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Model ElementsModel Elements
?????????

•• BuildingsBuildings

•• Planning RegulationsPlanning Regulations

•• ConsumersConsumers
((householdhousehold and firmsand firms))

•• SuppliersSuppliers
((developersdevelopers))

••Transport systemTransport system

RENT

RENT

X

X

•• LandLand



Model ComponentsModel Components

PredictionPrediction
••Location of households and firmsLocation of households and firms

••RentsRents

TransportTransport modelmodel

(ESTRAUS)(ESTRAUS)

Total Total demand demand ((growth modelgrowth model))
MUSSAMUSSA

FirmsFirmsHouseholdsHouseholds



GrowthGrowth

LocationLocation

MobilityMobility

Distribution Distribution 

Mode ChoiceMode Choice

Route AsignmentRoute Asignment

ESTRAUS

MUSSA

H, FH, F

aajj

TTii, T, Tjj

TTijij

TTijmijmCCijmijm

CCijij

CCii

(acc(acc , att) , att) ii

LUS & T INTERACTIONLUS & T INTERACTION

Transport users’
benefits 
by household-firm
by purpose.



Economic InteractionEconomic Interaction
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acc and att are transport users’ benefits

Aggregation issue: use a vector and synthetic 
measures and test statistically against data

Activity framework



LU & T interactionLU & T interaction

Can be lagged.Can be lagged.
Assumption on trips affecting location Assumption on trips affecting location 
choices: NOT needed.choices: NOT needed.
AggregationAggregation issue: byissue: by hhhh members and by members and by 
trip purposes.trip purposes.
Any transport model  Estraus, EMME2, Any transport model  Estraus, EMME2, 
TRIPS, or activity based model.TRIPS, or activity based model.
Activity interaction ONLY by trip distribution Activity interaction ONLY by trip distribution 
model (firms model (firms inclincl.).)



MUSSA: MUSSA: agents agents 

Households (65) Firms (5)

ConsumersBuilding supply

Houses (4) Buildings (2)

MUSSA describes MUSSA describes thethe
marketmarket byby differentdifferent
supplierssuppliers andand locatinglocating
agentsagents
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Housing Supply ModelHousing Supply Model
How manyHow many propertiesproperties are are availableavailable ??

RentRent ( ( rrvv ))DemandDemand ( ( HHhh ))

CostCost ( ( ccvv ))

SupplySupply ( ( ffvv ))

SupplySupply ( ( ffvv ))
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In MUSSAIn MUSSA
Time series model



Landowners iQ

Land Developers qiL

Housing Developers vqiX

Buildings demolition
qiD

Building stock '
viX

Building supply vif

Supply model

Imperfect competition: suppliers capture location advantages
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The Random Bidding Model The Random Bidding Model 

Land is a quasiLand is a quasi--unique good.unique good.
Then ...Then ...

Basic Basic PrinciplePrinciple::

AuctionAuction
Best bidder ruleBest bidder rule



Behavioral Bid FunctionsBehavioral Bid Functions
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),,,,( hvihhihivihvi pIattacczV β−

*),,,,(1 UattacczVIWP hhihivihhvi β−= −

Inverting in p

expenditure function

WP: value for option (v,i), described by attributes vector (z) 
and access vector (acc, att) obtaining a utility level (U*)

z :   Attributes vector describes built environment  
NO FIXED ZONAL  ATTRACTION FACTORS 



Bid (Bid (D,X,T D,X,T ))

The BID functionThe BID function

••Property attributes (Property attributes (D)D)
(land lot and building)(land lot and building)

•• Consumer clustering           Consumer clustering           
variablesvariables

•• Zone attributes (Zone attributes (X X ))
(build & natural environment)(build & natural environment)

WESTWEST
NOREASTNOREAST

SOUTHSOUTH

NORTHNORTH

SOUTHEASTSOUTHEAST

MIDDLEMIDDLE

•• Transport attributes (Transport attributes (T T ))
(access)(access)

LocationLocation
externalitiesexternalities



The biddingThe bidding--auction processauction process

Given a supply option (Given a supply option (v,iv,i))
Consumers assess their willingness to Consumers assess their willingness to 
pay pay WPWP, or actual value, or actual value
Bids are Bids are WPWP minus speculation minus speculation w w 
Speculation depends on a number of Speculation depends on a number of 
factors in the market factors in the market 
Suppliers accept the highest bid...their Suppliers accept the highest bid...their 
choice set is made out of agentschoice set is made out of agents



Conceptual  ApproachConceptual  Approach

RentRent at at 
location location v in v in 

zonezone ii

( )gvigvi bidMaxr =

)( gviglvi bidMaxbid ≥A A Consumer Consumer ““l l ””
locatedlocated at at 

property property vv in in 
zonezone ii B = WP + speculative term

atat maximun utility levelmaximun utility level



ProbabilisticProbabilistic viewpointviewpoint
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Bid determines location and rent

Bidders

Total demand Probability of being bidder
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Specification of bids and rentsSpecification of bids and rents

μ
γ

+β+βμφ
μ

= ∑
∈

)())((1
12 vi

Hg
gvigvigvi BBexpHlnr

HouseholdHousehold FirmsFirms

jzd

zB

l
vilmjlmvij

j
vijmvijmvimvi

mjl

mj

∀=α

α+α=α

∑
∑
λ

θ

2

2022 )(

Att, Zing, Arco, ArteP = f(P = f(bbhvihvi))

r = g(r = g(bbhvihvi ,,bbvivi))

hvivihhhvihvi bbbWPB ++=ω−=

nhjxb

xycB

xB

l
hlnjlhj

j
hvijhjhhhhvi

p
vippvi

njl

jn

∈∀∀=β

β+β+=β

β+β=β

∑

∑

∑

λ

θ

2

2022

1101

)(

)(
AccAcc
ArteArte
ArcoArco
ZIngZIng
ZSupZSup

CaDepCaDep

NPerNPer
CaDepCaDep

ArcoArco
EdadCEdadC

UFCUFC



Residential Location
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Equilibrium modelEquilibrium model

•• Growth ofGrowth of total total demanddemand

•• Transport attributesTransport attributes: : access benefitsaccess benefits

•• Regulations and Regulations and subsidiessubsidies

•• Supply informationSupply information

Input dataInput data



Equilibrium ProblemEquilibrium Problem
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Basic mathematical formulationBasic mathematical formulation

lBvif ,
Bl

Changes Changes in in the landthe land use use systemsystem

fvi

Transport systemTransport system

Road infrastructureRoad infrastructure, , parkingparking

accessibilityaccessibility

accessibilityaccessibility
accessibilityaccessibility

Transport systemTransport systemSupply informationSupply information

KKvivi

Total Total of consumersof consumersSubsidiesSubsidiesSupply Supply incentivesincentives

+ + ffvi vi ≤≤ UUvivi

Regulation of land Regulation of land useuse



Algorithm descriptionAlgorithm description

Location externalities fixed point in Location externalities fixed point in PP : adjust, : adjust, 
all land use/neighborhood variables, both all land use/neighborhood variables, both 
residential and commercial attractivenessresidential and commercial attractiveness
Utility level fixed point in Utility level fixed point in bbhh : Bids depends on : Bids depends on 
utility level independently on location attributes; utility level independently on location attributes; 
adjust to equilibrium conditionsadjust to equilibrium conditions
Supply adjust to prices/rentsSupply adjust to prices/rents: fixed points define : fixed points define 
adjusted bids, hence rents, then supply adjusted bids, hence rents, then supply optimiseoptimise
profit subject to regulationsprofit subject to regulations



Equilibrium characteristics Equilibrium characteristics 

Imperfect competitive auction marketImperfect competitive auction market
Suppliers anticipate rents/pricesSuppliers anticipate rents/prices
NonNon--linear mathematical problemlinear mathematical problem
NonNon--economic optimization problemeconomic optimization problem



Problem dimension of MUSSA 

Households : 65

Firms : 5

Dwellings : 6

Non-residential properties : 6

X 409 zones

Types of consumers : 70

Types of Supply : 4908



Constraints of the Equilibrium Problem

•Supply Model

An aggregated time-series model of residential 
supply for 34 macrozones. Next: detailed model

•Supply Bounds

•Land Use Regulations

Existing local and global regulations, plus subsidies



Control of supply

•Dwelling density

•Land use capacity

•Building height

•Size of a property in terms of land and structure

Land Use Regulations

Control of location

•Not allowed activities at some types of supply

•Subsidies in the city center for urban development



PC Pentium 166

80 Mb RAM

Typical Macro Equilibrium Problem : XXL size

•Number of Optimization Variables : 478

“f” variables : 12 * 34 = 408        “b” variables : 70

•Number of Constraints : 700

Objetive
Function

elapsed time
(min)0 20 40 60 80

F *

Aproximated method

Exact method



Prediction ResultsPrediction Results

••Supply (Supply (vi vi ) :) : ffvivi

••Location (Location (hvihvi ) :) : ffvi vi PPhh/vi/vi

••Rents (Rents (vi vi ) :) : rrvivi

••Sensitivity of the equilibrium to Sensitivity of the equilibrium to 
supply, regulation constraints and supply, regulation constraints and 
subsidy/tax policies                 subsidy/tax policies                 

••LU Benefits (LU Benefits (hvihvi ) : ) : F F ((BBhvihvi ))



Non residencial location
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Residential Rents
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Software PC: Software PC: Running modelRunning model

MUSSA MUSSA is is a Windows a Windows 
based based software software 
Runs under Runs under GAUSS GAUSS 
Tools for scenario Tools for scenario 
design and result design and result 
analysis: spreadsheets, analysis: spreadsheets, 
charts and charts and GISGIS



Software PC: Software PC: ResultsResults

Produces Produces differentdifferent
displays of resultsdisplays of results

Localización residencial

0 12,0004,000 8,000

Meters
UNIVERSIDAD DE CHILE

-1.00 to -0.60
-0.60 to -0.30
-0.30 to 0.00
0.00 to 0.30
0.30 to 0.70
0.70 to 1.00

Location of 
residential (65) 
and comercial (5) 
activities

Building supply by 
10 types

Land use 
and prices



Summary Summary 

Sequential land useSequential land use--transport interactiontransport interaction
Simultaneous location and rent formation, Simultaneous location and rent formation, 
unique set of parametersunique set of parameters
Fully Behavioral:locator agents and suppliersFully Behavioral:locator agents and suppliers
Non linear location problem due to land use Non linear location problem due to land use 
attributes: location externalitiesattributes: location externalities
Equilibrium demandEquilibrium demand--supply under imperfect supply under imperfect 
market competitionmarket competition
Operational softwareOperational software
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OTHER ECONOMIC ISSUESOTHER ECONOMIC ISSUES

Transport and Land Use BenefitsTransport and Land Use Benefits
Optimal Planning Optimal Planning 



Percolation of Transport BenefitsPercolation of Transport Benefits

TUB < total
LUB < total
Overlapping

Total benefits needs
LU&T equilibrium



Optimal PlanningOptimal Planning

Define a social function based on land Define a social function based on land 
use benefits use benefits 
Model land use regulation and subsidiesModel land use regulation and subsidies
Find optimal expropriation pricesFind optimal expropriation prices
Find optimal land use pricesFind optimal land use prices
Find optimal regulation scenariosFind optimal regulation scenarios



THE  ENDTHE  END

Thanks for your attentionThanks for your attention

University of
ChileSECTRA


