter function
attains amaximum at w = 0. Further, differentiation of the second derivative (evaluated at
w = 0) with respect to n yields a negative number, implying that the filter function falls of f
more rapidly asn rises.

Examples of 3-, 4-, and 6-period trailing moving average filter functions are
presented in the lower left panel of chart 2. These examples suggest that for quarterly data,
a4-quarter moving average is sufficient to bring out the underlying trend and minimize the
contribution from higher frequencies, becausethis filter generaly gives very littleweight to
contributions from frequencies above the business-cycle cutoff vdue of 7/3 and completely
eliminates contributions from the quarterly seasonal frequendes; for monthly data, at least a
6-month moving average of the levels data is appropriate.

The second key property of moving averages, summarized in proposition 7, is that
the spectrum of atrailing moving average of a stationary series is the same as the spectrum
of a centered or two-sided moving average with equal (symmetric) weights, ignoring
important issues that arise at the end points of atime series; thus both moving averages

produce the same amount of smoothing.

Proposition 7: The filter functions of an n-period trailing moving average and an n-period
centered moving average with equal weights are identicd (ignoring end-point issues).

Proof: Assumethat nisan odd integer. We know the filter function of the trailing
moving average from proposition 6; the filter fundion of the centered moving average also
is established by induction. We will show the equivalence for the n = 3 case. In this case,
the centered moving averageisgiven by: (Y., + VY, +Y,.)/3=(1/3)(1 + L + L)y, = m(L)y..
Thus, m(€®) = (1/3)(1 + € + &'®), and the filter function becomes
m(e®)m(e’) = (1/9)(1 + 4cosw + 4cos’w). However, using the identity cos2x = 2cosX - 1,
this can be re-written as (1/9)(3 + 4cosw + 2c0s2w), completing the proof.

The final key property of moving averages, summarized in proposition 8, is that
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centered moving averages (with symmetric, but not necessarily uniform, weights) generally
are in perfect time synchronization with the underlying economic time series, and trailing
moving averages generally lag it."* Moreover, the lag increases with the number of temsin

the trailing moving average.

Proposition 8: Centered moving averages with symmetric weights cannot lag, and
generaly are in perfect time synchronization with, the underlying series, but trailing moving
averages with uniform weights generally lag it.

Proof: Asshown in Granger and Newbold (1986, chapter 2), the tangent of the phase
of an n-termtrailing moving average with uniform weightsis [-Xsinjw/Xcosw], where the
summation over j isfrom 0 to n-1; the phaseis typically, but not always, negative, implying
that the filtered series generally lags the underlying series.

We now establish tha the tangent of the phase of an n-term centered moving average
is 0, implying that the phase itself is either zero (implying perfect time synchronization) or 7t
(implying that thefi ltered series|eads the underl ying series), depending on the frequency.
We assume that the moving average has uniform weights, but it will become clear that the
results hold for symmetric (but not necessarily uniform) weights aswell. (Recall that
Baxter and King (1999) develop a centered moving-average filter with symmetric weights.)

Let x, = Xh, y,; where the summation is over j from -nto n (atotal of 2n + 1 terms)
and where h = 1/(2n+1) for all j. The frequency response fundionis: H(w) = Xhe™ =
(2n+1) O +€90D 4+ + 9%+ g© +, +e'"=(2n+1)[1+2c0S wn +2c0Sw(N-1)+..+2c0sw].
The final equality follows from the property that £(€? + e'?) = 2Ecosz, where € is a constant;
the complex components cancel provided that €2 and €' are each multiplied by the same
factor. Thisiswhy the results carry over to the case of symmetric weights. We thus have
established that the frequency response function is real and therefore the tangent of the
phase spectrum is zero, implying that the phase itself isO or 7.

VII. Combining Differences and Moving Averages
Combining differences and moving averages to transform the data generates filter functions
that rapidly become very complicated as the order of differencing increases, although the

combined filter function is always the product of the two separate ones. The following

proposition presents the combined filter.

11. Examplesof atypical cases are shown in the appendix chart. Both panelsplot an underlying and a
filtered series against time on the horizontal axis. The top panel illustrates that a 3-term centered
moving average of a choppy time series (pecified as 10cod (3/4)7t]) can lead the underlying series
rather than be in perfect synchronization; Chatfidd (1996, chapter 9) derives the properties of the
phase of a3-term centered moving average. The bottom panel illustrates that a 4-term trailing moving
averagecan be in perfect synchronization.
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Proposition 9: The spectrum of the n-term trailing moving average of the k-period
nonannualized growth rate is the spectrum of the original series (y,) multiplied by the factor:
(2 - 2coskw)[Nn + 2cos(n-1)w + 4cos(N-2)w + 6cos(N-3)w + ... + 2(n-1)cosw]/n.

Proof: Letx = [(Y; - V) + Vi1 = Yerd) + oo+ Venny = Yeren)]/D
= [1-L*+L-L"+ .+ L™ - LY (WUn)y,
= [1-LM[1+L+..+L" (Wn)y,

which implies, using propositions 2 and 6, that the filter function of x, (the n-term trailing
moving average of the k-period growth rate) factors into the product of the separate filter
functions of the n-term trailing moving average and the k-period nonannualized growth rate.
Note that the combined filter is zero at the zero frequency (owing to the differencing
component of the filter), implying that it renders stationary an 1(1) stochastic process. Baxter
and King (1999) consider the ability of afilter to result in a stationary series an important

property. In addition, the comhined filter simplifies greatly in the case of first differences

Corollary: Thefilter function of the n-period moving average of the nonannualized first-
differenceis given by (1/rf)(2 - 2cos nw). The average vaue of thisfilter over all frequencies
(fromOto T) is 2/r?.

Proof: Because of the fact that (1/n)(1+L+L%+...+L"™)(1- L) = (/n)(1 - L"), the filter
function of the n-period moving average of thefirst differenceis proportional to thefilter
function of the n-period difference, whose form we know from proposition 2. Integration of
the filter function over all frequencies establishes that the average valueis 2/r?.

Examples of combined filters relevant to monthly data are shown in the bottom right
panel of chart 2, and examples relevant to quarterly data are shown at the top panel of
chart 3. The solid line in the bottom right panel of chart 2 isthe filter function for a 3-
month moving average of the 12-month percent change, a measure often emphasized by
price analysts on Wall Street. This combined filter places much less weight on high-
frequency variations than does the 12-month percent change but retains much of the same
distortion over the business cycle and lower frequency range; as discussed below, other
combined filters have more desirable properties.

As noted above, the average vdue of the filter function of the k-period growth rate
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exceeds one over the entire range of frequencies as well as over thefrequencies normally of
most interest (i.e., business-cycle and lower frequencies), while the average value of the
filter function of moving averagesislessthan one. Thus, combined filtersinvolving
k-period growth rates with k > 1 offer the possibility of having mean values near one,
thereby nat badly distorting the spectrd information of the underlying series on average.*
Thisisone of our key insights and is summarized in proposition 10; the proposition will be
proved assuming quarterly time series data but also holds for morthly data aswell (with

examples given below).

Proposition 10: For k > 1 and over the business-cycle and lower frequency range, there
existsinteger values for k and n such that the average value of the filter function of the
combined n-term moving average of the k-period nonannualized growth rate is near one.

Proof: As noted above, we will assume quarterly data, in which case the frequency
range of interest runs from 0 to 1t/3 (with a corresponding period of at least 6 quarters). We
will show that the average value of the filter function is exactly unity inthen =k = 2 case,
and that the average value is approximately unity for other (n,k) pairs as well.

For the n = k = 2 case, the average value of the filter function in proposition 9 is:
(3/41) o/ ™ (2 - 2c02w)(2 + 2cosw) dw =1, using cosx cosy = [cos(x+y) + cos(x-y)]/2.
By integrating the combined filter function and using the same trigonometric identity, we
can find other (n,k) pairsthat yield an averagevalue near 1 for 0 < w < 7/3. Because 4-
guarter percent changes areoften used in applied work, it is interesting to conside the case
of k = 4. For n = 4,the average value of the filter functioniis:

(3/167) o[ ™ (2 - 2c0s4w )(4 + 2c0S3w + 4c0S2w + 6COoSw) dw = 1.27,
and the average valuefor n=5is

(3/25m) o[ ™ (2 - 2cos4w)(5 + 2cosdw + 4cos3w + 6c0s2w + 8cosw) dw = 0.87.

Thus, for k = 4, either a4-term or 5-term moving average yields an average value of the
filter function that isnear unity.

12. Using the above corollary for the k = 1 case, thecombined filter has an average value of
2/n? over the entire range of frequencies, anumber less than one.
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The numerica exampl es presented in chart 2 suggest that to minimize the average
distortion over the frequencies normally of most interest with monthly data—.e, frequencies
less than /6 or equivalently periods greater than 12 months—one should use at |east a 6-
month moving average of the 12-month growth rate, but no more than a 12-month moving
average. The average value of the filter function using the 6-month moving average over
this frequency range is about 1.5, whereas the average value using the 12-month moving
average is 0.8; and over higher, less interesting frequencies, the average values are near
zero.”* And with quarterly data, the examplesin the top panel of chart 3 suggest that
average distortion is minimized usinga 5-quarter moving average of the 4-quarter growth
rate; thisis because the average value of the filter function for frequendes less than /3 is
1.25 using a 4-quarter moving average and is 0.6 using a 6-quarter moving average. These
computations are consistent with the analytic solution values in the proof to proposition 10,
where it is shown that the average value for a 5-quarter moving averageis 0.87.

We now turn our attention to the timing properties of combined filters. Asnoted
above, trailing moving averages tend to lag theunderlying data (proposition 8), and growth
rates tend to lead the underlying data (proposition 5). Thisimpliesthat at |east some of the
lagging introduced by amoving average to an underlying series will beundone by a growth
rate filter, and vice versa. Indeed, the leads and lags can largely cancel when combining the
separate filters; as aresult, the combined filter can produce atime seaiesthat isin close
synchronization with the underlying data and, in so doing, help preserve the underlying
timing relationship between completely different time series (for example, capital goods
orders and shipments) that separately have been transformed by the same combined filter.
The combined filter does not have to produce close synchronization between a series andits
filtered value, but quite often doesin practice. Thephase of the comhined filter functionis

presented in the following proposition.

13. For purposes of computation in figures 2 and 3, the horizontal axis—measured from 0 to 7
radians per unit time—in each case is divided into intervals of size 1/100.



17

Proposition 11: The phase of the n-term trailing moving average (with uniform weights) of
the k-period growth rate is given by (with summations over j from0Oton-1andw # 0):

tan™{[-X;sinwj + X; sinw(k+j)]/[X;coswj - Xcosw(k+)]}.
Proof: LetX = (Un)[(Y; - Yiud + Vex = Yed) o + Vener = Yikened)]
= (1/[’]) {Zyt—j - ZYt-k-j}

where the summations are over j from 0 to n-1. The frequency response function is:

H(w) — (1/n)[e—io)0+ e—iw +m+e-im(n-1)_ e—imk _ e—io)(k+1) - - e—iw(k+n—1)]
= (Un){[1+ cosw + ... + cos(n-1)w - coswk - cosw (k+1) - ... - cosw(k+n-1)]
-i[sinw + ... + Sinw(n-1) - sinwk - ... - sinw(k+n-1)]}.

Denote the real part of H(w) by R(w) and the imaginary part by il(w); then, by definition,
the phase is tan™[I(w)/R(w)], and the proof is completed by substitution.

Asapractical example, the bottom panel of chart 3 compares various filtered values
of real GDP in the United States, using quarterly National Income and Product Account
(NIPA) datafor the period from the first quarter of 1968 to the third quarter of 2001. The
shaded areas inthe chart denote business cyde peak-to-trough periods as officially
designated by the NBER (the cyclical peak in the first quarter of 2001 is not designated on
the chart); the NBER peak and trough quarters are quite similar to the corresponding peak
and trough quarters of real GDP, differing at maost by aquarter. The level of real GDPisa
typicad macroeconomic time series that is not stationary, based on the augmented Dickey-
Fuller test;** however, the various filtered series shown are stationary. Although the prior
theoretical reaults are based on an underlying stationary time series process, the results will
be seen to hold for real GDP, raising the possibility that they will also hold for other typical
macroeconomic time series.

The bottom panel illustrates that the 4-quarter growth rate is a smoother series than

14. Thet-statistic for the coefficient of the lagged level of real GDP in the augmented
Dickey-Fuller regresson is 1.4, with critical value of about 2.9 at the 5 percent level.
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the annualized 1-quarter growth rate, as suggested by proposition 2 (indeed, the sample
variance is reduced from 17.8 to 7.5). Moreover, consistent with proposition 5, the 4-
quarter growth rate either moves in synch with the annualized 1-quarter growth rate or lags
it; the latter isillustrated during the recession of 1990 when the steep plunge and subsequent
bounceback in the 1-quarter growth rate precede that of the 4-quarter growth rate. Over the
sample period shown, the annualized 1-quarter growth rate leads the 4-quarter growth rate
by about 1 quarter on average prior to cyclical turning points.”

The bottom panel also illustrates that the 4-quarter moving average of the 4-quarter
growth rate (with a sample variance of 5.5) is a smoother series than the 4-quarter growth
rate (proposition 6) and also tends to lag it (proposition 8), the latter being most evident
around business-cycle turning points. Further, as suggested by proposition 11, the 4-quarter
moving average of the 4-quarter growth rate should be in better synchronization with
movement in the underlying series than the 4-quarter growth rate. Indeed, this better
synchronization is evident around turning points. For example, the 4-quarter moving
average of the 4-quarter growth rate turns down closer in time to the business cycle peaksin
1969, 1973, 1980, 1990, and 2001 than the 4-quarter growth rate but a bit further away in
time to the peak in 1981. Interestingly, though, the 4-quarter moving average of the
4-quarter growth rate turns up a bit further away in time to troughs in GDP than the 4-
guarter growth rate. However, on average around all business-cycle turning points, the 4-
guarter moving average of the 4-quarter growth raeisin better time synchronization with
real GDP than isthe 4-quarter growth rate. Finally, as established by proposition 10, the
combined 4-quarter moving average of the 4-quarter growth rate is better than either of its
components at bringing out features of the data associated with business-cycle and lower
frequencies, because the average value of the associaed filter function is closer to one.

Additional examples of these points are contained in chart 4, which compares
various filtered values of the core personal consumption expenditures (PCE) price index
using monthly NIPA datafor the period from January, 1968 to September, 2001. In

15. Although not shown, and consistent with proposition 8, the 4-quarter moving average of
real GDP lags GDP at both peaks and troughs generally by 1 to 2 quarters.
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particular, it is seen that the 12-month percent change (with variance of 5.0) isamuch
smoother series than the annualized 3-month percent change (with variance of 5.6), while
the 6-month moving average of the 12-month change is smoother still (with variance of
4.9); moreover, the lead introduced by the 12-month growth rate (not shown) is offset by the
lag associated with the moving average.
VIIl. Conclusion

This paper has examined properties of standard data transformations—in particular,
growth rates and moving averages—commonly used in applied economicswork. In
contrast to recently-devel oped approximate ideal filters that drop the most recent few years
worth of observaions from the sample, the filters andyzed here do not drop observations,
reflecting common practice among government and financial-market economists. Although
thesefiltersare not “ideal,” our analysis suggests that the biases and timing shifts introduced
by standard data transformations can be substantially neutralized by relying on moving

averages of multi-period growth rates.
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Ideal Business Cycle Filters

Quarterly Data

1
0 \
0 1/16 PI 1/3 PI 1/2 PI Pl (radians per quarter)
infinity 32 Q 6Q 4Q 2 Q (quarters)
Monthly Data
1
0 \
1/48 Pl 1/9 Pl 1/6 PI Pl (radians per month)

9%6M  18M 12M 2M (months)



Filter Functions of Data Transformations
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Chart 3

Combined Moving Average and Four-Quarter Growth Rate

—— 3 period*
----- 4 period**
- — - 6 period***
4
3
2
1
.. T L LT — 0
0 1/4 Pl 1/2 Pl 3/4 Pl Pl
* [2-2c0s4W] 1/9[3+4cosW+2cos2W]
** [2-2c0s4W] 1/16[4+6cosW+4cos2W+2cos3W]
*+* [2-2c054W]1/36[6+10cosW+8cos2W+6cos3W+4cos4W+2cos5W]
Real GDP
(Percent change)
—— 4-quarter
----- 1-quarter, a.r.
— 4-quarter moving average of 4-quarter
—— Level, billions of dollars, left scale
10000 Percent 20
9000
15
8000 ! .
.:- k : -:E : 10
7000 |-
5
6000
0
5000 . A
1 n &
4000 5 -
3000 10

1970 1975 1980 1985 1090 1995 2000

Note. Shaded regions represent NBER business cycle peak-to-trough periods.



Chart 4

Core PCE Prices
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3-term centered moving average
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Appendix 1

4-term trailing moving average
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