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The elastic properties of copper have been compiled and reviewed. Polycrystalline elastic
constants included are: Young's modulus, the shear modulus, the bulk modulus, and Poisson’s
ratio. Single-crystal constants of second-, third-, and fourth-order are included. Over 200 refer-
ences to the experimental literaturc are given. A few theoretical numbers are included. When
sufficient data exist, best values are recommended together with their standard errors. Effects
on the elastic constants of temperature, pressure, and mechanical (plastic) deformation are in-
cluded. The Cauchy (central-force) relationships and the single-crystal—polycrystal relationship

are also discussed.
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1. Introduction

The purpose here is to present a compilation and a re-
view of the elastic properties of copper. A similar study
was reported by Ledbetter and Reed (1973) for iron,
nickel, and iron-nickel alloys. That rcference also containe
more complete discussions on some aspects of elasticity that
are relevant here. These include: crystal physics and ther-
modynamics of elastic constants; effects of temperature,
pressure, eic.; and the relationship between elastic con-
stants and other physical parameters, including the Debye
temperature.

Copper is especially interesting to metal physicists and

to engineers; hecause of its electronic structure, copper
approximates a standard metal [Pippard (1960)]; it is
used widely technologically, elementally and alloyed. Both
single crystal and polycrystalline elastic constants are in-
cluded, and their interrelationship is discussed. These con-
stants relate directly to interatomic forces in solids. The
polyurysialline vonstants are Young’s wwdulus, the shear
modulus, the bulk modulus (reciprocal compressibility),
Poisson’s ratio, etc. These are the constants used to charac-
terize most engineering materials.

More than two-hundred references are given to the
experimental literature. The earliest elastic study on cop-
per was reported by Wertheim (1848). The first cryogenic
(87 K) study was by Bonton (1903). The first high-
temperature data were reported by Kikuta (1921), who
measured the shear modulus from 298 to 1126 K. The
highest temperature measurements were made by K&ster
(1948a, 1948b) for Young’s modulus and by Koch and
Dannecker (1915) for the shear modulus, 1230 and 1273
K, respectively.

Copper’s second-order elastic constants (SOEC) were
reported first by Goens (1933) and Kimura (1933). Sub-
sequently, seventeen ‘additional sets of SOEC have been
reported; nine of these included effects of temperature,
three included pressure, and nine ineluded alloying. A
summary of experimental conditions for single-crystal stud-
ies is given in table 1.1 Experimental second-order elastic
stiffncsacs arc given in table 2. °

Third-order single-crystal elastic constants (TOEC) were
reported first by Hiki and Granato (1966) ; subsequently,
five additional reports on third-order constants have been
made. Experimental third-order elastic stiffnesses are given
in table 3.

Thus, the elastic proptrties of copper are probably better
characterized than those of any other metal.

2. Electronic Structure

A symbiotic relationship exists between the studies of
the elastic properties of metals and the electron theory of
metals. Calculations of elastic constants are convenient and
valid checks on proposed interatomic potentials. Observed
elastic anomalies often provide a point of departure for
“extending the theoretical description of metals.

The elastic properties of copper are strongly affected by
its electronic structure, [Ar] 3d*%4s%.2 Copper’s ion cores
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consist of an Ar rare-gas configuration plus a complete d
chell. Thus, the outer-core electrons are loosely bound,
and the ion-core volume is large relative to the atomic
volume. Little difference exists between the valence (4s)
electrons and the outer-core (3d) electrons. Thus, many
equilibrium properties should be determined mainly by
ion-ion overlap; the Fermi.gas pressure due to valence-
electron interactions is secondary. These equilibrium prop-
erties include the interatomic spacing and the bulk ‘mod-
ulus. Since the core electrons are poorly shielded from the
valence electrons, a strong valence-electron—ion-core at-
tractive interaction occurs in copper. Effectively, the 3d
electrons create an additional potential well. Thus, the
electron-ion system tends to contract because the 4s elec-
trons. tend to occupy the well. Opposing this minimization
of free-electron energy are the repulsive ion-ion interac-
tions. Because of their strong radial dependence, these
interactions contribute progressively more to higher deriv-
atives of the energy. Whether ion cores are “hard” or
“soft” affects energy only incidentally, but perfectly “hard”
spheres would determine precisely the interatomic spacing

- and would have an infinite bulk modulus. This valence-

electron—ion-core interaction accounts roughly for the rel-
atively high cohesion and high bulk modulus exhibited by
copper.

Simple theories predict cohesive energies for copper that
are too low. Brooks (1958) surmised that the extra co-
hesion is due to correlated motions of d-shell electrons and
that these motions arise similar to van der Waals interac-
tions. Overlap of the d shells makes such a model difficult
to describe theoretically.

Elastic properties are related intimately to the problem
of cohesion since elastic stiffness coefficients are spatial
derivatives of the interatomic potential, while cohesive en-
ergy is related to the depth of the potential well. Usnally,
solids with higher cohesive energies also have higher elastic
stiffness.

3. Theoretical Calculation of Elastic Constants

In a landmark paper, Fuchs (1936) was first to study
the fundamental problem of cohesion in copper. He found
that exchange and correlation interactions between 4s and
3d electrons are important in copper, as are the ion-ion
rcpulsive intcractions, Because of the difficultics of treating
an eleven-electron problem, Fuchs considered the 3d elec-
tron band to be rigid. The ion-ion repulsive interaction
was treated by a modified Thomas-Fermi approach. Fuchs’
calculations of the shear constants of copper were quite
successful, obtaining C,;=0.89 and C’'=0.26, in units of
10"N/m?. Experimentally, C,:~0.82 and C'~0.26 at
0 K as shown below in the figures for the temperature
dependences of the Cj;.

Subsequently, numerous theoretical calculations of the.
elastic constants of copper have been reported. The most

1 Tables have been placed at the end of this paper.
2 This particular electronic-state assignment is not unique. For ex-

ample, in the Engel-Brewer theory of bonding, copper is considered
to have an [Ar]3ds 4s! p? electronic structure. For present purposes
the important point is that the ion core of copper js large and stable.
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recent calculations have used pseudopotentials and either
the method of homogeneous deformation (after Fuchs)
or the method of long waves (after Born). These calcula-
tions have been made by Srinivasan and Girirajan (1973)
and by Thomas (1973). These calculations reveal many
important clastic properties of copper that are verified
experimentally. Some of these are discussed below.

4. Second-Order Elastic Constanis

The second-order elastic constants of a solid describe
its linear elastic behavicr and are directly related to the
harmonic part of the interatomic potential. Thus, the SOEC
play an important role in determining the nature of forces
in solids. Besides being of fundamental interest. SOEC
are often useful parameters in engineering design.

The earliest measurements of SOEC were performed by
static methods, which yield the isothermal elastic constants.
Quantities such as Young’s modulus, the shear, modulus,
and Poisson’s ratio were measured for single crystals of
various orientations. These moduli are related to the single-
crystal SOEC by simple mathematical transformations fsee
section 9).

Most present-day measurements of SOFC nse dynamic
methods. The advantages of dynamic methods include
smaller specimen size, simpler temperature control, avoid-
ance of creep, and higher precision. Dynamic methods vield
the adiabatic elastic constants. However, adiabatic and
isothermal moduli are related by well-known thermody-
namic equations. It is usually found that the difference he-
tween adiabatic and isothermal elastic constants is a few
percent or less, which is small compared to the error in
static (isothermal) measurements. The difference for C,;,
Cyz, and V4(Cy,+2Cy,) is 9a:BTT/(pCU), where « is the
linear thermal-expansion coefficient, B, is the isothermal
bulk modulus, T is the temperaturs, ¢ is the mass density,
and C, is the specific heat. For copper at room tempera-
ture this correction i 3.0 percent for the bulk modulus.
There are no corrections for the shear moduli 1, (C;;—C;;)
and C,,.

Earlier dynamic measurements were performed in the
kilohertz region, where a standing-wave resonance was
established in a system composed. at least partly, of the
specimen under investigation. Higher precision than that
of static methods was oblained from the measurement of
a resonance {requency rather than a small displacement.
These methods were reviewed by Read. Wert, and Metzger
(1959).

The most widely used method today employs frequencies
near 10 MHz. A piezoelectric tranducer is cemented tc
one of two parallel faces of the specimen. An ultrasonijc
pulse of ~1 ps duration is transmitted through the speci-
men. The transit time of the pulse is related to the ultra-
sonic velocity, which in turn is related to the adiabatic
moduli. Interferometric techniques have made possible
very high-precision measurements of ultrasonic velocities.
Absolute accuracies of better than 0.1 percent and relative
accuracies of 10—% or better are possible. Such precision
results in better determinations of temperature and pres-

sure dependences of the SOEC. A review of ultrasonic
studies of properties of solids. including various measure-
ment techniques of ultrasonic velocities, was given recently
by Fuller, Granato, Holder, and Naimon (1974).

The SOEC of copper have been determined statically
and dysamically. Despite limited precision, some of the
static-method results (especially those of Goens (1933))
are in excellent agreement with the more modern dynamic
results. This is shown in table 2 where the static-method
results are included and are labeled isothermal.

5. Cauchy Relationships

Because the Cauchy relationships are not satisfied in
most metals, including copper, it follows that the inter-
atomic forces are noncentral. Cauchy relations are simple
relations that can be derived when interatomic interactions
are purely central, when all atoms are at centers of sym-
metry, and when the crystal is siress-free. For cubic crys-
tal symmetry, which copper has, the Cauchy relations for
SOEC are (;,=0C.; the TOEC Cauchy relations are
Ci12=Ce¢ and C3=0C,,s,=C4. Hiki and Granato
(1966) observed that the TOEC of copper obey the Cauchy
relations much more closely than do the SOEC. The in-
terpretation that Hiki and Granato gave to their results
was that short-range central forces, in this case arising from
d-shell overlap, play a progressively greater. role as one
progresses from calculations of the energy to the lattice
constant and second-, third-, and higher-order derivatives
of the total energy. If short-range forces play a dominant
role in third-and higher-order elastic constants, then the
nearest-neighbor atoms should make the most important
contributions. Hiki and Granato showed the following re-
lations hold for copper if only nearest-neighbor central-
force interactions are considered:

C12:C~;4:]/2611-_
Cne:Cws: 1/2(:1113 and Cua———' Ciys=C156=0.

As shown by the data in tables 2 and 3, the third-order
nearest-neighbor relations are satisfied to a much greater
extent than are the second-order nearest-neighbor relations.
If second-neighbor interactions are considered, then only
the geometrical factor of 14 is affected in these interrela-
tionships. The shift from 14 is small if the interatomic po-
tential is short ranged.

6. Third-Order Elastic Constants

Third-order elastic constants (TOEC) are important
mainly because they describe the anharmonicity of inter-
atomic potentials. Nonlinear stress-strain behavior is a di-
rect consequence of non-vanishing elastic constants of
higher than second order; in facl, as described below, devi-
ations from Hooke’s law can be used to determine the val-
ues of the TOEC. TOEC have been studied more for cop-
per than for any other metal. These data are summarized
in table 3.

Three methods have been used to determine the TOEC
of copper. and they are discussed in the following para-
graphs.

J. Phys. Chem. Ref. Data, Vol. 3, No. 4 1974
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(a) Variations of Ultrasonic Wave Velocities due to Hydro-
static or Uniaxial Stresses

Only method (a) yields a complete set of TOEC; there-
fore it is used most. Since copper is cubic, it has three in-
dependent SOEC (C.., C.., and C,,) and six independent
TOEC (C;u, an, C123, C;M, C;ee, and C455). SOEC can
be determined from ulirasonic wave velocities, and TOEC
from stress derivatives of the wave velocities.

Pressure-derivative data alone are insufficient for de-
termining a complete set of TOEC since there are only
three independent SOEC pressure derivatives. The follow-
ing combinations of TOEC can be obtained from hydro-
static-pressure experiments:

—‘(C1.11+2C112):38(1+dCu/dP)+Cna (1)
- (C123+2C112) :33("1+dC12/dP) +C12= (2)
- (C144+ 26166) =3B(1 +dC44/dP) + C44a (3)

where

B=1Y3(Cy; +2C1) (4)

is the bulk modulus and P is the pressure.

The additional data needed for a complete set of TOEC
can be obtained by measuring the efects of uniaxial stresses
on wave velocities. When hydrostatic-stress and- uniaxial-
stress data are combined to obtain a complete set of TOEC,
the problem is often overdetermined. (In fact, for cubic
symmetry, a complete set of TOEC can be determined
from six or more independent uniaxial measurements.)
This overdetermination permits a least-squares analysis to
be made for the “best” TOEC. Hydrostatic-stress data are
more reliable than uniaxial-stress data and should be
weighted accordingly in the data analysis. Reasons for this
include: (1) dislocations are affected by uniaxial stresses
and contribute spuriously to the elastic strain, (2) a pure
hydrostatic stress is easier to obtain experimentally than
a pure uniaxial stress, and (3) large uniaxial stresses cause
plastic deformation while large hydrostatic stresses don’t,
unless by some mechanism dilatational stress is converted
to shear stress.

For copper, the effects of hydrostatic stress on ultrasonic
wave velocities were first measured by Lazarus (1949)
and later by Daniels and Smith (1958). More recently
Debesis (1971) and Ho, Poirier, and Ruoff (1971) investi-
gated the effects of temperature on the hydrostatic-stress
derivatives of SOEC of copper. Hydrostatic-pressure deriv-
atives of the second-order clasiic cunsiants of vupper die
given in table 4.

Hiki and Granato (1966) were the first to measure a
complete set of TOEC for copper. In fact, the results of
Hiki and Granato (who measured the TOEC of silver and
gold also) were the first complete set for any metal. They
used an ultrasonic interferometric method to detect small
wave-velocity changes in crystals stressed hydrostatically
and uniaxially. Their success encouraged further studies
on copper, such as effects of temperature and alloying on
the TOEC. Using only imiaxial.stress measurements, Salama,

and Alers (1967) determined the TOEC of copper at 295.
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77, and 4 K. Their specimen was neutron irradiated to
prevent dislocation motion. Salama and Alers (1968) also
determined the effect of alloying with nickel on the TOEC
of copper; and Debesis (1971) measured the pressure de-
rivatives of SOEC of copper-nickel alloys as a function of
temperature. Recently, Cain and Thomas (1973) used
hydrostatic-stress and uniaxial-stress measurements to ob-
tain complete sets of TOEC for copper alloyed with
aluminum.
{(b) Variations of the Finite-Amplitude Distortion of an
Initially Sinusoidal Ultrasonic Wave

Method (b) involves the propagation of large-amplitude
longitudinal ulirasonic waves in a single crystal. Because
the material is nonlinear, an initially sinusoidal wave is
distorted and harmonics of the fundamental frequency are
gencrated. Mceasurement of the amplitudes of the funda-
mental and second harmonics as a function of path length
determines certain combinations of TOEC, depending on
the crystallographic propagation direction. For cubic crys-
tals with longitudinal waves propagating in the {100], {110},
or [111] direction:

K 100 -:Culs (5)
K 110 =%(C111+36112+]2C166)7 (6)

K 111 21/9(C111+6C112+126144 +24C1es (7)
+ 2C123 + 16C 56) .

The K’s are called nonlinearity parameters and have been
measured in copper at room temperature by Gauster (1966)
and by Gauster and Breazeale (1968), and as a function of
temperature by Peters, Breazeale, and Paré (1970). This
method avoids applying stresses to the crystal, but requires
supplementary data from other experiments to determine
a complete set of TOEC. Gauster and Breazeale (1968)
reported complete sets of TOEC of copper by combining
their results with the pressure-derivative data of other
workers.

If method (b), which involves second-harmenic genera-
tion, is used to measure TOEC, dislocation effects must be
climinated sincc dislocations also lcad to the gencration of
second harmonics. To date, method (b) has had few ap-
plications. A summary of the nonlinearity parameters K
of single-crystal copper is given in table 5.

(c) Deviation from Hooke’s Law in Static Experiments

Method (¢) has been used to measure deviations from
Hooke's law of single-crysial whiskers of copper. The non-
linear stress-strain relationship is

e=P/E+3(P/EY+{(P/EY*+. . ., (8)
where ¢ is the strain, P is the force per unit undeformed
area, and E is Young’s modulus for the crystallographic
direction of interest. The parameters § and ¢ are nonlinear-
ity constants and represent the nonlinear elastic behavior.
A summary of these constants is piven in 1ables 6 and 7.
Measurements of § have heen made on copper whiskers
with GOOY 1O and (LTD arientations and the relation.
ships between § and TORC Lave Leen derived by Seeger
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and Buck (1960). It is found that § ;o, is a function of
Ci11 Ciaz, and Cia3; 8 100 is a function of all TOEC except
C,s6; and 8 ;;; is a function of all six TOEC. Measure-
ments of §;,; were made by Powell and Skove (1968),
by Riley and Skove (1973),-and by Kobayashi and Hiki
(1973). Because this method does not determine a com-
plete set of TOEC, Powell and Skove (1968) and Riley
and Skove (1973) supplemented their data with pressure-
derivative data of others in order to report complete sets
of TOEC. '

Because method (c) produced results that varied from
sample to sample, Powell and Skove (1968) suggested that
TOEC may be more structure-sensitive than are SOEC.
However, Kobayashi and Hiki (1973) found an apparent
yield-stress dependence, assumed to arise from defects on
the specimen surfaces. Their analysis explained the experi-
mental variations, and the true nonlinearity constants, pos-
sessed by crystals without defects, were evaluated.

The TOEC obtained by method - (¢) differ in principle
Irom those oblained by uluasouic wethods. Method (c)
involves static measurements, and the resulting TOEC are

isothermal stress derivatives of isothermal SOEC. Ultra-

sonic techniques are dynamic, and the resulting TOEC are
“mixed.” being isothermal stress derivatives of adiabatic
SOEC. Expressions relating the purely isothermal TOEC
to the experimentally observed quantities have been derived
by Powell and Skove (1967). Usually the differences be-
tween isothermal and “mixed” constants are within experi-
mental error limits; therefore, the differences can usually
be neglected.

The conclusion by Hiki and Granato (1966) that the
ion-ion overlap energy should contribute dominantly to the
TOEC of copper was recently verified by Thomas (1973),
who used a pseudopotential model to calculate the TOEC
of copper. Thomas employed the method of homogeneous
deformation and obtained good agreement with experiment.
A similar caleulation was performed hy Srinivasan and
Girirajan (1973), who used the method of long waves
and a pseudopotential model. The results also agree well
with experiment and again indicate the dominant contri-
bution of ion-ion overlap to TOEC of copper. Theoretical
values for third-order elastic constants are included in table
3.

Further discussion, both theoretical and experimental,
on nonlinear elastic properties can be found in Green
(1973) together with many valuable references to the liter-
ature on this topic.

7. Fourth-Order Elastic Constants

The accuracy involved in static tests is usually much
lIcss than that in ultrasonic measurcments. Also, the non-
linearity constants § are relatively sensitive to small varia-
tions in SOEC and TOEC; a 1 percent change in SOEC
can cause changes in § as large as 10 percent. However,
static tests provide higher strains and thus permit semi-
quantitative _estimates of fourth-order elastic constants
(FOEC) to be made.

Limited results have been obtained for the FOEC of

coppér. Hiki, Thomas, and Granato (1967) used a con-
tinuum model to derive expressions for the temperature
dependence of the three SOEC. These expressions were in
terms of second-, third-, and fourth-order elastic constants.
Using available experimental data for SOEC, TOEC, and
temperature derivatives of SOEC. they deduced informa-
tion on certain FOEC. Their results agreed fairly well with
those calculated earlier by Rose (1966). Further informa-
tion on FOEC of copper was obtained by Riley and Skove
(1973), who measured the nonlinearity constant ¢ for
copper whiskers with (100), (110), and (111} orienta-
tions. This information provides three independent linear
equations in the eleven FOEC for cubic symmetry. Using
the theoretical FOEC of Rose {1966) and the experimental
SOEC and TOEC, Riley and Skove (1973) also calculated
¢ and compared with their measured values. Order-of-
magnitude agreement was obtained. Fourth-order elastic
constant data are given in table 8.

8. Polycrystalline Elastic Constants
For technological uses, metals are almost always in poly-
crystalline form. Polycrystals (aggregates of single crystals,
or crystallites) can usvally be described by relationships
for isotropic materials; some exceptions are noted in sec-
tion 9. Several constants are used to describe the elastic
behavior of isotropic materials. While only two of these
are independent, the vthers are uselul for simply describing
a particular load-displacement or stress-strain situation.
For convenience, the most common constants are de-
scribed briefly here. Young’s modulus E is appropriate to
the case of uniaxial loading and is given by
o=Ee, {9)
where o is the stress (force per unit area), « is the strain
{fractional length change), and both are measured along
the loading axis. The shear modulus G is appropriate to
torsion, twisting, or pure or simple shear and is given by
=0y, (10)
where 7 is the stress (tangential force per unit area) and y
is the angle of shear. The bulk medulus B is appropriate
to a uniform (hydrostatic) pressure and is given by

P:—B?, (11)

where P is the pressure and Av/v is the volume strain
(fractional volume change). Poisson’s ratio v measures,
for the case of uniaxial loading, the ratio of transverse
strain to longitudinal strain and is given by

€iransverse
v=—— (12)
£]onxitudina]
From physical arguments it can be deduced that E, G, and
B are always positive and that v has limits of —1 and -+ 15.
Negative values of v have never been reported for isotropic
materials. In some engineering literature the reciprocal
m=1/v is used. For metals v is typically near a value of
Yo. If v=V4, then B~F and G~<34E. These approximate
relationships are also typically observed in metals. As
shown by the data in tables 9 and 10, for copper v=0.35,

J. Phys. Chem. Ref. Data, Vol. 3, No. 4, 1974
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B=113E, and G=0.37E; thus, copper is typically be-
haved in the relative values of its elastic constants.

9. Relationship between Single-Crystal and
Polycrystal Elastic Constants

The linear elastic behavior of both isotropic and quasi-
isotropic materials is described completely by two con-
stants. These two elastic constants cannot be chosen
uniquely. For example, an isotropic material’s elastic prop-
terties can be described completely by Young’s modulus
E and Poisson’s ratio v. They can be characterized equally
well by the bulk modulus B and shear modulus G. Of the
four material constants E, G, B, and v, only two are inde-
pendent. The relationships among E, G, B, and v are

E=9GB/(G+3B), (13)

and

v=1(3B—2G)/(3B+G). (14)

For present purposes B and € will be considered to be the
two independent constants. Other material elastic constants,
such as Lamé’s constants A and p, are also simply related
to Band G: A=B—24G and p=0.

If a polycrystalline aggregate consists of small crystallites
oriented randomly, then it is elastically quasi-isotropic and
its elastic behavior can be described by the above relation-
ships. (Quasi-isotropic means macroscopically isotropic.
but microscopically anisotropic; an aggregate of anisot-
ropic crystallites is a good example of a quasi-isotropic
material. The importance of distinguishing between isotropy
and quasi-isotropy has been emphasized by Ledbetter
(1973), for example.) In practice, aggregates may have
preferred orientations of crystallites or crystallite sizes that
are large with respect to the overall aggregate size; in this
case the above equations do not strictly apply; the degree
of their invalidity depends on the elastic anisotropy (defined
below) of the crystallites in addition to the factors of
crystallite orientations and sizes.

In principle the quasi-isotropic constants are related to
the single-crystal elastic constants, For a cubic material
such as copper, this means relating B and G to Cyy, Cyz,
and C,,, that is determining B (C;) and G (Cy). For

cubic symmetry B (C;;) is uniquely determined,

le/;(Cn-!-?.C]g) (15)

This relationship results because the bulk modulus of a
cubic material is a scalar invariant of the elastic constant
tensor. Equation (15) assumes, of course, that crystallite
boundaries per se contribute nothing to the aggregate
elastic properties. The validity of this assumption is borne
out by the equality (within experimental error) of the
polycrystalline and single-crystal bulk moduli of copper as
shown in table 10.

The problem remains then to relate the quasi-isotropic
shear modulus G to the single-crystal elastic moduli Cj;.
No unique relationship exists. Since G concerns only
shear (not dilatational) deformations, it is expected that
only those Cj; related to shear deformations would enter in

J. Phys. Chem. Ref. Data, Vol. 3, No. 4, 1974

the expression for G(C;;). For cubic materials there are
two shear constants, Cyq and C'=145(C,;,—Cy,). Thus, G
should depend somehow on these two constants. Physical
reasoning requires that the value of G lie somewhere be-
tween the values of C,s and C’. If it should happen that
C,;;=C’, then G will have the same value. In this case the
material is elastically isotropic and G is determined un-
ambiguously. A measure of the anisotropy, or deviation
from isotropy. is given by

A=C,,/C", (16)

where A is known as the Zener anisotropy. Copper has a
relatively high elastic anisotropy; from table 2 it follows
that A=3.2 at room temperature. The problem of deter-
mining G(C’. C,,) can be reduced to finding the product
of €’ and a function of the anisotropy. This factorization
permits general tabular or graphical solutions for G/C’
as a function of 4. '

By assuming homogeneous strain in an aggregate Voigt
(1889) was the first to relate € to the C;;. He ohstained

C.=1C"(2+34). (17)
The other extreme, namely homogeneous stress in an ag-

gregate, was assumed by Reuss (1929), who obtained

G_=5C" 4

. (18)
R 3424

Obviously G,.=G, in the isotropic limit of 4=1. Later,
Hill (1952) showed that the quasi-isotropic shear modulus
G should be bounded by G.. and G_, that is

Rr?

,=C=C... (19)

Hill suggested an averaging of G and G to cbtain an
effective shear modulus. An arithmetic average gives

GVRH-a =Y (G + GR) s (20)
and a geometric average gives
Cyring= Vil - (21)

Hill’s method has been adopted widely and is referred to
as the VRH approximation. Usually the arithmetic mean
is used.

A variety of methods have developed for improving the
VRH method. These include those by Hershey (1954).
Kroner (1958), Eshelby {1961), Hashin and Shirikman
(1962), Aleksandrov (1966), and Kréner (1967). Tor
cubic symmetry all of these methods predict a shear mod-
ulus higher than a VKH-a value. I'or copper, as shown
table 10, the GVRH-a
served shear modulus polycrystalline copper. Thus, the above
methods give values for G that are even further in error.

An averaging method developed recently by Ledbetter
and Naimon (1974) does result in an effective shear mod-
ulus that agrees much more closely with the ohserved poly-

value is already higher than the ob-

crystalline value. This method assumes thar the elastic
Debye temperature ¢ is the same for single crystals and
polycrystals of the same material. They derived an ex-
pression for G in terms of 5. 6 and the muss density p.
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The results in table 10 obtained by the Ledbetter-Naimon
averaging method show the close agreement for copper
between the predicted value of G and the observed value.
That the other quasi-isotropic constants of copper derived
from B and G, namely E and v, also agree well with ob-
served values is an indication, at least for copper, that equat-
ing Debye temperatures leads to a better relationship be-
tween single-crystal and polycrystal elastic constants.

10. Temperature Dependence of the
Elastic Constants

The single-crystal elastic constants of copper behave
regularly with respect to temperature. The SOEC contin-
uously decrease with increasing temperature, and for high
temperatures (T>6/2) the decrease is linear. As the tem-
perature approaches 0 K, the SOEC approach their limiting
values witli zero slope. The temperature variation of the
SOEC of copper is shown in figures 1-7.%

The temperature coefficients of the SOEC of copper at
room temptrature are listed in table 11. These coefficients
are a measure of the relative change in the elastic constants
due to temperature effects. As is the usual case for metals,
the temperature coefficients of the shear constants (C,.
and (') are largest in magnitude, being approximately
twice the magnitude of the coefficients of the longitudinal
constants (Cy, and CL). The temperature coefficients of the
bulk modulus B and ,, are smallest in magnitude.

As indicated in figure 8, data for the temperature de-
pendence of TOEC of copper are less abundant than for
the SOEC. Thus, it is more difficult to make definitive
statements about the behavior of TOEC with respect to
temperature. It does appear, however, that the TOEC do
behave essentially linearly with respect to temperature.
The constant C,,, exhibits almost no temperature depend-
ence; the constant C,;, decreases slightly with tempera-
ture; and the constants Ci,,, Cigs, Cizs, and Cys, increase
(become less negative) with increasing temperature. The
nonlinearity parameters K ;0 , K 130, and K 11
crease linearily with temperature.

The temperature variations of the quasi-isotropic elastic
constants of polycrystalline copper are shown in figures
9-12. The data scatter shown there.is much larger than
in the single-crystal case. Also shown are curves deduced
from averaging single-crystal data and curves obtained
from a least-squares fit of a semi-theoretical function to
the polycrystalline data. For both Young’s modulus E and
the shear modulus G, the decrease with temperature is
sieeper than that deduced from single-crystal data. In fact
the magnitude of the temperature coefficient of G is ap-
proximately twice that of C,, and C’. The most obvious
interpretation of this grain boundaries
“soften” the elastic moduli at higher temperatures, especially
the shear modulus. The bulk modulus B also seems to de-
crease faster than the single-crystal curve, while Poisson’s
ratio parallels the single.crystal curve. {v increases with
increasing temperature, which is regular behavior for Pois-
son’s ratie.) The paucity of data for both B and v as &

function of temperature precludes dcciding whether these

also in-

effect is that

parameters also have different averaged-single-crystal and
polycrystal values. It is probably not significant that all
the data of figure 11 (based on relative measurements)
lie below the averaged single-crystal data for B. Tempera-
ture derivatives of E, G, B, and v are given in table 12;
these were determined by fitting a semi-theoretical function
to the polycrystal data after excluding outlying observa-
tions, and from a VRH-arithmetic average of the single-
crystal data at different temperatures.

11. Alloying Effects

While the principal object of this study was the elastic
properties of unalloyed copper, it seems useful to at least
indicate what studies have been made to determine the
effect of alloying on the elastic properties of copper. This
is done in table 1 for single crystals and in table 13 for
polycrystals, and is included as a possible aid to those in-
terested in the wide variety of properties that can be
achieved in copper alloys. The elastic properties of copper-
zing alluys, including all of the solid-solution phases, is
the subject of a compilation and review now in progress
by the present authors.

12. Mechanical-Deformation Effects

Mechanical deformation affects elastic properties of met-
als in two ways. First, for both single crystals and poly-
crystals, plastic deformation alters the elastic constants
per se by introducing lattice imperfections (vacancies,
interstitials, dislocations) and by creating residual stresses
and strains in the defuimed material. A second effect arises
in polycrystals—texture, a non-random distribution of
grain orientations—that makes the polycrystalline aggre-
gate elastically anisotropic. While texture can often be ne-
glected, particularly if the degree of texture is small or
if the Zener elastic anisotropy factor is near unity, it is
a real property of most aggregates; a random distribution
of crystallite orientations is really an idealization.

Texture arises in plastically deformed aggregates because
certain lattice planes and directions tend to align with
the principal directions of plastic flow. Depending on the
type of stress—uniaxial. biaxial, eic.—various types of tex-
ture arise. Copper is typical of many f.c.c. metals; it has
a [111]-[100] wire texture and a (110)[112] principal
rolling texture. While textures are usually studied by x-ray
diffraction methods, elastic constant measurements can alse
provide information on texture since they are sensitive to

anicotrony.

....... opy
" The relationship between texture and elastic properties
was discussed recently and very comprehensively by Green
(1973) . Copper was included in his discussion and his ref-
erences; thus, further discussion on this topic needs to be
only cursory.

References to texture studies together with some of the
available data are given in table 9. Recrystallization-
texture data are included along with deformation-texture
data. While few authors have attempted to do so, it should

3 Figures have been piaced at the end of this paper.
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be realized, as emphasized by Bradfield and Pursey (1953),
that the quasi-isotropic elastic constants can be determined
from measurements on a textured aggregate. Examination
of table 9 shows also that while the effect of texture on
Young’s modulus is well defined, the effect of texture on
the shear modulus or on Poisson’s ratio has not been stud-
ied experimentally. One would expect no effect of texture
on the bulk modulus of a cubic metal. .

The effects of mechanical deformation on the elastic
constants of polycrystalline copper, untextured, are not
well defined. There are several possible reasons for this:
the complexity of the plastic deformation process; the am-
biguity in defining plastic strain; the distinction, in terms
of dislocation models and in terms of observed behavior,
between micro, low, medium, and high plastic strains; the
different methods for imparting plastic deformation—shear.
extension, compression, bcnding, ro]]ing, cte.: the possible
anisotropic effect of the deformation process, for example,
uniaxial extension may change the shear modulus differently
along the loading direction than along the transverse direc-
tions; and last, specimens that are believed to be relatively
free of texture may be textured.

Some single-crystal mechanical-deformation-effect data
are available; these are given in table 2. The general re-
sult shown there is that all of the C;; are either unaffected
or reduced slightly by plastic deformation. However, addi-
tional detailed studies on single crystals using different
deformation modes and considering dislocation models of
the deformation process would be useful toward under-
standing the effects of plastic deformation on elastic
properties.

13. Concluding Remarks

Copper is well characterized elastically, perhaps better
than any other metal. At room temperature, polycrystalline
copper is especially well defined with respect to Young’s
modulus (standard error=0.6 percent), the shear mod-
ulus {s.e.=2.6 percent), the bulk modulus (s.e.=2.8 per-
cent), and Poisson’s ratio (s.e.=2.6 percent). (The stand-
ard error of the arithmetic mean is defined as o//n, where
@ is the slandard deviation and n is the number of obeer-
vations.) Single-crystal parameters are even better charac-
terized: the second-order elastic stiffnesses C,;. C;., and
C.. all have standard errors of 0.2 percent or less. Despite
the difficulty of measurements, the larger third-order elastic
stifinesses of copper (Ciy, Cj12, and Cyg) have standard
errors of 4 percent or less. Fourth-order elastic stiffnesses

Not only has copper been much studied elastically, but
its elastic properties exhibit an unusually ideal hehavior.
Anomalies in elastic constants due to magnetic transitions.
crystal-structure transitions, etc. are absent in copper. The
temperature behavior of copper’s elastic moduli is classic—
continuously decreasing with increasing temperature, rel-
ative flatness at low temperatures, zero slope at T=0 K,
and linear behavior at high temperatures.

The temperature dependences of the elastic constants of
copper are also well characterized. At room temperature,
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C{j

- 1

the temperature derivatives — have standard errors
. ”

of 6,percent or less. From these, temperature derivatives of

E, B, G, and v can be derived that have only slightly larger

errors. This is a more reliable approach than averaging
the polycrystalline temperature derivatives to obtain aver-

-

1 d
age values of — —, etc.
E d

Quasi-isotropic elastic constanis (£, G, B, v, etc.) de-
termined by averaging single-crystal elastic stiffnesses (the
Cy;) have lower standard errors than those obtained by
measurements on polycrystalline specimens. Thus, the single-
crystal data-averaging approach is appealing when highly
accurate quasi-isotropic data are desired. However, the
attractiveness of this approach is reduced by the multi-
plicity of suggested averaging methods; the deviations
among results obtained by various methods far exceed the
combined errors due to imprecisions in the C;; and their
compounding due to the averaging calculations.

Recuimendations for further work on the elastic prop-
erties of copper include: (1) better delineation of the bulk

_modulus and Poisson’s ratio as a function of temperature;

{2) further experimental and theoretical studies of higher-
order, especially fourth-order, elastic constants since these
directly reveal the anharmonic part of the interatomic po-
tential; (3) experimental and theoretical studies of the
problem of averaging single-crystal properties to obtain
quasi-isotropic properties; (4) careful studies of the eflects
of mechanical deformation on elastic properties of single
crystals: and (5) studies to determine the effect of tevture
on polycrystalline elastic constants other than Young’s
modulus.
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Notes on Tables
Some comments are required for a satisfactory reading
of the tables. The following principal notations are used
in the tables:

B=bulk modulus
Ci;=single-crystal elastic stiffnesses (number of sub-
scripts denotes order)
(d) = deformed plastically
E=Young’s modulus
f={requency
G =shear modulus
h=hourts)
K=degrees Nelvin

OFH(C

avvacndree hioh condo tivin
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P =pressure

rv=relative value

T =temperature

-y =longitudinal wave velocity (pry*=B+4/3C)
v="Poisson’s ratio
p=nmass density
¥ =gee comment column

Unless indicated by (d)=deformed plastically or by an-
other comment, data can be assumed to represent annealed
specimens. Recommended values of elastic constants, given
at the bottom of the tables, were obtained by averaging
arithmetically, without weighting factors, the data for an-
nealed specimens. All data were included in the average
except those deviating by more than =£1.5 ¢ from the mean;
o is the standard deviation, and the standard error of the
arithmetic mean o/\/n is reported as the imprecision.
where n is the number of observations. For a large num-

her of observations (greater than twenty), the 95 per-
cent confidence interval for the arithmetic mean % is

given approximately by %=*2¢/Vn. The limits
#=0o/Vn define a confidence interval of about

70 percent for the arithmetic mean. Other interpretations
of the standard error of the mean can be found in standard

works ,on statistics. Despite large deviations of some ob-
servations from the average value in the polyecrystalline
cases, no systematic trend could be detected, Variants that
were considered in attempting to detect a trend include:
static versus dynamic measurements and impurity concen-
trations. Other varjables that might be important, but for
which convincing data are lacking, include: grain. size,
grain orientation distribution (texture), segregation of
impurities al grain boundaries. and stress-strain states.

Some readers will be interested in compressibility data;
compressibility x s simply the reciprocal of the bulk mod-
ulus, The recommended compressibility of copper is
x=B" . =0741x10-" m*/N.

Entries in parentheses were derived from the given data,
usually by the formulas

E
‘122(1‘ —1
and
EGC
T300—F)

These formulas tend to give large errors in v and B, but
the numbers are still useful.

J. Phys. Chem. Ref. Dota, Voi. 3, No. 4, 1974
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Table 4. Hydrostatic-pressure derivatives of the elastic constants of copper at room temperature.

Reference dC, /dP  4C,/dP  dC, /dV ac’/ap dB/dP
Lazarus (1949) 1 4,67 3.53 0.83 0.57 3.91
Daniels, Smith (1958) 6.36 5.20 2.35 0.58 5.59
Hiki, Granato {1966) 5.94 5.19 2.63 0.375 5,44
Salama, Alers (19€7) 6.4 5.5 2.5 0.45 5.8
Salama, Alers (1968) 5.92 5.02 2,36 0.45 5.32
Bridgman (1949) 5.3
Rice et al. (1958) 4,1
Al'tshuler et al. (1958) ' 4.8
Debesis (1971) 6.19 5.08 2.33 0.556 5.45
Ilo et al. (1971) ' £5.05 4,94 2,24 0.50 5.28
Average values 5.92 4:92 2.18 0.50 5.10
Standard errors 0.22 0.24 0.23 0.03 0.20

Table 5. Nonlinearity parameters of single-crystal copper at room temperature;

entries have in units of 1011 N/mz.

Reference ’ K<100> K<110> K<111> Comments

Gauster (1966) - 9.63 -19.48 -16.55

Gauster. Breazeale (1968) -14,3 -32.5 -25.9

Gauster, Breazeale (1968) -12.7 -32.17 -29.5 Calculated from data of Hiki,and
Granato (1966).

Gauster, Brcazcalc (1968) 15.0 -29.5 -27.2 Cszlculated from data of Salama.
Alers (1967)

Peters et al. (1970) -13.¢ -31.2 -25.7

Average values -13.1 -29.1 -25.0

Standard errors 0.¢ 2.5 2.2

4. Phys. Chem. Ref. Data, Vol. 3, No. 4, 1974
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Table 6. Nonlinearity constants b of single-crystal copper whiskers at room temperature.

Reference é<100> 6<110> 6<1“> Comments
Powell, Skove (1968) -3.3 4,8 2.1
Powell, Skove {1968) -4.7 10.8 3.8 Calculated from third-order data
of Hiki, Granato (1966).
Riley, Skove (1973) -4,4 8.9 2.1
Riley, Skove (1973) -4.6 10. 7 3.8 Cailculated from third-order data
of Hiki, Granato {1966).
Riley, Skove (1973) 2.2 7.2 2.7 Calculated from third-order data
of Salama. Alers (1968).
Kobayashi, Hiki (1973) 4.3 10,0 2.5
Kobayachi, Hiki (1973) -4.51 10,57 3,76 Calculatcd from third-order data
of Hiki, Granato (1966).
Kobayashi, Hiki (1973) -2.00 7.23 2.68 Calculated from third-order data
: of Salama, Alers (1967).
Average values -3.8 8.8 © 3.1
Standard errors 0.4 0.8 0.3

Table.7. Nonlinearity constants { of single-crystal copper whiskers at room temperature
Reference $100) g(]]O) g““) Comments

Riley, Skove (1973) 6€ = 25 184 =+ 25 20 + 10 Static test; deviations from
Hooke's law.

Riley, Skove (1473) 7¢ Calculated from SOEC and
TOEC of Hiki, Granato (1966)
and from theoretical FOEC of
Rose (1966).

Riley, Skove {1973) 35

Rose (1666).

Calculated from SOEC and
TOEC of Salama, Alers (1968)
and from theoretical FOEC of

Table 8. Fourth-order elastic stiffnesses of copper; entries have units of 10“ N/mz.
i
Reference Cllll C111z anz C”Zs Comments
Hiki, Thomas, 101 50. & 50.5 0 Determined irom tempera-~
Granato (1567) ture dependence of SOEC
assuming nearest-neighbor
central forces.
Rose (1966) 74.49 42. 33 47.56 -2.62 Central-force model, many-
neighbors.
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Table 12.

Temperature Coefficients, at Room Temperature, of the

Polycrystalline elastic constants of coi)per; entries have

units of 1074 K1,

1 dE LdG ldB lav
E aT G 4T B 4T v dT
Polycrystal data -4.8 -7.1
Averaged single-crystal data -3.6 -3.9 -1.6 0.8

Table 13. Summary of studies on the effects of alloying on
the polycrystalline elastic constants of copper.
Parameter
Reference |E G B v Alloy Element(s)

Alers, Liu (1967) x Zn

Cabarat, Guillet, L.eRoux(1949) | x Sn, Zn

Druyvesteyn, Meyering (1941) X X x X Zn

Faninger (1969) x x (x) x Ni

Fukuroi, Shibuya (1950) X Ni

Greer, Bucknall (1964) x Ni. Zn

Guillet (1939), (1940) x Al, Sn, Zn

Hopkin, Pursey, Markham (1970)| x x x x Al, As, Au, Ga,
Ge, In, Mn, Ni,
Si, Sn, Zn

KSatcr, Rauscher (1948) x Au, Ni, Pd, Pt

Lenkkeri, Lihteenkorva (1973) [x x  x  (x) Al

Liu, Alers (1966) x in

Masumoto, Saito (1944) x Ni

Masumoto, Saito, Sawaya (1970) | x Ni

Orlov, Fedotov (1966) x x Ni

Reed, Mikesell (1967) x X (x) (x) Ni & others, Zn &
others

Subrahmanyam, Krishnamurty

(1963) x x (x) (J;) Ag, Au, Ni, Pb

Wawra (1967) x x (x) (x) Zn

Wawra (1968) x x (x) (x) Zn

J. Phys. Chem. Ref. Data, Vol. 3, No. 4, 1974
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