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ABSTRACT

The dependence of the temperature and wind distribution of the zonal mean flow in the extratropical tropo-
sphere on the gradient of potential vorticity along isentropes is examined. The extratropics here refer to the
region outside the Hadley circulation. Of particular interest is whether the distribution of temperature and wind
corresponding to a constant PV along isentropes resembles the observed, and the implications of PV homoge-
nization along isentropes for the role of the tropics.

With the assumption that PV is homogenized along isentropes, it is found that the temperature distribution in
the extratropical troposphere may be determined by a linear, first-order partial differential equation. When the
observed surface temperature distribution and tropical lapse rate are used as the boundary conditions, the solution
of the equation is close to the observed temperature distribution except in the upper troposphere adjacent to the
Hadley circulation, where the troposphere with no PV gradient is considerably colder. Consequently, the jet is
also stronger. It is also found that the meridional distribution of the balanced zonal wind is very sensitive to the
meridional distribution of the tropopause temperature. The result may suggest that the requirement of the global
momentum balance has no practical role in determining the extratropical temperature distribution.

The authors further investigated the sensitivity of the extratropical troposphere with constant PV along isen-
tropes to changes in conditions at the tropical boundary (the edge of the Hadley circulation). It is found that
the temperature and wind distributions in the extratropical troposphere are sensitive to the vertical distribution
of PV at the tropical boundary. With a surface distribution of temperature that decreases linearly with latitude,
the jet maximum occurs at the tropical boundary and moves with it. The overall pattern of wind distribution is
not sensitive to the change of the position of the tropical boundary.

Finally, the temperature and wind distributions of an extratropical troposphere with a finite PV gradient are
calculated. It is found that the larger the isentropic PV gradient, the warmer the troposphere and the weaker the
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jet.

1. Introduction

The importance of the potential vorticity (PV) dis-
tribution along isentropes in the extratropical large-
scale dynamics has long been recognized and empha-
sized (Charney and Stern 1962; Hoskins et al. 1985).
It has also been proposed that the PV may be a pow-
erful diagnostic tool for studying the general circulation
(Hoskins 1991). However, it appears that no adequate
efforts have been made to examine the temperature and
wind distribution of the zonal mean flow as a function
of PV distribution along isentropes.

The need to examine the dependence of the zonal mean
flow on the PV distribution along isentropes was further
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highlighted by Lindzen (1993). Lindzen noted that, given
the meridional confinement of the baroclinic instabilities
by the subtropical jet (leading to a finite minimum hori-
zontal wavenumber), it was possible to neutralize the at-
mosphere by eliminating pseudo PV gradients along iso-
bars (or equivalently PV gradients along isentropes)
above the surface to a sufficiently great height, corre-
sponding to the tropopause. The relevance of such a neu-
tral state to the real atmosphere is dependent on whether
the temperature and wind distribution corresponding to a
constant PV along isentropes resembles the observed. It
should be noted that while baroclinic instability may plau-
sibly act to bring the basic state foward neutrality, one
cannot reasonably suppose that neutrality will be fully
achieved. Rather, a balance is achieved between the gen-
eration of eddies and their dissipation by linear and non-
linear processes. The present study offers some evidence
that the neutral state may nonetheless offer a reasonable
approximation for some purposes.
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Fic. 1. Potential vorticity distribution (in PVU) along three representative isentropes (top: 290 K; bottom right: 300 K; bottom left: 275
K. 1 PVU = 107° m* s™! K). Data source: 1963—73 climatology for the winter season of the Northern Hemisphere from Dr. A. Oort at
GFDL. [The data tabulated in Oort (1983) produce spurious superadiabatic lapse rate below 950 mb. This problem was corrected in the new

dataset used here.}

In this paper, we describe how to calculate the dis-
tribution of temperature and wind as a function of the
PV distribution along isentropes. Motivated by Lind-
zen’s note, we are particularly interested in whether
there is any significant difference between the observed
temperature and wind distribution and the one corre-
sponding to a homogenized PV distribution along is-
entropes. We also examine the implications of PV ho-
mogenization along isentropes in the extratropical tro-
posphere for the role of the tropics.

This paper is organized as follows. In section 2, we
present the distributions of PV of the observed zonal
mean flow, whose characteristic structures indeed in-
dicate mixing in the interior of the extratropical tro-
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FiG. 2. Potential vorticity and potential temperature distributions
in the troposphere for the winter season of the Northern Hemisphere.
For clarity, isentropes are not labeled. The contours start from 260
K and end at 340 K with an even interval 10 K. Contours of PV end
at 3.0 PVU. (Data source: same as in Fig. 1.)

posphere. In section 3, we describe the calculation of
the temperature and wind distribution of an extratrop-
ical troposphere with zero isentropic PV gradient and
compare the result with the observed. In section 4, we
investigate the sensitivity of the temperature and wind
distribution in the extratropical troposphere to the trop-
ical lapse rate and the position of the edge of the Hadley
circulation. In section 5, we quantify the sensitivity of
the temperature and wind distribution to the changes in
the gradient of PV. Section 6 provides our summary.

2. The characteristic PV distribution of the
observed flow

The expression for the isentropic PV is

00
P=~g(f+ L) 5 (1)
in which g is the gravitational constant, f is the plan-
etary vorticity, 8 represents the potential temperature,
p is the pressure, and {, is the relative vorticity evalu-
ated along isentropes (Hoskins et al. 1985).

Figure 1 shows the PV distributions along three rep-
resentative isentropes of the observed zonal mean flow
of the winter season (290 K, 300 K, and 275 K, re-
spectively). The 290-K isentrope originates from the
subtropical surface and intersects the tropopause
shortly before reaching the pole. The 300-K isentrope
originates in the tropics and intersects the tropopause
at about 60°N. The 275-K isentrope originates from the
extratropical surface and passes over the pole without
intersecting the tropopause. For reference purposes,
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Fig. 2 presents the PV and potential temperature dis-
tributions of the winter season over the entire Northern
Hemisphere.

It is apparent from Fig. 1 that the distribution of PV
along isentropes is characterized by different regimes.
The gradient of PV along the section of the isentropes
that falls in the interior of the extratropical troposphere
is distinguishably smaller than along the section that
falls into either the Hadley regime, the immediate re-
gion of the ground, or the transitional region to the
tropopause. Note that on the 300-K isentrope, the gra-
dient of PV between 10°N and 30°N is clearly much
larger than that between 30°N and 45°N, the section
which lies in the interior of the extratropical tropo-
sphere. Also note that the 275-K isentrope has only a
surface boundary layer since it reaches the pole without
intersecting the tropopause. This characteristic distri-
bution of PV indicates vigorous mixing in the interior
of the extratropical troposphere.

For the zonal mean flow, the relative vorticity {, is
an order of magnitude or more smaller than the plan-
etary vorticity f. The chief contributor to the PV dis-
tribution is —g f(98/0p). This provides a convenient
link between PV, which is conserved for adiabatic and
inviscid flows, and lapse rate, which is not.

As is evident in Fig. 1, the isentropic gradient of PV
in the troposphere appears to be distinguishable from
zero. However, one should note that the change of PV
from its surface values or tropical values to its strato-
spheric values is large, and consequently the PV gra-
dient in the interior of the troposphere may be consid-
erably exaggerated here due to the low resolution of
the observational data. Data used here is the analyzed
radiosonde data, which is only available at the standard
pressure levels (Oort 1983). An effective way to check
the significance of the PV gradient is to obtain the dis-
tribution of temperature and wind corresponding to a
constant PV along isentropes, and then compare this
distribution of temperature and wind with the observed.
The major concern here is whether the assumption of
PV homogenization along isentropes can provide a
practical way to determine the distribution of temper-
ature and wind. This is the subject of the following
section.

3. An extratropical troposphere with a zero
PV gradient

a. An approximate calculation

As shown by observations, for the time and zonal
mean flow of the extratropical troposphere, the relative
vorticity {, is one order of magnitude or more smaller
than the planetary vorticity. Therefore, to first-order ap-
proximation, the PV is simply —g f(96/8p). This cor-
responds to the planetary-scale approximation (Ped-
losky 1987). The same approximation has been made
by oceanographers in their studies of the large-scale
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structure of the thermocline circulation (Luyten et al.
1983; Marshall and Nurser 1991). This greatly simpli-
fies the calculation as we will see later. However,
whether {, < fis dependent on how the PV is distrib-
uted and what the boundary conditions for the temper-
ature and wind are. When we take an idealized PV
distribution that differs from that observed, this as-
sumption may not be good. This can be easily checked
once the temperature and wind distributions are ob-
tained under this assumption.
Note that for any quantity F = F(y, p), we have

<%>9 _OF 9 <aa)-1 oF 2

dy oy\op) op’

where y = ad, a is the radius of the earth, ¢ represents
the latitude, and p represent the pressure. Here 6 is the
potential temperature, which is a function of the lati-
tude and pressure; (OF / 9y), is the derivative of F eval-
uated along isentropes.

Defining P, = —gf(06/0p), the gradient of P,
along isentropic surfaces can be written

_—1<%> _Q@_*_f_éz.zg_
E\ay ), vap ! ayop
_ .0

o0\ O o6
ay(a) pop O

If P, is constant along isentropic surfaces, we may re-
arrange (3) as

8 (96/3y) _ 1df
dp(88/0p)  f dy’

Integrating from the surface level p, to the level p, we
obtain the following equation for 6:

(4)

o0 —gf*00, df ]60
— | ——-—=—(p-p)|=—=0, (5
fﬁy [Pasay dy(‘p P) op )
where Py, = —g f(06/9p)s; P,s and 6, are the PV and

potential temperature at the level of p = p,. Note that
relative vorticity is ignored.

Equation (5) is a first-order, linear partial differential
equation. For a given 0, P,,, and a potential tempera-
ture distribution at the tropical boundary (the edge of
the Hadley cell), Eq. (5) gives the temperature distri-
bution of the entire extratropical troposphere. Solving
Eq. (5) does not require knowledge of the tropopause
height.

Once the temperature distribution is obtained, the zo-
nal mean wind may then be estimated by the thermal
wind relationship,

(6)

where R = [dTI(p)/dp]; TI(p) is the Exner function.
For convenience, we take U|,_, = 0.
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Fic. 3. Top: The potential temperature distribution obtained
through Eq. (5). Temperature at 900 mb is maintained at the ob-
served value for the winter season; P, is taken from the observed
value at 800 mb. Bottom: Observed zonal mean potential temperature
distribution for the winter season (Oort 1983).

We solve Eq. (5) numerically by treating it as a typ-
ical transport equation with a varying coefficient (or
velocity ). The isentropes are the characteristic lines of

~Eq. (5). The details of the numerical procedure are
presented in appendix A. A solution to Eq. (5) is shown
in Fig. 3. The corresponding thermal wind distribution
obtained through Eq. (6) is presented in Fig. 4. Pre-
sented also in Figs. 3 and 4 are the observed tempera-
ture and wind distributions for the winter season. In the
calculation, we take p; = 900 mb and maintain the po-
tential temperature at 900 mb (6,) at the observed
value. The PV distribution across the isentropes origi-
nating from the extratropical surface P, is taken to be
the same as the observed values at 800 mb (recall that
above 850 mb and below the transitional region to the
stratosphere, the observed PV distribution is only
weakly dependent on height ). The position for the trop-
ical boundary is approximately where the winter Had-
ley cell ends (30°N). The temperature distribution at
the tropical boundary is assumed to be linear with pres-
sure. This is a good approximation for the interior tro-
posphere. The value for 98/0p is taken as the mean
observed value between 900 and 300 mb at 30°N. This
gives a vertically well-mixed PV when wind shear can
be ignored. The solution is assumed to extend to a spec-
ified height that represents the tropopause level. This
height is assumed to vary linearly from 200 mb at 30°N
to 400 mb at 80°N.
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The exact PV distribution corresponding to the tem-
perature and wind distributions in Fig. 3 is presented
in Fig. 5. Shown also in Fig. 5 is the PV distribution
when the contribution from the relative vorticity is ig-
nored. The difference between the two is small. The
temperature and wind distributions presented at the top
of Figs. 3 and 4 are the exact solutions we would get
if we inverted the PV distribution given in the lower
portion of Fig. 5 with the requirement of thermal wind
balance. One may still wonder if the small difference
can lead to a considerable difference in the balanced
mass and momentum distribution. When the mass and
momentum are balanced and PV is positive, both the
wind and the temperature are related to the PV through
an elliptic operator. Based on the smoothing property
of the elliptic operator, we do not expect that the small-
scale structure appearing in Fig. 5 will lead to any con-
siderable difference in the temperature and wind dis-
tribution. We will address this issue in a more rigorous
manner in the following section.

By comparing the solution with observations, this
idealized solution appears to define much of the ob-
served distribution with some significant discrepancy
near the tropopause level, particularly in the region near
the tropical boundary. The latitude that the isentropes
originating from the tropics reach before they intersect
the tropopause is somewhat smaller than is observed.
An examination of Eq. (4) reveals that the slope of the
isentropes increases with height due to the effect of g,
the planetary vorticity gradient. So far as the latitude
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FiG. 4. Top: The zonal wind distribution obtained through Eq. (6).
Bottom: Observed wind distribution for the winter season (Oort
1983).
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Fic. 5. Top: PV distribution when {, is ignored. Note that PV on
isentropes that originate in the tropics has a uniform value of 0.43
PVU. Bottom: The PV (in PVU) distribution corresponding to the
potential temperature and wind distributions in Figs. 3 and 4 (top).

that the isentropes originating from the tropics can
reach before they reach the tropopause is concerned, it
seems that efficient PV mixing along isentropes does
not significantly increase the impact of the tropics on
the extratropics. As a matter of fact, due to the exis-
tence of the planetary vorticity gradient, the extratrop-
ics will not have the same lapse rate as the tropics even
when the PV in the extratropical troposphere is ho-
mogenized both vertically and horizontally. In that
case, the extratropical lapse rate is connected with the
tropical lapse rate simply by

06 o0

f3, = f"(a—> :

/4 P/
The subscript 0 denotes the position of the tropical
boundary; {, is ignored in the above equation. For a
surface temperature distribution similar to the present,
calculations show that ignoring &, is a good approxi-
mation.

The extratropical troposphere with well-mixed PV
along isentropes is colder than observed. Accompany-
ing a colder upper troposphere and the larger slope of
the isentropes originating from the tropics, the jet is
also much stronger than that observed.

To the extent that the relative vorticity in the PV
expression can be ignored, it seems that the temperature
distribution in the extratropical troposphere can be de-

termined without the need to know the tropopause
height and the stratospheric temperature. However, the
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role of the stratosphere is implicit in the above for-
mulation. The equilibrium value of PV on isentropes is
expected to be dependent on the tropopause height and
the radiative budget. We will investigate the sensitivity
of the temperature and wind distribution to changes in
the cross-isentrope PV distribution later. Next, we
quantify the seemingly small effect of wind on the PV
distribution. A more subtle role of the stratosphere in
affecting tropospheric wind emerges.

b. A more accurate calculation

So far we have ignored the contribution to the PV
distribution from the relative vorticity of the zonal wind
in calculating the temperature distribution. In the fol-
lowing, we obtain the distributions of temperature and
wind simultaneously by inverting a given PV distri-
bution under the requirement that mass and momentum
are balanced.

1) PV EXPRESSION AND BALANCE EQUATIONS

In the potential temperature—latitude coordinate (§—
¢), the PV and the balance equations may be written

P= s+ 0( %) ®)
oM

fU=- 206 (9

) =2, (10)

in which f=2Q sing, I(p) = c,(p/po)**, M = c,T
+ ®. p is the pressure, p, = 1000 mb, fis the planetary
vorticity, T is the temperature, I1(p) is the Exner func-
tion, ® is the geopotential, and M is the Montgomery
potential; ¢, and R, are the specific heat and specific
gas constants for dry air, respectively. Here U denotes
the zonal wind, and

G = U cos¢,

__9
ad cos¢d

which is the relative vorticity of the zonal mean flow
(Hoskins et al. 1985). Using Egs. (9) and (10), Eg.
(8) can be rewritten as

oM 2 oM P, °M
_—— 2 o3 vz
867  sin2g g T 210 SIS R gz
+ (2Qa sing)?> =0 (11)
in which
ﬁ =

P

dil _ Ry Ccv/Rd(a__.M>_cv/Rd.

dp  po o9

Thus, Eq. (11) is nonlinear. To emphasize this, we re-
write the equation in the following form:
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82M 2 aM va —Cu/Rd
pYe - sm2¢ 6¢ + 2Qa? sing 2 R, ¢,
cy/Ra 72
(ZIZI) %01? + (2Qa sing)?> = 0. (12)

Equation (12) is a second-order elliptic equation for a
positive PV distribution. Note that when the relative
vorticity is ignored, Eq. (12) reduces simply to

o _ _8f
20 P (13)
Instead, solving Eq. (5) to obtain the temperature dis-
tribution as a function of pressure and latitude (as we
did in section 3a), one may first obtain the pressure
distribution as a function of § and latitude by solving
Eq. (13) and then invert it to obtain the temperature
distribution. Note that when PV is homogenized along
isentropes, P, is only a function of 6.

2) AN ILL-POSED PROBLEM

In order to closely examine the calculations pre-
sented in section 3a, we choose the surface boundary
conditions as a fixed potential temperature distribution
and zero wind and leave the upper boundary open. In
terms of M, the boundary conditions are

M=0 at 6=206,(p,e)
?ai‘g =T(p,) at 8=0,p.d)  (14)

in which p; is the surface level pressure. Notice that
with a nonzero gradient of potential temperature, the
lower surface, defined by a constant pressure, appears
in the (8 — ¢) plane as a curve whose shape is related
to the exact distribution of surface temperature. Equa-
tion (12) with boundary condition (14) constitutes an
ill-posed problem in the following sense. The solution
exists and is unique, but is not continuously dependent
on the surface temperature distribution (Garabedian
1964). Physically, this is related to the fact that ad-
justment between the mass and momentum distribution
is mutual. Suppose a perturbation is introduced into the
potential temperature distribution at the surface level
after a state that satisfies Eq. (12) is established; the
subsequent adjustment to a new balanced state will in-
volve changes of both temperature and wind. Fixing
both of them at a line is physically impossible. As is
well known for elliptic-type equations, the boundary
generally needs to be closed. Therefore, we must sup-
ply an upper boundary condition and lateral boundary
conditions at the polar and the tropical extremities. This
suggests as well that the role of the stratosphere will
have to be taken into account when the wind is also a
variable to be solved for.
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3) THE EFFECT OF THE ZONAL WIND

To estimate the error introduced by ignoring the rel-
ative vorticity of the zonal wind, we need to quantify
the differences between the balanced mass and mo-
mentum (temperature and wind) distributions corre-
sponding to the two PV distributions presented in Fig.
5. The balanced temperature and wind distributions
corresponding to the PV distribution in the lower por-
tion of Fig. 5 are just those in Figs. 3 and 4 (top). What
we need is to obtain the balanced temperature and wind
distributions corresponding to the PV distribution pre-
sented in the upper portion of Fig. 4.

To invert the PV distribution presented in the lower
portion of Fig. 5, we need four boundary conditions.
To compare with the approximate calculation presented
above, we demand that the vertical distribution of wind
at 80°N, the vertical distribution of potential tempera-
ture at the tropical boundary, and the meridional dis-
tributions of potential temperature at the lower and at
the upper boundary are the same as those in the ap-
proximate calculation.

In mathematical terms, these boundary conditions
are

oM
7y = I(p:) (15)
60 0=05(ps.)
oM
T = I(p.) (16)
60 6=6,(prd)
M|4-4, = M,(0) (17)
oM
a9, , " —f(e)Ui(6), (18)

where p, and p, are the pressures that define the vertical
domain. Here p, and p, represent the lower boundary
pressure and the upper boundary pressure, respectively.
They can vary with latitude. Further, 6, and 6, are the
potential temperature distributions at the lower and up-
per boundary, respectively. They are in general func-
tions of latitude. M, is the Montgomery potential at the
tropical boundary. For a given vertical distribution of
temperature and a reference value, it is uniquely deter-
mined. U, is the wind at 80°N.

Equation (12) with the boundary conditions (15),
(16), (17), and (18) can be solved based on the tra-
ditional nonlinear overrelaxation methods (Ames
1977). Numerical techniques to force the solution to
satisfy the lower and the upper boundary conditions are
given in detail in appendix B. The numerical method
can be directly applied to study the structure of an ax-
ially symmetric baroclinic vortex. To expand to three-
dimensional flow is also straightforward. The advan-
tage of this inversion for a given PV distribution in
potential temperature coordinates is threefold: first, it
does not require the coordinate transformation such as
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FiG. 6. The distributions of potential temperature and wind ob-
tained by inverting a PV distribution with no gradient along isen-
tropes. Meridional temperature distribution at the surface and at the
upper boundary are the same as in Figs. 3 and 4 (top). The tropical
lapse rate and the wind at 80°N are also the same as in Figs. 3 and 4

(top).

is needed in semigeostrophic theory; second, it does not
involve further approximation in the expression for PV
in addition to the balance requirement; finally, it can
be used to study the momentum and mass distributions
as a function of PV gradient along isentropic surfaces,
which directly relates to the instability of the balanced
flow (the balanced flow may be either the zonal mean
flow or a synoptic-scale vortex).

When the upper boundary is not a surface of constant
pressure, the numerical difficulty is greater. For our
present purpose, which is to check whether the small
differences in the two PV distributions in Fig. 4 will
lead to considerable differences in the corresponding
balanced temperature and wind distributions, it is not
necessary to choose a sloping upper boundary. Note
that the approximate calculation does not require
knowledge of the position of the tropopause. Instead,
assuming that the solution to Egs. (5) and (6) extends
to a region such as shown in Fig. 4, we can assume that
the solution extends to the 200-mb level at all latitudes.
We then solve Eq. (12) over a region that is slightly
higher than the region of interest. For any given poten-
tial temperature distribution at the 200-mb level, there
will be a corresponding temperature distribution at the
sloping tropopause.

By solving Eq. (12) with the boundary conditions,
we obtain the distribution of M as a function of latitude
and pressure. We then use the balance equations (9)
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and (10) to obtain the pressure and wind distributions
as functions of latitude and potential temperature. Fi-
nally, we obtain potential temperature and wind distri-
butions in the pressure and latitude coordinates. The
balanced temperature and wind distributions corre-
sponding to the PV distribution in the upper portion of
Fig. 5 are presented in Fig. 6. The tropopause pressure
is again specified as a linear function of latitude. In the
calculation, we chose a higher vertical domain, which
is bounded by a constant pressure surface (200 mb).
Figure 6 only shows the section below the sloping tro-
popause, which is what we are interested in. Recall that
the present purpose is to estimate the error introduced
in obtaining the tropospheric temperature and wind by
ignoring the relative vorticity in the PV expression.

We see that both the temperature and wind are quite
similar to the approximate solution obtained while ig-
noring the contribution to the potential vorticity distri-
bution by the zonal wind. In fact there is no distin-
guishable difference between the temperatures. Weak
(no larger than 2 m s ') easterlies occur at surface
level at high latitudes. The surface wind turns out to be
very sensitive to the temperature distribution at the tro-
popause, as we will show shortly.

For a solution with U, set to zero, no significant
change was found to occur.

4) TROPOPAUSE TEMPERATURE AND SURFACE-LEVEL
WIND

Figure 7 shows the sensitivity of the wind distribu-
tion to changes in the temperature distribution at the
tropopause. The cross-isentrope PV distributions for
the two cases in Fig. 7 are the same. Their boundary
conditions are also the same except that their temper-
ature distribution at the upper boundary is slightly dif-
ferent, which leads to a slightly different distribution at
the specified tropopause level (also shown in Fig. 7).
This small difference in the temperature distribution
leads to a dramatic change in the wind distribution. The
solution with easterly winds over the bulk of the extra-
tropics is unrealizable in nature, because there is no
way to satisfy the global momentum budget when sur-
face friction is considered. On the one hand, this ex-
ample demonstrates that the tropopause temperature
cannot be accurately determined unless the global mo-
mentum balance is considered. On the other hand, since
wind distribution is so sensitive to a small change in
the temperature structure, the requirement for the
global momentum balance has no practical impact in
determining the temperature structure. This suggests
that modeling can be simplified if one’s concern is only
with temperature. The physical reason for the negligi-
ble effect of wind distribution on the temperature dis-
tribution is that over planetary scales, the relative vor-
ticity is more than one order smaller than the planetary
vorticity. This is obviously dependent on the magnitude
of the wind, and more fundamentally on the meridional
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winds at 80°N are assumed to be zero for both cases. See text for
more details.

temperature gradient. For a much larger pole to equator
temperature difference, the wind effect may not be
negligible. That the relative vorticity is much smaller
than the planetary vorticity is equivalent to Af/6,
< (Qa/C,)?, where A4 is the pole to equator temper-
ature difference, 6, is the mean tropospheric potential
temperature, {2 is the angular velocity of the earth, a is
the earth’s radius, C, = (gH,)"/?, g is the gravitational
acceleration, and H is the tropopause height.

Note that once the temperature distribution at the
tropopause level is fixed, the role of the stratospheric
PV and its gradient in affecting the tropospheric tem-
perature and wind is implicitly taken into account. A
fixed tropopause temperature gradient in the meridional
direction is equivalent to an infinite meridional gradient
of PV (Bretherton 1966). In addition, with the tem-
perature distribution at the tropopause fixed, the per-
turbation of temperature induced by a PV anomaly in
the stratosphere must be zero at the tropopause. Math-
ematically, the situation can be accounted for by intro-
ducing a PV anomaly with the opposite sign in the tro-
posphere. Thus, with the tropopause temperature dis-
tribution fixed, any change in stratospheric conditions
will be instantaneously reflected in the troposphere.
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We note that in the extreme case of complete PV
mixing on isentropes, the extratropical zonal mean flow
is dependent on the following parameters: the surface
temperature distribution, the cross-isentrope PV distri-
bution, position of the tropical boundary, and the trop-
ical lapse rate. In the following sections, we explore
rather briefly the sensitivity of the temperature and
wind distribution of the zonal mean flow with zero PV
gradient to changes in the tropics and in the cross-is-
entropic PV distribution.

4. Sensitivity to changes in the tropics and in the
cross-isentrope PV distribution

We use the same procedures as presented in section
3b to obtain the temperature and balanced wind distri-
butions. For a given surface-level temperature distri-
bution, a given temperature distribution at the tropical
boundary, and a given PV distribution across the is-
entropes originating from the extratropical surface, we
first solve Egs. (5) and (6) to obtain the temperature
distribution at the upper boundary (200 mb) and the
vertical distribution of wind at 80°N, which will be used
as two of the four boundary conditions [Egs. (15),
(16), (17), and (18)] to invert the PV [Eq. (12)] to
obtain the balanced temperature and wind distribution.
The temperature distribution differs little from the so-
lution of Eq. (5). '

a. Sensitivity to the vertical distribution of PV/lapse
rate in the tropics

We first examine the sensitivity of the temperature
and wind to the vertical distribution of PV at the trop-
ical boundary. When wind shear is small, PV is mainly
determined by the lapse rate. Figures 8 and 9 show the
temperature and the balanced wind distributions for
two cases corresponding to different vertical distribu-
tions of PV at the tropical boundary. In one case, the
PV at the tropical side boundary is assumed to be well
mixed with height, and in the other case it is assumed
to increase slightly with height. In both cases, the sur-
face temperature distribution is the same. The PV dis-
tribution across the isentropic surfaces originating at
the extratropical ground are assumed to increase line-
arly with latitude from the value at the tropical bound-
ary to the value of 1 PVU at 80°N. We see that a slight
change affects both the temperature and wind signifi-
cantly. The slope of those isentropes that originate from
the tropics has a smaller value in the case of constant
PV at the tropical boundary. The magnitude and the
width of the jet are approximately the same, but there
are considerable differences in the detailed spatial dis-
tribution of the wind. '

b. Sensitivity to the position of the tropical boundary

For simplicity, we assumed that the thermal structure
within the domain of the Hadley circulation can be
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characterized by a fixed surface temperature and a con-
stant 90/0p (the moist-adiabatic assumption may be
more appropriate, but the difference between them is
small). The pole to equator temperature difference is
assumed to be fixed and the surface temperature distri-
bution outside of the tropics is assumed to be linear
with latitude. We also assume that the tropopause
height is a linear function of latitude. Furthermore, we
assume that the PV distribution across the isentropes
originating from the extratropical surface P, increases
linearly from the value at the poleward edge of the
Hadley circulation to 1.0 PVU at 80°N. These assump-
tions may artificially restrict the freedom of the extra-
tropical climate to respond to changes in the position
of the tropical boundary. These issues, however, cannot
be addressed adequately without considering the radi-
ative budget, ocean transport, and the dynamics of the
surface boundary layer—all of which are beyond the
scope of the present paper. Using these assumptions,
the change in the position of the poleward edge of the
Hadley circulation affects extratropical temperature
and wind by changing the PV value along the isentropic
surfaces originating from the tropics, and by changing
the meridional distribution of surface temperature and
P,,. The sensitivity of the extratropical temperature and
wind to the position of the tropical side boundary is
shown in Figs. 10 and 11. From Figs. 10 and 11, we
see that the differences again are primarily limited to
the upper troposphere at lower latitudes. For a smaller
width of the domain of the Hadley circulation, the PV
to be mixed into the middle latitudes along the isen-
tropes originating from the domain of the Hadley cir-
culation is smaller. Consequently, the vertical stability

Latitude (degree)

FiG. 9. Sensitivity of the wind distribution in the extratropical tro-
posphere to the vertical distribution of PV at the tropical boundary.
The corresponding PV distributions are the same as in Fig. 8.

becomes smaller in the region traversed by the isentro-
pes originating from the tropics. In addition, there are
also significant differences in the balanced wind distri-
bution.
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c. Sensitivity to the PV distribution across the
isentropes originating from the extratropical
surface

Figures 12 and 13 show the dependence of temper-
ature and wind on P,,, the PV distribution across the
isentropes originating from the extratropical surface.
The PV value on each isentropic surface originating
from the tropics is assumed to be uniform and the same
in the two cases. The meridional distributions of po-
tential temperature at 900 mb for the two cases are also
the same. Though the larger the PV, the larger the ver-
tical stability, it is interesting to note that the effect on
the vertical stability is not local because of the efficient
transport of PV along isentropic surfaces. The jet struc-
tures in the two figures are almost the same, which
shows that the jet is mainly determined by the PV dis-
tribution on the isentropes originating from the tropics.
Figures 12 and 13 also show that the meridional dis-
tribution of P, slightly affects the slopes of those is-
entropes originating from the tropics. It appears that the
larger the meridional gradient of P, the higher the
latitude to which an isentrope originating from the trop-
ics can penetrate before it reaches the tropopause,
though the dependence of the slope of the isentropes
originating from the tropics on the meridional distri-
bution of P, is not strong.

In the above investigations, we have focused on the
case with zero PV gradient. Since a flow with zero PV
gradient and a proper elevation of the tropopause is

neutral for baroclinic eddies, it is also the limit that the
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flow may tend to. In the following section, we examine
the sensitivity of the temperature and wind distribution
of the zonal flow to changes in the PV gradient along
isentropes. The diabatic effects associated with latent
heat release, radiation, and the intrusion of strato-
spheric air will tend to generate PV gradients along
isentropic surfaces. Precise neutrality is not expected.
To quantify the dependence of the tropospheric tem-
perature and wind distributions on the PV gradient
along isentropic surfaces is potentially an effective way
to estimate the stratospheric influence and the diabatic
effects.

5. Sensitivity to PV gradients along isentropic
surfaces

To simplify Eq. (3), we shall assume the gradient
of PV can be written in the following form,

<gy€>a = —ga(y)g—z

where a(y) corresponds to the QGPV gradient. When

00/0p can be replaced by a reference value, « is ex-

actly the gradient of QGPV (Charney and Stern 1962).
With this constraint, Eq. (3) can be simplified to
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We employ the same procedure as in section 4. For
a given surface-level temperature distribution, a given
temperature distribution at the tropical boundary, and
a given cross-isentrope PV distribution at the surface
level, we first solve Eqs. (20) and (6) to obtain the
temperature at the upper boundary and the wind at
80°N. Using this temperature and wind as the upper
boundary condition and the polar boundary condition,
respectively, for solving Eq. (12), we obtain the bal-
anced mass and momentum distributions. Potential
temperature and the balanced wind distributions cor-
responding to a(y) = B(y) and a(y) = 28(y) are pre-
sented in Figs. 14 and 15. Their PV distributions are
shown in Fig. 16. The surface level temperature and
PV distribution for Figs. 15 and 16 are the same as for
the top panel of Fig. 3. Compared with the case with
zero gradient, the isentropic slope is smaller and the
tropopause temperature is warmer. The maximum wind
is also smaller. So far as the slope of those isentropic
surfaces originating from the tropics is concerned, the
presence of the PV gradient actually helps more heat
to be transported to high latitudes. Note that this is not
to say the presence of the planetary vorticity gradient
makes the equator to pole heat transport more efficient.
As we have already seen in section 3, it is precisely the
increase of planetary vorticity that causes the slope of
the isentropic surfaces to increase with height when
there is no PV gradient along isentropic surfaces.

df/dy, the planetary vorticity
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The major difference from the case with zero gra-
dient occurs at the jet region, which suggests the im-
portance of the presence of a positive gradient of PV
there for a warmer upper troposphere.
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6. Summary

We have studied the dependence of the distribution
of temperature and wind of the zonal mean flow in the
extratropical troposphere on the gradient of PV along
isentropes. In particular, we have examined the differ-
ence between the temperature and wind distribution of
a troposphere with a constant PV along isentropes and
the observed. We have also investigated the implica-
tions of PV homogenization along isentropes for the
role of the tropics.

The distributions of PV along isentropes of the ob-
served zonal mean flow indicate mixing in the interior
of the extratropical troposphere. For the same surface
temperature distribution, extratropical zonal mean flow
with zero PV gradients along isentropes is close to the
observed except in the upper troposphere adjacent to
the Hadley circulation. These results suggest that the
PV in the extratropical troposphere indeed tend to be
homogenized. The question that remains to be explored
further is why this homogenization occurs. Lindzen’s
note (1993) provides a plausible mechanism. There is
hardly any question that eddies resulting from instabil-
ity will tend to neutralize the flow. Given that the sur-
face-level temperature is related to SST and its merid-
ional gradient is hard to completely eliminate by baro-
clinic eddies, neutralization by eliminating internal PV
gradients while elevating the tropopause as defined by
the level where PV gradients are concentrated (Lindzen
1993) is an appealing mechanism. As to how close the
time-mean structure should be to a completely neutral-
ized state is a separate issue and cannot be addressed
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appropriately without considering the nature of the
forcing and dissipation.

The results of this paper also suggest that one may
effectively parameterize the collective effect of baro-
clinic eddies by assuming that they homogenize PV
along isentropes. This parameterization may offer a
better means than models based on the QG theory to
examine the maintenance of the vertical stability of the
extratropical troposphere and the interaction between
the Hadley circulation and the baroclinic eddies. Due
to the assumptions built into the QG theory, QG models
cannot appropriately address the maintenance of the
vertical stability and the role of the tropics. The lapse
rate feedback and pole to equator temperature differ-
ence are among the leading factors that determine the
climate sensitivity to radiative perturbations.

Some quantitative difference between the extratrop-
ical troposphere with zero PV gradient and the ob-
served exists, particularly in the upper troposphere ad-
jacent to the Hadley circulation. Compared with the
observed, the extratropical troposphere with zero PV
gradient has a larger isentrope slope and a stronger me-
ridional temperature gradient in the upper troposphere.
The upper troposphere is considerably colder and the
latitude that the isentropes originating from the tropics
can penetrate to before they reach the tropopause is also
smaller. It appears that an efficient PV mixing along
isentropes may not help the tropics to have more impact
on the extratropics.

Resulting from a larger isentrope slope and a
stronger meridional temperature gradient, the thermal
wind is also stronger. Assuming the surface-level wind
remains. close to zero or westerly, the neutralized tro-
posphere will have a stronger jet than the observed.
This may have some new implications for the mainte-
nance of the subtropical jet. In the absence of eddies
and in the inviscid limit, the Hadley circulation pro-
duces a stronger jet than the observed (Held and Hou
1981). It has been suggested that the inclusion of baro-
clinic eddies will contribute to weakening the jet (Pfef-
fer 1981; Hoskins 1983). Indeed, this may be possible

if the intense eddies restrict the extent of the Hadley

circulation. However, stronger baroclinic eddies will
also tend to cause PV to be better mixed along isentro-
pes. In both cases, other factors such as the vertical
mixing by cumulus convection and the intensity of the
Hadley circulation will play an important role.

The differences between the case with PV well
mixed along isentropes and the observed presumably
result from the nonnegligible effects of the local dia-
batic and frictional processes in the real atmosphere. It
will be of interest in future studies to quantify the re-
lationship between the PV gradient along isentropes of
an equilibrium state and the diabatic and frictional pa-
rameters.

Near the tropical boundary, the Hadley circulation
plays a major role in maintaining a PV gradient. In the
absence of the eddies, the Hadley circulation creates a
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very large PV gradient at its edge (Held and Hou 1981;
Lindzen and Hou 1991) through homogenization of PV
within the domain of the Hadley circulation. The
knowledge of the balance between creating and de-
stroying the PV gradient at the edge of the Hadley cir-
culation may be essential for determining where the
Hadley circulation ends in the presence of eddies.

Given the clear constraint of the global angular mo-
mentum balance on the meridional distribution of the
zonal wind (surface wind in particular), one may ex-
pect that this constraint may also affect the temperature
in a significant way. Indeed, our results suggest that
even in the extreme case of complete PV mixing, the
meridional temperature distribution at the tropopause
cannot be determined without referring to the global
momentum balance. However, we found that the sur-
face wind distribution is very sensitive to changes in
the tropopause temperature distribution. Relatedly, the
requirement of global momentum balance has negli-
gible effects on the temperature distribution. This offers
support for the use of energy balance models when the
temperature structure is the major concern. Neverthe-
less, the exact distribution of the meridional wind may
play an important role in determining the tropopause
height in the manner noted by Lindzen (1993);
namely, the width of the jet limits the horizontal scale
of the unstable baroclinic eddies.

Assuming the PV gradient remains zero, we further
found that the temperature and wind distribution of the
extratropical troposphere is sensitive to the vertical dis-
tribution of PV (or lapse rate) at the edge of the Hadley
circulation. With a surface temperature distribution
which is linear with latitude, we found that the jet max-
imum occurs at the tropical boundary and moves with
it. The overall pattern of the temperature and wind dis-
tribution does not seem to be very sensitive to the
change of the position of the tropical boundary.

Another interesting finding of this study is that the
larger the PV gradient along isentropes, the warmer the
tropopause. This implies that an efficient homogeni-
zation of PV along isentropes is not equivalent to ef-
ficient heat transport at all levels.

Finally it should be noted that the lapse rate (or PV
along isentropes) in the extratropical troposphere is a
function of both the surface temperature distribution
and the temperature of the tropics. This dependence can
be determined by applying the radiative constraint (i.e.,
the requirement for the global energy balance). Con-
sidering the dynamic significance of the zonal mean
flow with no PV gradient along isentropes and its close-
ness to the present observed world, it would be a useful
exercise to investigate the sensitivity of this zonal mean
flow to radiative perturbations. This is an issue that we
will explore in the future.
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APPENDIX A
A Numerical Scheme for Solving Equation (5)
Equation (5) has the form

00

- s(y,mg—f, ~o. (A1)

Using a one-step backward difference to discretize the
derivative of # in both y and p direction, we have the
difference form of Eq. (Al),

(i, j) = 0(i — 1,j)
+CENOGE-1,)) -0 - 1,j - 1)), (A2)

with C(i, j) = S(i, j)by/ép. It is easy to show that the
stability criterion for the above scheme is

1C(E, ) lmax < 1. (A3)

APPENDIX B
A Numerical Scheme for Solving Equation (12)
Equation (12) has the form

8 auU

Au\" 92
A0 ) EL B0 G “) v

+ S(%Z)(g 57

+ Q(y, 2) %—lzj +C(y,z)=0. (Bl)

The boundary conditions it is subject to are

ou

=T1(y) (B2)
0z z=z1(y)
ou
- =T,(y) (B3)
0z z=2(y)
U|y=y1 = U,(2) (B4)
ou
E = U,,, (BS)

Y=y2

where z = z1(y), z = z2(y), ¥y = y1, and y = y, define
a closed domain. The domain and the discrete grid that
we use to discretize the domain for Eq. (B1) and its
boundary conditions are schematically shown in
Fig. B1.
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FiG. B1. The grid used to discretize the elliptic equation and its '
boundary conditions. The dots denote the inner boundary points.

In general z = z,(y) and z = 2,(y) are not orthogonal
to the two parallel lines y = y; and y = y,, and may
not be straight lines in the y —z plane. In the rectangular
grid, z = z;(y) and z = z,(y) may be represented by
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the mesh points closest to them, including the points
that fall right on the boundary curves. These points are
called boundary points and may be further divided into
the inner boundary points and outer boundary points.
The inner boundary points are those points that fall
either inside the domain or right on the boundary curve.
The outer boundary points are those that fall just out-
side the domain. Other points within the closed domain
will be called interior points. We use arrays J; (i) and
J2(i) (i = 1, m) to denote the inner boundary points
that are associated with the boundary curves z = z,(y)
and z = z(y), respectively. They are represented by
dots shown in Fig. 13. Here we restrict ourselves to the
case in which both z;(y) and z,(y) decrease monoton-
ically with y.

The equation can be solved by overrelaxation meth-
ods. Let ““k’’ denote the iteration step, a represent the
overrelaxation parameter, and let the iteration proceed
from [1, J;(1)], column by column to the point
[m, Jo(m)].

At the interior points [they are denoted by (i, j)],
we have

v = |2(a6n + a0 (2) )] [acn@ s+ oG- 1)

#FEGDWR G+ 1,0) = U= 1)y + B O G+ 1)+ win = 1) )

#3OGDE ]+ 1) = UG = D) ®) + €G]

UG, j)* = UG, D + aV*(i, j); (B6)
B(i, j) = S(i, j)R(i,j) and R(i, j) are given by
RG,j) = [(U R 1))] for j<J(i—1)
R j) = [(FEDTOEZCCI =D o - 5,0, (B7)

At the boundary points, we have the following situations:

Aty = y,, and for J,(m) < j < J,(m):

vim ) = 2(a0m i)+ Bon i (Z) )| [Aemp@vin - 1.5y + 20,008)

+ E(m, j)Uyy(j)8y* + B(m, j)(U*(m, j — 1) + U*(m, j + 1))(%)

+3Q(m, YU (m, ] + 1) — Ur(m, j — 1))8ybyéz™" + C(m,j)éyéy]

U(m, j)* = U(m, j)*' + aV¥*(m, j).

(B8)
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For j = J;(m):

Vi(m,j) = | 24(m, j) + B(m, j) uaNl A(m, j)(2U*(m — 1, ) + 2U,,(j)éy) + E(m, j)U,,(j)8y*
bz

+ BOm DU (m, + 1) = 108 (2 )+ Qm HIOD* + C(m, |

U(m, j)* = U(m, j)7" + aV*(m, j). (B9)
For j = J,(m):

Vim, ) = [ 240m 1)+ Bn (L) || Alm @0 m = 1,13 + 20 (389) + En, DU

2
+ BOm (O, = 1) + 108 () 4 Qm DT85 + Clm, 2|
U(m, j)* = U(m, ) + aV¥*(m, j). (B10)
For j = J,(i) and (Jo(i) > J.(i + 1)):
VEGi, j) = [2A(i,f) + B(i,i)<%>2]_l [A(i,f)(u"-l(i AR
+ Ta(i + D) = Ja(i + 1))8z + UG = 1)) + SE(L DU+ 1, (6 + 1))
+ To(i + 1)) — LG + 1))z — UG — 1, /)8y + B, (UG, j — 1)

+ Tz(i)éz)(‘;—ﬁ) + 0 D*T(i)(8y)* + C(i,i)(éy)z]

U(i,j)k = U(i,j)k_1 + aV"(i,j). : (Bll)
For j = J,(i) and J,(i) < Jo(i + 1) or J,(i) = J.(i + 1):
VG, j) = [2A(i,f) " B(i,f)(‘sy ) ] [A(i,j)(v"*(i F 1)+ UG- 1, )

&

+2E(L UG+ 1)) = URE = 1, 7))y + BG, (UG, j— 1) + T 2“”“(%)2

+ 0 ) To(0)(89)° + C(i,f)(6y>2]

Ui, )* = U@, )+ aV*(, j). (B12)
For j = J (i) and (J,(i) < J:(i - 1)):

VG, j) = [2A(i,f) n B(i,j)(%) ] [A(i,j)(U""‘(i £ 1) = Tali — DG = 1) — Tu(i))6z
+ Ui = 1, Jy(i = 1)) + 2E(L DG + 1,j) = (UG = 1,11 — 1)
— Ty(i = 1) — 1) — Tu())82)by + B(i, j)(U*(i,j + 1) - Tl(i)az)(%)

+ Q0 )*Ti()(éy)* + C(i,j)(5>’)2]
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U@i, )= U, ) + aVE, ).
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(B13)

For j = Jy(i) and J (i) > J,(i — 1) or J1(i) = J,(i — 1):

by

v =| 2460+ 8GH(2) | (AGn@=a+ 1+ 0610y

+ 2B, (U + 1, ) = UF(E = 1, )8y + B(, (UG, + 1) - T1<i>6z>(‘§—§)2

UG, ) =U3U, ) + aVE, j).

REFERENCES

Ames, W. F.,, 1977: Numerical Methods for Partial Differential
Equations. Academic Press, 365 pp.

Chamey, J. G., and M. E. Stern, 1962: On the stability of internal baro-
clinic jets in a rotating atmosphere. J. Atmos. Sci., 19, 159-172.

Garabedian, P. R., 1964: Partial Differential Equations. Wiley &
Sons, 672 pp.

Held, I. M,, and A. Y. Hou, 1981: Nonlinear axially symmetric cir-
culations in a nearly inviscid atmosphere. J. Atmos. Sci., 37,
515-533.

Hoskins, B. J., 1983: Modeling of the transient eddies and their feedback
on the mean flow. Large-Scale Dynamic Processes in the Atmo-
sphere, B. J. Hoskins and R. Pearce, Eds., Academic Press, 399 pp.

, 1991: Towards a PV-§ view of the general circulation. Tellus,

43A-B, 27-35.

, M. E. Mclntyre, and A. W. Robertson, 1985: On the use and

significance of isentropic potential vorticity maps. Quart. J. Roy.

Meteor. Soc., 111, 877-946.

O, j)*Ta(i)oy? + C(i,j)éyZ]

(B14)

Hou, A. Y., and R. S. Lindzen, 1992: The influence of concentrated
heating on the Hadley circulation. J. Ammos. Sci., 49, 1233~
1241.

Lindzen, R. S., 1993: Baroclinic neutrality and the tropopause. J.
Atmos. Sci., 50, 1148-1151.

Luyten, J. R., J. Pedlosky, and H. Stommel, 1983: The ventilated
thermocline. J. Phys. Oceanogr., 13, 292-309.

Marshall, J. C., and A. J. G. Nurser, 1991: A continuously strat-
ified thermocline model incorporating a mixed layer of vari-
able thickness and density. J. Phys. Oceanogr., 21, 1780~
1792.

Oort, A. H., 1983: Global Atmospheric Circulation Statistics, 1958—
1973. NOAA Prof. Paper No. 14. NOAA, U.S. Dept. of Com-
merce, Rockville, MD, 180 pp.

Pedlosky, J., 1987: Geophysical Fluid Dynamics. Springer-Verlag,
710 pp.

Pfeffer, R. L., 1981: Wave—mean flow interactions in the atmo-
sphere. J. Atmos. Sci., 38, 1341-1359.



