A Three-DimensionalMethod-of-CharacteristicsSolute-Transport Model (MOC3D)U.S. GEOLOGICAL SURVEYWater-Resources Investigations Report 96-4267

Cover: Visualization of part of a three-dimensionalplume calculated using MOC3D for a problem(described by Burnett and Frind, 1987) of a constantsource of solute in a nonuniform flow field (see fig.37 of this report and related discussion).

A Three-DimensionalMethod-of-CharacteristicsSolute-Transport Model (MOC3D)By L.F. Konikow, D.J. Goode, and G.Z. Hornberger___________________________________________________________________U. S. GEOLOGICAL SURVEYWater-Resources Investigations Report 96-4267Reston, Virginia1996

U.S. DEPARTMENT OF THE INTERIORBRUCE BABBITT, SecretaryU.S. GEOLOGICAL SURVEYGordon P. Eaton, DirectorThe use of firm, trade, and brand names in this report is for identification purposesonly and does not constitute endorsement by the U.S. Geological Survey._________________________________________________________________________________For additional information write to:Copies of this report can be purchasedfrom:Leonard F. KonikowU.S. Geological SurveyU.S. Geological SurveyInformation ServicesWater Resources DivisionBox 25286431 National CenterFederal CenterReston, VA 20192Denver, CO 80225 iiiPREFACEThe computer model described in this report is designed to simulate the transport anddispersion of a single solute in ground water flowing through porous media. The model isdeveloped as a module for the U.S. Geological Survey�s (USGS) MODFLOW ground-watermodel, and it is intended to be the first of a family of alternative solution methods for the solute-transport equation that will be compatible with MODFLOW.This model, named MOC3D, was developed through modifications of an existing two-dimensional code (MOC), which was documented originally by Konikow and Bredehoeft (1978).Although extensive testing of MOC3D indicates that this model will yield reliable calculations for awide variety of field problems, the user is cautioned that the accuracy and efficiency of the modelcan be affected significantly for certain combinations of values for parameters and boundaryconditions. Development of alternative codes that will optimize the accuracy and efficiency ofsolving the solute-transport equation for a broader range of conditions is planned.The code for this model will be available for downloading over the Internet from a USGSsoftware repository. The repository is accessible on the World Wide Web (WWW) from theUSGS Water Resources Information web page at URL http://h2o.usgs.gov/. The URL for thepublic repository is: http://h2o.usgs.gov/software/. The public anonymous FTP site is onthe Water Resources Information server (h2o.usgs.gov or 130.11.50.175) in the /pub/softwaredirectory. When this code is revised or updated in the future, new versions or releases will bemade available for downloading from these same sites.Acknowledgments. The authors appreciate the helpful model evaluation and reviewcomments provided by USGS colleagues H. I. Essaid, W. B. Fleck, and S. P. Garabedian.

vCONTENTSPageABSTRACT˚................................................................................................................................ 1INTRODUCTION˚....................................................................................................................... 1THEORETICAL BACKGROUND AND GOVERNING EQUATIONS˚........................................ 3Ground-Water˚Flow˚Equation˚......................................................................................... 3Average Interstitial Velocity˚............................................................................................ 4Governing Equation for Solute Transport˚....................................................................... 4Dispersion Coefficient˚.................................................................................................... 6Review of Assumptions˚................................................................................................... 8NUMERICAL METHODS˚.......................................................................................................... 8Ground-Water Flow Equation˚......................................................................................... 9Average Interstitial Velocity˚............................................................................................ 10Solute-Transport Equation˚.............................................................................................. 11Method of Characteristics˚................................................................................... 11Particle Tracking˚................................................................................................ 14Linear interpolation and semi-analytic integration˚.................................. 15Bilinear interpolation and explicit integration˚......................................... 18Discussion�Choosing an appropriate interpolation scheme˚.................... 20Decay˚................................................................................................................. 20Node Concentrations˚.......................................................................................... 21Finite-Difference Approximations˚...................................................................... 21Stability and Accuracy Criteria˚........................................................................... 23Mass Balance˚...................................................................................................... 25Special Problems˚................................................................................................ 26Review of MOC3D Assumptions and Integration with MODFLOW˚...................... 30COMPUTER PROGRAM˚............................................................................................................ 33General Program Features˚............................................................................................... 34Program Segments˚.......................................................................................................... 35MODEL TESTING AND EVALUATION˚.................................................................................. 41One-Dimensional Steady Flow˚........................................................................................ 41Three-Dimensional Steady Flow˚..................................................................................... 45Two-Dimensional Radial Flow and Dispersion˚................................................................ 49Point Initial Condition in Uniform Flow˚.......................................................................... 50Constant Source in Nonuniform Flow˚............................................................................. 55Relative Computational Efficiency˚.................................................................................. 60CONCLUSIONS˚......................................................................................................................... 62REFERENCES˚............................................................................................................................ 62APPENDIX AFINITE-DIFFERENCE APPROXIMATIONS˚................................................................. 64APPENDIX BDATA INPUT INSTRUCTIONS FOR MOC3D˚............................................................... 70 viPageMODFLOW Name File˚.................................................................................................... 70MODFLOW Source and Sink Packages˚........................................................................... 70MOC3D Input Data Files˚................................................................................................. 70MOC3D Transport Name File (CONC)˚................................................................ 71Main MOC3D Package Input (MOC)˚.................................................................. 72Source Concentration in Recharge File (CRCH)˚.................................................. 77Observation Well File (OBS)˚............................................................................... 77APPENDIX CANNOTATED EXAMPLE INPUT DATA SET FOR SAMPLE PROBLEM˚.................... 78APPENDIX DSELECTED OUTPUT FOR SAMPLE PROBLEM˚.......................................................... 82FIGURES1—3.Diagrams showing:1.Notation used to label rows, columns, and nodes within one layer (k) of a three-dimensional, block-centered, finite-difference grid for MOC3D˚............................. 92.Representative three-dimensional grid for MOC3D illustrating notation for layers˚... 93.Part of a hypothetical finite-difference grid showing relation of flow field tomovement of points (or particles) in method-of-characteristics model forsimulating solute transport (modified from Konikow and Bredehoeft, 1978)˚......... 124.Graph showing representative change in breakthrough curve from time level t to t+1.Note that concentration changes are exaggerated to help illustrate the sequence ofcalculations. Curve for Ct+adv represents the concentration distribution at time t+1 dueto advection only. (Modified from Konikow and Bredehoeft, 1978.)˚........................... 135—11.Diagrams showing:5.Spatial weights used in linear interpolation method to estimate Vx at location of aparticle in cell j,i,k˚................................................................................................. 166.Interpolation factors used in bilinear interpolation method to estimate horizontalcomponents of velocity, Vx and Vy, at the position of a particle located in thesoutheast quadrant of cell j,i,k˚................................................................................ 197.Possible movement of a particle near an impermeable (no-flow) boundary(modified from Konikow and Bredehoeft, 1978)˚................................................... 278.Replacement of particles in fluid-source cells (a) for case of negligible regionalflow and (b) for case of relatively strong regional flow˚.......................................... 289.One layer of finite-difference grid illustrating use of uniformly-spaced transportsubgrid for MOC3D within variably-spaced primary grid for MODFLOW˚.............. 31 viiPage10.Alternative MODFLOW approaches to vertical discretization of an aquifer system(a) consisting of two high-permeability units separated by a confining layerconsisting of a low-permeability clay. In the fully three-dimensionalrepresentation (b), the clay unit would be represented by one or more modellayers. In the quasi-three-dimensional approach (c), heads are not calculated inthe clay unit, which is represented more simply by vertical conductance termsbetween the layers above and below it; in this case, the bottom of layer 1 coincideswith the top of layer 2. (Modified from figs. 10-12 of McDonald and Harbaugh,1988.)˚................................................................................................................... 3211.Double time-line illustrating the sequence of progression in the MOC3D model forsolving the flow and transport equations. This example is for transient flow andthree stress periods (NPER = 3) of durations PERLEN1, PERLEN2, and PERLEN3.Each time step for solving the flow equation (of duration DELT) is divided intoone or more time increments (of duration TIMV) for solving the transport equa-tion; all particles are moved once during each transport time increment. Forillustration purposes, the sequence of solving the two equations is labeled for thefirst five time steps of the first stress period, and the indices for counting time stepsfor flow and time increments for transport are labeled for the fourth time step˚....... 3412.Generalized flow chart for MOC3D˚................................................................................ 3613.Simplified flow chart for the transport loop, which is shown as a single element infig. 12˚.......................................................................................................................... 3714—16.Diagrams showing:14.Default initial particle configurations for a one-dimensional simulation using(a) one, (b) two, (c) three, and (d) four particles per cell˚......................................... 3815.Default initial particle configurations for a two-dimensional simulation using(a) one, (b) four, (c) nine, and (d) sixteen particles per cell˚.................................... 3816.Default initial particle configurations for a three-dimensional simulation using(a) one, (b) eight, and (c) 27 particles per cell. For clarity, only the volume of asingle cell is illustrated˚........................................................................................... 3817.Flow chart for MOVE and MOVEBI subroutines of MOC3D, which is shown as a singleelement in fig. 13˚......................................................................................................... 3918—24.Graphs showing:18.Numerical (MOC3D) and analytical solutions at three different locations for solutetransport in a one-dimensional, steady flow field. Parameter values for this basecase are listed in Table 11˚...................................................................................... 4319.Numerical (MOC3D) and analytical solutions at three different locations for solutetransport in a one-dimensional, steady flow field for case of increased dispersivity(aL = 1.0 cm, Dxx = 0.1 cm2/s, and other parameters as defined in Table 11)˚.......... 4420.Detailed view of numerical and analytical solutions for early times (t < 10 s) at thefirst node downgradient from the inflow source boundary for same problem asshown in fig. 19˚..................................................................................................... 4421.Detailed view of numerical and analytical solutions for early times (t < 10 s) at thefirst node downgradient from the inflow source boundary for same conditions asshown in fig. 20, except that the initial number of particles per node, NPTPND,equals 50˚............................................................................................................... 44 viiiPage22.Numerical (MOC3D) and analytical solutions at three different times for same one-dimensional, steady flow, solute-transport problem shown in fig. 18˚...................... 4523.Numerical (MOC3D) and analytical solutions after 240 seconds for three differentretardation factors for same problem represented in fig. 22˚................................... 4524.Numerical (MOC3D) and analytical solutions for four different times for solutetransport in a one-dimensional, steady flow field for case with decay at rate ofl = 0.01 s-1. All other parameters as defined in Table 11˚...................................... 4525—32.Plots showing:25.Concentration contours for (a) analytical and (b) numerical solutions in the hor-izontal plane containing the solute source (layer 1) for three-dimensional solutetransport in a uniform steady flow field. Parameters are defined in Table 12˚......... 4726.Concentration contours for (a) analytical and (b) numerical solutions in the verticalplane parallel to the flow direction and aligned with column 2 for three-dimensional solute transport in a uniform steady flow field. Parameters aredefined in Table 12˚............................................................................................... 4827.Concentration contours for (a) analytical and (b) numerical solutions in the verticalplane transverse to the flow direction and aligned with row 12 for three-dimensional solute transport in a uniform steady flow field. Parameters aredefined in Table 12. Flow is towards the reader˚..................................................... 4828.Initial particle positions within the source cell for radial flow case (based on customparticle placement and NPTPND = 46). The relative coordinates on the x- and y-axes shown for the cell (1,1) are the same for any cell of the grid; this relativecoordinate system is used for the custom definition of particle locations in theinput file ˚............................................................................................................... 5029.Contours of relative concentrations calculated using (a) analytical and (b)numerical models for solute transport in a steady radial flow field. Sourceconcentration is 1.0 and source is located in cell (1,1). Grid spacing is 10.0 m˚...... 5030.Concentration contours for (a, c) analytical and (b, d) numerical solutions fortransport of a point initial condition in uniform flow in the x-direction. The z-component of flow is zero, but there is dispersion in all three directions. Contourvalues are the log of the concentrations˚.................................................................. 5331.Concentration contours for (a) analytical and (b, c, d) numerical solutions fortransport of a point initial condition in uniform flow at 45 degrees to x and y.Contour values are the log of the concentrations˚.................................................... 5432.Concentration contours showing effects on areas of negative concentrations relatedto decreasing CELDIS factor in MOC3D in simulation of flow at 45 degrees togrid having 24 rows and 24 columns of nodes: (a) CELDIS = 0.50;(b) CELDIS = 0.25; and (c) CELDIS = 0.10˚......................................................... 5533.Schematic representation of transport domain and boundary conditions fornonuniform-flow test problem of Burnett and Frind (1987); front surface represents aplane of symmetry (modified from Burnett and Frind, 1987, fig. 4)˚............................. 56 ixPage34—38.Plots showing:34.Initial particle positions within a cell for the Burnett-Frind (1987) test case (basedon custom particle placement and NPTPND = 3). The relative coordinates on thex- and y-axes shown for the cell (1,1) are the same for any cell of the grid; thisrelative coordinate system is used for the custom definition of particle locations inthe input file˚.......................................................................................................... 5735.Two-dimensional simulation results for nonuniform-flow test case showing plumepositions as contours of relative concentration: (a) finite-element model (modifiedfrom Burnett and Frind, 1987, fig. 8a), and (b) MOC3D. Contour interval is 0.2relative concentration˚............................................................................................. 5836.Three-dimensional simulation results for nonuniform-flow test case in whichaTH = 0.1 m and aTV = 0.01 m: (a) finite-element model (modified from Burnettand Frind, 1987, fig. 8c), and (b) MOC3D. Plume positions are represented bycontours of relative concentration; contour interval is 0.2 relative concentration˚.... 5837.Perspective view of MOC3D results for three-dimensional problem of constantsource in nonuniform flow and unequal transverse dispersivity coefficients. Thisvisualization of the plume was generated from particle concentrations using athree-dimensional visualization software package and is derived from the samesimulation that is the basis of fig. 36b. Note that a piece of the plume near thesource is cut away (a �chair� cut) to expose a clearer view of the degree oftransverse spreading in the selected vertical and horizontal planes. Shadingincrements are in relative-concentration intervals of 0.20, and interval boundsrange between 0.9 and 0.1. Concentrations less than 0.10 are transparent˚............. 5938.Three-dimensional simulation results for nonuniform-flow test case in whichaTH = aTV = 0.01 m: (a) finite-element model (modified from Burnett and Frind,1987, fig. 9b), and (b) MOC3D. Plume positions are represented by contours ofrelative concentration; contour interval is 0.2 relative concentration˚....................... 60TABLES1.MOC3D subroutines controlling simulation preparation˚................................................. 372.MOC3D subroutines controlling transport time factors˚................................................... 373.MOC3D subroutines controlling velocity calculations and output˚................................... 384.MOC3D subroutines controlling particle tracking, concentration calculations, andoutput for particle and concentration data˚.................................................................... 385.MOC3D subroutines controlling dispersion calculations and output˚............................... 406.MOC3D subroutines controlling MODFLOW source/sink package calculations˚.............. 407.MOC3D subroutines controlling cumulative calculations relating to sources and sinks˚... 408.MOC3D subroutines controlling observation wells˚......................................................... 409.MOC3D subroutines controlling mass balance calculations and output˚........................... 4110.Miscellaneous MOC3D subroutines˚................................................................................ 41 xPage11.Parameters used in MOC3D simulation of transport in a one-dimensional, steady-stateflow system˚.................................................................................................................. 4212.Parameters used in MOC3D simulation of transport from a continuous point source in athree-dimensional steady-state flow system˚................................................................... 4713.Parameters used in MOC3D simulation of two-dimensional, steady-state, radial flowcase˚.............................................................................................................................. 4914.Parameters used in MOC3D simulation of three-dimensional transport from a pointsource with flow in the x-direction and flow at 45 degrees to x and y˚............................ 5215.Parameters used in MOC3D simulation of transport in a vertical plane from acontinuous point source in a nonuniform, steady-state, two-dimensional flow systemdescribed by Burnett and Frind (1987)˚......................................................................... 5716.Comparison of MOC3D simulation times for selected test cases on various computerplatforms˚...................................................................................................................... 6117.Formats associated with MOC3D print flags˚................................................................... 74

1ABSTRACTThis report presents a model, MOC3D, that simulates three-dimensional solute transportin flowing ground water. The model computes changes in concentration of a single dissolvedchemical constituent over time that are caused by advective transport, hydrodynamic dispersion(including both mechanical dispersion and diffusion), mixing (or dilution) from fluid sources,and mathematically simple chemical reactions (including linear sorption, which is representedby a retardation factor, and decay). The transport model is integrated with MODFLOW, athree-dimensional ground-water flow model that uses implicit finite-difference methods tosolve the transient flow equation. MOC3D uses the method of characteristics to solve thetransport equation on the basis of the hydraulic gradients computed with MODFLOW for agiven time step. This implementation of the method of characteristics uses particle tracking torepresent advective transport and explicit finite-difference methods to calculate the effects ofother processes. However, the explicit procedure has several stability criteria that may limit thesize of time increments for solving the transport equation; these are automatically determined bythe program. For improved efficiency, the user can apply MOC3D to a subgrid of the primaryMODFLOW grid that is used to solve the flow equation. However, the transport subgrid musthave uniform grid spacing along rows and columns. The report includes a description of thetheoretical basis of the model, a detailed description of input requirements and output options,and the results of model testing and evaluation. The model was evaluated for several problemsfor which exact analytical solutions are available and by benchmarking against other numericalcodes for selected complex problems for which no exact solutions are available. These testresults indicate that the model is very accurate for a wide range of conditions and yieldsminimal numerical dispersion for advection-dominated problems. Mass-balance errors aregenerally less than 10 percent, and tend to decrease and stabilize with time.INTRODUCTIONThis report describes and documents acomputer model (MOC3D) for calculatingtransient changes in the concentration of asingle solute in a three-dimensional ground-water flow field. The calculations require thenumerical solution of two simultaneous partialdifferential equations. One equation is theground-water flow equation, which describesthe head distribution in the aquifer. The secondis the solute-transport equation, whichdescribes the solute concentration within theflow system. By coupling the flow equationwith the solute-transport equation, the modelcan be applied to both steady-state and transientground-water flow problems.The purpose of the simulation model isto compute the concentration of a dissolvedchemical species in an aquifer at any specifiedplace and time. Changes in chemicalconcentration occur within a dynamic ground-water system primarily because of four distinctprocesses: (1) advective transport, in whichdissolved chemicals are moving with (are beingcarried by) the flowing ground water; (2)hydrodynamic dispersion, in which molecularand ionic diffusion and mechanical dispersion(related mostly to variations in fluid velocitythrough the porous media) cause the paths ofdissolved molecules and ions to diverge andspread from the average direction of ground-

2water flow; (3) fluid sources, where water ofone composition is introduced into and mixeswith water of a different composition; and (4)reactions, in which some amount of the soluteis added to or removed from the ground waterbecause of chemical, biological, and (or)physical reactions in the water or between thewater and the solid aquifer materials.The MOC3D model is integrated withMODFLOW, the U.S. Geological Survey�s(USGS) modular, three-dimensional, finite-difference, ground-water flow model(McDonald and Harbaugh, 1988; Harbaughand McDonald, 1996a and 1996b).MODFLOW solves the ground-water flowequation, and the reader is referred to thedocumentation for that model and itssubsequent modules for complete details. Inthis report it is assumed that the reader isfamiliar with the MODFLOW family of codes.The numerical solution to the solute-transportequation is based on the method-of-character-istics, which is advantageous (relative to otherstandard numerical schemes) for transportproblems in which advection is a dominantprocess. The MOC3D code is based largely onMOC, the USGS�s two-dimensional, method-of-characteristics, solute-transport model(Konikow and Bredehoeft, 1978; Goode andKonikow, 1989).This model can be applied to a widevariety of field problems. However, the usershould first become aware of the assumptionsand limitations inherent in the model, asdescribed in this report. MOC3D is offered asa basic tool that is applicable to a wide range offield problems involving solute transport.However, there are some situations in whichthe model results could be inaccurate or modeloperation inefficient. The report includesguidelines for recognizing and avoiding thesetypes of problems.The computer program is written inFORTRAN, and has been developed in amodular style, similar to the M O D F L O W model. At present, the model is not compatiblewith all the modules for MODFLOW thatdescribe secondary flow processes or features,such as streamflow routing, subsidence, andrewetting of dry cells. As assumed byMODFLOW, it is also assumed by MOC3Dthat fluid properties are homogeneous and thatconcentration changes do not significantlyaffect the fluid density or viscosity, and hencethe fluid velocity. Within the finite-differencegrid used to solve the flow equation inM O D F L O W , the user is able to specify awindow or subgrid over which MOC3D willsolve the solute-transport equation. Thisfeature can significantly enhance the overallefficiency of the model by avoiding calculationeffort where it is not needed. However,MOC3D also requires that the horizontal (rowand column) grid spacing be uniform within thesubgrid, although an expanding or nonuniformspacing may be applied outside of the subgridboundaries.The types of reactions incorporated intoMOC3D are restricted to those that can berepresented by a first-order rate reaction, suchas radioactive decay, or by a retardation factor,such as instantaneous, reversible, sorption-desorption reactions governed by a linearisotherm and constant distribution coefficient(Kd). This is somewhat more restrictive thanthe two-dimensional model, MOC, whichallowed the representation of nonlinearisotherms.The report includes a detaileddescription of the numerical methods used tosolve the solute-transport equation. The datarequirements, input format specifications,program options, and output formats are allstructured in a general manner that should becompatible with the types of data available formany field problems. We have attempted tomaximize the use of existing MODFLOWoutput modules and styles in developing theMOC3D output options and features.

3THEORETICAL BACKGROUNDAND GOVERNING EQUATIONSMathematical equations that describeground-water flow and transport processesmay be developed from the fundamentalprinciple of conservation of mass of fluid or ofsolute. A statement of conservation of mass(or continuity equation) may be combined witha mathematical description of the relevantprocess to obtain a differential equationdescribing flow or transport (see, for example,Bear, 1979; Freeze and Cherry, 1979; orDomenico and Schwartz, 1990).Ground-Water Flow EquationA quantitative description of ground-water flow is a prerequisite to accuratelysimulating solute transport in aquifers. Ageneral form of the equation describing thetransient flow of a compressible fluid in aheterogeneous anisotropic aquifer may bederived by combining Darcy’s Law with thecontinuity equation. A general ground-waterflow equation may be written in Cartesiantensor notation as:

∂∂x^i K^{ij} ∂h∂x^i = Ss ∂h∂t +W

(1)where Kij is the hydraulic conductivity of theporous media (a second-order tensor), LT-1; h isthe hydraulic (or potentiometric) head, L; Ss isthe specific storage, L-1 ; t is time, T; W is thevolumetric flux per unit volume (positive forinflow and negative for outflow), T-1; and xi arethe Cartesian coordinates, L. The summationc o n v e n t i o n o f C a r t e s i a n t e n s o r a n a l y s i s i s implied in eq. 1. Equation 1 can generally beapplied if isothermal conditions prevail, theporous medium deforms only vertically, thevolume of individual grains remains constantduring deformation, Darcy’s Law applies (andgradients of hydraulic head are the only drivingf o r c e ) , a n d f l u i d p r o p e r t i e s ( d e n s i t y a n d viscosity) are homogeneous and constant.In general, the properties of porousmedia vary in space. Although fluid sourcesand sinks may vary in space and time, theyhave been lumped into one term (W) in theprevious development for convenience innotation. Also, at any given location, morethan one process may be adding or removingfluid simultaneously from the system, such aswell withdrawals, diffuse recharge fromprecipitation, and evapotranspiration.However, the solution to the governingequation depends only on the

net f l u x f r o m sources and sinks as a function of time at eachlocation.I f t h e p r i n c i p a l a x e s o f t h e h y d r a u l i c conductivity tensor are aligned with the x-y-zcoordinate axes, the cross-product terms of thehydraulic conductivity tensor are eliminated;that is, Ki j = 0 when i „ j . The ground-waterflow equation may then be written to includeexplicitlyallhydraulicconductivitytermsas:

∂∂x Kxx ∂h∂x + ∂∂y Kyy ∂h∂y + ∂∂z Kzz ∂h∂z − W = Ss ∂h∂t

(2)where Kxx, Kyy, and Kzz are values of hydraulicc o n d u c t i v i t y a l o n g t h e x , y , and z c o o r d i n a t e axes, LT-1 . Equation 2 is identical to eq. 1 ofMcDonald and Harbaugh (1988, p. 2-1).U n d e r t h e s e s a m e a s s u m p t i o n s , Darcy’s law may be written as:

qx = − Kxx∂h∂x

(3a)

qy = − Kyy∂h∂y

(3b)

qz = − Kzz∂h∂z

(3c)where q is the specific discharge, LT-1.Average I n t e r s t i t i a l V e l o c i t y

4The migration and mixing of chemicalsdissolved in ground water will obviously beaffected by the velocity of the flowing groundwater. The specific discharge, qi , c a l c u l a t e d from eq. 3 represents the volumetric flux perunit cross-sectional area. Thus, to calculate thea c t u a l a v e r a g e i n t e r s t i t i a l v e l o c i t y o f g r o u n d water, one must account for the actual cross-sectional area through which flow is occurring.Thisisusuallycalculatedasfollows:

Vi = qiε

(4)where Vi is the average interstitial velocity (orseepage velocity), LT-1 ; and e is the effectivep o r o s i t y ( d i m e n s i o n l e s s ) o f t h e p o r o u s medium.Assumingthesamegridalignmentasstated for eq. 2, it can also be written in termsof Darcy’s law as:

Vi = − Kiiε ∂h∂xi

. (5)Governing E q u a t i o n for SoluteTransportThe principle of conservation of massrequires that the net mass of solute entering andleaving a specified volume of aquifer during agiven time interval must equal the accumulationor loss of mass stored in that volume during theinterval. This relation may be expressedmathematically in a general governing equationfor solute transport in three dimensions in anincompressible fluid flowing through a porousmedium as (see Bear, 1979, p. 239-243; andGoode and Konikow, 1989):

∂(εC)∂t + ∂(ρ bC)∂t + ∂∂xi εCVi( ) − ∂∂xi εDij ∂C∂xj − ′C W∑ +λ εC +ρ bC ( ) = 0

(6)where e is porosity, C is volumetric concen-tration (mass of solute per unit volume of fluid,ML-3 ), r b i s t h e b u l k d e n s i t y o f t h e a q u i f e r m a t e r i a l ( m a s s o f s o l i d s p e r u n i t v o l u m e o f aquifer, ML-3),

C

is the mass concentration ofsolute sorbed on or contained within the solidaquifer material (mass of solute per unit massof aquifer material, MM-1 ), V is a vector ofinterstitial fluid velocity components (LT-1), Dis a second-rank tensor of dispersioncoefficients (L2 T -1 ), W is a volumetric fluidsink (W<0) or fluid source (W >0) rate per unitvolume of aquifer (T-1 ),

′C

is the volumetricconcentration in the sink/source fluid (ML-3) , andl is the decay rate (T-1).T h e d e c a y t e r m i n e q . 6 t y p i c a l l y represents radioactive decay of both the freeand sorbed solute. A radioactive decay rate isu s u a l l y e x p r e s s e d a s a h a l f - l i f e (

t1 2

). Thehalf-life is the time required for theconcentration to decrease to one-half of theoriginal value, and is related to the decay rateas:

t1 2 = ln 2( )λ

. (7)In limited cases, the decay term can alsoadequately represent chemical decomposition orbiodegradation. However, if in these lattercases there is also a sorbed phase present, itmust be assured that the decay process occursat the same rate for both the dissolved andsorbed phases, an assumption that is true forradioactive decay.The concentration in the fluid leavingthe aquifer at fluid sinks is commonly assumedto have the same concentration as the fluid inthe aquifer (that is,

′C

= C f o r W<0). Thesummation for the sink/source term allows formultiple fluid sinks and sources havingdifferent associated source concentrations. Theassumption of fluid incompressibility meansthat all changes in fluid storage are representedby changes in porosity in the three-dimensionaltransport equation.

5Equation 6 contains velocity divergenceterms that can be eliminated (Konikow andGrove, 1977). This removes severalderivatives from the transport equation, whichmay reduce errors during the numericalsolution, as well as removing the direct effectof fluid sinks from the governing equation.The accumulation and divergence terms in eq. 6can be expanded:

∂(εC)∂t = ε ∂C∂t +C ∂ε∂t

(8)

∂∂x^i εCVi ( ) = εVi ∂C∂xi +C ∂∂xi εVi( )

. (9)Substituting these expressions into eq. 6,adding (WC-WC) = 0, and rearranging termsyields

ε ∂C∂t + ∂(ρ bC)∂t + εVi ∂C∂xi − ∂∂xi εDij ∂C∂xj − W ′C − C ( ) [ ] ∑ +λ εC +ρ bC ( ) +C ∂ε∂t + ∂∂xi εVi( )− ΣW = 0.

(10)The last term on the left side of eq. 10 containsa bracketed term, which is an expression offluid continuity. If fluid continuity is satisfied,then the bracketed term is zero, leaving:

∂C∂t + ∂(ρ bC)ε∂t +Vi ∂C∂xi − ∂∂xi εDij ∂C∂xj ε − Σ W ′C − C ( ) [ ] ε +λ C + ρ bCε = 0.

(11)This form of the governing equation can bedesignated as �flow-equation-removed� and isadvantageous, though not required, for themethod-of-characteristics numerical solutionbecause the divergence of velocity does notappear. Under these assumptions, includingincompressible fluid, the porosity is notconstant unless the flow system is in a steady-state equilibrium (Goode, 1990b). Therefore,we update the porosity to account for elasticchanges in aquifer volume caused by transientchanges in hydraulic head using the methodproposed by Goode (1990b). Testing andevaluation of this approach for incorporationinto MOC3D is documented by Goode andKonikow (1991).The governing equation can be furthersimplified for the case of reversible,instantaneous, equilibrium sorption of thesolute governed by a linear isotherm. For thiscase, the sorbed concentration,

C

, is given by:

C = KdC

(12)where Kd i s t h e s o r p t i o n c o e f f i c i e n t , o r distribution coefficient, which is assumed to bec o n s t a n t i n t i m e . T h e a c c u m u l a t i o n i n t h e sorbed phase can be expressed as:

∂(ρ bC)∂t = Kd ∂(ρ bC)∂t = ρ bKd ∂C∂t

(13)if it is assumed that the aquifer bulk density isconstant in time. Substituting eqs. 12 and 13into eq. 11 gives:

1+ ρ bKdε ∂C∂t +Vi ∂C∂xi − ∂∂xi εDij ∂C∂xj ε − Σ W ′C − C ( ) [ ] ε +λ C 1+ ρ bKdε = 0.

(14)The terms controlling sorption can be combinedinto a single parameter�the retardation factor(Rf), which is defined as:

Rf =1+ ρ bKdε

. (15)Rf m a y b e s l i g h t l y v a r i a b l e i n t i m e i f t h e porosity changes due to transient flow effects.We ignore this possible minor variability and

6assume that the retardation factor is constant intime. Substituting eq. 15 into eq. 14 yields:

∂C∂t + ViR^f ∂C∂x^i − 1εR^f ∂∂x^i εDij ∂C∂x^j − Σ W ′C − C ( ) [ ] εRf +λ C = 0.

(16)This is the form of the governing equationsolved in MOC3D.We convert eq. 16 from an Eulerianframework to a Lagrangian one through thematerial derivative, yielding a simpler form ofthe governing equation (for example, seeKonikow and Bredehoeft, 1978, p. 6) for theconcentration of a reference point moving withthe retarded velocity (V/Rf):

dCdt − 1εRf ∂∂xi εDij ∂C∂xj − Σ W ′C − C ( ) [ ] εRf +λ C = 0.

(17)Although this concentration is now that of amoving point in space, we retain the samesymbol, C, as a matter of convenience.The mathematical solution of thegoverning equations requires the specificationof certain initial and boundary conditions.Because the transport equation is always solvedfor transient conditions, the initial concentrationmust be specified throughout the domain withinwhich solute transport occurs (which may beequal to or smaller than the domain in whichthe flow equation is applied and solved).The specification of a constant-concentration boundary condition at one ormore nodes for the transport equation would beanalogous to the use of a constant-headboundary condition for the flow equation.Although this is mathematically andnumerically feasible, it is rare that a fieldenvironment would be consistent with such aconstant-concentration condition. Therefore,we have not implemented the use of this type ofboundary condition in this model. Instead,input concentrations must always be associatedwith a fluid flux.For the transport equation, twospecified mass-flux boundary conditions areused in this model. At no-flow boundaries forthe flow equation, the solute mass flux is alsorequired to be zero. The second type ofspecified mass boundary condition is appliedwhen the transport subdomain is within a flowdomain. That is, the boundaries of thetransport subdomain do not coincide with theflow domain boundary. In this case, solutemass movement into and out of the transportsubdomain is assumed to be by advection only;no dispersive solute flux can occur across asubdomain boundary, which is mathematicallyequivalent to a zero gradient in concentrationacross the boundary.The effects of all other external fluidsinks and sources on transport are incorporatedthrough the fluid source/sink terms (W) in eq.17. For a fluid source (W>0), denoted W+,

′C

in eq. 17 is the specified source concentrationof the incoming fluid. For a fluid sink (W<0),denoted

W−

, in eq. 17 is assumed to equalthe concentration in the aquifer, C, at thelocation of the sink. In this case

W ′C − C ( ) = W−( ) C − C( ) = 0

. However, ifthe fluid sink is associated with evaporation ortranspiration, it is assumed that the fluiddischarge mechanism will exclude dissolvedchemicals; for this special case

′C = 0

and

W ′C − C ( ) = W−( ) 0 − C( )

, which results in anincrease in concentration at the location of thefluid sink.Dispersion CoefficientThe third term in eq. 16 represents thechange in concentration due to hydrodynamicdispersion. This expression is analogous to

7Fick’s Law describing diffusive flux. ThisFickian model assumes that the driving force isthe concentration gradient and that thedispersive flux occurs in a direction fromhigher concentrations towards lowerconcentrations. The dispersion coefficient maybe related to the velocity of ground-water flowand to the nature of the aquifer usingScheidegger�s (1961) equation:

Dij = α ijmn VmVnV

i,j,m,n=1,2,3 (18)where aijmn is a component of the dispersivitytensor (L), a fourth rank tensor, Vm and Vn arecomponents of the velocity vector in the m andn directions, respectively, and | V | i s t h e magnitudeofvelocity:

V = Vx2 +Vy2 +Vz2

. (19)Scheidegger (1961) further shows thatfor an isotropic aquifer the dispersivity tensorcan be defined in terms of the longitudinal andtransverse dispersivities, aL and a T . T h i s yields two dispersion coefficients oriented witht h e d i r e c t i o n o f f l o w , t h e l o n g i t u d i n a l dispersion coefficient, DL , and the transversedispersioncoefficient,DT :

DL = α L V ; DT = α T V

. (20)The directional dispersion coefficientsin the x, y, and z coordinates are derived by atransformation from the L-T coordinates.Additionally, an isotropic diffusion coefficient,Dm , can be included to account for moleculardiffusion. The diffusion coefficient includesthe effects of tortuosity. These manipulationsyield the components of the dispersion tensor,D, which includes diffusion:

Dij = Dm +α T V ( )δij + α L − α T ( )Vi VjV

(21)where dij = 1 if i = j and d ij = 0 if i „ j. Thisshort-hand notation can be written explicitly as:

Dxx = α L Vx2V +α T Vy2V +α T Vz2V + Dm

(22a)

Dyy = α L Vy2V +α T Vx2V +α T Vz2V + Dm

(22b)

Dzz = α L Vz2V +α T Vy2V +α T Vx2V + Dm

(22c)

Dxy = Dyx = α L − α T

( )VxVyV

(22d)

Dxz = Dzx = α L − α T

( )VxVzV

(22e)

Dyz = Dzy = α L − α T

( )VyVzV

. (22f)A number of field studies haveindicated that transverse spreading in thevertical direction is much smaller thantransverse spreading in the horizontal direction(for example, see Robson, 1974; Robson,1978; Garabedian and others, 1991; and Gelharand others, 1992). To allow modeling of thisobserved spreading pattern, Burnett and Frind(1987) made an ad hoc modification to thetransverse terms in the preceding expressions,which we incorporate into MOC3D:

Dxx = α L Vx2V +α TH Vy2V +α TV Vz2V + Dm

(23a)

Dyy = α L Vy2V +α TH Vx2V +α TV Vz2V + Dm

(23b)

Dzz = α L Vz2V +α TV Vy2V +α TV Vx2V + Dm

(23c)

Dxy = Dyx = α L − α TH

( )VxVyV

(23d)

8

D xz = D zx = α L − α T V ( )

V x V z

V

(23e)

D^{yz} = D^{zy} = α^L − α^{TV}

( )V_yV_zV

(23f)where

α TH

is the horizontal transversedispersivity and

α TV

is the vertical transversedispersivity. If

α TH

=

α TV

, then eq. 23reduces to eq. 22.Review of A s s u m p t i o n s A number of assumptions have beenmade in the development of the previous formsof the governing equations. Following is a listof the main assumptions that must be carefullyevaluated before applying the model to a fieldproblem.1. Darcy’s law is valid and hydraulic-headgradients are the only significant drivingmechanism for fluid flow.2. The hydraulic conductivity of the aquifersystem is constant with time. Also, if thesystem is anisotropic, it is assumed that theprincipal axes of the hydraulic conductivitytensor are aligned with orthogonal frame ofreference, so that the cross-product terms of thehydraulic conductivity tensor are eliminated.3. Gradients of fluid density, viscosity, andtemperature do not affect the velocitydistribution.4. No chemical reactions occur that affect thefluid or aquifer properties.5. The dispersivity coefficients are constantwith time, and the aquifer is isotropic withrespect to longitudinal dispersivity.As noted by Konikow and Bredehoeft(1978), the nature of a specific field problemmay be such that not all of these underlyingassumptions are valid. The degree to whichfield conditions deviate from these assumptionswill affect the applicability and reliability of themodel for that problem. If the deviation from aparticular assumption is significant, thegoverning equations and the numerical codewill have to be modified to account for theappropriate processes or factors.NUMERICAL METHODSBecause aquifers are heterogeneous andhave complex boundary conditions, exactanalytical solutions to the governing equationscan not be obtained directly. Instead,numerical methods are used, in which thecontinuous variables of the governingequations are replaced with discrete variablesthat are defined at grid blocks (or cells ornodes). Thus, the continuous differentialequation, which defines hydraulic head orsolute concentration everywhere in the system,is replaced by a finite number of algebraicequations that defines the hydraulic head orconcentration at specific points. This system ofalgebraic equations generally is solved usingmatrix techniques.However, numerical methods yieldonly approximate (rather than exact) solutionsto the governing equation (or equations); theyrequire discretization of space and time. Thevariable internal properties, boundaries, andstresses of the system are approximated withinthe discretized format. In general, the finer thediscretization, the closer the numerical solutionwill be to the true solution.The notation and conventions used inthis report and in the MOC3D code to describethe grid and to reference (or to number) nodesare described in figs. 1-2. The indexingnotation used here is consistent with that usedin the FORTRAN code for MODFLOW byMcDonald and Harbaugh (1988), although notnecessarily the notation used in the text of theirreport. Our indexing notation maintainsconformity between the text of this report andthe FORTRAN code in MOC3D, and the index

9

x j y x

D

y

i

D

x

j

D

r

j

˚

D

y

i

=

D

c

i

˚

Figure 1. Notation used to label rows, columns,and nodes within one layer (k) of a three-dimen-sional, block-centered, finite-difference grid forMOC3D.order corresponds to an x,y,z sequence, whichis standard in numerical models. However,our notation differs from that used in someother ground-water models in that the x-direction is indexed by �j� and increases fromleft to right along a row to indicate the columnnumber. Our use of Dx and Dy is synonymouswith the use of Dr and Dc , r e s p e c t i v e l y , b y M c D o n a l d a n d H a r b a u g h ( 1 9 8 8 ) . T h e y -direction is indexed by �i� and increases fromthe top of the grid to the bottom within acolumn to indicate the row number. Thus, in amap view of any one horizontal layer, asillustrated in fig. 1, the node representing a cellin the first row and first column of the gridwould lie in the upper left corner of the grid.The z-direction represents layers and is indexedby �k.� As indicated in fig. 2, the first layer(k˚=˚1) in a multilayer grid would be the top(or highest elevation) layer. The saturatedthickness of a cell (bj,i,k) is equivalent to Dz.

k

z

D

z

k

Figure 2. Representative three-dimensional gridfor MOC3D illustrating notation for layers.Ground-Water F l o w E q u a t i o n A numerical solution of three-dimensional ground-water flow equation isobtained by the MODFLOW code usingimplicit (backward-in-time) finite-differencemethods. The model was coded in FORTRANin a modular style to allow and encourage thedevelopment of additional packages or modulesthat can be added on or linked to the originalcode. Many such packages or modules, whichtypically allow additional ground-waterprocesses, hydrogeological features, solutionalgorithms, or input/output options to berepresented or used, have been documentedsince MODFLOW was first released. Most ofthese are summarized by Appel and Reilly(1994).MODFLOW is based on use of a block-c e n t e r e d f i n i t e - d i f f e r e n c e g r i d t h a t a l l o w s v a r i a b l e s p a c i n g o f t h e g r i d i n t h r e e dimensions. Flow can be steady or transient.L a y e r s c a n b e s i m u l a t e d a s c o n f i n e d , unconfined, or a combination of both. Aquiferp r o p e r t i e s c a n v a r y s p a t i a l l y a n d h y d r a u l i c c o n d u c t i v i t y ( o r t r a n s m i s s i v i t y ) c a n b e a n i s o t r o p i c . F l o w a s s o c i a t e d w i t h e x t e r n a l s t r e s s e s , s u c h a s w e l l s , a r e a l l y d i s t r i b u t e d r e c h a r g e , e v a p o t r a n s p i r a t i o n , d r a i n s , a n d streams, can also be simulated through the useo f s p e c i f i e d h e a d , s p e c i f i e d f l u x , o r h e a d - d e p e n d e n t f l u x b o u n d a r y c o n d i t i o n s .

10MODFLOW offers several options to solve theimplicit finite-difference equations, includingthe Strongly Implicit Procedure (SIP), Slice-Successive Overrelaxation (SSOR) methods, orPreconditioned Conjugate-Gradient matrixsolvers (for example, Hill, 1990). Successfuluse of MOC3D, which is programmed as amodule to MODFLOW, requires a thoroughfamiliarity with the use of MODFLOW.Comprehensive documentation of MODFLOWis presented by McDonald and Harbaugh(1988), Harbaugh and McDonald (1996a and1996b), and the various reports for additionalimplemented modules.Average Interstitial VelocityBecause advective transport andhydrodynamic dispersion both depend on thevelocity of ground-water flow, the solution ofthe transport equation requires knowledge ofthe velocity (or specific discharge) field.Therefore, after the head distribution has beencalculated for a given time step or steady-stateflow condition, the specific discharge acrossevery face of each finite-difference cell withinthe transport subgrid is calculated next.The specific discharge components arecalculated for each face using a finite-differenceform of eq. 3. For example, the specificdischarge in the horizontal plane in the x-direction at the block interface between cellsj,i,k and j+1,i,k is (after McDonald andHarbaugh, 1988):

qx(j+1/2,i,k) = − Kxx(j+1/2,i,k) Δh / Δx( )(j+1/2,i,k)

= − Kxx(j+1/2,i,k) hj+1,i,k − hj,i,k ( ) Δx (24)

where

Kxx(j+1/2,i,k)

is the interblock hydraulicconductivity in the x-direction on the forwardface of the cell and the hydraulic gradient isbased on implicitly calculated heads at theadjacent nodes. (Note that the interblockhydraulic conductivity is commonly defined bythe harmonic mean, but in MODFLOW the usercan specify alternative methods for calculatingthe interblock hydraulic conductivity in theBlock-Centered Flow [BCF] package.)The seepage velocity at any point withina cell must be defined to represent advectivetransport. It is calculated at a point of interestwithin a finite-difference cell based on theinterpolated estimate of specific discharge atthat point divided by the effective porosity ofthe cell in which the point is located (see eqs.4-5). The interpolation methods are discussedlater in the section on �Particle Tracking.�Because the velocity is one of the mostimportant factors controlling solute transport, itis necessary to examine closely the calculatedvelocity field to understand the patterns andrates of solute spreading. Therefore, theMOC3D model offers the user several optionsto output the velocity data. These options aredescribed in Appendix B. The x-, y-, and z-components of the velocity vector at the nodesof the finite-difference cells can be computedwith equivalent orders of accuracy for all threecomponents at a single location. For example,the velocity in the x-direction at node (j,i,k)would be computed as

Vx(j,i,k) = qx(j+1/2,i,k) +qx(j− 1/2,i,k) ( ) 2ε(j,i,k)

. (25)Analogous expressions are used to compute thevelocity components in the y- and z-directions.Note that the specific dischargecomponents themselves are computed on cellfaces with a higher order of accuracy than arethe velocity components at the nodes. Forexample,

qx(j+1/2,i,k)

is based on the headdifference over Dx ; whereas V x at the node isb a s e d o n t h e h e a d d i f f e r e n c e o v e r 2 D x .However, an estimate of Vy or V z at the samelocation

(j +1/ 2,i,k)

would have to be at alower order of accuracy (for example, 2Dx D yfor Vy). Therefore, the more accurate estimates

11on cell faces are used in the model as the basisfor interpolation of particle velocities, but thevelocities at nodes are written in the output fileseither to enable direct inspection by the user orto facilitate postprocessing with visualizationsoftware.Solute-Transport EquationThe solute-transport equation is, ingeneral, more difficult to solve accurately usingnumerical methods than is the ground-waterflow equation, largely because the mathematicalproperties of the transport equation varydepending upon which terms in the equationare dominant in a particular system. Wheresolute transport is dominated by advectivetransport, as is common in many fieldproblems, then the transport equationapproximates a hyperbolic type of equation(similar to equations describing the propagationof a wave or of a shock front). In contrast,where a system is dominated by dispersivefluxes, such as might occur where fluidvelocities are relatively low and aquiferdispersivities are relatively high, then thetransport equation becomes more parabolic innature (similar to the transient ground-waterflow equation). To further complicate matters,because system properties and fluid velocitymay vary significantly, the dominant process(and the mathematical properties of thegoverning equation) may vary from point topoint and over time within the same domain.Dispersion-dominated solute-transportproblems (and parabolic equations in general)are quite amenable to accurate and efficientsolution using standard finite-difference andfinite-element numerical methods. However,in solving advection-dominated transportproblems, in which a relatively sharp front (orsteep concentration gradient) is moving througha system, it is numerically difficult to preservethe sharpness of the front. In such cases,numerical solutions often will include eithererroneous oscillations (overshoot andundershoot) or calculate a greater dispersiveflux than would occur by physical dispersionalone or than would be indicated by an exactsolution of the governing equation (forexample, see Pinder and Gray, 1977). Thatpart of the calculated dispersion introducedsolely by the numerical solution algorithm iscalled numerical dispersion.Method of CharacteristicsThe method of characteristics wasdeveloped to solve hyperbolic differentialequations. A major advantage is that themethod minimizes numerical dispersion (oreven eliminates it in limited cases) (Garder andothers, 1964; Pinder and Cooper, 1970;Reddell and Sunada, 1970; Bredehoeft andPinder, 1973; Konikow and Bredehoeft, 1978;Zheng, 1990). The approach taken by themethod of characteristics is not to solve eq. 16directly, but rather to solve an equivalentsystem of ordinary differential equations.Equation 16 can be rearranged to obtain:

∂C∂t = 1εRf ∂∂xi εDij ∂C∂xj − ViRf ∂C∂xi + W ′C − C ( ) [ ] ∑ εRf − λ C.

(26)Equation 26 describes the change inconcentration over time at fixed referencepoints within a stationary coordinate system,which is referred to as an Eulerian framework.An alternative perspective is to considerchanges in concentration over time inrepresentative fluid parcels as they move withthe flow of the fluid past fixed points in space.This, in effect, is a moving coordinate system,which is referred to as a Lagrangianframework. We convert eq. 16 from anEulerian framework to a Lagrangian one(essentially, a framework of a moving grid)

12through the material derivative. The materialderivative of concentration with respect to time,dC/dt, describes the change in concentration ina parcel of water moving at the averageinterstitial velocity of water; it may be definedfor a three-dimensional system as:

dCdt = ∂C∂t + ∂C∂x dxdt + ∂C∂y dydt + ∂C∂z dzdt

. (27)The last three terms on the right side include thematerial derivatives of position, which aredefined by the velocity in the x-, y-, and z -directions.Wethenhave:

dxdt = VxRf

(28)

dydt = VyRf

(29)

dzdt = VzRf

, (30)and a simpler form of the governing equation(for example, see Konikow and Bredehoeft,1978, p. 6) for the concentration of a referencepoint moving with the retarded velocity (V/Rf)i s o b t a i n e d b y s u b s t i t u t i n g t h e r i g h t s i d e s o f eqs. 26 and 28-30 for the corresponding termsin eq. 27:

dCdt = 1εRf ∂∂xi εDij ∂C∂xj + Σ W ′C − C ( ) [ ] εRf − λ C.

(31)Although this concentration is now that of amoving point in space, we retain the samesymbol, C, as a matter of convenience.The solutions of the system ofequations comprising eqs. 28-31 may be givenas x˚=˚x(t), y = y(t), z = z(t), and C = C(t),and are called the characteristic curves of eq.26. Given solutions to eqs. 28-31, a solutionto the original partial differential equation may

x o x x

x x o o o o

Figure 3. Part of a hypothetical finite-differ-ence grid showing relation of flow field tomovement of points (or particles) in method-of-characteristics model for simulating solutetransport (modified from Konikow and Brede-hoeft, 1978).be obtained by following the characteristiccurves. This may be accomplished byintroducing a set of moving points (or referenceparticles) that can be traced within thestationary coordinates of a finite-differencegrid. Each particle corresponds to onecharacteristic curve, and values of x, y, z, andC are obtained as functions of t for eachcharacteristic (Garder and others, 1964). Eachpoint has a concentration and positionassociated with it and is moved through theflow field in proportion to the flow velocity atits location (see fig. 3). Equation 31 can besolved using any one of several approaches,including random-walk methods (for example,see Prickett and others, 1981; and EngineeringTechnologies Associates, Inc., 1989). We

130.00.20.40.60.81.00.00.20.40.60.81.0

RELATIVE CONCENTRATIONRELATIVE DISTANCE

C t C t+advC t+DIRECTIONOF FLOW 1choose to solve eq. 31 using explicit finite-difference approaches because of its efficiencyand relative simplicity. However, as noted byReddell and Sunada (1970) and Konikow andBredehoeft (1978), this approach also requiresthe consideration of stability criteria, which willbe discussed in the section �Stability andAccuracy Criteria.� In some cases, theefficiency may be adversely affected because ofrestrictions imposed by the stability criteria.As noted by Konikow and Bredehoeft(1978), the processes of advection, dispersion,mixing, and reactions are occurringcontinuously and simultaneously. Therefore,eqs. 28-31 should be solved simultaneously,but for practical reasons, they are solvedsequentially. However, the results will besensitive to the order in which they are solvedbecause the change in concentration due todispersion depends on the concentrationgradient, and the concentration gradient at anyFigure 4. Representative change in breakthrough curve from time level t to t +1. Note thatconcentration changes are exaggerated to help illustrate the sequence of calculations. Curvefor Ct +adv r e p r e s e n t s t h e c o n c e n t r a t i o n d i s t r i b u t i o n a t t i m e t +1 due to advection only.(Modified from Konikow and Bredehoeft, 1978.)location may change significantly because ofadvection during a time increment. This isillustrated in fig. 4. As the position of aconcentration front or breakthrough curveadvances with time, say from time t at thebeginning of a time increment, to time t+1 atthe end of a time increment, the concentrationgradient at any particular location or referencepoint is continuously changing. For example,in fig. 4 the concentration gradient at thelocation where the relative distance equals 0.4is relatively steep at time t, as indicated by theslope of the curve labeled Ct. However, if thes o l u t e m i g r a t e d i n t h e d i r e c t i o n o f f l o w t o a n e w l o c a t i o n d u e t o a d v e c t i o n o n l y w i t h o u t b e i n g s u b j e c t e d t o a n y d i s p e r s i v e f l u x , a s indicated by the curve labeled Ct+adv, then thec o n c e n t r a t i o n g r a d i e n t a t t h e s a m e p o i n t i n space would be much smaller. If the change inc o n c e n t r a t i o n c a u s e d b y d i s p e r s i o n w e r e c o m p u t e d b y s o l v i n g e q . 3 1 f i r s t i n t h e

14sequence and using the spatial concentrationgradients at the beginning of a time step, the netresults would be different from those thatwould be computed from solving eq. 31 last insequence and using concentration gradientsafter advection. Sensitivity to the sequence ofsolving the characteristic equations iseliminated by solving eq. 31 usingconcentration gradients based on the average ofthe concentrations at each node before and afteradvection. This effectively gives equal weightto the concentration gradients before and afteradvection while computing the solute flux dueto dispersion. The averaged concentrations,designated as

Cj,i,k*

, are calculated as:

Cj,i,k* = Cj,i,kt +Cj,i,kt+adv 2

(32)where

Cj,i,kt+adv

is the concentration at the newtime level after advection alone.Particle TrackingAdvection in flowing ground water issimulated by particle tracking. The other termsin the governing equation�dispersion,sources, and decay�are accounted for byadjusting the concentrations associated witheach particle. The concentration changescaused by dispersion and fluid sources arecomputed in the fixed-in-space finite-differencegrid, whereas concentration changes caused bydecay are calculated directly on the particles, asdescribed below. Initial particle locations aredefined through model input, and subsequentparticle positions are integrated in time usingthe spatially and temporally variable velocityfield.The fluid velocity is derived from ablock-centered finite-difference solution of thethree-dimensional flow equation (McDonaldand Harbaugh, 1988). The components of thevelocity vector are approximated by differenceexpressions at interfaces between adjacentblocks occupying three-dimensional space (seeeq. 24). In the quasi-three-dimensionalapproach taken by McDonald and Harbaugh(1988), horizontal fluxes are computed usingthe transmissivity of each layer and the verticalfluxes are computed using the verticalconductance, which is the vertical hydraulicconductivity divided by the vertical distancebetween layer centers. Thus, the componentsof the specific discharge vector can berepresented by:

bqx(j+1/2,i,k) =

− Txx(j+1/2,i,k) hj+1,i,k − hj,i,kΔx

(33a)

bqy(j,i+1/2,k) =

− Tyy(j,i+1/2,k) hj,i+1,k − hj,i,kΔy

(33b)

qz(j,i,k+1/2) =

− KzΔz (j,i,k+1/2) hj,i,k+1 − hj,i,k ( ).

(33c)Note that in eqs. 33a-b, a value of b isnot explicitly calculated on the face of a cell.Instead, we calculate a value for the product bqon the face using a mean transmissivity.Having computed specific dischargecomponents at block interfaces, spatialinterpolation is used to estimate the specificdischarge and velocity at the locations of allparticles (using values of b and e for theparticular cell in which the particle of interest islocated).MOC3D uses either linear or bilinearspatial interpolation, as specified by the user.These two alternatives are described below inthe sections on interpolation. Depending on thevelocity interpolation method chosen, changesin particle position are computed eitherexplicitly for bilinear interpolation, or semi-analytically for linear interpolation. Theintegration of particle position in time is alsodescribed in the sections on interpolation.

15A moving point in a ground-water flowsystem will change velocity as it moves due toboth spatial variation in velocity and temporalvariations during transient flow. During a flowtime step, advection is determined fromvelocities computed at the end of the flow timestep. Temporal changes in velocity areaccounted for by a step change in velocity at thestart of each new flow time step. After theflow equation is solved for a new time step,specific discharges are recomputed on the basisof the new head distribution, and the movementof particles during this flow time step is basedonly on these specific discharges.

Linear

interpolation andsemi-analytic i n t e g r a t i o n Linear interpolation of specificdischarge is formally consistent with the block-centered finite-difference flow solution in thatthe governing flow equation is satisfied locallywithin each cell (Goode, 1990a). In this case,each velocity component is linearly interpolatedin the direction of the component of interest.The solute velocity at any particular point orlocation within a cell, which may be retardedwith respect to the average interstitial velocityof water, is:

V

x

= R

f ( )

k

εb ( )

j,i,k [ ]

− 1

bq

x(j− 1/2,i,k)

+δx bq

x(j+1/2,i,k)

− bq

x(j− 1/2,i,k) [ ] { } (34a)

V^y = R^f( ) k εb( )^{j,i,k} [ ] − 1 bq^{y(j,i− 1/2,k)} +δy bq^{y(j,i+1/2,k)} − bq^{y(j,i− 1/2,k)} [ ] { }

(34b)

V^z = R^f( )^k ε( )^{j,i,k} [ ] − 1 q^{z(j,i,k− 1/2)} +δz q^{z(j,i,k+1/2)} − q^{z(j,i,k− 1/2)} [ ] { }

(34c) where dx, dy, and dz are the spatial weights forinterpolation. The spatial weights are given by:

δx = xp − xj− 1/2,i,k Δx

(35a)

δy = yp − yj,i− 1/2,k Δy

(35b)

δz = zp − zj,i,k− 1/2 Δz

(35c)where the subscript p indicates the particlenumber and dx , d y, and dz can range from 0.0to 1.0.Vx at p is calculated from eqs. 34a and3 5 a . I f a l a y e r h a s a u n i f o r m p o r o s i t y a n d t h i c k n e s s , a n d t h e s o l u t e w e r e n o n r e a c t i v e , then Vx at p can be calculated directly from thefollowingsimplificationofeq.34aas:

Vx(p) = δxVx(j+1/2,i,k) + 1− δx ( )Vx(j− 1/2,i,k).

(36)The linear interpolation scheme isillustrated for Vx i n f i g . 5 , w h i c h s h o w s a particle p located in cell j,i,k. Vx at p dependson the relative position within the cell in the x-direction only, and does not vary with changesin particle position in the y- or z-directionswithin the cell.For simplicity, a dimensionless localcoordinate is used to facilitate particle tracking.Internally to the program, the particlecoordinates are represented, for example, in thex-direction by:

xp = j + x̂p ( )Δx

(37)where j is the column index of the block wherea particle is located and -0.5<

x̂p

<0.5 is theparticle position in the x-direction relative to the

16

d x

j x i

y d x V p

V

+

V

Figure 5. Spatial weights used in linear interpolation method to estimate Vx at location of aparticleincellj,i,k.node (that is,

x̂^p = (x^p / Δx)− j

). The valuej+

x̂p

is stored in the model and, for example,ranges from 4.5 to 5.5 for particles withincolumn 5. Thus, the spatial weights can berepresented in terms of the particle positionsrelative to the node, and the velocity at thelocation of a particle is estimated using linearinterpolation as: V

x(p)

= R

f

( )

k

εb ( )

j,i,k [ ]

− 1

bq

x(j− 1/2,i,k)

+

^ x

p

+0.5

( ) bq

x(j+1/2,i,k)

− bq

x(j− 1/2,i,k) [ ] { } (38a)

V^{y(p)} = R^f( ) k εb( ) j,i,k [ ]

− 1

bq^{y(j,i− 1/2,k)} + ŷ^p +0.5

( ) bq^{y(j,i+1/2,k)} − bq^{y(j,i− 1/2,k)} [ ] { }

(38b)

V^{z(p)} = R^f( ) k ε( )^{j,i,k} [ ] − 1 q^{z(j,i,k− 1/2)} + ẑ^p +0.5

( ) q^{z(j,i,k+1/2)} − q^{z(j,i,k− 1/2)} [ ] { }.

(38c)

Assuming that the velocity is constantin time during a time increment for solving thetransport equation, the particle position can beintegrated analytically within each cell (Goode,1990a). The integration of particle position isaccomplished in a multi-step procedure. First,the velocity components in each direction at thestarting position of the particle are computedusing eqs. 38a-c. Then the gradient of velocitywithin the cell for each direction is computedfrom the last term of eqs. 38a-c anddenominator terms appropriate for the particulardirection. For example, the velocity gradient inthe x-direction, gx, is calculated by dividing thel a s t t e r m o f e q . 3 8 a b y t h e p r o d u c t o f t h e r e t a r d a t i o n f a c t o r , p o r o s i t y , s a t u r a t e d thickness, and grid spacing in the x-direction,as:

gx = ∂Vx∂x = bqx(j+1/2,i,k) − bqx(j− 1/2,i,k)

Rf( )k εb( )j,i,kΔx .

(39)

17It is implicit in the linear interpolation approachthat

∂Vx∂y = ∂Vx∂z = 0.

(40)Given the solutions to eqs. 38a-c and39, the time of travel to each cell boundary, inthe x-, y-, and z-directions, can be computedanalytically. For example, the time for aparticle to reach or cross the x-boundary,

Δtx

,is given by:

Δtx = 1gx ln Vx,0 + gx xe − x0( )

Vx,0

(41)where Vx, 0 is the x - v e l o c i t y a t t h e s t a r t i n g location of the particle, x0 is the initial positionof the particle, and xe is the x-coordinate of thee x i t f a c e o f t h e c e l l . B y d e f i n i t i o n , i f t h e s t a r t i n g v e l o c i t y i s p o s i t i v e , t h e n t h e o n l y possible x-boundary for the particle to exit isthat in the positive x-direction. If gx is zero, orpractically zero (that is, less than 10-20 ), thenV x i s a s s u m e d t o b e u n i f o r m i n s p a c e a n d constant during the particle motion, and thet r a v e l t i m e t o t h e e x i t b o u n d a r y c a n b e computeddirectlyfrom:

Δtx = xe − x0Vx,0 .

(42)The travel time for a particle to exit thecell,

Δte

, is the minimum of

Δtx

,

Δty

, a n d

Δtz

. If the cell exit travel time (

Δte

) is greaterthan the remaining time for this time increment,then the ending particle position is within thesame cell that it started during that timeincrement, and the particle coordinates at theend of the time increment are determined fromthe velocity at the initial location, the rate ofchange in velocity in the direction ofmovement, and the length of that timeincrement. For example, the new x-coordinateat the end of the move would be:

x1 = x0 + Vx,0gx egxΔt − 1 ( )

(43)where the subscript �1� denotes the end of theparticle movement for the time increment. Ifgx , t h e g r a d i e n t i n x - v e l o c i t y , i s z e r o o r practically zero (again, less than 10-20 ), thentheendingcoordinateissimply:

x1 = x0 +Vx,0Δt.

(44)On the other hand, if the time to reach anycell boundary is less than the remaining timefor this time increment (Dt), then the particleexits the cell during the time increment. In thiscase, the particle exits the cell on the boundaryfor the direction having the minimum traveltime (

Δtx

,

Δty

, or

Δtz

). For example, if

is less than , , and D t , then the particleleaves the cell by crossing the x-cell boundaryafter the �cell exit travel time� (

Δte = Δtx

) h a s elapsed.T h e p a r t i c l e p o s i t i o n m u s t b e e v a l u a t e d when it leaves a cell during a time increment.By definition, the position in the direction ofthe exit face is known a priori. The other twocoordinates are computed by inserting the cellexit travel time,

Δte

, into eq. 43 instead of theentire time increment, Dt . For example, for aparticle that leaves a cell on the xj+1/2 face, they - and z - c o o r d i n a t e s o f t h a t p a r t i c l e w h e r e i t crossesthecellfacearegivenby:

y1 = y0 + Vy,0gy egyΔte − 1 ( )

(45a)

z1 = z0 + Vz,0gz egzΔte − 1 ( ).

(45b)If the gradient terms in eq. 45a or eq. 45b arezero, or essentially zero, then the y and zequivalents of eq. 44 are used with

Δt = Δte

.Also, if

Δte < Δt

, the time remaining inthe time increment,

Δ ′t

, is the original timeincrement minus the cell exit travel time:

Δ ′t = Δt − Δte.

(46)Subsequent particle movement is computed as

18outlined above, but with a reduced time interval(

Δ ′t

) for its path in the new cell, until the entireoriginal time increment (Dt)isexhausted.Notethat in some cases, such as when a particle islocated near a corner of a cell at the start of amove, it is possible that during that particulart i m e i n c r e m e n t t h i s s e q u e n c e o f c a l c u l a t i o n s may have to be repeated a third time before themoveiscompletedforthatparticle.N o t e t h a t l i n e a r i n t e r p o l a t i o n y i e l d s a d i s c o n t i n u o u s v e l o c i t y f i e l d ( G o o d e , 1 9 9 0 a ) . E q u a t i o n s 3 9 a n d 4 0 s h o w t h a t v e l o c i t y components vary as a function of distance onlyin the direction of that particular component oft h e v e l o c i t y v e c t o r . T h u s , w h e n l i n e a r i n t e r p o l a t i o n i s u s e d , s p e c i f i c d i s c h a r g e a n d velocity components change abruptly at blocko r c e l l i n t e r f a c e s p a r a l l e l t o t h e d i r e c t i o n i n d i c a t e d b y t h a t c o m p o n e n t , e v e n f o r h o m o g e n e o u s a q u i f e r s . F o r e x a m p l e , t h e c o m p o n e n t o f f l u x i n t h e x-direction, qx , iscontinuous at cell interfaces in the x-direction(at j- 1 / 2 , i,k and j+1/2,i,k), but it can changeabruptly at the other four cell faces that areperpendicular to the y and z axes, even when Kis uniform.

Bilinear

i n t e r p o l a t i o n a n d e x p l i c i t i n t e g r a t i o n In a homogeneous aquifer the velocity fieldwould be continuous and smoothly varying,except at the locations of strong sources andsinks, unlike the discontinuous velocity fieldcalculated using linear interpolation. Bilinearinterpolation generates such a continuousspecific discharge field, as shown by Goode(1990a) for a case of two-dimensional flow.MOC3D includes an option to use bilinearinterpolation in the x-y (horizontal) plane todetermine the x- and y-velocity components,which then will be continuous and smoothlyvarying in the x-y plane. Because ofstratigraphic layering, many aquifer systemsare more heterogeneous in the vertical directionthan within a horizontal plane. Hence, specificdischarge and velocity might be more oftenexpected to change abruptly (rather thansmoothly) in the vertical direction. Therefore,MOC3D always uses linear interpolation forcalculating the z-component of particle velocity.Following Konikow and Bredehoeft (1978)and Goode (1990a), the x- and y-velocitycomponents are bilinearly interpolated in thehorizontal plane by:

V

x(p)

= R

f

( )

k

εb ( )

j,i,k [ ]

− 1

1− F

y

( ) bq

x(j− 1/2,i,k) [

+ ^ x

p

+0.5

( ) bq

x(j+1/2,i,k)

− bq

x(j− 1/2,i,k)

( )

] {

+F

y

bq

x(j− 1/2,i*,k) [

+ ^ x

p

+0.5

( ) bq

x(j+1/2,i*,k)

− bq

x(j− 1/2,i*,k)

( )

]}

(47)

and

V

y(p)

= R

f

( )

k

εb

( )

j,i,k

[ ]

− 1

1− F

x

( )

bq

y(j,i− 1/2,k)

[

+

^ y

p

+0.5

( )

bq

y(j,i+1/2,k)

− bq

y(j,i− 1/2,k)

( )

] {

+F

x

bq

y(j*,i− 1/2,k)

[

+

^ y

p

+0.5

( )

bq

y(j*,i+1/2,k)

− bq

y(j*,i− 1/2,k)

( )

]}

(48)

where the local particle coordinates (

x̂^p

and

ŷ^p

) are as defined previously in eq. 37, and theinterpolation factors (Fi ) a n d a d j a c e n t n o d e locators(j* and i*) are defined as:Fy =

− ŷp

i * = i-1for

ŷp < 0

(49a)Fy = 0.0for

ŷp = 0

(49b)Fy =

ŷp

i * = i+1for

ŷp > 0

(49c)

19

d

x

F

x

d

x

j x i

y x

p j

j y

p

F

y

F

y

F

x d

y

d

y

V

p

V

p

Figure 6. Interpolation factors used in bilinear interpolation method to estimate horizontalcomponents of velocity, Vx and Vy, at the position of a particle located in the southeast quadrant ofcell j,i,k.andFx =

− x̂p

j * = j-1for

x̂p < 0

(49d)Fx = 0.0for

x̂p = 0

(49e)Fx =

x̂p

j * = j+1for

x̂p > 0

.(49f)The bilinear interpolation scheme toestimate Vx and Vy is illustrated in fig. 6, whichshows a particle p located in cell j,i,k. Vx andV y at p depend on the relative position withinthe cell in both the x- and y-directions. Vx andV y at p a r e c a l c u l a t e d f r o m e q s . 4 7 a n d 4 8 using the weighting factors defined in eqs. 49a-f. Note that (

x̂p +0.5

) of eq. 47 equals d x infig. 6, and (

ŷp +0.5

) of eq. 48 equals d y infig. 6. Note that the interpolated values of V xand V y at p a r e d e t e r m i n e d u s i n g s p e c i f i c dischargevaluesatdifferingadjacentcellfaces.A l s o , i f t h e c e l l f a c e a d j a c e n t t o t h e q u a d r a n t c o n t a i n i n g a p a r t i c l e o f i n t e r e s t r e p r e s e n t s a n o - f l o w b o u n d a r y , t h e n t h e componentoftheflowparalleltothatboundaryshould not change in the area of the half-cellbetween the node and that face. Therefore, insuch a case, linear interpolation is used withinthathalf-cellareaforthatcomponentonly.Forexample, in fig. 6, if cell (j,i+1,k) were a no-flow cell, then Vx at p would be estimated byl i n e a r i n t e r p o l a t i o n b e t w e e n ( j - 1/2,i,k) and(j+1/2,i,k). Vy at p w o u l d s t i l l b e e s t i m a t e d using bilinear interpolation, as shown in fig. 6,p r o p e r l y r e c o g n i z i n g t h a t Vy = 0 . 0 a t ( j,i + 1 / 2 , k).Bilinear interpolation yields velocitycomponents that depend on both the x- and y-positions, hence the semi-analytic integration ofposition used above is not applicable. Forbilinear interpolation, particle movement iscomputed explicitly using the velocity of the

20particle at its starting position and the length ofthe time increment:

x1 = x0 +Vx,0Δt

(50a)

y1 = y0 +Vy,0Δt

. (50b)The times required for a given particle to reachthe x- and y-faces of the cell in which it islocated are computed using:

Δtx = xe − x0Vx,0

(51)and

Δty = ye − y0Vy,0

. (52)For the z-direction, all factors are computed asdescribed previously in eqs. 34-45.Also, following the same procedure asimplemented in the previously described linearinterpolation scheme, a particle that wouldcross a cell boundary during a move interval(or transport time increment) is temporarilystopped at whichever cell boundary (or face) itreaches first. At that location the particlevelocity is updated using the porosity andthickness of the cell that the particle is entering,and the particle is then moved an appropriatedistance in the new cell for the remainder of thetime increment (

Δ ′t

, as calculated from eq.46), or until it reaches another cell face.Computation of particle movement continuesuntil the entire movement time interval isexhausted.

Discussion�Choosing

anappropriate interpolation s c h e m e As noted by Goode (1990a), selecting thebest interpolation scheme to determine particlevelocity in a ground-water flow model dependsin part on the conceptualization of aquiferheterogeneity. Linear interpolation is directlyconsistent with the block-centered finite-difference solution of the flow equation.However, linear interpolation produces adiscontinuous velocity field, even forhomogeneous media (Goode, 1990a). In thepresence of strong heterogeneities betweenadjacent cells within a layer, it would usuallybe preferable to select the linear interpolationscheme.If transmissivity within a layer ishomogeneous or smoothly varying, bilinearinterpolation of velocity yields more realisticpathlines for a given discretization than doeslinear interpolation. In such cases, the bilinearinterpolation scheme may be preferable becauseit will yield pathlines more consistent with theconceptualization. For example, Goode(1990a) shows that bilinear interpolation yieldsmore accurate travel times and pathlines for acase in which the interblock hydraulicconductivity is computed using the logarithmicmean (Goode and Appel, 1992) correspondingto a linear variation of hydraulic conductivitybetween nodes. Because vertical heterogeneityis significant in typical aquifer systems, theMOC3D code always uses linear interpolationfor velocity in the vertical direction.In general, the choice of interpolationscheme will only make a small difference in thefinal solution. Using a finer grid willinvariably have a larger effect and yield a moreaccurate definition of the flow field, particularlyin areas where the hydraulic properties arechanging in space.DecayDecay is simulated by reducing theparticle concentrations after advection. At thispoint the particle concentration has not yet beenadjusted for dispersion and sources. However,the change in particle position accounts foradvection up to time increment t+1. The lossof solute mass during a given transport timeincrement (Dt) because of decay processes is

21accounted for by computing the decayedparticle concentration,

Cpd

:

Cpd = Cpt e− λ Δt

(53)where

Cpt

is the particle concentration at thestart of the move interval (and beforeadvection).A major advantage of calculating the effectof decay directly on the particles, rather than onthe nodal concentrations, is that this procedureeliminates any possible reduction in precision(or numerical dispersion) caused by theframework transfer between the moving gridand the fixed grid (that is, from particleconcentrations to average nodal concentrationsand back again to particle concentrations), as isdone in computing changes in concentrationdue to dispersion. The dispersion calculation isthen based on average concentration gradientsduring a time increment, an average that isbased on the advected and decayedconcentrations at the end of the time incrementand the particle concentrations at the start of thetime increment.As noted by Goode and Konikow (1989),this exponential formulation has no numericalstability restrictions associated with it.However, if the half-life is on the order of thetransport time increment or smaller, then someaccuracy will be lost because of the explicitdecoupling of decay and other transportprocesses.When a solute subject to decay enters theaquifer through a fluid source, it is assumedthat the fluid source contains the solute in theconcentration specified by

′C

. The governingequation and the MOC3D model assumes thatdecay only occurs within the ground-watersystem, and not within the source reservoir. Inother words, for a given stress period, themodel assumes that remains constant intime and does not decay. If the problem beingsimulated requires that the source fluid itselfundergo decay, then the code will have to bemodified to allow this.Node ConcentrationsAfter all particles have been moved, theconcentration at each node is temporarilyassigned the average concentration of allparticles then located within the volume of thatcell; this average concentration is denoted as

Cj,i,kadv

.

Cj,i,kadv = Cpdδ jpt+1 = j,ipt+1 = i,kpt+1 = k ( ) p=1N∑ δ jpt+1 = j,ipt+1 = i,kpt+1 = k ( ) p=1N∑

(54)where the d function is 1 if the particle is withinthe cell j,i,k, and is zero otherwise. The timeindex is labeled �adv� because this temporarilyassigned average concentration represents thenew time level only with respect to advectivetransport and decay. With respect to the finite-difference grid, the effect of advective transportis to move particles with differingconcentrations into and out of each cell.Finite-Difference ApproximationsThe divergence of dispersive flux isnormalized by the retardation factor andporosity to yield the rate of change inconcentration. In addition, in a quasi-3Dapproach, changes in saturated thickness areincorporated for horizontal flux terms. The rateof change in concentration due to dispersionand mixing in cells having a fluid source can bewritten:

22

dC dt j^{,i,k} = 1 R^f( )^k εb( )^{j,i,k}_{t+1}

Δx_{− 1} εbD^{1m} ∂C ∂x^m j^{+1/2,i,k} * − εbD^{1m} ∂C ∂x^m j^{− 1/2,i,k} *

+Δy_{− 1} εbD^{2m} ∂C ∂x^m j^{,i+1/2,k} * − εbD^{2m} ∂C ∂x^m j^{,i− 1/2,k} *

+ εD^{3m} ∂C ∂x^m j^{,i,k+1/2} * − εD^{3m} ∂C ∂x^m j^{,i,k− 1/2} * + W^{j,i,k} ′C^{j,i,k} − C^{j,i,k}_* ( ) [ ] W>0 ∑

(55) where subscript misasummationindexforthed i s p e r s i o n t e r m . T h e j,i,k subscripts in eq. 55denote the spatial finite-difference gridindexing, as discussed previously in the section�Numerical Methods.� The superscript �*�indicates that the terms depend on the averageof the concentration at the old time level, andthe concentration at the new time level afteradvection (see eq. 32). These averagedconcentrations are used to calculate the soluteflux terms indicated by the superscript �*�.The components of the dispersive flux ineach direction across cell faces are calculatedusing finite-difference approximations that arecentered-in-space and explicit (forward-in-time). A detailed description of these finite-difference approximations is given in AppendixA.The explicit finite-difference approach isconceptually straightforward, but onlyapplicable for certain conditions. Reddell andSunada (1970, p. 62) show that for an explicitfinite-difference solution of eq. 31 to be stable,the following constraint must be met:

DxxΔt Δx( )2 + DyyΔtΔy( )2 + DzzΔtΔz( )2 ≤ 12.

(56)Inspection of eq. 56 shows that the constraintwill be most readily met for relatively smallvalues of the dispersion coefficient (that is, foradvection-dominated problems). Note thatstability does not necessarily assure accuracy.If the constraint is not met for a given set ofphysical parameters, then either the gridspacing must be increased (with a consequentloss of accuracy) or the time increments mustbe decreased until the condition is satisfied.Note that the dispersive fluxes calculated bysolving the eqs. A1-A3 include contributionsrelated to the cross-product terms of thedispersion tensor. However, the constraintexpressed in eq. 56 only includes the principalcomponents of the dispersion tensor. Incircumstances where the cross-product termsare relatively large, this can lead to a calculationof a negative concentration at a node if thecalculated solute flux out of a cell during a timeincrement is greater than the solute mass in thatcell at the end of the previous time increment.Considering eqs. 22a and 22d, for example,we can see that the cross-product terms (suchas

Dxy

and

Dyx

) would be large relative to aprincipal diagonal coefficient (such as

Dxx

)when both Vx and Vy are significant and

α L

issignificantly greater than

α T

. For a givenvelocity and fixed dispersivities, the cross-product terms are maximized when

Vx = Vy

and flow is at 45 degrees to the grid. Negativeconcentrations are more likely to occur usingthis formulation in the presence of steepconcentration gradients.Consider the solute mass flux due todispersion across one face of a cell, say in thex-direction across the cell face at (j+1/2,i,k).The change in solute mass, Mf(j+ 1 / 2 , i , k ) , i s equal to the rate of dispersive flux, expressedin eq. A1, multiplied by the length of the timeincrementandbythewidthofthecell:

23

M^{f(j+1/2,i,k)} = − ΔtΔyεb D^{xx}( )^{j+1/2,i,k}_{t+1} C^{j+1,i,k} * − C^{j,i,k}_* ( ) Δx

+ D^{xy}( )^{j+1/2,i,k} t+1 C^{j,i+1,k}_* +C^{j+1,i+1,k}_* − C^{j,i− 1,k}_* − C^{j+1,i− 1,k}_* ( ) 4Δy

+ D^{xz}( )^{j+1/2,i,k} t+1 1 2 C^{j+1,i,k+1} * − C^{j+1,i,k− 1} * 2B^{j+1,i,k}_{t+1} + C^{j,i,k+1}

* − C^{j,i,k− 1}_*

2B^{j,i,k}_{t+1} . (57)

This mass can be compared with the solutemass in the cell at the start of the timeincrement,

Mj,i,kt

, which is given by:

Mj,i,k_t = ΔxΔyεbCj,i,k_t .

(58)The criterion in eq. 56 is equivalent torequiring that the sum of the solute mass fluxesacross all faces of a cell must be less than orequal to

Mj,i,kt

. However, because thecriterion does not include the dispersive fluxrelated to the cross-product terms, it can lead tooscillations in the solution that yield negativeconcentrations, although it would rarely lead toa strict stability problem. Experience showsthat when oscillations do occur because of thecross-product terms, they are usually small andtend to damp out over time.An ad hoc procedure was formulated andimplemented in MOC3D to help minimize andlimit the occurrence of negative concentrationsdue to the cross-product dispersive flux. Theapproach is to limit the mass flux during onetime increment across each cell face, ascalculated by eq. 57, to the mass available inthe cell, as calculated by eq. 58. The fluxacross each cell face is checked independently,so this constraint will not completely eliminatenegative concentrations, but our experienceindicates that it will often reduce theiroccurrence significantly. Because the samecheck will be applied from both sides of agiven face, if the constraint is applied, it will beapplied equally from both adjacent nodes, sothe procedure will not affect the global massbalance. That is, the solute mass flux into onecell always corresponds to the mass flux out ofthe adjacent cell, whether or not this limitingprocedure is implemented for that particular cellface.Stability and Accuracy CriteriaAs noted by Konikow and Bredehoeft(1978), the explicit numerical solution of thesolute-transport equation has a number ofstability criteria associated with it. These mayrequire that the time step used to solve the flowequation be subdivided into a number ofsmaller time increments to accurately solve thesolute-transport equation.First, consider the explicit finite-differencesolution to calculate changes in concentrationdue to dispersion. Solving eq. 56 for Dt, andaccounting for the effects of retardation, we seethat

Δt ≤ Min(over grid) 0.5 Dxx Rf Δx( )2 + DyyRf Δy 2 + DzzRf Δz( )2 .

(59)Because the solution to eq. 31 is actuallywritten as a set of N equations for N nodes, themaximum permissible time increment is thesmallest Dt computed for any individual nodein the entire transport grid. The smallest Dtwill then occur at the node having the largestvalue of

24

D^{xx}

R^f Δx( )_2 + D^{yy}

R^f Δy( )_2 + D^{zz}

R^f Δz( )_2 .

Next consider the effects of mixing groundwater of one concentration with injected orrecharged water of a different concentration, asrepresented by the source terms in eq. 31. Thechange in concentration in a source node cannotexceed the difference between the sourceconcentration (

′Cj,i,k

) and the concentration inthe aquifer (

Cj,i,k

), and the maximum possiblechange occurs when a source completelyflushes out the volume of water in an aquifercell at the start of a time increment. Konikowand Bredehoeft (1978) show that this conditiontranslates to

ΔtWj,i,k ε Rf ≤ 1.0.

(60)Solving eq. 60 for Dt a t a l l n o d e s y i e l d s t h e followingcriterion:

Δt ≤ Minover grid

( ) ε RfWj,i,k .

(61)A third type of criterion involves themovement of points to simulate advectivetransport. The distance a particle moves duringa time increment is equal to (or approximatelyso in cases where particles cross a cell face andthe adjacent cells have different properties) thevelocity at the location of the particle times thelength of the time increment. In effect, thisconstitutes a linear spatial extrapolation of theposition of a particle from one time incrementto the next. Konikow and Bredehoeft (1978)note that where streamlines are curvilinear, theextrapolated position of a particle will deviatefrom the streamline on which it was previouslylocated. This deviation introduces an error intothe numerical solution that is proportional toDt. An accurate computation of concentrationchanges caused by advective transport requiresthe maintenance of a relatively uniformlyspaced field of marker particles that are movingalong relatively smooth and continuouspathlines. The degree of curvilinearity ofstreamlines in the calculated head field isconstrained by the grid spacing, as the finite-difference solution to the flow equationinherently assumes linear variations in headbetween adjacent nodes. Also, if the distance aparticle moves in any direction during one timeincrement is greater than the grid spacing in thatdirection, it might be possible for a particle tocross a no-flow boundary (or even leave themodel domain) during one time increment.Thus, for a given velocity field and grid, somerestriction must be placed on the size of thetime increment to assure that the distance aparticle moves in the x-, y-, or z-directionsduring one time increment does not exceedsome critical distances, which can be related tothe grid spacing in each direction.These critical distances can be related to thegrid dimensions by

Δt Vx(p) ≤ γΔx

(62a)

Δt Vy(p) ≤ γΔy

(62b)and

Δt Vz(p) ≤ γΔz

(62c)where g is the fraction of the grid dimensionsthat particles will be allowed to move (nor-mally,

0 < γ ≤ 1

). Note that these accuracycriteria are equivalent to requiring that theCourant number be less than or equal to 1.However, the model is designed to allow theuser to specify the value of g (named CELDISin the code and input instructions).Because these criteria are governed by themaximum velocities in the system, and sincethe computed velocity of a tracer particle willalways be less than or equal to the maximumvelocity components computed at cellboundaries, we have to check only the latter.Substituting grid velocity components andsolving eq. 62 for Dt results in

25

Δt ≤ γΔx V^x( )^{max}

(63a)

Δt ≤ γΔyV^y( )^{max}

(63b)and

Δt ≤ γΔzV^z( )^{max} .

(63c)If the time step used to solve the flowequation exceeds the smallest of the time limitsdetermined by eqs. 59, 61, or 63, then the timestep will be subdivided into an appropriatenumber of equal-sized smaller time incrementsto solve the solute-transport equation so thatnone of these limits are exceeded. To help theuser analyze the results and the grid design, themodel output will include a statement clarifyingwhich of the several criteria were limiting andat which node the limiting condition occurred.Mass BalanceMass balance calculations are performed tohelp check the numerical accuracy andprecision of the solution. The principle ofconservation of mass requires that the net massflux (cumulative sum of mass inflows andoutflows plus any mass lost or removed byreactions) must equal the mass accumulation(or change in mass stored). The differencebetween the net flux and the mass accumulationis the mass residual (Rm) and is one measure oft h e n u m e r i c a l a c c u r a c y o f t h e s o l u t i o n . Although a small residual does not prove thatthe numerical solution is accurate, a large errorin the mass balance is undesirable and mayindicatethepresenceofasignificanterrorinthenumerical solution (Konikow and Bredehoeft,1978).As part of the mass balance calculations,the solute fluxes contributed by each distincth y d r o l o g i c c o m p o n e n t o f t h e f l o w a n d transport model are accumulated and itemizedseparately to produce a solute budget for thes y s t e m b e i n g m o d e l e d . T h e b u d g e t i s a valuable assessment tool because it provides ameasure of the relative importance of eachcomponent to the total solute budget. Theb u d g e t s s h o u l d a l w a y s b e r e v i e w e d f o r consistency with the conceptual model and as a�realitycheck�onthemodelcalculations.I n t h e m e t h o d o f c h a r a c t e r i s t i c s , t h e accuracy of the solution is associated with theconcentrations being tracked on the particles.H o w e v e r , i t i s c o m p u t a t i o n a l l y d i f f i c u l t t o compute a mass stored in the system directlyfrom the particle concentrations because theirrelative positions are constantly changing andthey do not explicitly track a solute or fluidmass. Therefore, the mass in storage at anytime is calculated from the concentrations at thenodes of the transport subgrid of the finite-difference mesh. In that sense, the calculatedand printed mass balance values are themselvesonly an approximation.The mass residual is computed as

Rm = ΔMs − Mf

(64)where

ΔMs

is the change in mass stored in theaquifer, and

Mf

is the net mass flux.The above two mass balance terms areevaluated using the following equations:

ΔMs = ∑k ∑i ∑j ΔxΔy εbC( )j,i,kn − εbC( )j,i,k0 ( )

(65)where

Cj,i,k0

is the initial concentration at node(j,i,k), M/L 3 , and

Cj,i,kn

is the concentration atthat node at the end of the time increment; and

Mf = ∑k ∑i ∑j ∑n Wj,i,kn bΔxΔyΔtn ′Cj,i,k,n.

(66)For cases where W in eq. 66 represents a fluidsource,

′C

isthespecifiedsourceconcentrationfor that node. Where W represents a fluid sink, is assumed to equal the averageconcentration in cell (j,i,k) at the beginning ofthat time increment (or move interval) forsolving the transport equation.

26The percent error (E) in the mass balance isc a l c u l a t e d b y r e l a t i n g t h e r e s i d u a l t o a n appropriate measure of the solute flux or massa c c u m u l a t i o n i n t h e s y s t e m . H o w e v e r , t h e appropriate basis (or denominator) is problemd e p e n d e n t . T h u s , t h e m o d e l c o m p a r e s t h e residual with the cumulative mass inflow to thesystem (Mi) or mass outflow from the system(M o ) , whichever is dominant in a particularproblem. However, if the solute mass enteringor discharging the system with fluid sourcesand sinks is zero or very small, as it would be,f o r e x a m p l e , i n a p r o b l e m s i m u l a t i n g t h e movement of an initial slug within the system,then comparing the residual to the mass flux inor out of the system could indicate a very largeerror when the numerical solution is actuallyquite accurate. Therefore, in these cases, thee r r o r w i l l b e c o m p u t e d b y c o m p a r i n g t h e residual with the mass of solute stored in thea q u i f e r , a s d e s c r i b e d b y K o n i k o w a n d Bredehoeft (1978). The model will calculate,print, and label whichever of the followingthree measures of error are appropriate for theproblem being simulated.

E1 = 100.0R_mM^i

(67a)

E2 = 100.0RmM^o

(67b)

E3 = 100.0RmM^s

. (67c)E3 is calculated only if the mass flux in or outo f t h e s y s t e m i s l e s s t h a n 5 0 p e r c e n t o f t h e initialmassstored.E r r o r s i n t h e m a s s b a l a n c e f o r t h e f l o w m o d e l s h o u l d g e n e r a l l y b e l e s s t h a n 0 . 1 p e r c e n t . H o w e v e r , b e c a u s e t h e s o l u t e - t r a n s p o r t e q u a t i o n i s m o r e d i f f i c u l t t o s o l v e n u m e r i c a l l y t h a n i s t h e f l o w e q u a t i o n , t h e mass-balance error for a solute is often greaterthan for the fluid. Also, because the particlest h a t r e p r e s e n t a d v e c t i o n i n t h e m e t h o d o f c h a r a c t e r i s t i c s a r e d i s c r e t e i n n a t u r e a n d because the concentrations tracked on particlesare translated to the finite-difference nodes forthe purpose of computing the mass balance, them a s s b a l a n c e e r r o r w i l l t y p i c a l l y e x h i b i t a n oscillatory behavior over time. However, thisis not a cumulative type of error; it is usuallyl a r g e s t f o r t h e f i r s t f e w t i m e i n c r e m e n t s a n d then tends to balance out over time. As long asthe oscillations remain within a steady range,n o t e x c e e d i n g a b o u t – 1 0 p e r c e n t a s a g u i d e , t h e n t h e e r r o r p r o b a b l y d o e s n o t r e p r e s e n t a bias and is not a serious problem. Rather, theo s c i l l a t i o n s o n l y r e f l e c t t h e f a c t t h e m a s s b a l a n c e c a l c u l a t i o n i s i t s e l f j u s t a n approximation. Thus, it is recommended thatusers examine the solute budget and residualsfor their particular problem. The significanceo f t h e r e s i d u a l a n d r a t e s o f c h a n g e i n t h e r e s i d u a l s h o u l d b e a s s e s s e d q u a l i t a t i v e l y relative to the nature of a particular problem,andnotmerelyonthebasisofthemagnitudeoftheerroratanyonetimeincrement.Special ProblemsAs noted by Konikow and Bredehoeft(1978), a number of special problems areassociated with the use of the method ofcharacteristics to solve the solute-transportequation. Some of these problems areassociated with the movement and tracking ofparticles, whereas other problems are related tothe computational transition between theconcentrations of particles within a cell and theaverage concentration at that node. Thissection describes the more significant problemsand the procedures used to minimize errors thatmight result from them.One possible problem is related to no-flowboundaries. Neither water nor solutes can beallowed to cross a no-flow boundary.However, under certain conditions it might bepossible for the interpolated velocity at the

27location of a particle near a no-flow boundaryto be such that the particle will be advectedacross the boundary during one time increment.Figure 7 illustrates such a situation, whicharises from the deviation between the curvi-linear flow line and the linearly projectedparticle path. Figure 7 also shows thecorrection scheme built into the MOC3Dmodel. If a particle is advected across a no-flow boundary, then it is relocated within theaquifer by reflection across the boundary. Thiscorrection thus will tend to relocate the particlecloser to the true flow line. However,extensive testing indicates that it is unlikely thata particle will ever cross a no-flow boundaryunless CELDIS > 1, which is not recom-mended.The maintenance of a reasonably uniformand continuous spacing of particles requiresspecial treatment in areas where strong fluidsources and sinks dominate the flow field.Strong fluid sources and sinks cause significantconvergence and divergence in the flow field,which will degrade the desired uniform spacingof particles. Without special provisions,particles will continually move out of a cell thatrepresents a strong fluid source, but few ornone will move in to replace them and therebymaintain a continuous stream of particles.Thus, whenever a particle that originated in astrong fluid-source cell moves out of thatsource cell, a new particle is introduced into thesource cell to replace it. Placement of newparticles in a source cell is compatible with andanalogous to the generation of fluid and solutemass at the source. On the other hand, if afluid source or sink is very weak, it will notinduce significant divergence or convergence inthe flow field and have any noticeable effect onparticle spacing. For cells representing weakfluid sources or sinks, particles need not beadded or removed. The model user mustspecify explicitly whether fluid sources andsink are to be flagged as either weak or strong,so that particle tracking is implementedappropriately. Source/sink cells are identified

x o o x

D

D

Figure 7. Possible movement of a particle nearan impermeable (no-flow) boundary (modifiedfrom Konikow and Bredehoeft, 1978).as either strong or weak for purposes ofparticle control by the user-specified value ofthe IGENPT array (see Appendix B).The procedure used to replace particles insource cells is illustrated in figure 8. A steady,uniformly spaced stream of particles ismaintained by generating a new particle in thesource cell at the original location of the particlethat left the source cell. When a relativelystrong fluid source is imposed on a relativelyweak regional flow field, as illustrated in figure8a, then radially divergent flow will bemaintained in the area of the source, and allinitial and replacement points will movesymmetrically away from node j,i,k. Forexample, after particle 7 moves from cell (j,i,k)at the start of a time increment to cell(j+1,i-1,k) at the end of that time increment, thereplacement particle (particle 18 in fig. 8a) ispositioned at time n in cell (j,i,k) at the samelocation as the initial position of particle 7.

28

1 2 3 4

8 5

9

6 7 e 1 2 3 4

8 5

9

1

1

1 6 7

1 2 3 4

8 5

9

1

1

1

6 7

1 2 3 4

8 5

9

6

1

1

1

7

p p p

Figure 8. Replacement of particles in fluid-source cells (a) for case of negligible regional flowand (b) for case of relatively strong regional flow.Although we normally expect particles to beadvected out of fluid-source cells, figure 8bdemonstrates the possibility that particles maysometimes enter a source cell. When arelatively weak fluid source is imposed on arelatively strong regional flow field, thevelocity distribution within the source cell doesnot possess radial symmetry, and the velocitywithin the upgradient part of the source cell islower than the velocity within the downgradientpart of the source cell. It is possible then thatparticles originating in upgradient cells (such asparticle 2) will migrate through the designatedsource cell. This can also occur when two or

29more source cells of different strengths areadjacent to each other. Particles that leave asource cell, but did not originate in it, are notreplaced because that would ultimately lead tomass balance errors in downgradient areas asproportionally too many particles will exist indowngradient areas relative to the volume ofwater being added at the source cell. Someparticles that originated in a strong source cellmay take more than one time increment to leavethat cell (for example, particles 6 and 7 in fig.8b). Although not illustrated in fig. 8, whenthese lower-velocity particles do leave thesource cell at time n+1, the replacementparticles will be placed at the original positionsof the particles (which was at time n-1) ratherthan at their positions immediately prior toleaving (which was at time n).Hydraulic sinks also require some specialtreatment. Particles will continually move intoa cell representing a strong sink, but few ornone will move out. To avoid the resultantaccumulation and stagnation of tracer particles,any particle moving into a strong-sink cell isremoved from the flow field after thecalculations for that time increment have beencompleted. The numerical removal of particlesthat enter sink cells is analogous to thewithdrawal of fluid and solute mass throughthe hydraulic sink. If the relative magnitude ofdischarge from a sink cell is not strong enoughto maintain radially convergent flow, and aparticle exits from the sink cell, then areplacement particle will be placed at the centerof the cell. The combination of creating newparticles at sources and destroying old particlesat sinks will tend to maintain the total numberof points in the flow field at a nearly constantvalue.Both the flow model and the transportmodel assume that sources and sinks actuniformly over the entire area or volume of thecell surrounding a source or sink node. Thus,in effect, heads and concentrations computed atsource or sink nodes represent average valuesover the area or volume of the cell. Part of thetotal concentration change computed at a sourcenode represents mixing between the sourcewater at one concentration and the groundwater at a different concentration (eq. 17). Itcan be shown from the relation between thesource concentration (

′Cj,i,k

) and the aquiferconcentration at the start of a time increment(

Cj,i,kn− 1

), that the following constraints generallymust be met in a source cell:

Cj,i,kn ≤ ′Cj,i,k for ′Cj,i,k > Cj,i,kn− 1

(68a)and

Cj,i,kn ≥ ′Cj,i,k for ′Cj,i,k < Cj,i,kn− 1 .

(68b)If it is assumed that there is completemixing between the source fluid and theresident fluid within the volume of a strongsource cell, then these same constraints shouldalso apply to all points within the cell. Becauseof the possible deviation of the concentrationsof individual particles within a source cell fromthe average concentration, the change inconcentration computed at a source nodeshould not be applied directly to each of theparticles in the cell. Rather, at the end of eachtime increment for solving the transportequation the concentration of each particle in astrong source cell is updated by setting it equalto the final nodal concentration. Although thismay introduce a small amount of numericaldispersion by eliminating possible concentra-tion variations among particles within thevolume of the cell, it prevents the adjustment ofthe concentration for any individual particle inthe source cell to a value that would violate theconstraints indicated by equation 66.In areas of divergent flow, a problem mayarise because some cells can become void ofparticles where pathlines become spaced widelyapart. This can occur, even in the absence of astrong fluid source, because of heterogeneitiesor boundary conditions. This would result in acalculation of no change in concentration at anode due to advective transport, although the

30nodal concentration would still be adjusted forchanges caused by hydrodynamic dispersion.Also, some numerical dispersion is generated atnodes in and adjacent to the cells in which theadvective transport of solute wasunderestimated because of the resulting error inthe concentration gradient. This might notcause a serious problem if only a few cells in alarge grid became void or if the voiding weretransitory (that is, if upgradient points wereadvected into void cells during later orsubsequent time increments). Figure 8aillustrates radial flow, which represents themost severe case of divergent flow. Here it canbe seen that when four points per cell are usedto simulate advective transport, then in thenumerical procedure four of the eightsurrounding cells would erroneously notreceive any solute by advection from theadjacent source. If eight uniformly spacedparticles per cell were used initially, then at adistance of two rows or columns from thesource only 8 of 16 cells would be on pathlinesoriginating in the source cell. So whileincreasing the initial number of points per cellwould help, it is obvious that for purely radialflow, an impractically large initial number ofpoints per cell would be required to be certainthat at least one particle pathline passes fromthe source through every cell in the grid.Because the MOC3D model is based on arectangular Cartesian coordinate system, it isnot recommended for applications to a purelyradial flow problem. However, if radial flowis localized within a predominantly nonradialregional flow field, then satisfactory resultsshould be achievable.The problem of cells becoming void ofparticles can be minimized by limiting thenumber of void cells to a small fraction of thetotal number of active cells that represent theaquifer. The user specifies this fraction(FZERO) in the MOC3D input data file (seeAppendix B). If the limit is exceeded, thenumerical solution to the solute-transportequation is halted temporarily at the end of thattime increment and the �final� concentrations atthat time are saved. Next the problem isreinitialized at the time of termination byregenerating the initial particle distributionthroughout the grid and assigning the �final�concentration at the time of termination as new�initial� concentrations for nodes and particles.The solution to the solute-transport equation isthen simply continued in time from this new setof �initial� conditions until the total simulationperiod has elapsed. This procedure preservesthe mass balance within each cell but alsointroduces a small amount of numericaldispersion by eliminating variations inconcentration within individual cells.Review of MOC3D Assumptions andIntegration with MODFLOWFollowing is a brief summary of modelapplication assumptions that have beenincorporated into the MOC3D model. Theseare relevant to both grid design and modelimplementation. Efficient and accurate use ofMOC3D requires the user to be aware of all ofthese assumptions and options.¥ MOC3D is integrated with MODFLOW-96 (Harbaugh and McDonald, 1996a) and willnot work with earlier versions. The mainMODFLOW subroutine is replaced with theMOC3D main subroutine. In addition, severalMOC3D-specific source code files must becompiled and linked to the MODFLOW code.¥ Particle velocities are interpolatedspatially, but not over time. That is, weassume that the head distribution calculated forthe end of a given time step applies during thatentire time interval.¥ The transport model is applied to a�window� of the grid used to solve the flowequation. This subgrid can be equal in size orsmaller than the primary MODFLOW grid.¥ Within the area of the transport subgrid,row and column discretization must be

31

i

y j

Figure 9. One layer of finite-difference gridillustrating use of uniformly-spaced transportsubgrid for MOC3D within variably-spacedprimary grid for MODFLOW.uniformly spaced (that is, Dx and D y must bec o n s t a n t , a l t h o u g h t h e y n e e d n o t b e e q u a l t o each other). The spatial discretization or rowsa n d c o l u m n s b e y o n d t h e b o u n d a r i e s o f t h e s u b g r i d c a n b e n o n u n i f o r m , a s a l l o w e d b y MODFLOW, to permit calculations of headover a much larger area than the area of interestfor transport simulation (see fig. 9). Verticaldiscretization, defined by the cell thickness, canbe variable in all three dimensions. However,large variability may adversely affect numericalaccuracy (as discussed in second item below).¥ Retardation factor values and alldispersivity values are constant in each layer.Values for porosity may vary within a layer andare defined for each node (also see discussionin next item).¥ The particle-tracking algorithm inherentlyassumes that all particles represent theconcentration in an equal volume of water in acell, where the volume equals (ebDxDy)j,i,k .T h u s , a l t h o u g h D x and D y are uniform, it isalso very important that the variations in theproduct of porosity and thickness within thetransport subgrid remain relatively small.Otherwise, when a particle moves into a cellhaving a very different volume from the cell inwhich it originated, the estimate of the averageconcentration in the new cell may becomebiased, which will also have an adverse effecton the overall mass balance for the solute.¥ MODFLOW offers flexibility to the userin the conceptualization of vertical discretization(see McDonald and Harbaugh, 1988, Ch. 2).As illustrated in fig. 10a, it is common inapplications of MODFLOW to represent theresistance to flow in a low hydraulicconductivity unit by lumping the verticalhydraulic conductivity and thickness of theconfining unit into the vertical conductanceterm between the adjacent layers (fig. 10c).However, because transport simulationrequires that travel distances be knownexplicitly in all directions, three-dimensionaltransport simulation requires fully three-dimensional flow simulation (rather than aquasi-three-dimensional analysis) within thearea of the transport subgrid. That is, even ifthe solution to the flow equation is insensitiveto heads and storage releases in the clay layer,it must still be represented by one or moremodel layers for the solution to the transportequation (fig. 10b). If not, it can be seen in thequasi-three-dimensional analysis (fig. 10c) thatany solute crossing the lower boundary of layer1 would immediately be located in andinfluenced by the properties of layer 2, andwould never have been subject to the relativelylong travel time through the clay.¥ In MODFLOW, layers may be defined asrepresenting confined or unconfinedconditions, or allowed to switch between thesetwo types, depending on the specification ofthe value of the parameter LAYCON. IfLAYCON>0, then the user also must specifyinformation about the elevations of the top andbottom of the layer. For layers havingLAYCON=0 or LAYCON=2, MODFLOWassumes that transmissivity and saturatedthickness remains constant; hence, the

32

T

Figure 10. Alternative M O D F L O W approaches to vertical discretization of an aquifer system (a)c o n s i s t i n g o f t w o h i g h - p e r m e a b i l i t y u n i t s s e p a r a t e d b y a c o n f i n i n g l a y e r c o n s i s t i n g o f a l o w - p e r m e a b i l i t y c l a y . I n t h e f u l l y t h r e e - d i m e n s i o n a l r e p r e s e n t a t i o n ( b ) , t h e c l a y u n i t w o u l d b e represented by one or more model layers. In the quasi-three-dimensional approach (c), heads arenot calculated in the clay unit, which is represented more simply by vertical conductance termsbetween the layers above and below it; in this case, the bottom of layer 1 coincides with the top oflayer 2. (Modified from figs. 10-12 of McDonald and Harbaugh, 1988.)thickness values read from the MOC3D inputfiles are used. However, for layers havingLAYCON=1 or LAYCON=3, MODFLOWallows the transmissivity to change as afunction of changes in saturated thickness ineach cell on the basis of elevation data that areinput for the MODFLOW BCF package. Inthese cases, thickness for a cell is defined as�TOP� minus �BOT� if the layer is confinedand �HEAD� minus �BOT� if it is unconfined;the thickness values specified in the MOC3Dinput file are ignored in the calculations.However, note that thickness values must stillbe specified in the MOC3D input file in allcases.¥ Concentrations associated with fluidsources are read directly from MODFLOWsource/sink package files. In each of thepackage files used, the options�CBCALLOCATE� and �AUXILIARYCONC� must be included on the first line ofinput data. See MODFLOW and MOC3D inputinstructions.¥ If the evapotranspiration package (EVT) isimplemented, MODFLOW will calculate a fluiddischarge (or sink) rate that is typicallyassociated with an evapotranspirative processthat removes water but excludes dissolvedsolids, which are retained in the remaining fluidat a consequently higher concentration.MOC3D assumes that for any such calculatedflux, the associated source concentration (

′C

ineq. 17) will equal 0 rather than equaling theconcentration at the node, as is assumed

33normally for a fluid sink. This will induce anappropriate increase in concentration at a cellrepresenting a fluid sink due toevapotranspiration. Note that this MOC3Dassumption should be viewed as a first-orderapproximation because in actuality (1) theevapotranspirative process may not be 100percent effective in excluding solutes,depending on the particular chemical species,and (2) calculated solute concentrations mayexceed the upper limits of solubility for aparticular chemical constituent (and MOC3Ddoes not simulate mineral precipitation).¥ When the solute of interest is subject todecay, it is assumed that the solute in liquid andsolid phases will decay at the same rate. If afluid source contains the decaying solute, it issubject to decay after it enters the ground-watersystem, but is not decayed within its �sourcereservoir.�¥ All unit numbers specified in the namefiles for a particular simulation must be unique.Unit numbers 99, 98, and 97 are reserved forthe MODFLOW name file, the batch modeinput file, and the batch mode output file, socannot be specified for any other use.However, unit numbers may be reused inseparate simulation runs in batch mode.¥ The model includes output options tocreate separate binary data files (Ftypes CNCB,VELB, and PRTB); when implemented, themodel will write calculated values from thesimulation for the selected variables asunformatted data. The concentration andvelocity files (CNCB and VELB) use theMODFLOW module ULASAV to write the data(see MODFLOW documentation). When thevelocity option VELB is implemented, the codewill first write the velocities in the columndirection at all nodes, then all velocities in therow direction, and finally all of the velocities inthe layer direction. The velocity and concen-tration arrays are dimensioned to the size of thetransport subgrid only. When particle data arewritten to a separate binary file (PRTB), the filebegins with a header line that includes the movenumber, number of particles, and length of thetransport time increment. A record for eachparticle in sequence follows the header line andcontains the location and concentration of eachparticle in the following order: columncoordinate, row coordinate, layer coordinate,and particle concentration.COMPUTER PROGRAMMOC3D is implemented as a package forMODFLOW. MOC3D uses the flow compo-nents calculated by MODFLOW to computevelocities across each cell face in the transportdomain. The computed velocities are used inan interpolation scheme to move each particlean appropriate distance and direction torepresent advection. The effects of fluidsources, dispersion, and decay on concen-tration are then applied to the particles.A separate executable version ofMODFLOW, which is adapted to link with anduse the MOC3D module, must first begenerated and then used to run MOC3Dsimulations. The MOC3D code is written instandard FORTRAN, and it has beensuccessfully compiled and executed on multipleplatforms, including 486- and Pentium-basedpersonal computers, Macintosh personalcomputers, and Data General and SiliconGraphics Unix workstations. FORTRANcompilers for each of these platforms vary intheir characteristics and may require the use ofcertain options to successfully compileMOC3D. For instance, the compiler shouldinitialize all variables to zero. Depending onthe size of the X-array (defined by LENX inthe MODFLOW source code), options toenable the compiler to handle a large array maybe needed.Implementing MOC3D requires the use of aseparate �name� file similar to the one used inMODFLOW. The principal MOC3D input data

34................

t t

0

D

t

1

D

t

m

D

t

*

)

)

)

«

Figure 11. Double time-line illustrating the sequence of progression in the MOC3D model for solvingthe flow and transport equations. This example is for transient flow and three stress periods (NPER =3) of durations PERLEN1, PERLEN2, and PERLEN3. Each time step for solving the flow equation (ofduration DELT) is divided into one or more time increments (of duration TIMV) for solving the transportequation; all particles are moved once during each transport time increment. For illustration purposes,the sequence of solving the two equations is labeled for the first five time steps of the first stressperiod, and the indices for counting time steps for flow and time increments for transport are labeledfor the fourth time step.(such as subgrid dimensions, hydraulicproperties, and particle information) are readfrom the main MOC3D data file. Other files areused for observation wells, concentrations inrecharge, and several input and output options.Detailed input data requirements andinstructions are presented in Appendix B.Also, a sample input data set for a test problemis included in Appendix C.MOC3D output is routed to a main listingfile, separate from the MODFLOW listing file.There are also several options for writingspecific data to separate output files, which willfacilitate graphical postprocessing. AppendixD contains output from the sample data setdescribed in Appendix C.General Program FeaturesBecause the model assumes that changes inconcentration do not affect the fluid properties(such as density and viscosity), the headdistribution and flow field are independent ofthe solution to the solute-transport equation.Therefore, the flow and transport equations canbe solved sequentially, rather than simultane-ously. But because transport depends on fluidvelocity, which is calculated from the solutionto the flow equation, the sequence order mustbe to solve the flow equation first. Thissequence is illustrated in figure 11 for ahypothetical problem involving transient flowand three stress periods. The numberedsequence from 1 through 16, which starts at theleft edge of the double time line, illustrates theorder of solving equations as the simulationprogresses through the first five time steps ofthe first stress period in this hypotheticalexample. This figure also helps to illustrate thenomenclature used for time parameters inMODFLOW and MOC3D, as well as therelation between them.The implicit solution to the flow equation inMODFLOW generally allows the use of timesteps of increasing length during a given stress

35period. The length of the first time step forsolving the flow equation is calculated byMODFLOW on the basis of user-definedvalues for the number of time steps (NSTP), atime-step multiplier (TSMULT), and the lengthof the stress period (PERLEN). After the flowequation is solved for the first time step (Dt1) , the model compares the length of the time stepf o r t h e f l o w e q u a t i o n w i t h t h e l i m i t a t i o n s imposed by the stability and accuracy criteriaf o r s o l v i n g t h e t r a n s p o r t e q u a t i o n . I f a n y criteria are exceeded, MOC3D will subdividethe time step into the fewest number of equal-sized time increments that meet all of thecriteria. In the example shown in figure 11, thefirst two time steps are small enough so that thetransport equation can be solved for a singletime increment of the same duration as the flowtime step (that is, TIMV = DELT). As thisequation-solving sequence progresses and isrepeated for increasingly long time steps, thestability criteria are eventually exceeded.Figure 11 shows that for the third andsubsequent time steps, the transport equationhad to be solved over shorter time increments.Note that because time increments for transportare the same length (TIMV) during any giventime step for flow, the length of the transporttime increments will generally be slightlydifferent between any two different flow timesteps. For example, the length of the threetransport time increments during the fourthflow time step (m = 4) are slightly differentthan the lengths of the four time incrementsduring flow time step 5. At any point duringthe progress of the simulation, the elapsed timefor transport is always less than or equal to theelapsed time for flow.Transport may be simulated within asubgrid, which is a �window� within theprimary MODFLOW grid used to simulate flow(see fig. 9). The grid dimensions are limitedonly by the size of the �X� array (see �SpaceAllocation� in the MODFLOW documentation).Within the subgrid, the row and columnspacing must be uniform, but thickness canvary within a small range from cell to cell andlayer to layer.Many MOC3D subroutines are linkedclosely with MODFLOW counterparts. Whenpossible, MOC3D follows MODFLOWsubroutine structure. In general, data aredefined, space is allocated in the �X� array, andsimulation parameters are read just as inMODFLOW. The overall structure of theMOC3D code and its integration withMODFLOW are illustrated in figure 12, whichshows a flow chart for the main program(excluding details of the transport calculations).A more detailed flow chart of the programsegments controlling transport calculations isshown in figure 13. The fluxes thatMODFLOW calculates within the transportsubgrid are processed by MOC3D subroutinesto generate a transient solution to the solute-transport equation.Program SegmentsMOC3D input and output utilizes thestandard MODFLOW array reading and writingutilities as much as possible. MOC3D alsotakes advantage of new features inMODFLOW, such as the option for auxiliaryparameters in the source and sink packages andstoring budget flows from each of thosepackages, as documented by Harbaugh andMcDonald (1996a and 1996b). However,many subroutines in MOC3D do not fit into aMODFLOW module class. For those modelusers who are interested in more details aboutthe internal structure and organization of thecode, Tables 1-10 list and describe briefly eachof the subroutines in MOC3D that are used forten different categories of functions.Tables 1 and 2 include subroutines thatinitialize and set up the transport simulation.MOC3D data are read and checked forconsistency with each other and with severalMODFLOW parameters. Seepage velocities

36Figure 12. Generalized flow chart for MOC3D.are calculated on the basis of hydraulicgradients determined by the MODFLOWsolution to the flow equation. The VELOsubroutine (Table 3) is called up to three timesafter each solution to the flow equation isobtained�once for each dimension of thesimulation.Table 4 includes subroutines controllingparticle tracking, concentration calculations,and related output. The SMOC5GP subroutine

37.................Figure 13. Simplified flow chart for the transportloop, which is shown as a single element in fig.12.generates the initial coordinates for each tracerparticle in the transport subgrid. Defaultparticle placement patterns include severalconfigurations for simulations in one, two, orthree dimensions. Each of the configurationsdistributes the particles uniformly in space withrespect to dimension. Figures 14 through 16illustrate the distribution of particles with eachof the default number of particles per node.Note that in some cases, it may be necessary tocustomize the initial positions of the particles(see the Two Dimensional Radial Flow andDispersion test case in the Model Testing andEvaluation chapter). For a given transport timeincrement, particles are moved a distance anddirection on the basis of the estimated velocityat the location of each particle and the length ofthe time increment. The particle velocity isestimated by interpolation from the velocitieson adjacent cell faces to the location of aparticular particle. Either linear or bilinearinterpolation is used (in subroutines MOVE orMOVEBI, respectively) based on the user-selected value for the INTRPL flag (seeMOC3D Input Instructions). However, whenthe bilinear interpolation option is used, particlevelocity in the vertical (or �layer�) direction willstill be interpolated linearly. A flow chartdescribing details of the MOVE and MOVEBIsubroutines is presented in figure 17.Table 1. MOC3D subroutines controlling simula-tion preparationSubroutineDescription

SMOC5OOpen MOC data files

MOC5DFDefine subgrid and other keyparametersMOC5ALAllocate space in �X� array tostore MOC dataMOC5RPRead MOC parametersMOC5CKCheck MOC data forconsistencySMOC5ZSet an array to a specifiedconstant value

Table 2. MOC3D subroutines controlling transporttime factorsSubroutineDescription

MOC5STCheck limiting stabilitycriteria; compute timeincrement and number ofmoves for solute transport

38MOC5ADUpdate elapsed transport time

Table 3. M O C 3 D subroutines controlling velocitycalculations and outputSubroutineDescription

VELOCalculate velocities fromflows across cell faces

SMOC5VOutput velocity data

Table 4. M O C 3 D subroutines controlling particletracking, concentration calculations, and output forparticle and concentration dataSubroutineDescription

SMOC5GPGenerate initial particledistribution

SMOC5POutput particle locations andconcentrationsMOVE andMOVEBIAdvect particles; computeconcentrations at the end ofeach move; decay particleconcentrations (MOVE useslinear interpolation ofvelocity and MOVEBI usesbilinear interpolation)MOVTIMCompute time for particle toreach boundary of cellMOC5APCompute new node andparticle concentrations atend of moveSMOC5COutput node concentrations

Figure 14. Default initial particle configurationsfor a one-dimensional simulation using (a) one,(b) two, (c) three, and (d) four particles per cell..................Figure 15. Default initial particle configurationsfor a two-dimensional simulation using (a) one,(b) four, (c) nine, and (d) sixteen particles percell.

39Figure 16. Default initial particle configurations for a three-dimensional simulation using (a) one,(b) eight, and (c) 27 particles per cell. For clarity, only the volume of a single cell is illustrated.Figure 17. Flow chart for MOVE and MOVEBI subroutines of MOC3D, which is shown as a singleelement in fig. 13.Subroutines related to dispersioncalculations are included in Table 5.Dispersion coefficients are determined on cellfaces. However, to facilitate improvedefficiency in the code the dispersioncoefficients are lumped with the porosity,thickness, and an appropriate grid dimensionfactor of the cell into combined parameterscalled �dispersion equation coefficients.� Forexample, the dispersion equation coefficient for

40the j+1/2,i,k face in the column direction is

εbDxx

( )j+1/2,i,k

Δx .

These combined coefficients are the ones thatare written to the output files by SMOC5D.Appendix A includes a more detaileddescription of the dispersion equationcoefficients.Table 5. MOC3D subroutines controlling disper-sion calculations and outputSubroutineDescription DSP5FMCalculate dispersioncoefficients

SMOC5DOutput dispersion equationcoefficientsDSP5APUse explicit finite-differenceformulation to computechanges in concentrationdue to dispersion

Subroutines that link the MODFLOWsource/sink package calculations of fluid flux tothe MOC3D calculations of solute concentrationand solute flux are listed in Table 6.MODFLOW source and sink packages containan option called CBCALLOCATE. Whenused, the package will save the cell-by-cellflow terms across all faces of every source orsink cell. MOC3D uses these fluid fluxes tocalculate solute flux to or from the source/sinknodes. Because these individual solute fluxesare required to compute the solute massbalance, the CBCALLOCATE option mustalways be selected when using MOC3D.Calculations of concentration changes at nodescaused by mixing with fluid sources arecontrolled by the �SRC� subroutines listed inTable 7.Subroutines controlling observation wellfeatures are listed in Table 8. Table 9 listssubroutines related to the solute mass balancecalculations. Table 10 lists subroutines relatedto calculating fluid storage terms in the solute-transport equation.Table 6. MOC3D subroutines controllingMODFLOW source/sink package calculationsSubroutineDescription

CDRN5FMCalculate solute flux to drains

CEVT5FMCalculate solute flux toevapotranspirationCGHB5FMCalculate solute flux to/fromgeneral head boundary cellsCRCH5ALAllocate space in �X� arrayfor concentrationsassociated with rechargeCRCH5FMCalculate solute flux fromrechargeCRIV5FMCalculate solute flux to/fromriver cellsCWEL5FMCalculate solute flux to/fromwell cells

Table 7. M O C 3 D subroutines controlling cumula-tive calculations relating to sources and sinksSubroutineDescription

SRC5FMInitialize source/sink array;compute terms at fixedheads

SRC5APCalculate changes inconcentration due to flux atsources and sinks

Table 8. MOC3D subroutines controlling observa-tion wellsSubroutineDescription

OBS5DFRead number of observationwells

OBS5ALAllocate space in �X� arrayfor observation well dataOBS5RPRead observation welllocationsSOBS5OOutput observation well data

41Table 9. MOC3D s u b r o u t i n e s c o n t r o l l i n g m a s s balance calculations and outputSubroutineDescription

SMOC5IMCalculate initial solute massstored

SMOC5BYCalculate flows acrossboundaries of subgrid (formass balance)SMOC5BDCompute cumulative solutemass balanceSMOC5MOutput mass balanceinformation

Table 10. Miscellaneous MOC3D subroutinesSubroutineDescription

SMOC5TKSet initial saturated thicknessfor water-table cells

SMOC5UPUpdate fluid storage terms fortransport equation

MODEL T E S T I N G A N D E V A L U A T I O N In developing and documenting a newnumerical model, it must be demonstrated thatthe generic model can accurately solve thegoverning equations for various boundaryvalue problems. This is accomplished bydemonstrating that the numerical code givesgood results for problems having knownsolutions, such as those for which an analyticalsolution is available.The accuracy of numerical solutions issometimes sensitive to spatial and temporaldiscretization. Therefore, even a perfectagreement for selected test cases proves onlythat the numerical code can accurately solve thegoverning equations, not that it will under anyand all circumstances.Analytical solutions generally require thatan aquifer can be assumed to have simple

geometry, uniform properties, and idealizedboundary and initial conditions. A majoradvantage of numerical methods is that theyrelax the simplifications required by analyticalmethods and allow the representation of morerealistic field conditions, such as heterogeneousand anisotropic properties, irregular geometry,mixed boundary conditions, and multiplestresses that vary in time and space. However,analytical solutions approximating thesecomplexities are unavailable for comparison.Therefore, it is difficult to prove that thenumerical models can accurately solve thegoverning equations for the very situations forwhich they are most needed. For such cases,we are limited to relatively simple tests, such asbenchmarking and evaluating the global mass-balance error. In the benchmarking approach,we compare the results of the MOC3D modelfor selected complex problems to results ofother well accepted models. Althoughbenchmarking is useful to improve confidencein the model, it is largely a measure ofconsistency and does not guarantee or measureaccuracy. Overall, we have attempted to testand evaluate the MOC3D model for a range ofconditions and problem types so that the userwill gain an appreciation for both the strengthsand weaknesses of this particular code. Ad-ditional testing and benchmarking of MOC3Dis documented in Goode and Konikow (1991).One-Dimensional Steady FlowWexler (1992) presents an analyticalsolution for one-dimensional solute transport ina finite-length aquifer system having a third-type source boundary condition. Thegoverning equation is subject to the followingboundary conditions:

V ′C = VC− D∂C∂x

,x = 0 (69)

42Table 11. Parameters used in MOC3D simulationo f t r a n s p o r t i n a o n e - d i m e n s i o n a l , s t e a d y - s t a t e flow systemParameter Value

T x x = T y y 0.01 cm2/s

e0.1aL0.1 cmaT H = a T V0.1 cmPERLEN (length of stressperiod)120 sVx0.1 cm/sVy = V z0.0 cm/sInitial concentration (C0)0 . 0 Sourceconcentration(

′C

)1.0Number of rows1Number of columns122Number of layers1DELR (Dx)0.1 cmDELC (Dy)0.1 cmThickness (b)1.0 cmNPTPND (Initial number ofparticles per cell)3CELDIS0.5INTRPL (Interpolationscheme)2

∂C∂x = 0

,x = L(70)and the following initial condition:

C = 0

,0<x< L. ( 7 1 ) F o r t h i s t e s t p r o b l e m w e a s s u m e d t h a t t h e l e n g t h o f t h e s y s t e m , L, is equal to 12 cm,

′C =

1.0, and V = 0 . 1 0 c m / s . T h e a n a l y t i c a l s o l u t i o n i s g i v e n b y e q u a t i o n s 5 2 a n d 5 3 o f W e x l e r ( 1 9 9 2 , p . 1 7 ) . I n g e n e r a t i n g a n equivalent solution using MOC3D, we set up aone-dimensional grid having 122 cells (nodes)in the x-direction within which the flowequation was solved. The solute-transportequation was solved in a 120-cell subgrid toassure a constant velocity within the transportdomain and to allow an accurate match to theboundary conditions of the analytical solution.The grid spacing was Dx = 0.1 cm. Thenumerical solution was implemented usingthree initial particles per cell (NPTPND = 3)and a CELDIS factor of 0.5. The inputparameters for the model simulation aresummarized in Table 11.Two different values of dispersioncoefficients were evaluated in the first set oftests. The values were Dxx = 0 . 1 a n d 0 . 0 1 c m 2 / s , w h i c h a r e e q u i v a l e n t t o a L = 1.0 and0 . 1 c m , r e s p e c t i v e l y . B r e a k t h r o u g h c u r v e s s h o w i n g c o n c e n t r a t i o n c h a n g e s o v e r t i m e a t three different locations as calculated with boththe analytical and numerical solutions for thelower dispersion case are compared in figure18. To improve clarity, this plot only showseveryfourthdatapointforthenumericalmodelresults, except for the curve for x = 0.05 cm,where every data point is shown for times lessthan 10 seconds. Note that this distance (x =0.05) is the first node downgradient from thesource location. With the possible exception ofvery early time at locations very close to thesource, there is essentially an exact fit betweenthe numerical and analytical solutions. At earlytimes and short distances the numerical solutionexhibits some nonsmoothness and oscillationabout the mean, which is related to the discretenature of the particles used to represent theadvection process. However, this small loss ofprecision is not a cumulative error, as itvanishes after moderate travel times ordistances.The results for the higher dispersion caseare presented in figure 19. Because dispersionis a limiting stability criterion and thedispersion coefficient is ten times higher in thesame grid, the transport simulation takes manymore time increments (or particle moves).Thus, in figure 19 only every 100th point isshown (as small circles) for the numericalsolution at the two larger distances. For thesetwo curves, the match between the analytical

43

0

Figure 18. Numerical (M O C 3 D ) and analytical solutions at three different locations forsolute transport in a one-dimensional, steady flow field. Parameter values for this basecasearelistedinTable11.solution and the numerical solution is almostperfect. For the location that is close to thesource, every point is plotted as a small dot toillustrate again the small loss of precision forshort travel distances and times.To help assess the significance of theoscillations and loss of precision at nodes veryclose to the source, the early (times less than 10seconds) part of that breakthrough curve isreplotted at a larger scale in figure 20. Theoscillation is caused by the fact that the stabilityrequirements related to the explicit solution forthe dispersive flux causes the time incrementfor solving the transport equation to be so smallthat particles used to track the advective fluxcan only move a small fraction of the width of acell during a given time increment. Because thedistance that the particles move during one timeincrement (about 0.005 cm in this case) issmaller than the spacing between particles (one-third of Dx for this case in which three particlesper cell are used, or 0.033 cm), particles onlycross cell boundaries after every seven movesin this case. Therefore, the change inconcentration caused by advection isunderestimated during six moves when noparticles cross a cell boundary andoverestimated during the seventh move whenone particle does cross the cell boundary.However, there is essentially no cumulativeerror and the numerical solution oscillatesregularly in a small and decreasing range aboutthe true solution. Also, the magnitude of theoscillations diminishes over time as dispersionreduces the local concentration gradients. Tocheck this explanation and to demonstrate that

44

0

. }

Figure 19. Numerical (M O C 3 D ) and analyticals o l u t i o n s a t t h r e e d i f f e r e n t l o c a t i o n s f o r s o l u t e transport in a one-dimensional, steady flow fieldfor case of increased dispersivity (aL = 1.0 cm,Dxx = 0.1 cm2/s, and other parameters as definedin Table 11).

0 2 4 6 8

Figure 20. Detailed view of numerical andanalytical solutions for early times (t < 10 s) at thefirst node downgradient from the inflow sourceboundary for same problem as shown in fig. 19.

0 2 4 6 8

Figure 21. Detailed view of numerical andanalytical solutions for early times (t < 10 s) at thefirst node downgradient from the inflow sourceboundary for same conditions as shown in fig.20, except that the initial number of particles pernode, NPTPND, equals 50.the error shown in figure 20 is primarily anartifact of having too few initial particles percell for this particular combination ofparameters, and that it is not a genericdeficiency in the algorithm, MOC3D was runfor the same problem using an initial particledensity of 50 particles per cell. The results forthe same location for the first 10 seconds areshown in figure 21 for comparison. When 50particles are used, the distance that each particlemoves during one time increment (again about0.005 cm) is greater than the spacing betweenadjacent particles (0.002 cm). For this case,the agreement between the analytical solutionand the MOC3D results are much closer than infigure 20 and the oscillations are almost entirelyeliminated.The results of these tests can also bepresented in the form of breakthrough curvesthat plot concentration against distance forvarious times. Figure 22 shows the results forthe same set of parameters as shown in figure18 (that is, the low dispersion case). Forclarity in figure 22, only every fourth datapoint is plotted for the numerical results,except every data point is shown for distancesless than 1.5 cm on the curve for t = 6seconds. The results show an almost perfectagreement between the analytical and numericalsolutions.

45

0 2 4 6 8

Figure 22. Numerical (M O C 3 D ) and analyticalsolutions at three different times for same one-d i m e n s i o n a l , s t e a d y f l o w , s o l u t e - t r a n s p o r t problem shown in fig. 18.

Rf

0 2 4 6 8

Rf Rf

Figure 23. Numerical (M O C 3 D ) and analyticals o l u t i o n s a f t e r 2 4 0 s e c o n d s f o r t h r e e d i f f e r e n t r e t a r d a t i o n f a c t o r s f o r s a m e p r o b l e m represented in fig. 22.

l

0 2 4 6 8

Figure 24. Numerical (M O C 3 D ) and analyticals o l u t i o n s f o r f o u r d i f f e r e n t t i m e s f o r s o l u t e transport in a one-dimensional, steady flow fieldfor case with decay at rate of l = 0.01 s-1. Allother parameters as defined in Table 11.The effect of incorporating a retardationfactor to represent a linear, equilibrium,reversible, sorption process is illustrated infigure 23. This shows a comparison betweenthe analytical solution and the MOC3D resultsfor the same low-dispersion problemrepresented in figures 18 and 22, except thatthe elapsed time is 240 seconds and the threedifferent curves are for cases in which Rf = 2,4 , a n d 4 0 . O n l y e v e r y f o u r t h d a t a p o i n t i s plotted in figure 23 for the numerical results,except for the case for Rf = 40, where everydata point is shown for distances less than 1.5c m . T h e a g r e e m e n t i s e x c e l l e n t . N o t e t h a t becausetheneteffectoftheretardationfactorist o t r a n s f o r m t h e t i m e s c a l e , t h e t h r e e s e t s o f curves and data points shown in figure 23 for t= 240 s are identical to the three sets of curvesand data points shown in figure 22 for shortertimes and Rf = 1.0.T h e e f f e c t o f d e c a y i s e v a l u a t e d b y specifying the decay rate as l = 0.01 s-1 for thesame low-dispersion, no sorption, problem asdefined for figures 18 and 22. These resultsa r e p r e s e n t e d i n f i g u r e 2 4 , w h i c h s h o w s excellent agreement between the analytical andn u m e r i c a l s o l u t i o n s . O n l y e v e r y f o u r t h d a t a point is plotted in figure 24 for the numericalresults.Three-Dimensional Steady FlowTo further evaluate and test MOC3D forthree dimensional cases, we compare thenumerical results with those of the analyticalsolution developed by Wexler (1992) for thecase of three-dimensional solute transport froma continuous point source in a steady, uniformflow field in a homogeneous aquifer of infiniteextent. Relative to the previous tests, andbecause the flow field is aligned with the grid

46in this test case also, this evaluation primarily isa test of the accuracy of the calculateddispersive flux in three directions. Theanalytical solution of Wexler (1992, p. 42-43)is subject to the following boundary conditions:

C = 0, x = ±∞

(72a)

C = 0, y= ±∞

(72b)

C = 0, z= ±∞

(72c)and the following initial condition (at t = 0):

C = 0, − ∞ < x < ∞ , − ∞ < y< ∞ , − ∞ < z < ∞ .

(73)For the analytical solution to this test problem,we assumed that Vx = 0.1 m/d, V y = V z = 0.0m/d, D x = 0.06 m2 /d, D y = 0.003 m2 /d, D z =0 . 0 0 0 6 m 2 / d , e = 0 . 2 5 , a n d t h a t t h e s o u r c e strength (or solute mass flux) is

Q ′C =

10.0g/d. The analytical solution is given byequation 105 of Wexler (1992, p. 47), andassumes that the fluid source does not affect theflow field.Whereas the analytical solution assumes aninfinite aquifer, the numerical solution can onlybe applied to a finite system. In generating anequivalent solution using MOC3D, we aimed touse a grid that was sufficiently large so as tominimize any effects of the boundaries on thesolution. Because of the symmetry of theproblem, we only simulated one quadrant ofthe cross-sectional area of the aquiferdowngradient from the point source. Thethree-dimensional transport subgrid had 30rows of cells (nodes) at a grid spacing of 3 mthat are parallel to the x-direction of theanalytical solution, 12 columns at a gridspacing of 0.5 m in the y-direction, and 40layers at a grid spacing of 0.05 m in the z-direction, within which the transport equationwas solved. Boundary conditions, values ofheads on boundaries, hydraulic conductivity,and porosity were specified to assure that thevelocity would equal 0.1 m/d in the x-direction.Identical values for the dispersion coefficientswere generated by specifying aL = 0.6 m, a TH= 0.03 m, and a T V = 0 . 0 0 6 m . T h e p o i n t source was represented in the numerical modelby a combination of

Q =1.0×10− 6

m3 / d a n d

′C = 2.5×106

g/m 3 ( n o t e t h a t g / m 3 i s equivalent to mg/L), which together yield one-f o u r t h o f t h e s o u r c e f l u x a s s u m e d i n t h e a n a l y t i c a l s o l u t i o n . T h e v e r y s m a l l f l u i d injectionrateatthepointsourceassuresthatthefluid has only a negligible effect on the flowf i e l d , a s r e q u i r e d f o r c o n s i s t e n c y w i t h t h e a n a l y t i c a l s o l u t i o n . H o w e v e r , a n o t h e r s m a l l b u t u n a v o i d a b l e d i f f e r e n c e b e t w e e n t h e analytical and numerical solutions is that theformer has the solute source at a true point butt h e n u m e r i c a l m o d e l i n h e r e n t l y a s s u m e s t h e solute source is within the volume of one cell.Both models were run for a total elapsed timeo f 4 0 0 d a y s . T h e n u m e r i c a l s o l u t i o n w a s implementedusingthreeinitialparticlespercell(NPTPND = 3) and a CELDIS factor of 0.1.The input parameters for the model simulationaresummarizedinTable12.T h e r e s u l t s o f t h e a n a l y t i c a l s o l u t i o n a r e compared graphically with those of MOC3Dfor three different planes in figs. 25-27. Figure25a shows the concentrations in the x-y planeof the point source as calculated using theanalytical solution and figure 25b shows thesame for the MOC3D results. In this view, theleft edge of each map is a line of symmetry, sothat the map represents only half of the trueproblem domain. Both sets of contours weregenerated for an identical number of points andlocations to eliminate any differencesattributable solely to the contouring procedure.The results agree very closely, although aslightly greater distance of migration orspreading is evident in the MOC3D results,both upstream as well as downstream of thesource. However, a large part of this smalldifference can be explained simply by the factthat the source is applied over a larger area inthe horizontal plane of the MOC3D model, inwhich the length of the source cell is 3 m in thedirection parallel to flow.

47Table 12. Parameters used in MOC3D simulationo f t r a n s p o r t f r o m a c o n t i n u o u s p o i n t s o u r c e i n a three-dimensional steady-state flow system Parameter Value

T x x = T y y 0.0125 m2/day

e0.25aL0.6 maTH0.03 maT V0.006 mPERLEN (length of stressperiod)400 daysVx0.1 m/dayVy0.0 m/dayVz0.0 m/daySource concentration (

′C

)2.5

×

106 g/m3Q(atwell)1.0

×

10-6m3/dSourcelocationrow 8, column1, layer 1Number of rows30Number of columns12Number of layers40DELR (Dx)3 mDELC (Dy)0.5 mThickness (b)0.05 mNPTPND (Initial numberof particles per cell)3CELDIS0.1INTRPL (Interpolationscheme)1

3 1

5

5

»

3 1

5

5

Figure 25. Concentration contours for (a) analyt-ical and (b) numerical solutions in the horizontalplane containing the solute source (layer 1) forthree-dimensional solute transport in a uniformsteady flow field. Parameters are defined inTable 12.Figure 26 shows a comparison of theresults in a vertical plane parallel to the flowdirection and aligned with column 2 of thenumerical grid (and y = 0.75 m in the analyticalsolution). In this view, the top edge is a line ofsymmetry, so that the cross section representsonly the lower half of the true problem domain.Overall the agreement is very close, althoughthe numerical results show slightly moreupstream dispersion, particularly for the lowerconcentrations (less than 10). Figure 27 showsa comparison of the results in a vertical planetransverse to the flow direction and alignedwith row 12 of the numerical grid (and x =34.5 m in the analytical solution). In this view,both the left and top edges are lines ofsymmetry, so that this cross section representsonly one quarter of the true problem domain.Once again the overall agreement is excellent.The only noticeable difference is a minor one.In the numerical results there is slightly morelateral spreading, as indicated by adisplacement of the contours for the lowervalues of concentration by less than half a celldistance away from the axis of symmetry, butonly in the upper half of the grid.

48

1 3

5

3 1 5 »

Figure 26. Concentration contours for (a) analytical and (b) numerical solutions in the verticalplane parallel to the flow direction and aligned with column 2 for three-dimensional solutetransport in a uniform steady flow field. Parameters are defined in Table 12.

1 3

1 2 3 4 5 6 7 8 9

3 1

1 2 3 4 5 6 7 8 9

»

Figure 27. Concentration contours for (a) analytical and (b) numerical solutions in the verticalplane transverse to the flow direction and aligned with row 12 for three-dimensional solutetransport in a uniform steady flow field. Parameters are defined in Table 12. Flow is towards thereader.

49Two-Dimensional R a d i a l Flow andDispersionA radial dispersion problem was used tocompare the MOC3D solution to the analyticalsolution given by Hsieh (1986) for a finite-radius injection well in an infinite aquifer oftwo dimensions. The problem is equivalent toflow from a single injection well; the velocitiesvary in space and are inversely related to thedistance from the injection well. Thegoverning equation for the analytical solution is

∂C∂t + Ar ∂C∂r = α Ar ∂2C∂r2 r > rw t > 0

(74)where

A= Q 2πbε,

r is the radial distancefrom the center of the well, r w is the radius oft h e i n j e c t i o n w e l l , a i s t h e l o n g i t u d i n a l dispersivity in radial flow, Q is the volumetricrate of the well injection, b is the thickness ofthe aquifer, and e is porosity. The initial andboundary conditions are

C(r,0) = 0 r > rw

(75a)

C(rw,t) = ′C t > 0

(75b)

C(r → ∞ ,t)→ 0 t > 0.

(75c)The radius of the well (rw ) was set to 1.0(dimensionless) and the concentration of theinjectedtracer(

′C

) was 1.0 (dimensionless) atthe well.The problem was modeled using a gridhaving 30 cells in the x-direction and 30 cells inthe y-direction, representing one quadrant ofthe radial flow field (90 of 360 degrees). Theinitial concentration was set to 1.0 at the wellnode (1,1), defined by a specified flux of56.25 m3 / h . T h e i n p u t p a r a m e t e r s f o r t h e model simulation are summarized in Table 13.Initial particle positions were defined using thecustom particle placement option in the inputdata set and were aligned in a quarter circle int w o - d e g r e e i n c r e m e n t s , e q u i d i s t a n t f r o m t h e centerpointofradialsymmetryintheupperleftcorner of the grid (see fig. 28). Using a largeTable 13. Parameters used in MOC3D simulationof two-dimensional, steady-state, radial flow caseParameter Value

T x x = T y y 3.6 m2/hour

e0.2aL10.0 maTH10.0 maT V10.0 mPERLEN (length of stressperiod)1000 hoursQ (at well)56.25m3/hourSourceconcentration(

′C

)1.0Number of rows30Number of columns30Number of layers1DELR (Dx)10.0 mDELC (Dy)10.0 mThickness (b)10.0 mNPTPND (Initial number ofparticles per cell)46CELDIS0.5INTRPL (Interpolationscheme)2 number of particles per cell in thisconfiguration ensures that all cells in the gridwill include at least one particle pathlineemanating from the source cell. If one of theMOC3D default options was selected to placefewer particles in a regular geometric patternwhere strong flow divergence exists, thensome cells located just a few rows or columnsaway from the source cell would never receiveparticles originating in the source cell. Thiswould make it impossible to calculateaccurately concentration changes caused byadvection. This custom configuration alsoparallels the expected solute distribution patternin a radially divergent flow field; standardparticle positioning (linear, quadratic, or cubicconfigurations) results in extreme spreading of

50

X

Figure 28. Initial particle positions within thesource cell for radial flow case (based oncustom particle placement and NPTPND = 46).The relative coordinates on the x- and y-axesshown for the cell (1,1) are the same for anycell of the grid; this relative coordinate systemis used for the custom definition of particlelocations in the input file. Figure 29. Contours of relative concentrations calculated using (a) analytical and (b) numericalmodels for solute transport in a steady radial flow field. Source concentration is 1.0 and source islocated in cell (1,1). Grid spacing is 10.0 m.particles at small distances from the source,distorting contours of concentration in thatarea. The same pattern of particles shown forthe source cell in figure 28 is repeated in allcells of the grid at the start of the simulation.Figure 29 shows a comparison of theconcentrations calculated in one quadrant after1000 hours using both the analytical (a) andnumerical (b) solutions. The two solutions arealmost identical.Point Initial Condition in UniformFlowA test problem for three-dimensional solutetransport from an instantaneous point source,or Dirac initial condition, in a uniform flowfield was used to test the MOC3D model. Ananalytical solution for an instantaneous pointsource in a homogeneous infinite aquifer isgiven by Wexler (1992), and he presents acode (named POINT3) for a related case for acontinuous point source. The POINT3 codewas modified to solve for the desired case of aninstantaneous point source. Test problems

51were designed to evaluate the numericalsolution for two cases�one in which flow isparallel to the grid (in the x-direction) and onein which flow occurs at 45 degrees to the x-and y-axes. This allows us to evaluate theaccuracy of the numerical model for this basictype of problem, and also to evaluate thesensitivity of the numerical solution to theorientation of the flow relative to that of thegrid.The governing equation and boundaryconditions for an instantaneous point source are(see Wexler, 1992, p. 42):

∂_{C∂t = Dx ∂2C∂x2 + Dy ∂2C∂y2 + Dz ∂2C∂z2 − V∂C∂x − λ C} +

Qdt

ε

′C •δ(x− X c )δ(y− Y c )δ(z− Z c )δ(t − ′t ) (76)

C = 0, x = ±∞

(77a)

C = 0, y = ±∞

(77b)

C = 0, z = ±∞

(77c) where V is the velocity in the direction of flow( a s s u m e d t o b e t h e x-direction in eq. 76), l isthe decay rate (l = 0 for this problem), Q is thei n j e c t i o n r a t e f o r t h e w e l l , d is a dirac deltafunction, Xc, Yc, and Zc are coordinates of thep o i n t s o u r c e , a n d t’ is the time at which theinstantaneous point source activates.The initial condition (at ’ = 0) is:

C = 0, − ∞ < x < ∞ , − ∞ < y< +∞ , − ∞ < z < +∞ .

(78)For the test case of flow in the x-direction, weassumed Vx = 1 . 0 m / d , a n d V y = V z = 0 . 0 m / d . F o r f l o w a t 4 5 d e g r e e s t o x and y , w e a s s u m e d Vx = V y = 1 . 0 m / d , a n d V z = 0 . 0 m/d. For both cases, the distance the plumetravels in the x-direction is the same for equalsimulation times. Note, however, that themagnitude of velocity is higher in the lattercase; therefore, there will be more dispersion inthat problem during an equivalent time interval.Several different grid spacings were usedfor the model simulations to help show therelation between discretization and the accuracyof the numerical results. The coarsest transportsubgrid used 24 rows, 24 columns, and 24layers with a grid spacing of 10.0 m in eachdirection. Subsequent runs doubled and tripledthe number of rows and columns; the gridspacing was reduced accordingly so that themodel domain (the aquifer volume beingsimulated) remained the same for all grids, andchanges in accuracy would be attributable onlyto changes in the spatial discretization.Because advective transport occurs only in thex-y plane, the number of layers was heldconstant at 24. The input parameters for thesimulations are presented in Table 14, whichincludes the several different values used forgrid dimensions and spacing.The results for both the analytical andnumerical solutions for the case in which flowoccurs only in the x-direction are shown infigure 30. The MOC3D results for the coarsestgrid (fig. 30b) clearly show too muchspreading transverse to flow (that is, in the y-direction) relative to the analytical solution (fig.30a). Note that the analytical solution wascontoured for values only at the same exactlocations as the nodes in the grid used for thenumerical solution to which it is being

52compared (fig. 30b); this eliminates differencesfor a visual comparison due only to artifacts ofthe contouring procedure, and is the reason thatthe analytical solution appears less smooth thanit should. To improve numerical andcontouring accuracy, a finer grid was used forboth the analytical and MOC3D solutions (figs.30c and 30d). Using three times as manynodes in each direction in the horizontal plane,the numerical dispersion is reducedsignificantly and the numerical solution veryclosely matches the analytical solution. (Notethat the analytical solution mapped in fig. 30c isbased on values calculated at nine times asmany points as that in fig. 30a.)The results of the test problem for flow at45 degrees to the grid are shown in figure 31.The analytical solution (fig. 31a), whichprovides the basis for the evaluation, wassolved on a 72

×

72 grid, and the M O C 3 D solutions are shown for a 24

×

24

×

24 grid (fig.31b), a 48

×

48

×

24 grid (fig. 31c), and a72

×

72

×

24 grid (fig. 31d). Unlike theprevious case (where flow is aligned with thegrid), the numerical results in figure 31 show anoticeable difference in the shape of the plumerelative to the analytical solution. Thenumerically calculated �hourglass� shape ischaracteristic of a grid-orientation effect and isrelated to the cross-product terms of thedispersion tensor. When flow is orientedparallel to the grid, or when longitudinal andtransverse dispersivities are equal, the cross-product terms of the dispersion equation arezero. Because flow is at 45 degrees to the grid,the cross-product terms of the dispersionequation are nonzero. The model estimates theconcentration gradients associated with thecross-product terms less accurately than thoseassociated with the diagonal terms, andtherefore the overall solution is less accurate.The magnitude of this effect is minimizedby using a finer grid. Overall, the coarsest gridexhibits too much spreading, but the next finergrid results in minimal numerical dispersionTable 14. Parameters used in MOC3D simulationof three-dimensional transport from a point sourcewith flow in the x-direction and flow at 45 degreesto x and yParameter Value

T x x = T y y 10.0 m2/day

e0.1aL1.0 maTH0.1 maT V0.1 mPERLEN (length ofstress period)90 daysVx1.0 m/dayVy0.0 m/day*Vz0.0 m/daySource concentration(

′C

)1

×

106Source locationx = 30 m,y = 120 m,z = 40 m**Number of rows24, 48, and 72Number of columns24, 48, and 72Number of layers24DELR (Dx)10.0 m, 5.0 m,and 3.33 mDELC (Dy)10.0 m, 5.0 m,and 3.33 mThickness (b)10.0 mNPTPND (Initialnumber of particlesper cell)8CELDIS0.5INTRPL (Interpolationscheme)2

* For flow at 45 degrees to x and y, Vy = 1.0 m/day** F o r f l o w a t 4 5 d e g r e e s t o x and y, the sourcelocation is x = 30 m, y = 30 m, z ˚= 120 m.(although the grid-orientation effect is noteliminated). Further reducing the grid spacing(fig. 31d) does not significantly further reducenumerical dispersion, thereby indicating thedesired characteristic of grid convergence.

53

4 23 1 4 23 1

4 23 1 4 23 1

˚Figure 30. Concentration contours for (a, c) analytical and (b, d) numerical solutions for transport ofa point initial condition in uniform flow in the x-direction. The z-component of flow is zero, but thereis dispersion in all three directions. Contour values are the log of the concentrations.Each of the MOC3D results also shows aslight asymmetry in the shape of the plume inthe direction of flow (that is, there is slightlyless forward spreading compared to backwardspreading), which is inconsistent withsymmetrical spreading indicated by theanalytical solution. This is caused by thesequence in which the dispersive and advectiveterms of the transport equation are solved.The numerical errors are exaggerated infigures 30 and 31 because the concentrationsare contoured on a logarithmic scale. Some of

54

4 2 3 1

4 2 3 1

4 2 3 1

4 2 3 1

Figure 31. Concentration contours for (a) analytical and (b, c, d) numerical solutions for transport ofa point initial condition in uniform flow at 45 degrees to x and y. Contour values are the log of thec o n c e n t r a t i o n s . the discrepancies may also be due to thecontouring program used to visually representthe solutions.When the flow is at an angle to the grid, asfor the case illustrated in fig. 31, then negativeconcentrations are most likely to occur. In thiscase, some small areas of slightly negativeconcentrations were calculated, but are notevident in fig. 31 because they were filtered outduring the contouring process to allow a cleardepiction of the position of the plume.However, to indicate the extent of the area ofnegative concentrations, we have replotted thecentral part of the domain illustrated in fig. 31b(for the 24x24 grid) in fig. 32, in which allareas where the relative concentration is less

55Figure 32. Concentration contours showing effects on areas of negative concentrations relatedto decreasing CELDIS factor in MOC3D in simulation of flow at 45 degrees to grid having 24 rowsand 24 columns of nodes: (a) CELDIS = 0.50; (b) CELDIS = 0.25; and (c) CELDIS = 0.10.than -0.05 are shaded. Figure 32a representsthe same solution as shown in fig. 31b. Wetested the sensitivity of the solution and of theextent of negative concentrations to the size ofthe transport time increment by adjusting thevalue of CELDIS. The area in which negativeconcentrations occurred at the same elapsedsimulation time was slightly smaller for thesmallest value of CELDIS. In all three casesthe mass balance errors were about the sameand always less than 0.2 percent relative to theinitial solute mass stored.Constant Source in NonuniformFlowBurnett and Frind (1987) used a numericalmodel to analyze a hypothetical problem havinga constant source of solute in a finite area at thesurface of an aquifer having homogeneousproperties, but nonuniform boundaryconditions, which result in nonuniform flow.Because an analytical solution is not availablefor such a complex system, we use their resultsfor this test case as a benchmark for com-parison with the results of applying MOC3D tothe same problem. Burnett and Frind (1987)used an alternating-direction Galerkin finite-element technique to solve the solute-transportequation in both two and three dimensions.Their model also includes the capability to varyaT as a function of direction, thereby allowingthat feature of MOC3D to be evaluated in thesame problem set.A simplified diagram of the problem isillustrated in figure 33. The left (x = 0) andbottom surfaces are no-flow boundaries,representing a ground-water divide and animpermeable base, respectively. The top andright surfaces are constant-head boundaries,representing the water table and a dischargeboundary, respectively. The front and backvertical faces are no-flow boundaries,representing streamlines or flow paths parallelto those surfaces. The length of the domain is200 m and the saturated thickness varies from21 m on the left no-flow boundary to 20 m onthe right constant-head boundary. The headson the upper surface are specified as a one-quarter cosine from 1 m on the left to 0 m onthe right. Heads are fixed at a slightly negativevalue (-0.00736 m) at all nodes in the rightcolumn of cells, so that the head on the rightside of the transport domain (at x = 200 m) willalmost exactly equal 0 m, and the heads and

56

0 0

0

x y z

Figure 33. Transport domain and boundary conditions for nonuniform-flow test problem ofBurnett and Frind (1987); front surface represents a plane of symmetry (modified from Burnettand Frind, 1987, fig. 4).hydraulic gradients throughout the domaincalculated using MOC3D would be consistentwith those in the analysis of Burnett and Frind(1987). The aquifer properties are assumed tobe homogeneous and isotropic. Theseboundary conditions yield a two-dimensionalflow field, which has components of flow inthe x- and z-directions only. Therefore, thespecified width of the domain is varied for eachparticular simulation to accommodate theplume, and depends on the dimensionality ofthe simulation (whether two- or three-dimensions) and on the values of thedispersivity coefficients. The solute source islocated between 18.25 and 32.50 m from theleft side of the aquifer and has a width of 10 m,extending 5 m on either side of the plane ofsymmetry at y = 0.Cases of both two- and three-dimensionaltransport were examined for this basicproblem. The grids used in the MOC3Dsimulations were designed to maximizecompatibility with the results of the finite-element models used by Burnett and Frind(1987), so that comparisons of results wouldrepresent a reasonable benchmarking exercise.However, some differences in discretizationcould not be avoided because the finite-elementmethods allow specifications of values atnodes, which can be placed directly onboundaries. Nodes in MOC3D are located atthe centers of cells, and values specified atnodes are always one-half of the grid spacingaway from the edge of the model domain.Among the small differences arising from thealternative discretization schemes is that (1) themodeled location of the 14.25 m long sourcearea is offset by 0.225 m towards the right inthe MOC3D grid, and (2) the total length of thedomain is 199.5 m in the MOC3D grid.The first analysis of this test case focusedon the simplest one�a two-dimensionalanalysis. The input data values for thisanalysis are listed in Table 15. The MOC3Dgrid consisted of 141 columns and 91 layers.However, the top layer and right column ofcells are devoted to assuring consistentboundary conditions between the two models,and they were considered to lie outside of thedomain of the transport problem forbenchmarking purposes. That is, 140 columnsat a spacing of 1.425 m yields a transportdomain length of 199.5 m, which isapproximately equal to the desired totalhorizontal distance of 200 m. Similarly, theappropriate height of the domain is assured bysetting the thickness of each cell within a givencolumn equal to 1/90th of the height of thecolumn, where the height (or total saturatedthickness) varies from 21 m on the left to 20 m

57Table 15. Parameters used in MOC3D s i m u - l a t i o n o f t r a n s p o r t i n a v e r t i c a l p l a n e f r o m a c o n t i n u o u s p o i n t s o u r c e i n a n o n u n i f o r m , s t e a d y - s t a t e , t w o - d i m e n s i o n a l f l o w s y s t e m described by Burnett and Frind (1987)Parameter Value

K1.0 m/day e0.35aL3 maT V0.01 mDm10-4m2/dayPERLEN (length ofstress period)12,000 daysSource concentration(

′C

)1.0Number of rows1141Number of columns1Number of layers191DELR (D x )1.425 mDELC (Dy )1.0 mThickness (b)0.2222-0.2333 mNPTPND (Initialnumber of particlesper cell)3CELDIS1.0INTRPL (Interpolationscheme)1

1 O n e r o w a n d l a y e r w e r e a l l o c a t e d t o d e f i n i n g boundary conditions, so concentrations calculated ino n l y 1 4 0 r o w s a n d 9 0 l a y e r s w e r e u s e d f o r benchmarking.

Figure 34. Initial particle positions within a cellfor the Burnett-Frind (1987) test case (basedon custom particle placement and NPTPND =3). The relative coordinates on the x- and z-axes shown for the cell (1,1) are the same forany cell of the grid; this relative coordinatesystem is used for the custom definition ofparticle locations in the input file.on the right. (In comparison, Burnett andFrind used a variable spacing in which Dxranged from 2.5 to 6.0 m and Dz ranged from0.75 to 1.25 m.) The top flow layer consistedof constant-head nodes and the solute source.Because of the symmetry in the flow field, wewere able to increase the efficiency of thesimulation by using a custom initial particleplacement of only three particles in each cell, asshown in figure 34, and still achieve reason-ably accurate results. Burnett and Frind (1987)report that their solution yielded an averageareal recharge rate of about

8×10− 4

m/day; theMOC3D solution yielded an average arealrecharge rate of about

7.8×10− 4

m/day. Thisagreement is evidence that the parameters andboundary conditions for the two modelanalyses are similar enough to permit abenchmarking comparison.Results for the two-dimensional case fromthe MOC3D model closely match those ofBurnett and Frind (see fig. 35). Both modelsrepresent the solution on the plane of symmetry(that is, on the front face of the block shown infig. 33). The concentration contours arelocated in almost exactly the same positions forboth models. However, in the MOC3Dresults, the contours lag slightly behind thoseof Burnett and Frind (1987). This may be

58

0

0

Figure 35. Two-dimensional simulation results for nonuniform-flow test caseshowing plume positions as contours of relative concentration: (a) finite-element model (modified from Burnett and Frind, 1987, fig. 8a), and (b)MOC3D. Contour interval is 0.2 relative concentration.

0

0

Figure 36. Three-dimensional simulation results for nonuniform-flow test casein which aT H = 0.1 m and a T V = 0.01 m: (a) finite-element model (modifiedfrom Burnett and Frind, 1987, fig. 8c), and (b) MOC3D. Plume positions arerepresented by contours of relative concentration; contour interval is 0.2relative concentration.attributable to small differences in the numericaltreatment of the source between the two modelsand (or) to the slightly lower flux (and velocity)in the MOC3D solution. Note that the solutionto the two-dimensional case in the x-z planedoes not depend on the value of aTH.F o r t h e t h r e e - d i m e n s i o n a l a n a l y s e s , t h e MOC3D grid is expanded to 15 rows havingDy of 1.0 m. The source is applied over thefirst 5 rows, taking advantage of the symmetryalong the y-axis to account for the 10 m widthof the source. Note that because of symmetry,the flow fields are identical in the two- andthree-dimensional cases. Figure 36 shows thetransport results for both models for the case inwhich aT V = 0.01 m and a T H = 0.1 m. In theMOC3D results (fig. 36b) the vertical plane inthe first row is contoured. Note that there willb e a s l i g h t d i s c r e p a n c y i n t h e b a s i s o f c o m p a r i s o n b e c a u s e c o n c e n t r a t i o n s f r o m MOC3D are evaluated at the center of the block(1/2 of a cell width from the plane of

59Figure 37. Perspective view of MOC3D results for three-dimensional problem of constant sourcei n n o n u n i f o r m f l o w a n d u n e q u a l t r a n s v e r s e d i s p e r s i v i t y c o e f f i c i e n t s . T h i s v i s u a l i z a t i o n o f t h e p l u m e w a s g e n e r a t e d f r o m p a r t i c l e c o n c e n t r a t i o n s u s i n g a t h r e e - d i m e n s i o n a l v i s u a l i z a t i o n software package and is derived from the same simulation that is the basis of fig. 36b. Note that apiece of the plume near the source is cut away (a �chair� cut) to expose a clearer view of thed e g r e e o f t r a n s v e r s e s p r e a d i n g i n t h e s e l e c t e d v e r t i c a l a n d h o r i z o n t a l p l a n e s . S h a d i n g increments are in relative-concentration intervals of 0.20, and interval bounds range between 0.9and 0.1. Concentrations less than 0.10 are transparent.symmetry), whereas those from Burnett andFrind (1987) are evaluated on the cell faces(directly on the plane of symmetry). A three-dimensional visualization of the MOC3Dresults are presented in fig. 37, which wasgenerated from the concentrations on particles(as opposed to nodal concentrations in fig.36b) using a three-dimensional visualizationsoftware package. (The plume definition fromparticle concentrations and locations isinherently more precise than can be definedfrom averaged nodal concentrations.) Thisperspective shows more clearly the entireplume and the magnitude of lateral spreading ofthe plume. It also illustrates the impact ofspecifying unequal transverse dispersivitycoefficients, in that the transverse spreading inthe horizontal direction increases more rapidlythan does the transverse spreading in thevertical direction, as evident in the �chair� cutnear the source location and on the face of theplume at the downgradient boundary. Figure38 shows the results for the case in which thevertical transverse dispersivity is increased by afactor of ten, so that aT H = a T V = 0 . 1 m . O v e r a l l , t h e MOC3D results (figs. 35b, 36band 38b) agree closely with those of Burnettand Frind (1987) (figs. 35a, 36a and 38a).C o m p a r i s o n o f t h e t h r e e - d i m e n s i o n a l results with the two-dimensional analysisshows that all contours are closer to the sourceof solute in the three-dimensional cases. Thisis expected because the contaminant source hasa f i n i t e l e n g t h a n d c o n s i d e r a t i o n o f t h e additional dimension for the dispersion processallows spreading of solute in the y-direction,which means that less solute mass will remainin the vertical plane being contoured. This

60

0

0

Figure 38. Three-dimensional simulation results for nonuniform-flow test case inw h i c h a T H = a T V = 0 . 1 m : ( a ) f i n i t e - e l e m e n t m o d e l ( m o d i f i e d f r o m B u r n e t t a n d F r i n d , 1 9 8 7 , f i g . 9 b ) , a n d ( b ) MOC3D . Plume positions are represented bycontours of relative concentration; contour interval is 0.2 relative concentration.makes it appear that the plume has not spreadas far in the x-direction during the same elapsedtime. In the three-dimensional simulations, thelower-value and higher-value contours areslightly closer to the 0.5 contour in the MOC3Dresults, and the contours defining the lateraledges of the plume are spaced closer together.These characteristics indicate that the MOC3Dresults may include less numerical dispersionthan the finite-element results. However, thisminor difference may simply be an outcome ofhaving used a finer grid spacing in MOC3D.Relative Computational EfficiencyThe computational effort required by theMOC3D code is strongly dependent on the sizeof the problem being solved, as reflectedprimarily by the total number of nodes, totalnumber of particles, and total number of timeincrements. Analyses indicate that the greatestcomputational effort, as measured by CPUtime, is typically expended in the particletrackingroutines. For a given problem, the efficiencyof the code may vary significantly as a functionof the characteristics of the particular computeron which the simulation is performed, and tosome extent on which FORTRAN compiler(and which compiler options) were used togenerate the executable code.To provide a qualitative indication of theserelations, we have run all of the sampleproblems described in this report on a varietyof computers. The relative running times foreach problem on a variety of differentcomputers are presented in table 16. The runtimes are measured as CPU time in seconds.As indicated in table 16, the efficiency for agiven problem may vary by more than a factorof ten, depending on which of the testedcomputers were used. However, for the giventest problems, the efficiency was much moresensitive to the overall size of the problem, andthe CPU time on a given computer varied byabout four orders of magnitude between thesimple one-dimensional problem and the morecomplex three-dimensional problem. Themodel user should be aware that in some cases,model efficiency may be a serious constraint.

61

62CONCLUSIONSThe MOC3D model described in this reportcan simulate the transient, three-dimensional,transport and dispersion of a solute subject todecay and retardation. The solute-transportmodel is integrated with the MODFLOWmodel, which is used to solve the ground-waterflow equation for either steady-state or transientflow. The numerical methods used to solve thegoverning equations allow their application tosystems having heterogeneous properties andcomplex boundary conditions. The packagethus has broad general application andflexibility for application to a wide range ofhydrogeological problems.The accuracy and precision of the numericalresults were tested and evaluated bycomparison of the MOC3D results withanalytical solutions for several relatively simpleand idealized problems and by benchmarkingcomparisons against the results of othernumerical codes for more complex problemsfor which no analytical solutions are available.These tests indicate that the model cansuccessfully and accurately simulate the three-dimensional transport and dispersion of asolute in flowing ground water. Thisimplementation of the method of characteristicsis not strictly mass conservative and the methodof calculating a solute mass balance isinherently an approximation. Therefore,calculated mass-balance errors may be nonzero,but are generally less than 10 percent and oftendecrease and stabilize with time. For someproblems, the accuracy and precision of thenumerical results may be sensitive to the initialnumber of particles placed in each cell. Theefficiency of the solution is sensitive to the totalnumber of particles used and to the size of thetransport time increment, as determined by thestability criteria for the solute-transportequation. An advantage of this method is that,in general, its accuracy and efficiency aregreatest for advection-dominated problems,which is a characteristic of many ground-watercontamination problems that pose seriousenvironmental risks.REFERENCESAppel, C.A., Reilly, T.E., 1994, Summary ofcomputer programs produced by the U.S.Geological Survey for simulation of ground-water flow and quality, 1994: U.S. GeologicalSurvey Circular 1104, 98 p.Bear, Jacob, 1979, Hydraulics of Groundwater:McGraw-Hill, New York, 567 p.Bredehoeft, J.D., and Pinder, G.F., 1973, Masstransport in flowing groundwater: WaterResources Research, v. 9, no. 1, p. 194-210.Burnett, R.D., and Frind, E.O., 1987, Simulation ofcontaminant transport in three dimensions, 2.Dimensionality effects: Water ResourcesResearch, v. 23, no. 4, p. 695-705.Domenico, P.A., and Schwartz, F.W., 1990, Physicaland Chemical Hydrogeology: John Wiley &Sons, New York, 824 p.Engineering Technologies Associates, Inc., 1989, Threedimensional solute transport using the random-walk algorithm and MODFLOW, User’s manualfor RAND3D: Engineering TechnologiesAssociates, Inc., Ellicott City, MD, 102 p.Freeze, R.A., and Cherry, J.A., 1979, Groundwater:Prentice-Hall, Englewood Cliffs, N.J., 588 p.Garabedian, S.P., LeBlanc, D.R., Gelhar, L.W., andCelia, M.A., 1991, Large-scale natural gradienttracer test in sand and gravel, Cape Cod,Massachusetts, 2, Analysis of spatial momentsfor a nonreactive tracer: Water ResourcesResearch, v. 27, no. 5, p. 911-924.Garder, A.O., Peaceman, D.W., Pozzi, A.L., 1964,Numerical calculation of multidimensionalmiscible displacement by the method ofcharacteristics: Soc. Petroleum Eng. Jour., v. 4,no.1, p. 26-36.Gelhar, L.W., Welty, C., and Rehfeldt, K.R., 1992, Acritical review of data on field-scale dispersion inaquifers: Water Resources Research, v. 28, no.7, p. 1955-1974.Goode, D.J., 1990a, Particle velocity interpolation inblock-centered finite difference groundwater flowmodels: Water Resources Research, v. 26, no. 5,p. 925-940.

63Goode, D.J., 1990b, Governing equations and modelapproximation errors associated with the effectsof fluid-storage transients on solute transport inaquifers: U.S. Geological Survey Water-Resources Investigations Report 90-4156, 20 p.Goode, D.G., and Appel, C.A., 1992, Finite-differenceinterblock transmissivity for unconfined aquifersand for aquifers having smoothly varyingtransmissivity: U.S. Geological Survey Water-Resources Investigations Report 92-4124, 79 p.Goode, D.J., and Konikow, L.F., 1989, Modification ofa method-of-characteristics solute-transport modelto incorporate decay and equilibrium-controlledsorption or ion exchange: U.S. GeologicalSurvey Water-Resources Investigations Report89-4030, 65 p.Goode, D.J., and Konikow, L.F., 1991, Testing amethod-of-characteristics model of three-dimensional solute transport in ground water: inLennon, G. P., ed., Symposium on GroundWater, Proceedings of the InternationalSymposium, Nashville, Tenn., AmericanSociety of Civil Engineers, New York, p. 21-27.Harbaugh, A.W., and McDonald, M.G., 1996a, User’sdocumentation for MODFLOW-96, an update tothe U.S. Geological Survey modular finite-difference ground-water flow model: U.S.Geological Survey Open-File Report 96-485, 56p.Harbaugh, A.W., and McDonald, M.G., 1996b,Programmer’s documentation for MODFLOW-96, an update to the U.S. Geological Surveymodular finite-difference ground-water flowmodel: U.S. Geological Survey Open-FileReport 96-486, 220 p.Hill, M.C., 1990,

PreconditionedC onjugate-G radient 2( P C G 2 )� A c o m p u t e r p r o g r a m f o r s o l v i n g ground-water flow equations: U.S. GeologicalS u r v e y W a t e r - R e s o u r c e s I n v e s t i g a t i o n s R e p o r t 90-4048, 43 p.Hsieh, P. A., 1986, A new formula for the analyticalsolution of the radial dispersion problem: WaterR e s o u r c e s R e s e a r c h , v . 2 2 , n o . 1 1 , p . 1 5 9 7 - 1 6 0 5 . Konikow, L.F., and Bredehoeft, J.D., 1978, Computermodel of two-dimensional solute transport andd i s p e r s i o n i n g r o u n d w a t e r : U . S . G e o l o g i c a l S u r v e y T e c h n i q u e s o f W a t e r - R e s o u r c e s Investigations, Book 7, Chapter C2, 90 p.Konikow, L.F., and Grove, D.B., 1977, Derivation ofequations describing solute transport in groundwater: U.S. Geological Survey Water-ResourcesInvestigations Report 77-19, [Revised 1984], 30p . M c D o n a l d , M . G . , a n d H a r b a u g h , A . W . , 1 9 8 8 , A m o d u l a r t h r e e - d i m e n s i o n a l f i n i t e - d i f f e r e n c e g r o u n d - w a t e r f l o w m o d e l : U . S . G e o l o g i c a l S u r v e y T e c h n i q u e s o f W a t e r - R e s o u r c e s Investigations, Book 6, Chapter A1, 586 p.Pinder, G.F., and Cooper, H.H., Jr., 1970, A numericaltechnique for calculating the transient position ofthe saltwater front: Water Resources Research,v. 6, no. 3 , p. 875-882.P i n d e r , G . F . , a n d G r a y , W . G . , 1 9 7 7 , F i n i t e E l e m e n t Simulation in Surface and Subsurface Hydrology:Academic Press, New York, N.Y, 288 p.P r i c k e t t , T . A . , N a y m i k , T . G . , a n d L o n n q u i s t , C . G . , 1981, A �random-walk� solute transport modelf o r s e l e c t e d g r o u n d w a t e r q u a l i t y e v a l u a t i o n s : Illinois State Water Survey Bulletin 65, 103 p.R e d d e l l , D . L . , a n d S u n a d a , D . K . , 1 9 7 0 , N u m e r i c a l simulation of dispersion in groundwater aquifers:C o l o r a d o S t a t e U n i v e r s i t y , F t . C o l l i n s , C O , Hydrology Paper 41, 79 p.Robson, S.G., 1974, Feasibility of digital water-qualitymodeling illustrated by application at Barstow,C a l i f o r n i a : U . S . G e o l o g i c a l S u r v e y W a t e r - Resources Investigations Report 46-73, 66 p.R o b s o n , S . G . , 1 9 7 8 , A p p l i c a t i o n o f d i g i t a l p r o f i l e m o d e l i n g t e c h n i q u e s t o g r o u n d - w a t e r s o l u t e - t r a n s p o r t a t B a r s t o w , C a l i f o r n i a : U . S . Geological Survey Water-Supply Paper 2050, 28p . Scheidegger, A.E., 1961, General theory of dispersioni n p o r o u s m e d i a : J o u r . G e o p h y s . R e s e a r c h , v . 66, no. 10, p. 3273-3278.Wexler, E.J., 1992, Analytical solutions for one-, two-,and three-dimensional solute transport in ground-w a t e r s y s t e m s w i t h u n i f o r m f l o w : U . S . G e o l o g i c a l S u r v e y T e c h n i q u e s o f W a t e r - Resources Investigations, Book 3, Chapter B7,190 p.Zheng, C., 1990, MT3D: A modular three-dimensionalt r a n s p o r t m o d e l : S . S . P a p a d o p u l o s a n d Associates, Inc., Bethesda, MD.

64APPENDIX A : FINITE-DIFFERENCE APPROXIMATIONSApplying finite-difference approximations that are centered-in-space and explicit (forward-in-time), the component of the dispersive flux in the x-direction across the cell face at (j+1/2,i,k)(equivalent to

Mf(j+1/2,i,k) ΔtΔy

from eq. 57) may be written:

− εbD1m ∂C∂xm j+1/2,i,k * = − εbDxx

( )j+1/2,i,k t+1 Cj+1,i,k* − Cj,i,k* ( ) Δx − εbDxy ( )j+1/2,i,k t+1 Cj,i+1,k* +Cj+1,i+1,k* − Cj,i− 1,k* − Cj+1,i− 1,k* ( ) 4Δy − εbDxz ( )j+1/2,i,k t+1 12 Cj+1,i,k+1

* − Cj+1,i,k− 1 * 2Bj+1,i,kt+1 + Cj,i,k+1^* − Cj,i,k− 1^*2Bj,i,kt+1

(A1)where 2Bj,i,k ” bj,i,k + 1/2 (bj,i,k-1 + bj,i,k+1) is the vertical distance between nodes (j,i,k+1) and(j,i,k-1). The superscript �*� indicates the use of an average concentration, as defined in eq. 55.Similarly, the y-component of the dispersive flux vector at j,i+1/2,k is approximated by:

− εbD2m ∂C∂xm j,i+1/2,k * = − εbDyy

( )j,i+1/2,k t+1 Cj,i+1,k* − Cj,i,k* ( ) Δy − εbDyx ( )j,i+1/2,k t+1 Cj+1,i,k* +Cj+1,i+1,k* − Cj− 1,i,k* − Cj− 1,i+1,k* ( ) 4Δx − εbDyz t+1 12 Cj,i+1,k+1

* − Cj,i+1,k− 1 * 2Bj,i+1,kt+1 + Cj,i,k+1^* − Cj,i,k− 1^*2Bj,i,kt+1 .

(A2)The z-component does not include the saturated thickness and is approximated by:

− εD3m ∂C∂xm j,i,k+1/2 * = − εDzz( )j,i,k+1/2t+1 Cj,i,k+1* − Cj,i,k* ( ) bj,i,k+1/2 t+1 − εDzx ( )j,i,k+1/2 t+1 Cj+1,i,k* +Cj+1,i,k+1* − Cj− 1,i,k* − Cj− 1,i,k+1* ( ) 4Δy − εDzy t+1 Cj,i+1,k* +Cj,i+1,k+1* − Cj,i− 1,k* − Cj,i− 1,k+1*

. (A3)Applying centered finite-difference approximations, the change in concentration due to dispersion,neglecting the sink/source term, can be written:

65

dC dt_{disp} = 1 R_f( )_k εb( )_{j,i,k}^{t+1} 1

Δx 2 εbD xx ( ) j+1/2,i,k t+1 C_{j+1,i,k} * − C_{j,i,k} * ( )

− εbD

xx ( )

j− 1/2,i,k

t+1

C

j,i,k

*

− C

j− 1,i,k

*

( )

+

1

2ΔxΔy εbD

xy ( )

j+1/2,i,k t+1

C j+1,i+1,k

*

+C j,i+1,k

*

− C j+1,i− 1,k

*

− C j,i− 1,k

*

( ) − εbD

xy ) (

j− 1/2,i,k t+1

C

j,i+1,k

*

+C

j− 1,i+1,k

*

− C

j,i− 1,k

*

− C

j− 1,i− 1,k

*

( ) +

1

Δx εbD xz ( )

j+1/2,i,k t+1

2

C j+1,i,k+1

*

− C j+1,i,k− 1

*

2B j+1,i,k t+1

+

C j,i,k+1

*

− C j,i,k− 1

*

2B j,i,k t+1

− εbD

xz ( )

j− 1/2,i,k t+1

2

C

j,i,k+1

*

− C

j,i,k− 1

*

2B

j,i,k t+1

+

C

j− 1,i,k+1

*

− C

j− 1,i,k− 1

*

2B

j-1,i, t+1

k

+

1

Δy

2

εbD

yy ( )

j,i+1/2,k t+1

C

j,i+1,k

*

− C

j,i,k

*

( )

− εbD

yy ( )

j,i− 1/2,k t+1

C

j,i,k

*

− C

j,i− 1,k

*

( )

+

1

2ΔxΔy εbD

yx ( )

j,i+1/2,k t+1

C

j+1,i+1,k

*

+C

j+1,i,k

*

− C

j− 1,i+1,k

*

− C

j− 1,i,k

*

( ) − εbD

yx

( )

j,i− 1/2,k t+1

C

j+1,i,k

*

+C

j+1,i− 1,k

*

− C

j− 1,i,k

*

− C

j− 1,i− 1,k

*

( )

+

1

Δy εbD

yz ( )

j,i+1/2,k t+1

2

C

j,i+1,k+1

*

− C

j,i+1,k− 1

*

2B

j,i+1,k t+1

+

C

j,i,k+1

*

− C

j,i,k− 1

*

2B t +1 j,i,k

− εbD

yz ( )

j,i− 1/2,k t+1

2

C

j,i,k+1

*

− C

j,i,k− 1

*

2B

j,i,k t+1

+

C

j,i− 1,k+1

*

− C

j,i− 1,k− 1

*

2B

j,i-1,k t+1 + εD

zz

( )

j,i,k+1/2 t+1

C

j,i,k+1

*

− C

j,i,k

*

( )

b

j,i,k+1/2 t+1

− εD

zz

( )

j,i,k− 1/2 t+1

C

j,i,k

*

− C

j,i,k− 1

*

( )

b

j,i,k− 1/2 t+1

66

+ 1

2Δx εD zx ( ) j,i,k+1/2 t+1

C j+1,i,k+1

* +C j+1,i,k

* − C j− 1,i,k+1

* − C j− 1,i,k

* ( ) − εD zx ( )

j,i,k− 1/2 t+1

C j+1,i,k

*

+C j+1,i,k− 1

*

− C j− 1,i,k

*

− C j− 1,i,k− 1

*

( ) +

1

2Δy εD zy ( )

j,i,k+1/2 t+1

C j,i+1,k+1

*

+C j,i+1,k

*

− C j,i− 1,k+1

*

− C j,i− 1,k

*

( ) − εD

zy ( )

j,i,k− 1/2 t+1

C

j,i+1,k

*

+C

j,i+1,k− 1

*

− C

j,i− 1,k

*

− C

j,i− 1,k− 1

*

( )

(A4)where the dispersion coefficient terms ebDandeD are given by:

εbDxx ( )j+1/2,i,k = α L(k) bq( )^{x(j+1/2,i,k)2}bq_{j+1/2,i,k} +α TH (k) bq( )^{y(j+1/2,i,k)2}bq_{j+1/2,i,k} +α TV(k) bq( )^{z(j+1/2,i,k)2}bq_{j+1/2,i,k}

(A5)

εbDxx ( )j− 1/2,i,k = α L(k) bq( )^{x(j− 1/2,i,k)2}bq_{j− 1/2,i,k} +α TH (k) bq( )^{y(j− 1/2,i,k)2}bq_{j− 1/2,i,k} +α TV(k) bq( )^{z(j− 1/2,i,k)2}bq_{j− 1/2,i,k}

( A6)

εbDxy ( )j+1/2,i,k = α L(k) − α TH (k) ( )bqx(j+1/2,i,k)bqy(j+1/2,i,k)

bq j+1/2,i,k

(A7)

εbDxy ( )j− 1/2,i,k = α L(k) − α TH (k) ( )bqx(j− 1/2,i,k)bqy(j− 1/2,i,k)

bq j− 1/2,i,k

(A8)

εbDxz ( )j+1/2,i,k = α L(k) − α TV(k) ( )bqx(j+1/2,i,k)bqz(j+1/2,i,k)

bq j+1/2,i,k

(A9)

εbDxz ( )j− 1/2,i,k = α L(k) − α TV(k) ( )bqx(j− 1/2,i,k)bqz(j− 1/2,i,k)

bq j− 1/2,i,k

(A10)

εbDyy ( )j,i+1/2,k = α TH (k) bq( )^{x(j,i+1/2,k)2}bq_{j,i+1/2,k} + aL(k) bq( )^{y(j,i+1/2,k)2}bq_{j,i+1/2,k} +α TV(k) bq( )^{z(j,i+1/2,k)2}bq_{j,i+1/2,k}

(A11)

εbDyy ( )j,i− 1/2,k = α TH (k) bq( )^{x(j,i− 1/2,k)2}bq_{j,i− 1/2,k} +α L(k) bq( )^{y(j,i− 1/2,k)2}bq_{j,i− 1/2,k} +α TV(k) bq( )^{z(j,i− 1/2,k)2}bq_{j,i− 1/2,k}

(A12)

67

εbD yx ( ) j,i+1/2,k = α L(k) − α T_H (k) ( ) bq x(j,i+1/2,k) bq y(j,i+1/2,k)

bq j,i+1/2,k

(A13)

εbD_{yx}

( )_{j,i− 1/2,k} = α L(k) − α T_H (k) ( ) bq_{x(j,i− 1/2,k)}bq_{y(j,i− 1/2,k)}

bq_{j,i− 1/2,k}

(A14)

εbD_{yz} ( )_{j,i+1/2,k} = α L(k) − α T_V(k) ( )bq^{y(j,i+1/2,k)}bq^{z(j,i+1/2,k)}

bq_{j,i+1/2,k}

(A15)

εbD_{yz} ( )_{j,i− 1/2,k} = α L(k) − α T_V(k) ( )bq^{y(j,i− 1/2,k)}bq^{z(j,i− 1/2,k)}

bq_{j,i− 1/2,k}

(A16)

εD_{zz}

( )_{j,i,k+1/2} = α T_V(k+1/2) q^{x(j,i,k+1/2)2}q_{j,i,k+1/2} +α T_V(k+1/2) q^{y(j,i,k+1/2)2}q_{j,i,k+1/2} +α L(k+1/2) q^{z(j,i,k+1/2)2}q_{j,i,k+1/2}

(A17)

εD_{zz} ( )_{j,i,k− 1/2} = α T_V(k− 1/2) q^{x(j,i,k− 1/2)2}q_{j,i,k− 1/2} +α T_V(k− 1/2) q^{y(j,i,k− 1/2)2}q_{j,i,k− 1/2} +α L(k− 1/2) q^{z(j,i,k− 1/2)2}q_{j,i,k− 1/2}

(A18)

εDzx ( )_{j,i,k+1/2} = α L(k+1/2) − α TV(k+1/2) ( )q^{x(j,i,k+1/2)}q^{z(j,i,k+1/2)}

q_{j,i,k+1/2}

(A19)

εDzx ( )_{j,i,k− 1/2} = α L(k− 1/2) − α TV(k− 1/2) ( )q^{x(j,i,k− 1/2)}q^{z(j,i,k− 1/2)}

q_{j,i,k− 1/2}

(A20)

εDzy ( )_{j,i,k+1/2} = α L(k+1/2) − α TV(k+1/2) ( )q^{y(j,i,k+1/2)}q^{z(j,i,k+1/2)}

q_{j,i,k+1/2}

(A21) εDzy ( )_{j,i,k− 1/2} = α L(k− 1/2) − α TV(k− 1/2) ( )q^{y(j,i,k− 1/2)}q^{z(j,i,k− 1/2)}

q_{j,i,k− 1/2}

(A22)where all terms are at time level t+1. The flux terms normal to the finite-difference block (or cellfaces) are known directly from the solution to the flow equation. For the horizontal terms, bq, thevolumetric flux per unit width is known, whereas the vertical flux is specific discharge, orvolumetric flux per unit area.To compute the dispersion coefficients at a block interface, the flux must be computed atthis location. The flux normal to the block face is known from the finite-difference solution of theflow equation. However, the other two components must be interpolated from nearby values.Horizontal fluxes are averaged for x fluxes at y block interfaces, and vice versa, by:

68

bq x(j,i+1/2,k) = bq x(j− 1/2,i,k) +bq x(j+1/2,i,k) +bq x(j− 1/2,i+1,k) +bq x(j+1/2,i+1,k)

4

(A23)

bq_{x(j,i− 1/2,k)} = bq^{x(j− 1/2,i,k)} +bq^{x(j+1/2,i,k)} +bq^{x(j− 1/2,i− 1,k)} +bq^{x(j+1/2,i− 1,k)} 4

(A24)

bq_{y(j− 1/2,i,k)} = bq^{y(j,i− 1/2,k)} +bq^{y(j,i+1/2,k)} +bq^{y(j− 1,i− 1/2,k)} +bq^{y(j− 1,i+1/2,k)} 4

(A25)

bqy(j+1/2,i,k) = bq^{y(j,i− 1/2,k)} +bq^{y(j,i+1/2,k)} +bq^{y(j+1,i− 1/2,k)} +bq^{y(j+1,i+1/2,k)} 4

. (A26)Horizontal fluxes per unit width are averaged and normalized by corresponding layer thicknessesto convert to fluxes per unit area at layer interfaces:

qx(j,i,k− 1/2) = bqx(j− 1/2,i,k− 1) +bqx(j+1/2,i,k− 1) 4bj,i,k− 1 + bqx(j− 1/2,i,k) +bqx(j+1/2,i,k)

4bj,i,k

(A27)

qx(j,i,k+1/2) = bqx(j− 1/2,i,k+1) +bqx(j+1/2,i,k+1) 4bj,i,k+1 + bqx(j− 1/2,i,k) +bqx(j+1/2,i,k)

4bj,i,k

(A28)

qy(j,i,k+1/2) = bqy(j,i− 1/2,k+1) +bqy(j,i+1/2,k+1) 4bj,i,k+1 + bqy(j,i− 1/2,k) +bqy(j,i+1/2,k)

4bj,i,k

(A29)

qy(j,i,k− 1/2) = bqy(j,i− 1/2,k− 1) +bqy(j,i+1/2,k− 1) 4bj,i,k− 1 + bq^{y(j,i− 1/2,k)} +bq^{y(j,i+1/2,k)} 4bj,i,k

. (A30)Vertical fluxes per unit area are averaged and multiplied by corresponding layer thicknesses toconvert to fluxes per unit width at row and column interfaces:

bqz(j,i+1/2,k) = bj,i,k4 qz(j,i,k− 1/2) + qz(j,i,k+1/2) [ ]+ bj,i+1,k4 qz(j,i+1,k− 1/2) + qz(j,i+1,k+1/2) [ ]

(A31)

bqz(j,i− 1/2,k) = bj,i,k4 qz(j,i,k− 1/2) + qz(j,i,k+1/2) [ ]+ bj,i− 1,k4 qz(j,i− 1,k− 1/2) + qz(j,i− 1,k+1/2) [ ]

(A32)

bqz(j+1/2,i,k) = bj,i,k4 qz(j,i,k− 1/2) + qz(j,i,k+1/2) [ ]+ bj+1,i,k4 qz(j+1,i,k− 1/2) + qz(j+1,i,k+1/2) [ ]

(A33)

bqz(j− 1/2,i,k) = bj,i,k4 qz(j,i,k− 1/2) + qz(j,i,k+1/2) [ ]+ bj− 1,i,k4 qz(j− 1,i,k− 1/2) + qz(j− 1,i,k+1/2) [ ]

. (A34)

69The magnitudes of fluid flux at block interfaces are:

bq_{j+1/2,i,k} = bq( )_{x(j+1/2,i,k)}

2 + bq( )_{y(j+1/2,i,k)}

2 + bq( )_{z(j+1/2,i,k)} 2 [ ]^{1/2}

(A35)

bq_{j− 1/2,i,k} = bq( )_{x(j− 1/2,i,k)} 2 + bq( )_{y(j− 1/2,i,k)}

2 + bq( )_{z(j− 1/2,i,k)} 2 [ ]^{1/2}

(A36)

bq_{j,i+1/2,k} = bq( )_{x(j,i+1/2,k)}

2 + bq( )_{y(j,i+1/2,k)}

2 + bq( )_{z(j,i+1/2,k)} 2 [ ]^{1/2}

(A37)

bq_{j,i− 1/2,k} = bq( )_{x(j,i− 1/2,k)}

2 + bq( )_{y(j,i− 1/2,k)}

2 + bq( )_{z(j,i− 1/2,k)} 2 [ ]^{1/2}

(A38)

q_{j,i,k+1/2} = qx(j,i,k+1/2)

2 + qy(j,i,k+1/2)

2 + qz(j,i,k+1/2) 2 [ ]^{1/2}

(A39) q j,i,k− 1/2 = qx(j,i,k− 1/2) 2 + qy(j,i,k− 1/2)

2 + qz(j,i,k− 1/2) 2 [ ]^{1/2}

.(A40)As before, all terms that are determined from the flow solution are at time level t+1.

70APPENDIX B : DATA INPUT I N S T R U C T I O N S FOR MOC3DMODFLOW Name F i l e Transport simulation is activated by including a record in the MODFLOW name file usingthe file type (Ftype) �CONC� to link to the transport name file. The transport name file specifiesthe files to be used when simulating solute transport in conjunction with a simulation of ground-water flow using MODFLOW. The transport name file works in the same way as the MODFLOWname file.MODFLOW Source and Sink PackagesExcept for recharge, concentrations associated with fluid sources (

′C

) are read as auxiliaryparameters in the MODFLOW source package. The source concentration is read from a newcolumn appended to the end of each line of the data file describing a fluid sink/source (seedocumentation for revised MODFLOW model; Harbaugh and McDonald, 1996a and 1996b). Forexample, concentrations associated with well nodes should be appended to the line in the WELPackage where the well�s location and pumping rate are defined. These concentrations will be readif the auxiliary parameter �CONCENTRATION� (or �CONC�) appears on the first line of the wellinput data file. The concentration in recharge is defined separately, as described in followingsection �Source Concentration in Recharge File.�To simulate solute transport the MODFLOW option enabling storage of cell-by-cell flowrates for each fluid source or sink is required in all fluid packages except recharge. The key word�CBCALLOCATE� (or �CBC�) must appear on the first line of each input data file for a fluidpackage (see Harbaugh and McDonald, 1996a and 1996b).MOC3D Input Data FilesAll input variables are read using free formats, except as specifically indicated. In freeformat, variables are separated by one or more spaces or by a comma and optionally one or morespaces. Blank spaces are not read as zeros.

71MOC3D T r a n s p o r t Name File (CONC)FOR EACH SIMULATION: 1. Data: FTYPE NUNIT FNAMEThe name file consists of records defining the names and units numbers of the files. Each�record� consists of a separate line of data. There must be a record for the listing file and for themain MOC3D input file.The listing (or output) file (�CLST�) must be the first record. The other files may be in anyorder. Each record can be no more than 79 characters.FTYPEThe file type, which may be one of the following character strings:CLST MOC3D listing file (separate from the MODFLOW listing file) [required].MOCMain MOC3D input data file [required].CRCHConcentrations in recharge [optional].CNCASeparate output file containing concentration data in ASCII (text-only) format.Frequency and format of printing controlled by NPNTCL and ICONFM[optional].CNCBSeparate output file containing concentration data in binary format [optional].VELASeparate output file with velocity data in ASCII format. Frequency and formatof printing controlled by NPNTVL and IVELFM [optional].VELBSeparate output file with velocity data in binary format [optional].PRTASeparate output file with particle locations printed in ASCII format. Frequencyand format of printing controlled by NPNTPL [optional].PRTBSeparate output file with particle locations printed in binary format [optional].OBSObservation wells input file [optional].DATAFor formatted files such as those required by the OBS package and for arraydata separate from the main MOC3D input data file [optional].DATA(BINARY)For formatted input/output files [optional].NUNITThe FORTRAN unit number used to read from and write to files. Any legal unitnumber other than 97, 98, and 99 (which are reserved by MODFLOW) can beused provided that it is not previously specified in the MODFLOW name file.FNAMEThe name of the file.

72Main˚M O C 3 D Package Input (MOC)Input for the method-of-characteristics (MOC3D) solute-transport package is read from theunit specified in the transport name file. The input consists of 18 separate records or data sets, asdescribed in detail below. These data are used to specify information about the transport subgrid,physical and chemical transport parameters, numerical solution variables, and output formats.Output file controls for the MOC3D package are specified in the transport name file, describedpreviously.FOR EACH SIMULATION: 1. Data: HEDMOC A two-line character-string title describing thesimulation (80 text characters per line). 2. Data: HEDMOC (continued) 3. Data: ISLAY1 ISLAY2 ISROW1 ISROW2 ISCOL1 ISCOL2ISLAY1Number of first (uppermost) layer for transport.ISLAY2Last layer for transport.ISROW1First row for transport.ISROW2Last row for transport.ISCOL1First column for transport.ISCOL2Last column for transport.Notes:Transport may be simulated within a subgrid, which is a �window� within the primaryMODFLOW grid used to simulate flow. Within the subgrid, the row and column spacing must beuniform, but thickness can vary from cell to cell and layer to layer. However, as discussed in thesection reviewing MOC3D assumptions, the range in thickness values (or product of thickness andporosity) should be as small as possible. 4. Data: NODISP DECAY DIFFUSNODISPFlag for no dispersion (set NODISP=1 if no dispersion in problem; this will reducestorage allocation).DECAYFirst-order decay rate [1/T] (DECAY=0.0 indicates no decay occurs).DIFFUSEffective molecular diffusion coefficient [L2/T].Notes:The decay rate (l) is related to the half life (t1/2 ) of a constituent by l = (ln 2)/t 1/2 .The effective molecular diffusion coefficient (D m ) includes the effect of tortuosity.

73 5.Data:NPMAXNPTPNDNPMAXMaximum number of particles available for particle tracking of advective transportin MOC3D. If set to zero, the model will calculate NPMAX according to thefollowing equation:NPMAX = 2

×

NPTPND

×

NSROW

×

NSCOL

×

NSLAY.NPTPND Initial number of particles per cell in transport simulation (that is, at t = 0.0). Validoptions for default geometry of particle placement include 1, 2, 3, or 4 for one-dimensional transport simulation; 1, 4, 9, or 16 for two-dimensional transportsimulation; and 1, 8, or 27 for three-dimensional transport simulation. The usercan also customize initial placement of particles by specifying NPTPND as anegative number, in which case the minus sign is recognized as a flag toindicate custom placement is desired. In this case, the user must input localparticle coordinates as described below.IF NPTPND IS NEGATIVE IN SIGN: 6. Data: PNEWL PNEWR PNEWCPNEWLRelative position in the layer (z) direction for initial placement of particle within anyfinite-difference cell.PNEWR Relative position in the row (y) direction for initial placement of particle.PNEWC Relative position in the column (x) direction for initial placement of particle.Notes:The three new (or initial) particle coordinates are entered sequentially for each of theNPTPND particles. Each line contains the three relative local coordinates for the new particles, inorder of layer, row, and column. There must be NPTPND lines of data, one for each particle. Thelocal coordinate system range is from -0.5 to 0.5, and represents the relative distance within the cellabout the node location at the center of the cell, so that the node is located at 0.0 in each direction.FOR EACH SIMULATION: 7. Data: CELDIS FZERO INTRPLCELDIS Maximum fraction of cell dimension that particle may move in one step (typically,

0.5≤ CELDIS≤1.0

).FZERO If the fraction of active cells having no particles exceeds FZERO, the program willautomatically regenerate an initial particle distribution before continuing the simulation(typically,

0.01≤ FZERO ≤ 0.05

).INTRPL Flag for interpolation scheme used to estimate velocity of particles. The default(INTRPL=1) will use a linear interpolation routine; if INTRPL=2, a scheme will beimplemented that uses bilinear interpolation in the row and column (j and i)directions only (linear interpolation will still be applied in the k, or layer, direction).(See section �Discussion�Choosing appropriate interpolation scheme.�)

74FOR EACH SIMULATION: 8. Data: NPNTCL ICONFM NPNTVL IVELFM NPNTDL IDSPFM NPNTPLNPNTCL Flag for printing concentration data. If NPNTCL=-2, concentration data will beprinted at the end of every stress period; if NPNTCL=-1, data will be printed at theend of every flow time step; if NPNTCL=0, data will be printed at the end of thesimulation; if NPNTCL=N>0, data will be printed every Nth particle moves, and atthe end of the simulation. Initial concentrations are always printed.ICONFM Specification for format of concentration data in main output file (see Table 17 andMODFLOW documentation on array-reading utility modules).NPNTVL Flag for printing velocity data. If NPNTVL=-1, velocity data will be printed at the endof every stress period; if NPNTVL=0, data will be printed at the end of thesimulation; if NPNTVL=N>0, data will be printed every Nth flow time steps, andat the end of the simulation.IVELFM Specification for format of velocity data, if being printed in main output file (see Table17).NPNTDL Flag for printing dispersion equation coefficients that include cell dimension factors(see section �Program Segments�). If NPNTDL=-2, coefficients will be printed atthe end of every stress period; if NPNTDL=-1, coefficients will be printed at theend of the simulation; if NPNTDL=0, coefficients will not be printed; ifNPNTDL=N>0, coefficients will be printed every Nth flow time step.IDSPFM Specification for format of dispersion equation coefficients (see Table 17).NPNTPLFlag for printing particle locations in a separate output file (only used if file types�PRTA� or �PRTB� appear in the MOC3D name file). If neither �PRTA� or�PRTB� is entered in the name file, NPNTPL will be read but ignored (so you mustalways have some value specified here). If either �PRTA� or �PRTB� is entered inthe name file, initial particle locations will be printed to the separate file first,followed by particle data at intervals determined by the value of NPNTPL. IfNPNTPL=-2, particle data will be printed at the end of every stress period; ifNPNTPL=-1, data will be printed at the end of every flow time step; ifNPNTPL=0, data will be printed at the end of the simulation; if NPNTPL=N>0,data will be printed every Nth particle moves, and at the end of the simulation.Table 17. Formats associated with MOC3D print flagsPrint flagFormatPrint flagFormatPrint flagFormat

010G11.4720F5.01410F6.1

111G10.3820F5.11510F6.229G13.6920F5.21610F6.3315F7.11020F5.31710F6.4415F7.21120F5.41810F6.5515F7.31210G11.4615F7.41310F6.0

75FOR EACH SIMULATION: 9. Data: CNOFLO Concentration associated with inactive cells of subgrid (used foroutput purposes only).FOR EACH LAYER OF THE TRANSPORT SUBGRID:10. Data: CINT(NSCOL,NSROW) Initial concentration. Module: U2DREL*FOR EACH SIMULATION, ONLY IF TRANSPORT SUBGRID DIMENSIONS ARESMALLER THAN FLOW GRID DIMENSIONS:11. Data: CINFL(ICINFL)

′C

to be associated with fluid inflow across theboundary of the subgrid. Module: U1DREL*Notes:The model assumes that the concentration outside of the subgrid is the same within eachlayer, so only one value of CINFL is specified for each layer within and adjacent to the subgrid. Thatis, the size of the array (ICINFL) is determined by the position of the subgrid with respect to theentire (primary) MODFLOW grid. If the transport subgrid has the same dimensions as the flow grid,this parameter should not be included in the input data set. If the subgrid and flow grid have thesame number of layers, but the subgrid has fewer rows or fewer columns, ICINFL=NSLAY. Valuesare also required if there is a flow layer above the subgrid and/or below the subgrid. The order ofinput is:

′C

for first (uppermost) transport layer (if required);

for each successive (deeper)transport layer (if required);

for layer above subgrid (if required); and

for layer belowsubgrid (if required).FOR EACH SIMULATION12. Data: NZONESNumber of zone codes among fixed-head nodes in transport subgrid. IF NZONES > 0: Data: IZONE ZONCONIZONEValue identifying a particular zone.ZONCONSource concentration associated with nodes in the zone defined by IZONE above.Notes:Zones are defined within the IBOUND array in the BAS Package of MODFLOW byspecifying unique negative values for fixed-head nodes to be associated with separate fluid sourceconcentrations. Each zone is defined by a unique value of IZONE and a concentration associatedwith it (ZONCON). There must be NZONES lines of data, one for each zone. Note that values ofIZONE in this list must be negative for consistency with the definitions of fixed-head nodes in theIBOUND array in the BAS Package. If a negative value of IBOUND is defined in the BAS packagebut is not assigned a concentration value here, MOC3D will assume that the source concentrationsassociated with those nodes equal 0.0.

* Module is a standard MODFLOW input/output module.

76FOR EACH LAYER OF THE TRANSPORT SUBGRID:13. Data: IGENPT(NSCOL,NSROW)Flag to treat fluid sources and sinks aseither �strong� or �weak.� Module: U2DINT*Notes:Where fluid source is �strong,� new particles are added to replace old particles as they areadvected out of that cell. Where a fluid sink is �strong,� particles are removed after they enter thatcell and their effect accounted for. Where sources or sinks are weak, particles are neither added norremoved, and the source/sink effects are incorporated directly into appropriate changes in particlepositions and concentrations. If IGENPT=0, the node will be considered a weak source or sink; ifIGENPT=1, it will be a strong source or sink. See section on �Special Problems� and discussion byKonikow and Bredehoeft (1978).IF NODISP „ 1 (If dispersion is included in simulation):14. Data: ALONG(NSLAY) Longitudinal dispersivity. Module: U1DREL*15. Data: ATRANH(NSLAY) Horizontaltransversedispersivity. Module: U1DREL*16. Data: ATRANV(NSLAY) Verticaltransversedispersivity. Module: U1DREL*FOR EACH SIMULATION:17. Data: RF(NSLAY)Retardation factor (RF=1 indicates no retardation). Module: U1DREL*Notes:If RF=0.0 in input, the code automatically resets it as RF=1.0 to indicate no retardation.FOR EACH LAYER OF TRANSPORT SUBGRID:18a. Data: THCK(NSCOL,NSROW) Cell thickness. Module: U2DREL*18b. Data: POR(NSCOL,NSROW) Cellporosity. Module: U2DREL*Notes:The thickness and porosity are input as separate arrays for each layer of the transportsubgrid. The sequence used in data set 18 is to first define the thickness of the first layer of thetransport subgrid, and then define the porosity of that same layer. Next, that sequence is repeated for

* Module is a standard MODFLOW input/output module.

77all succeeding layers. The product of thickness and porosity should not be allowed to vary greatlyamong cells in the transport subgrid.Source Concentration in Recharge File ( C R C H ) Concentrations in recharge, if the recharge package is used, are read from a separate unitspecified in the MOC3D name file. This is defined using the file type (Ftype) �CRCH.�FOR EACH STRESS PERIOD, IF RECHARGE PACKAGE USED: 1. Data: INCRCH Flag to reuse or read new recharge concentrations.Notes:Read new recharge concentrations if INCRCH

≥

0. Reuse recharge concentrations from thelast stress period if INCRCH < 0. 2. Data: CRECH(NSCOL,NSROW) Source concentration associated with fluidentering the aquifer in recharge. Module: U2DREL*Observation W e l l F i l e (OBS)Nodes of the transport subgrid can be designated as �observation wells.� At each suchnode, the time, head, and concentration after each move increment will be written to a separateoutput file to facilitate graphical postprocessing of the calculated data. The input file for specifyingobservation wells is read if the file type (Ftype) �OBS� is included in the MOC3D name file.FOR EACH SIMULATION, IF OBS PACKAGE USED: 1. Data: NUMOBS IOBSFLNUMOBS Number of observation wells.IOBSFL If IOBSFL = 0, well data are saved in NUMOBS separate files. If IOBSFL>0, allobservation well data will be written to one file, and the file name and unitnumber used for this file will be that of the first observation well in the list.FOR EACH OBSERVATION WELL: 2. Data: LAYER ROW COLUMN UNITLAYER Layer of observation well node.ROW Row of observation well node.COLUMN Column of observation well node.UNIT Unit number for output file.Notes:If NUMOBS>1 and IOBSFL = 0, you must specify a unique unit number for each observa-tion well and match those unit numbers to DATA file types and file names in the MOC3D name file.

* Module is a standard MODFLOW input/output module.

78If IOBSFL>0, you must specify a unique unit number for the first observation well and match thatunit number to a DATA file type and file name in the MOC3D name file.

79APPENDIX C : ANNOTATED E X A M P L E INPUT DATA SET F O R S A M P L E PROBLEMThis example input data set is the one used to generate the solution for the base case in theone-dimensional steady-state flow problem. Parameter values are indicated in Table 11 andselected results are shown in fig. 18. Several of the following data files (modflow.nam,bas95.dat, bcf11.dat, and sip19.dat) are those required for MODFLOW-96, and their formats aredescribedbyHarbaughandMcDonald(1996a).Inseveralofthedatafilesshownbelow,therightsideofsomedatalinesincludesasemi-colonfollowedbytextthatdescribestheparametersforwhichvaluesaregiven.Thesecomments(includingthesemi-colon)arenotreadbytheprogrambecauseinfreeformatthecodewillonlyreadthepropernumberofvariablesandignoreanysubsequentinformationonthatline.Thisstyleofcommentingdatafilesisoptional,butusersmayfindithelpfulwhenviewingthecontentofdatafiles.

Following(enclosedinaborder)arethecontentsoftheMODFLOWnamefileforthesampleproblem;explanationsarenotedoutsideofborder:Filename:modflow.namlist 16 flow.out‹ Designates main output file for MODFLOW

bas 95 bas95.dat‹ Basic input data for MODFLOW bcf 11 bcf11.dat‹ Block-centeredflowpackage sip 19 sip19.dat‹ Input for numerical solution of flow equation conc 33 moc.nam‹ Transport name file (turns transport �on�) › › › 1 2 3 1 Ftype (that is, the type of file)2 Unit number3 File name (name chosen to reflect contents of file)

80Following (enclosed in a border) are the contents of the basic package input data file for theMODFLOW simulation of the sample problem; explanations are noted outside of border:File name: bas95.datFinite: Compare to Wexler program and MOC3D BAS Input‹ 1

NLAY NROW NCOL NPER ITMUNI‹ 1

1 1 122 1 1‹ 2

FREE‹ 3

0 1 ; IAPART,ISTRT‹ 4

95 1(25I3) 3 ; IBOUND‹ 5

-1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1‹ 5

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1‹ 5

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 -2‹ 5

0.00 ; HNOFLO‹ 6

95 1.0(122F5.0) 1 ; HEAD‹ 7

12.1‹ 7

120.0 1 1. ; PERLEN,NSTP,TSMULT‹ 8

end‹ 91 Two header lines of comments. For convenience and clarity, the second line is used to label names ofparameters on subsequent line of file.2 Flow grid dimensions, number of periods, and time units.3 Options line (new in M O D F L O W - 9 6 )4Flagsforbufferarrayanddrawdowncalculations.5 IBOUND identifiers (first line) and array6 Head value assigned to inactive cells7 Initial head information8 M O D F L O W time-step information9 Final comment lineFollowing (enclosed in a border) are the contents of the block-centered flow package input datafile; explanations are noted outside of border:File name: bcf11.dat 1 0 0.0 0 0.0 0 0 ; ISS, flags BCF Input‹ 1

0 ; LAYCON‹ 2

0 1.0 ; TRPY‹ 3

0 0.1 ; DELR‹ 4

0 0.1 ; DELC‹ 4

0 0.01 ; TRAN‹ 5

811 Flag for steady-state flow, flag for cell-by-cell flow terms, five flags related to wetting2 Layer type3 Anisotropy factor4 Grid spacing information5 Transmissivity data

Following (enclosed in a border) are the contents of the strongly implicit procedure package inputdata file; explanations are noted outside of border:File name: sip19.dat 500 5 ; MXITER,NPARM SIP Input‹ 1

1. 0.0000001 0 0.001 ; ACCL,ERR,IPCALC,WSEED‹ 2

1 Maximum iterations, number of iteration parameters2Accelerationparameter,headchangecriterion,flagforseed,seedFollowing (enclosed in a border) are the contents of the MOC3Dnamefileforthesampleproblem;explanationsarenotedoutsideofborder:Filename:moc.namclst 97 moc.out‹ Designates main output file for MOC3D

moc 96 moc96.dat‹ Main input data file for M O C 3 D obs 44 obs44.dat‹ Input data file for observation wells data 45 obs.out‹ Output file for observation well data cnca 22 conc.txt‹ Separate output file for conc. data (ASCII) cncb 23 conc.bin‹ Separate output file for conc. data (binary) › › › 1 2 3 1 Ftype2 Unit number3 File name

82Following (enclosed in a border) are the contents of the main input data file for the MOC3Dsimulation for the sample problem; selected explanations are noted outside of border:File name: moc96.datOne-dimensional, Steady Flow, No Decay, Low Dispersion: BASE CASE MOC3D Input‹ 1

ISLAY1 ISLAY2 ISROW1 ISROW2 ISCOL1 ISCOL2‹ 1

1 1 1 1 2 121‹ 2

0 0.0 0.0 ; NODISP, DECAY, DIFFUS‹ 3

2000 3 ; NPMAX, NPTPND‹ 4

0.5 0.05 2 ; CELDIS, FZERO, INTRPL‹ 4

0 0 0 -1 0 0 0 ; NPNTCL, ICONFM, NPNTVL, IVELFM, NPNTDL, IDSPFM, NPRTPL‹ 5

0.0 ; CNOFLO‹ 6

0 0.0 (122F3.0) ; initial concentration

0 1. ; C’ inflow

2 ; NZONES to follow‹ 7

-1 1.0 ; IZONE, ZONCON‹ 7

-2 0.0 ; IZONE, ZONCON‹ 7

0 0 ; IGENPT‹ 8

0 0.1 ; longitudinal disp.

0 0.1 ; transverse disp. horiz.

0 0.1 ; transverse disp. vert.

0 1.0 ; retardation factor

0 1.0 ; thickness

0 0.1 ; porosity

1 Two header lines of comments. For convenience and clarity, the second line is used to label names ofparameters on subsequent line of file.2 Indices for transport subgrid3 Flag for no dispersion, decay rate, diffusion coefficient4 Particle information for advective transport5 Print flags6 Value of concentration associated with inactive cells7 Concentrations associated with fixed-head nodes (fixed head nodes are defined in the IBOUND array in theMODFLOW BAS package)8 Flag for �strong� sources or sinks

Following (enclosed in a border) are the contents of the observation well input data file for thesample problem; explanations are noted outside of border:File name: obs44.dat 3 1 ;NUMOBS IOBSFL Observation well data‹ 1

1 1 2 45 ;layer, row, column, unit number‹ 2

1 1 42 ;layer, row, column‹ 2

1 1 112 ;layer, row, column‹ 2

1 Number of observation wells, flag to print to one file or separate files2 Node location and unit number for output file (linked to the Ftype DATA in MOC3D name file)

83FILE INFORMATION

APPENDIX D : S E L E C T E D O U T P U T FOR S A M P L E PROBLEMThis example output was generated from the input data sets listed in Appendix C for thebase case of the one-dimensional steady-state flow problem. The line spacing and font sizes of theoutput files have been modified in places to enhance the clarity of reproduction in this report.Some repetitive lines of output have been deleted where indicated by an ellipsis (...).Some brief annotations were added in a few places in this sample output listing to help thereader understand the purpose of various sections of output. These annotations are written in bolditalics to clarify that they are not part of the output file.

Following are the contents of the MOC3D mainoutputfileforthesampleproblem. U.S. GEOLOGICAL SURVEY METHOD-OF-CHARACTERISTICS SOLUTE TRANSPORT MODEL MOC3D (Version 1.0) 11/08/96 MOC BASIC INPUT READ FROM UNIT LISTING FILE: moc.out UNIT 97 OPENING moc96.dat FILE TYPE: MOC UNIT 96 OPENING obs44.dat FILE TYPE: OBS UNIT 44 OPENING obs.out FILE TYPE: DATA UNIT 45 OPENING conc.txt FILE TYPE: CNCA UNIT 22 OPENING conc.bin FILE TYPE: CNCB UNIT 23 MOC BASIC INPUT READ FROM UNIT 962 TITLE LINES: One-dimensional, Steady Flow, No Decay, Low Dispersion: BASE CASE MOC3D Input ISLAY1 ISLAY2 ISROW1 ISROW2 ISCOL1 ISCOL2PROBLEM DESCRIPTORS, INCLUDING GRID CHARACTERISTICS AND PARTICLE INFORMATION: MAPPING OF SOLUTE TRANSPORT SUBGRID IN FLOW GRID: FIRST LAYER FOR SOLUTE TRANSPORT = 1 LAST LAYER FOR SOLUTE TRANSPORT = 1 FIRST ROW FOR SOLUTE TRANSPORT = 1 LAST ROW FOR SOLUTE TRANSPORT = 1 FIRST COLUMN FOR SOLUTE TRANSPORT= 2 LAST COLUMN FOR SOLUTE TRANSPORT = 121 UNIFORM DELCOL AND DELROW IN SUBGRID FOR SOLUTE TRANSPORT NO. OF LAYERS = 1 NO. OF ROWS = 1 NO. OF COLUMNS = 120 NO SOLUTE DECAY NO MOLECULAR DIFFUSION MAXIMUM NUMBER OF PARTICLES (NPMAX) = 2000

84˚INITIAL AND

˚BOUNDARY

˚CONDITIONS

˚FOR SOLUTE

˚ O U T P U T̊ C O N T R O L 14006 ELEMENTS IN X ARRAY ARE USED BY MOC 12 ELEMENTS IN X ARRAY ARE USED BY OBS NUMBER OF PARTICLES INITIALLY IN EACH ACTIVE CELL (NPTPND) = 3 PARTICLE MAP ("o" indicates particle location; shown as fractions of cell distances relative to node location): o------o------o -1/3 0 1/3 INITIAL RELATIVE PARTICLE COORDINATES 1 0.00000 0.00000 -0.33333 2 0.00000 0.00000 0.00000 3 0.00000 0.00000 0.33333 CELDIS= 0.500 FZERO = 0.050INTRPL= 2; BILINEAR INTERPOLATION SCHEMENPNTCL= 0: CONCENTRATIONS WILL BE WRITTEN AT THE END OF THE SIMULATIONMODFLOW FORMAT SPECIFIER FOR CONCENTRATION DATA: ICONFM= 0NPNTVL= 0: VELOCITIES WILL BE WRITTEN AT THE END OF THE SIMULATIONMODFLOW FORMAT SPECIFIER FOR VELOCITY DATA: IVELFM= -1NPNTDL= 0: DISP. COEFFICIENTS WILL NOT BE WRITTENNPNTPL= 0: PARTICLE LOCATIONS WILL NOT BE WRITTENCONCENTRATION WILL BE SET TO 0.00000E+00 AT ALL NO-FLOW NODES (IBOUND=0). INITIAL CONCENTRATION = 0.0000000E+00 FOR LAYER 1VALUES OF C’ REQUIRED FOR SUBGRID BOUNDARY ARRAY = 1ONE FOR EACH LAYER IN TRANSPORT SUBGRIDORDER OF C’ VALUES: FIRST LAYER IN SUBGRID, EACH SUBSEQUENT LAYER,LAYER ABOVE SUBGRID, LAYER BELOW SUBGRID: SUBGRID BOUNDARY ARRAY = 1.000000 NUMBER OF ZONES FOR CONCENTRATIONS AT FIXED HEAD CELLS = 2 ZONE FLAG = -1 INFLOW CONCENTRATION = 1.0000E+00 ZONE FLAG = -2 INFLOW CONCENTRATION = 0.0000E+00 SINK-SOURCE FLAG = 0 FOR LAYER 1 LONGITUDNL. DISPERSIVITY = 0.1000000 HORIZ. TRANSVERSE DISP. = 0.1000000 VERT. TRANSVERSE DISP. = 0.1000000 RETARDATION FACTOR = 1.000000 INITIAL THICKNESS = 1.000000 FOR LAYER 1 INITIAL POROSITY = 0.1000000 FOR LAYER 1

85COORDINATES FOR 3 OBSERVATION WELLS: WELL # LAYER ROW COLUMN UNIT 1 1 1 2 45 2 1 1 42 45 3 1 1 112 45ALL OBSERVATION WELL DATA WILL BE WRITTEN ON UNIT 45CONCENTRATION DATA WILL BE SAVED ON UNIT 22 IN ASCII FORMATCONCENTRATION DATA WILL BE SAVED ON UNIT 23 IN BINARY FORMAT TOTAL NUMBER OF PARTICLES GENERATED (GENPT) = 360 TOTAL NUMBER OF ACTIVE NODES (NACTIV) = 120 MAX. NUMBER OF CELLS THAT CAN BE VOID OF PARTICLES (NZCRIT) = 6 (IF NZCRIT EXCEEDED, PARTICLES ARE REGENERATED)CALCULATED VELOCITIES (INCLUDING EFFECTS OF RETARDATION, IF PRESENT):EFFECTIVE MEAN SOLUTE VELOCITIES IN COLUMN DIRECTION AT NODES1 VELOCITY (COL) IN LAYER 1 AT END OF TIME STEP 1 IN STRESS PERIOD 1 ----------------------------------------------------------------------- 1 2 3 4 5 6 7 8 9 ... ........................................................................................................... 1 9.917E-02 9.917E-02 9.917E-02 9.917E-02 9.917E-02 9.917E-02 9.917E-02 9.917E-02 9.917E-02 ...... 111 112 113 114 115 116 117 118 119 120 .............................................................................................................. 1 9.917E-02 9.917E-02 9.917E-02 9.917E-02 9.917E-02 9.917E-02 9.917E-02 9.917E-02 9.917E-02 9.917E-02EFFECTIVE MEAN SOLUTE VELOCITIES IN ROW DIRECTION AT NODES1 VELOCITY (ROW) IN LAYER 1 AT END OF TIME STEP 1 IN STRESS PERIOD 1 ----------------------------------------------------------------------- 1 2 3 4 5 6 7 8 9 ... ........................................................................................................... 1 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 ...... 111 112 113 114 115 116 117 118 119 120 .............................................................................................................. 1 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00EFFECTIVE MEAN SOLUTE VELOCITIES IN LAYER DIRECTION AT NODES1 VELOCITY (LAYER) IN LAYER 1 AT END OF TIME STEP 1 IN STRESS PERIOD 1 ----------------------------------------------------------------------- 1 2 3 4 5 6 7 8 9 ... ........................................................................................................... 1 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 ...... 111 112 113 114 115 116 117 118 119 120 .............................................................................................................. 1 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00 0.000E+00

86ONE LINE PRINTED

FOR EACH MOVE TO

TRACK PROGRESS

AND NUMBER OF

ACTIVE PARTICLES

STABILITY CRITERIA --- M.O.C. MAXIMUM FLUID VELOCITIES: C-VEL = 9.92E-02 R-VEL = 1.00E-20 L-VEL = 1.00E-18 MINIMUM TIME TO TRAVEL THCK = 1.00E+18 TIMV = 5.04E-01 NTIMV = 239 MAX. C-VEL. IS CONSTRAINT AND OCCURS BETWEEN NODES ( 2, 1, 1) AND ( 1, 1, 1) TIMD = 5.04E-01 NTIMD = 239 THERE ARE NO FLUID SOURCES IN THE TRANSPORT SUBGRID NUMBER OF MOVES FOR ALL STABILITY CRITERIA: CELDIS DISPERSION INJECTION 239 239 1 CELDIS IS LIMITING DISPERSION IS LIMITING NO. OF PARTICLE MOVES REQUIRED TO COMPLETE THIS TIME STEP = 239 MOVE TIME STEP (TIMV)= 5.020920634270E-01(NUMERICAL SOLUTION TO TRANSPORT EQUATION STARTS AT THIS POINT) NP = 360 AT START OF MOVE IMOV = 1 NP = 360 AT START OF MOVE IMOV = 2 NP = 360 AT START OF MOVE IMOV = 3 NP = 360 AT START OF MOVE IMOV = 4 NP = 360 AT START OF MOVE IMOV = 5 NP = 360 AT START OF MOVE IMOV = 6... NP = 360 AT START OF MOVE IMOV = 234 NP = 360 AT START OF MOVE IMOV = 235 NP = 360 AT START OF MOVE IMOV = 236 NP = 360 AT START OF MOVE IMOV = 237 NP = 360 AT START OF MOVE IMOV = 238 NP = 360 AT START OF MOVE IMOV = 239

87ITEMIZED

BUDGETS FOR

SOLUTE FLUXES

SOLUTE BUDGET AND MASS BALANCE FOR TRANSPORT SUBGRID VALUES CALCULATED AT END OF: STRESS PERIOD 1 OUT OF 1 FLOW TIME STEP 1 OUT OF 1 TRANSPORT TIME INCREMENT 239 OUT OF 239 ELAPSED TIME = 1.2000E+02 CHEMICAL MASS IN STORAGE: INITIAL: MASS DISSOLVED = 0.0000E+00 MASS SORBED = 0.0000E+00 PRESENT: MASS DISSOLVED = 1.1341E-01 MASS SORBED = 0.0000E+00 CHANGE IN MASS STORED = -1.1341E-01 CUMULATIVE SOLUTE MASS (L**3)(M/VOL) ---------------------- IN: --- DECAY = 0.0000E+00 CONSTANT HEAD = 0.0000E+00 SUBGRID BOUNDARY = 1.1901E-01 RECHARGE = 0.0000E+00 WELLS = 0.0000E+00 RIVERS = 0.0000E+00 DRAINS = 0.0000E+00 GENL. HEAD-DEP. BDYS. = 0.0000E+00 EVAPOTRANSPIRATION = 0.0000E+00 TOTAL IN = 1.1901E-01 OUT: ---- DECAY = 0.0000E+00 CONSTANT HEAD = 0.0000E+00 SUBGRID BOUNDARY = -5.6659E-03 RECHARGE = 0.0000E+00 WELLS = 0.0000E+00 RIVERS = 0.0000E+00 DRAINS = 0.0000E+00 GENL. HEAD-DEP. BDYS. = 0.0000E+00 EVAPOTRANSPIRATION = 0.0000E+00 TOTAL OUT = -5.6659E-03 SOURCE-TERM DECAY = 0.0000E+00 RESIDUAL = -6.7927E-05 PERCENT DISCREPANCY = -0.5708E-01 RELATIVE TO MASS FLUX IN

88Following (enclosed in a border) are the abridged contents of the observation well output file forthe sample problem. This output file was generated using the option to write all observation welldata to a single file (IOBSFL = 1).File name: obs.out "OBSERVATION WELL DATA"

"TIME, THEN HEAD AND CONC. FOR EACH OBS. WELL AT NODE (K,I,J)"

" TIME: H & C AT 1, 1, 2 H & C AT 1, 1, 42 H & C AT 1, 1,112 "

5.0209E-01 1.190E+01 2.503E-01 7.934E+00 0.000E+00 9.917E-01 0.000E+00

1.0042E+00 1.190E+01 6.539E-01 7.934E+00 0.000E+00 9.917E-01 0.000E+00

1.5063E+00 1.190E+01 5.994E-01 7.934E+00 0.000E+00 9.917E-01 0.000E+00

2.0084E+00 1.190E+01 7.914E-01 7.934E+00 0.000E+00 9.917E-01 0.000E+00

2.5105E+00 1.190E+01 7.747E-01 7.934E+00 0.000E+00 9.917E-01 0.000E+00

3.0126E+00 1.190E+01 8.578E-01 7.934E+00 0.000E+00 9.917E-01 0.000E+00

...... 1.1849E+02 1.190E+01 1.000E+00 7.934E+00 1.000E+00 9.917E-01 6.835E-01

1.1900E+02 1.190E+01 1.000E+00 7.934E+00 1.000E+00 9.917E-01 6.900E-01

1.1950E+02 1.190E+01 1.000E+00 7.934E+00 1.000E+00 9.917E-01 7.045E-01

1.2000E+02 1.190E+01 1.000E+00 7.934E+00 1.000E+00 9.917E-01 7.125E-01

Following (enclosed in a border) are the partial contents of the separate output file for concentrationin ASCII format. Initial concentrations are abridged; complete set of final concentrations areshown.File name: conc.txtCONCENTRATIONS AT NODES IN SUBGRID. IMOV= 0, NSTP= 0, NPER= 1, SUMTCH=0.0000E+00

SUBGRID LAYER 1

0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0

... 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0 0 . 0 0 0 0 E + 0 0

CONCENTRATIONS AT NODES IN SUBGRID. IMOV= 239, NSTP= 1, NPER= 1, SUMTCH=1.2000E+02

1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0

1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 1 . 0 0 0 0 E + 0 0 9 . 9 9 9 9 E - 0 1

9 . 9 9 9 9 E - 0 1 9 . 9 9 9 9 E - 0 1 9 . 9 9 9 9 E - 0 1 9 . 9 9 9 8 E - 0 1 9 . 9 9 9 8 E - 0 1 9 . 9 9 9 7 E - 0 1 9 . 9 9 9 7 E - 0 1 9 . 9 9 9 6 E - 0 1 9 . 9 9 9 4 E - 0 1 9 . 9 9 9 3 E - 0 1

9 . 9 9 9 0 E - 0 1 9 . 9 9 8 8 E - 0 1 9 . 9 9 8 4 E - 0 1 9 . 9 9 8 0 E - 0 1 9 . 9 9 7 5 E - 0 1 9 . 9 9 6 8 E - 0 1 9 . 9 9 6 0 E - 0 1 9 . 9 9 5 0 E - 0 1 9 . 9 9 3 8 E - 0 1 9 . 9 9 2 2 E - 0 1

9 . 9 9 0 4 E - 0 1 9 . 9 8 8 2 E - 0 1 9 . 9 8 5 4 E - 0 1 9 . 9 8 2 1 E - 0 1 9 . 9 7 8 2 E - 0 1 9 . 9 7 3 5 E - 0 1 9 . 9 6 7 9 E - 0 1 9 . 9 6 1 1 E - 0 1 9 . 9 5 3 2 E - 0 1 9 . 9 4 3 9 E - 0 1

9 . 9 3 3 0 E - 0 1 9 . 9 2 0 1 E - 0 1 9 . 9 0 5 0 E - 0 1 9 . 8 8 7 7 E - 0 1 9 . 8 6 7 8 E - 0 1 9 . 8 4 4 9 E - 0 1 9 . 8 1 8 2 E - 0 1 9 . 7 8 7 6 E - 0 1 9 . 7 5 3 4 E - 0 1 9 . 7 1 4 9 E - 0 1

9 . 6 7 1 0 E - 0 1 9 . 6 2 0 7 E - 0 1 9 . 5 6 4 7 E - 0 1 9 . 5 0 3 5 E - 0 1 9 . 4 3 5 8 E - 0 1 9 . 3 5 9 4 E - 0 1 9 . 2 7 3 8 E - 0 1 9 . 1 8 1 0 E - 0 1 9 . 0 8 1 8 E - 0 1 8 . 9 7 3 7 E - 0 1

8 . 8 5 3 6 E - 0 1 8 . 7 2 1 9 E - 0 1 8 . 5 8 2 6 E - 0 1 8 . 4 3 6 9 E - 0 1 8 . 2 8 1 1 E - 0 1 8 . 1 1 0 4 E - 0 1 7 . 9 2 6 6 E - 0 1 7 . 7 3 6 4 E - 0 1 7 . 5 4 3 3 E - 0 1 7 . 3 4 2 3 E - 0 1

7 . 1 2 5 4 E - 0 1 6 . 8 9 2 0 E - 0 1 6 . 6 5 2 0 E - 0 1 6 . 4 1 6 3 E - 0 1 6 . 1 8 6 8 E - 0 1 5 . 9 5 5 2 E - 0 1 5 . 7 1 4 7 E - 0 1 5 . 4 7 1 1 E - 0 1 5 . 2 5 2 7 E - 0 1 5 . 1 1 9 4 E - 0 1