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Experimental values of the dielectric constant of water suggest that, for temper-
atures greater than 400 K, the integral in the Kirkwood dielectric-constant equa-
tion, which involves the intermolecular potential function, is a simpler function of
temperature and pressure than of temperature and density. An equation has been
fitted to values of this integral calculated from experimental values of the dielectric
constant for temperatures from 238.15 K to 823.15 K and to pressures of approxi-
mately 500 MPa for temperatures greater than 273 K. The equation for € thus has
explicit variables T, p, p and gives a good representation of the available experi-
mental results. The quality of representation of the experimental results has been
compared to that of previous correlations of the dielectric constant. The new equa-
tion is applicable through wider regions of independent variables thau the previous
equations and is capable of sufficient accuracy to provide values of Debye-Hiickel
limiting law slopes which are as accurate as the experimental results allow. Values
of Dehye-Hiickel limiting-law slopes are tabulated.
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1. Introduction

The quantitative description of the energetics which
exist between charged particles requires a quantitative
description of the electrostatic permittivity of the
medium in which the charges are immersed. It is often
customary to express a medium’s permittivity as relative
to that of a vacuum. This leads to the common descrip-
tion of the static dielectric constant, €, or relative permit-
tivity. Many of the theories, or models used to represent
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or simulate the physical or thermodynamic properties of
electrolyte solutions invoke the assumption that the sol-
vent may be described as a dielectric continuum. When
applied to thermodynamic properties of electrolyte solu-
tions, the most often used theory from this group is that
of Debye and Hickel.

The combinations of the ubiquity of aqueous electrolyte
solutions and the importance of the Debye-Hiickel theory in -
describing the concentration dependence of thermodynamic
properties at concentrations approaching infinite dilution
lead to an equal importance of having the best possible repre-
sentation of experimental measurements of the dielectric
constant of water as a function of the independent variables.
It is important to realize that within the context of treating
the concentration dependence of experimentally measurable
thermodynamic properties, i.e., the “excess thermodynamic
properties,”! an aceptable representation of the dielectric
constant of water must give not only a good representation of
the experimentally observed dielectric constants. but must
also give acceptable values of the first and second derivatives
of the dielectric constant with respect to temperature and
pressure. Table 1 gives the relation of the Debye-Huckel
limiting law slopes for the activity and osmotic coefficient
and for the commonly measured apparent molar properties
(within the Bradley and Pitzer? definitions), to the relative
permittivity and volumetric properties for water. Because
experimental measurement of the concentration dependence
of thermodynamic properties are rarely performed at con-
stant volume, the derivative of the dielectric constant with
respect to volume does not appear in Table 1.

Previous representations of the dielectric constant
measurements for water, over wide ranges of tempera-
ture and pressure, have gencrally fallen into two cate-
gories; namely, the dielectric constant has been
expressed either as a function of temperature and pres-
sure or as a function of temperature and water density, p.
The work of Bradley and Pitzer® is the most often cited
example of the first case, whereas the equation of
Uematsu and Franck® is a recent example of the second
case.

Each of the two particular forms of representation has
advantages and disadvantages. The temperature derivative
of the dielectric constant of water along isochores,
(de/aT),, near the critical volume, remains finite through
the critical point of water. Along isobars near the critical
pressure the temperature derivative, (Jde/dT),, exhibits
large values which approach an infinity as the critical point
is approached. This behavior might appear to make the T, p
representation of the dielectric constant the simpler of the
two methods for an cquation that represents the diclectric
constant in near-critical and super-critical water. However,
the T, p representation requires a transformation of indepen-
dent variables from those usually measured, namely tem-
perature and pressure. This particular transformation of
variables requires a representation of the volumetric proper-
ties of water. The equation of state used for the transforma-
tion of variable must represent the volumetric properties of
water as faithfully as possible. The derivatives of the density
of water calculated from the equation of state must also be as
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TasBLE 1. Debye-Hiickel limiting law equations.*

activity coefficient A,  QmNap)HdmeeckT)~>?

osmotic coefficient Ay QuNap)(dmeeckT)~>2/3

apparent molar volume Av  —2A4RT[3(3¢/3p)r/€ —
(ap/2p)r/p}

apparent molar enthalpy Au  —6A4RT(1 + T(2¢/3T),/€ +
T(ap/aT),/3p]

apparent molar compressibility 4Ax (34v/3p)r

apparent molar heat capacity Ac (34w/37),

at constant pressure

3¢ is the charge of an electron, 1.6021773E—19 C and ¢ is the permit-
tivity of vacuum, 8.8541878E-12 C¥J'm™.

accurate as possible, since the derivatives of the dielectric
constant depend upon these quantities. Uncertainty in the
Debye-Hiickel limiting law slopes due to errors in the calcu-
lated temperature and pressure derivatives of the density of
water thus become magnified. Additionally, it is well known
that (dp/dT), changes sign near 277 K (0.1 MPa), the pre-
cise temperature being dependent upon the pressure, where-
as (de/dT), does not.

In addition to the above differences inherent in the
choice of T, p and T, p as variables for representations of
the dielectric constant, differences in the data chosen for
fitting, the weighting of the fitted data, and the range of
T, p variables over which data were fitted affect repre-
sentations of the experimental results. Therefore it is not
surprising that differences in Debye-Hiickel limiting law
slopes are found when they are calculated using different
representations of the dielectric constant for water. The
effect of Debye-Hiickel limiting law slopes obtained

" from the Bradley and Pitzer® equation and from the Ue-
matsu and Franck® equation on calculated thermody-
namic properties has been noted elsewhere.**

Previous work®¥ noted the differences in Debye-
Hiickel limiting law slopes that resulted from the use of
the dielectric constant equations of Uematsu and Franck’
and of Bradley and Pitzer.? Each recommended one or
the other of the equations for use. One'® recommended
use of the equation of Uematsu and Franck® based on the
acceptance of that equation by a committee of an inter-
national organization (I.A.P.S.). The other’ recom-
mended use of the Bradley and Pitzer? equation, in part,
because values calculated from their equation were
closer to values recommended by a committee of an-
other international body (I.U.P.A.C.) for the tempera-
ture range of 273.15 to 333.15 K. The needs of
researchers examining electrolyte solution properties
outside the range of temperature of 273.15 —373.15 K
were not considered in the recommendation of Ref. 9.
The most important criterion for recommending a par-
ticular dielectric-constant representation as preferable to
another is the ability of a particular equation to represent
the best available data and to do so with acceptable val-
ues of derivatives. Both of the references”'® made some
inter-comparison of the two equations. However, neither

reference described agreement of the dielectric-constant
equations with the experimental results.

The present work addresses some of these problems.
A new representation of the dielectric constant of water
from 238.15 to 823.15 K is reported. Careful attention
has been given to the first and second derivatives of this
equation so that it would provide values of the Debye-
Hiickel limiting law slopes that would be as reliable as
the presently available experimental values of the dielec-
tric constant permit.

2. Representation of Experimental Results

2.1. Kirkwood Equation for Dielectric
Constant of a Fluid

In 1939, Kirkwood'! related the effect of intermolecu-
lar interactions on the dielectric constant of a fluid. The
equation given by Kirkwood was:

(€ — DQe + 1)/9¢ = Na(a + p-p/36kT)/3V, (1a)

where

pep = pil + (NA/Vm)J-“ cosy e " dwdv ] (Ib)

and where € is the dielectric constant, a is the molecular
polarizability, V7, is the molar volume, IV, is Avogadro’s
constant, g is the molecular dipole moment of an arbi-
trary molecule in the fluid, g is a local dipole moment in
a small region of fluid about the arbitrary molecule and
from which reactive-field contributions have been re-
moved, p is the dipole moment of the molecule in the
absence of all electric fields. Within the integral, vy is the
angle between dipole moments of an arbitrary pair of
dipoles, and W is the potential of average force acting on
the arbitrary pair of molecules. T, k and 7 have their
usual meanings.

The quantity p-p in Eq. (1) is often replaced with a
gy’ and the g is identified as the “Kirkwood correlation
factor” (u is the scalar of the gas-phase dipole moment).
For simplicity, substitution of gu? for u-u will also be
used in the current work. In some of the applications of
Eq. (1) to experimental results Eq. (1b) does not appear.
Equation (1b) is important to the present work.

In principle, the dielectric constant of a fluid can be
calculated with a sufficiently refined intermolecular po-
tential of the fluid molecules and Eq. (1). Because of the
difficulties inherent in such a calculation, recourse must
still be made to empirical representations of experimental
results, at least for the present time. Equation (1) was
used in the present work for the representation of the
dielectric constant of water. The task is one of finding a
suitable function that replaces the integral of Eq. (1).

In absence of applicable theory the choice of depen-
dent variables for this function is a matter of conve-
nience. Figure la and 1b show the integral portion of
Eq. (1), calculated as (g — 1)/p from the data of Heger ez
al."”? against T and p and against T and p, respectively. As
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water density approaches zero the error in (g — 1)/p
resulting from error in € is magnified. This produces a
large degree of scatter in these figures at low pressure
and high temperature (Fig. 1a) and low density (Fig. 1b).
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F1G. 1. Values of (g — 1)/p calculated from the dielectric constant
results of Heger et al."? Fig. la: against pressure, Fig. 1b:
against density.

Some of the experimental values of (g — 1)/p, those at
the lowest densities, have values which fell well outside
the range of the figure. These unrealistic values of
(g — 1)/p were omitted from Figs. 1a and 1b. A linear
function:
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@€ — 1/p=0b+ by )]

was fitted to each isothermal set of experimental results
for temperatures greater than 373.15 K. In all cases the
experimental results were represented to within the au-
thors’ stated experimental error by the fitted Eq. (2). A
linear relation in p did not fit to the results within exper-
imental error. The experimental results indicate that the
integral of Eq. (1) is a simpler function of T and p than of
T and p, within experimental error. Values of (g — 1)/p
calculated from the recent measurements of Deul,” for
temperatures greater than 373.15 K, also exhibited a lin-
ear pressure behavior. However, the slopes and inter-
cepts obtained from fitting to Deul’s” measurements are
significantly different from those obtained from fitting to
Heger et al.’s” values.

In terms of molecular level interactions, contributions
to the dielectric-constant behavior arise from non-
dipole-induced polarization, dipole-induced polarization.
and rotational restrictions due to dipole-dipole align-
ments (hydrogen-bonding in water is one example of the
latter). These effects all contribute to a local electric
field that is oriented in a direction opposing the exter-
nally applied field. These effects enter into Eq. (1)
through the intermolecular potential function, W. For
water, the dipole-dipole alignments (hydrogen-bonding)
are a significant contribution to the dielectric constant
for the temperatures of interest here. In order to mimic
the effect of water hydrogen-bond formation in the inte-
gral of Eq. (1), an exponential term was included in the
equation fitted to (g — 1)/p. The purpose of this term
was to provide a Boltzmann-like change in extent of hy-
drogen-bonding of water with respect to temperature
and pressure. A multiplicative function of this exponen-
tial (e.g. a constant, etc.) was assumed to be able to be
subsumed into the exponential. The equation fitted to the
values of (g — 1)/p was:

p°g — 1)/p = bpT~" + b,T"* +by(T — 215 K)~'
4 by(T — 215 K)™V2 + by(T — 215 K)~"* +
exp(beT ™! + b7~ + bypT~' + bpT~?) 3

where the b; were the adjustable parameters and p° =
1000 kg m~>. Equation (1) also indicates that (g — 1)/p
should approach zero as temperature approaches infinity
(at least for un-ionized water, because W should remain
finite). However, without an effective intermolecular po-
tential function, it is not known how the integral ap-
proaches zero, i.c. the temperature dependence of W as
T approaches infinity is unknown. Thus, this condition
was not built into Eq. (3). The function (7" — 215 K),
which appears in Eq. (3), is an empirical choice which
improved agreement of fitted equation to experiment. It
is noted that extrapolation of Eq. (3) to temperatures
somewhat smaller than those of the fitted results will
probably produce unrealistic effects and thus should be
avoided. Equation (3) was fitted to the values of
(g — 1)/p obtained from the experimental results by
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means of a nonlinear least-squares fitting procedure. The
least-squares estimated b; are given in Table 2.

The equivalent of weighting factors were calculated
from estimated errors assigned to each data set. An error
in (g — 1)/p, o, was calculated from the estimated error
in €, Oy assigned to each set of experimental results.
The weighting factor is defined as 1/0”. The values of
O are found in Table 3. The choice of fitting function
is not unique. Values of the static dielectric constant and
of Debye-Hiickel limiting law slopes, calculated from
Egs. (1) and (3), are given in Tables 4 through 9 (found
at the end of the paper).

TABLE 2. Least-squares estimated parameters for Equation (3).

Parameter Value
by —4.044525 E—2 K MPa~!
by 103.6180 K2
by 75.32165 K
by —23.23778 K2
bs —3.548184 K
be —1246.311 K
b; 263307.7 K2
by —6.928953 E—1 K MPa~!
by —204.4473 K? MPa~!

Constants required for calculation of Eq. (1):
a = 18.1458392X 107 m?,
B = 6.1375776 X 107*° C-m; Na= 6.0221367 X 10~ mol~};
k = 1.380658x10~% J.K~
molecular mass of water = 0.0180153 kg-mol~".

2.2. Equation of state of water

Early in the present work it became apparent that the
dependence of p on T and p calculated from certain
equations of state was introducing unacceptable behav-
ior into the temperature and pressure derivatives of the
dielectric constant calculated from some of the trial fit-
ted equations. Figure 2 shows values of (3%p/ap?)r
against pressure for 273.15 K calculated from three equa-
tions of state.''¢ Also shown in Fig. 2 is (3°p/3p?)r cal-
culated from a polynomial fit to the values of the density
of water given by Kell and Whalley'” in their Tables 1, 3,
and 4 for 273.15 K. The polynomial fit gave a root-
mean-square error of 4.5 X 1073 kg-m®, approximately
the experimental error in the values. Haar et al’s™
equation gives a sigmoidal behavior for this derivative
at 273.15 K. For 273.15 K, the pressure dependence of
(ap/8p)r calculated from Saul and Wagner’s”® equation
exhibits a minimum. This minimum becomes more pro-
nounced as temperature decreases from 273 K and less
pronounced as temperature increases from 273 K, disap-
pearing at sufficiently large temperature. Hill’s equation
of state'® gave the best representation of this property.
Because the unusual behavior exhibited by the equations
of Haar et al."* and of Saul and Wagner" are not re-
quired in order to represent the experimental density
data for these conditions, it is considered to be an arti-
fact.

-4. 0E-004

~-6. 0E-004 7 s

-8. 0E-004

—-1. 0E-003

g —— Kell and Whalley
-1.2E~003
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— — Haar et al.
~--Saul and Wagner
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-1.4E-003 L L
0 100 200 300
p / MPa

FI1G. 2. Values of (3%p/ap?)r for 273.15 K against pressure calculated
from the equations of state of Saul and Wagner,'* Haar et a/.,'*
and Hill.’® Also shown are values calculated form a polyno-
mial in pressure fitted to the density values for 273.15 K given
by Kell and Whalley."”
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F1G. 3. The difference in values of (ap/aT), for 100 MPa calculated
from the equations of state of Saul and Wagner," Haar et al.,'*
and Hill' from values calculated from Ter Minassian’s fitted
equation for the expansivity of water for 100 MPa.

Figure 3 compares the difference in (3p/27), calcu-
lated from the equations of Haar et a/.' Saul and Wag-
ner'® and of Hill*® to values calculated from the equation
for expansivity given by Ter Minassian et a/.® (The tem-
perature at which (ap/aT), is zero is well below 273 K
for 100 MPa.) Ter Minassian’s equation is a fit to their
calorimetrically determined values of expansivity. The
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agreement of their measurements to their fitted equation
is approximately 1.4%." Ter Minassian showed that the
pressure dependence of his expansivities were in excel-
lent agreement with the temperature dependence of
Kanno and Angell’s® compressibility results. The two
solid lines in Fig. 3 indicate an experimental uncertainty
of #2%. Figure 3 shows that the equation of Hill' gave
the best agreement with Ter Minassian’s values, for these
conditions. Agreement between Ter Minassian’s values
and those calculated from Hill’s equation becomes some-
what less satisfactory as pressure increases along
isotherms.

As a result of these comparisons, and others, the equa-
tion of Hill'® was used for the present work for tempera-
tures above 250 K. At temperatures less than 250 K and
for p of 0.1 MPa the equation of Speedy and Angell”
was used to calculate the density of water. The effect of
substitution of a different equation of state for calcula-
tion of Debye-Hiickel limiting law slopes is described in
a later section.

3. Comparison of Fitted Equation
with Experimental Results

Results from several experimental studies were includ-
ed and/or considered for the final least-squares minimiza-
tion. The experimental studies and their respective tempera-
ture and pressure ranges are listed in Table 3. For
convenience of description, the fitted results are considered
in three groups each of which spans a different range of tem-
perature, namely, 7<273.15 K, 273.15 K<7' <370 K and
T>370K.

31 T <273.15K

Four sets of experimental studies were considered for
water at temperatures less than 273.15 K and 0.1 MPa,
i.e. supercooled water. Hasted and Shahidi® and Hodge
and Angell”* measured the dielectric constants of emul-
sions of water in an inert external phase. In both cases an
emulsifying agent was also present. The authors’ esti-
mated error for both sets of results was 2 to 3%. This
uncertainty was primarily related to separation of the
dielectric constant for water from the dielectric constant
for the emulsion and to the possibility that some small
percentage of the emulsified water droplets had frozen.
This error is significantly larger than systematic calibra-
tion errors. Both sets of measurements agreed within this
error. Hodge and Angell’s? values joined with the
higher temperature values better than those of Hasted
and Shahidi.® Values of (2¢/3T), calculated from the
two sets of measurcients were in good agreement.

The results of Bertolini ez al.** and those of Rusche®
for water below 273.15 K were obtained for pure water,
ie. the water was not present within an emulsion.
Rusche’s* values are systematically too large over their
entire range of temperature. However, the temperature
dependence of his dielectric constant values is in excel-
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lent agreement with results above 273 K. Bertolini et
al ** apparently calibrated their parallel-plate capacitor
system with Malmberg and Maryott’s” values for the
dielectric constant from 273.25 to 303 K. Because Malm-
berg and Maryott’s”® values are systematically different
from most of the other dielectric-constant values (see
below), this calibration probably introduces a small sys-
tematic error into Bertolini er al.’s? reported values.
Bertolini ef al.’s** values were thus assumed to be accu-
rate to 0.4. Comparison of the experimental values of the
dielectric constant and values calculated from the fitted
equation are shown in Fig. 4.

TABLE 3. Literature results for the dielectric constant of water.

Reference T/K p/MPa Oup®  H° 0g°
20 238.15-268.15 0.101 3.0 7 151
21 238.15-270.83 0.101 3.0 7 054
24 256.90-305.50 0.101 0.4 13 0.16
30 268.62-298.23 0.101 0.4 59  0.18
32,33 273.15-313.15 0.101 0.05 6 0.04
28 273.15-323.15 0.1-600 0.05 32 0.05
25 273.25-372.15 0.101 U 21 012
29 278.15-338.15 0.1-207 0.2 61 0.09
31 283.15-313.15 0.1-300 0.2 21 0.14
26 273.15-298.15 0.1-100 0.05 66 0.02
27 298.15-343.15 0.1-100 005 110 0.02
13 298.15-673.15 **%_300 1.0 137 0.21
12 373.15-573.15 ***_500 2.0¢ 40 043
12 623.15-823.15 **%_500 2.0 65 0.37
2 371.60-642.30° P 20 109 030
36 637.15-668.75 19.5-28.8 2.0 33 032
37 673.15-873.15° 17.5-58.4 U 23 037
38 473.15-623.15 *++.202.6 U 22 1.44

“ 0.,y is the value used to weight each data point in the data set. The letter U
indicates that the experimental results were given an insignificant weight
in the least squares procedure; ***, indicates that the lowest pressure for
the data set varied with temperature.

® n is the number of fitted data points in the data set.

¢ g, is the root-mean-square deviation of the experimental results from the
fitted Eqgs. (1) and (3).

¢ Experimental values for 373.15 K and pressures greater than 250 MPa
were given insignificant weight.

° Experimental values for temperatures greater than 642.3 K were not in-
cluded in the least-squares procedure. The dielectric constant equation of
Ref. 22 does not give a good representation of the dielectric constant mea-
surements of Ref. 23.

Independent variables were T and p.

3.2, 27315 T < 370K

Dielectric-constant values for this temperature range
are, in general, significantly more accurate than for the
other two temperature ranges.

Figure 5 shows the difference of experimental results
from the fitted equation for this temperature range and
for 0.1 MPa. The results of Vidulich er al.,”? as later
adjusted by Kay er al.,* Cogan,” Milner,”® (for the
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FiG. 4. Values of the dielectric constant of water for 0.1 MPa and
against temperature. Error bar represents Hodge and An-
gell’s?! estimated uncertainty in their values.

purpose of the figures the results of Cogan and Milner
are not displayed separately, but together as Owen et
al.*) and Lees? agree with the fitted equation to within
approximately 0.05. The results of Malmberg and Mary-
ott? and of Dunn and Stokes® show temperature depen-
dences which are different from these other
measurements but yet are remarkably similar to each
other. The results of Rusche® are systematically larger
than the other results for the same temperatures and
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approximately 0.2 larger than the fitted equation. The
results of Bertolini ef a/.?* were obtained from a calibra-
tion of experiment with the results of Malmberg and
Maryott? and thus agree with those results but not the
results of others.

Kaatze and Uhlendorf*® reported values of the static
dielectric constant obtained from analysis of the fre-
quency dependence of the complex dielectric constant
for temperatures from 269.05 to 333.15 K and for 0.1
MPa. The values of Vidulich et a/.*> and Owen et al.*
were used by Kaatze and Uhlendorf in their analysis. It
was not clear to what extent these earlier values affected
the extrapolation to low frequency, i.e. whether there
exists independence of Kaatze and Uhlendorf’s static
dielectric constant values from the literature values.
Thus, the Kaatze and Uhlendorf values were not in-
cluded in the fit to data. Three of the values given by
Kaatze and Uhlendorf do not appear to depend on the
lower frequency measurcients. These thiee values are
different from Egs. (1) and (3) by: 269.05 K, —0.34;
277.15 K, —0.32; 294.15 K, —0.14. The other values
agree to within approximately 0.05.

Figure 6 shows the difference of experimental results
from the fitted equation against pressure for 298.15 K.
The difference between the fitted equation and the ex-
perimental results ot Cogan,”” Milner,*® Srinivasan®' and
of Dunn and Stokes® shows a parallel trend. This paral-
lel behavior indicates that these experimental results give
values of the pressure dependence of the dielectric con-
stant which agree with each other, despite systematic
differences in the absolute value of the dielectric con-
stant. The recent results of Deul” show differences
which become systematically larger as pressure in-
creases. These differences are as large as 0.55 from the
other data sets and 0.45 from the fitted equation.
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F1G. 5. Residual plot showing the differences between the experimental values of the
dielectric constant and the fitted equation against temperature and for pressures

of approximately 0.1 MPa.
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FiG. 7. Residual plot showing the differences between the experimental
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FI1G. 8. Residual plot showing the differences between some of the
experimental values of the dielectric constant and the fitted
equation against pressure and for temperatures of 318.15 to
338.15 K.

Figure 7 shows the agreement of fitted function to
experiment, against pressure, at temperatures near the
0.1 MPa freezing point of water. The experimental val-
ues of Srinivasan®' exhibit a pressure dependence some-
what different than the other results. The good
agreement of the equation with the pressure dependence
of the experimental values, exhibited in Figs. 6 and 7,
continues to temperatures of approximately 323 K. How-
ever, for temperatures of 338.15 and 343.15 K, there ap-
pear some small systematic discrepancies between the
fitted equation and the experimental values (Fig. 8).
These differences occurred because the pressure depen-
dence of the high temperature results, 7 > 370 K, does
not match well with the results at 338.15 and 343.15 K.
Bradley and Pitzer’ also observed the existence of this
discrepancy. Above 370 K, the data considered by
Bradley and Pitzer consisted only of the results of Heger
et al.'* The more recent results of Deui* give pressure
derivatives which are in poorer agreement with the low
temperature results than are the pressure derivatives
from Heger et al’s results. Therefore, these newer re-
sults have not helped to resolve the overlap problem.

33. 7> 370K

The difference between the fitted equation and experi-
ment for pressures near the saturation pressure is shown
against temperature in Fig. 9. This figure shows that the
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temperature dependence of the results of Malmberg and
Maryott* and of Dunn and Stokes” for temperatures less
than 370 K also did not agree with the temperature de-
pendence of the experimental results for temperatures
greater than 370 K. For this reason the results of Malm-
berg and Maryott were given an insignificant weight in
the fit to data.

Figure 10 compares the experimental results of Heger
et al.,'* Deul,” and the fitted equation for 373.15 and
473.15 K. Tie difference for the results of Heger ez al.
are as large as 1.27 for 373.15 K and 500 MPa. For these
conditions, Bradley and Pitzer® also observed significant
differences between Heger et al.’s results and their equa-
tion. The results of Heger et al. are 0.5 smaller than
those of Deul for 300 MPa and for both temperatures.
This difference can be seen to be systematic for pressures
smaller than 300 MPa. Figure 11 shows results at 523.15,
573.15 and 623.15 K. The trend of Heger et al.’s results
being smaller than those of Deul, as in Fig. 10, inverted
for these temperatures and persisted at 673.15 K (Fig.
12). From 373.15 K to 673.15 K, the more recent results
of Deul were assumed to have an accuracy twice that of

Heger et al.’s results. This, combined with the larger

number of results reported by Deul, resulted in the fitted
equation agreeing better with the Deul results. The sys-
tematic difference between Heger et al.’s results for
673.15 K and the fitted equation remained for the larger
temperatures (Fig. 12). Allowing the fitted equation to
represent the Deul results at 673.15 K and then the
Heger et al. results at 723.15 K would have resulted in
values of (s¢/27T), which would not have agreed well
with values from the individual experimental studies.
Figure 13 shows values of (2¢/3p), for 673.15 K calcu-
lated from the fitted Egs. (1) and (3) and from the fitting
of Eq. (2) to each of the 673.15 K isothermal sets of
measurements. The fitted Eqgs. (1) and (3) gave values
intermediate to those from the individual fits.

The results of Fogo ef al.* span a very small region of
temperature and pressure in the vicinity of the critical
region of water. The root mean square deviation of their
values from the fitted equation was 0.32. Fogo et al.*
believed that an agreement with their values of 0.6 was
good agreement. Figure 14 shows a comparison between
the results of Fogo et al.>¢ and Egs. (1) and (3) for 650 K
and against p. This temperature is within 3 K of the crit-
ical temperature. The results of Fogo ez al.* have a ten-
dency to be slightly smaller than values calculated from
the fitted equation. This is in contrast to the tendency of
the values of Heger et al. to be slightly larger than the
fitted equation for this range of density, as shown for
673 K in Fig. 14.

Some of the values of Lukashov et al.* yield values of
g which are unrealistic. Thus, this data set was given no
weight in the fit to data. The root mean square (r.m.s.)
deviation for these results was 0.37, with residuals of
increasing error with increasing density. The results of
Gier and Young™® for 473 to 623 K were also given no
significant weight in the fit to data. These results show a
r.m.s. deviation of 1.45 from the equation.
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for Heger et al.'* and Deul”® were calculated from Eq. (2)
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Deul® did not discuss the differences between his re-
sults and those of Heger et al.”? or those at 298.15 K and
large pressure. One suggestion for the differences from
Heger et al.’s results has been that there may have been
significant corrosion in Heger et al.’s apparatus. At tem-
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peratures near ambient the presence of ions in water
lowers the dielectric constant of an aqueous ionic solu-
tion compared to water. Heger et al.’s results are smaller
than Deul’s only for 373 and 473 K, temperatures for
which corrosion effects would be expected to be
smallest. Thus, it does not seem immediately apparent
that the differences between Deul’s and Heger et al.’s
results was attributable to corrosion effects in Heger’s
apparatus.

4. Comparison of Fitted Equation
to Previous Equations

The dielectric-constant equation provided here is
valid over a wider range of independent variables than
the previous equations of Bradley and Pitzer,” Uematsu
and Franck,’ and Helgeson and Kirkham.* Additionally,
Eqs. (1) and (3) required significantly fewer variahle
parameters than were used in the equation of Helgeson
and Kirkham and approximately the same number as
used by Pitzer and Bradley and by Uematsu and Franck.

Due to the large number of dielectric-constant mea-
surements and the nature of the calibration errors associ-
ated with these measurements, it is not particularly
informative to consider the agreement between previous
correlations of the dielectric constant and the experimen-
tal results. All of the three previous dielectric-constant
representations, which will be considered here, were
able to reproduce the fitted dielectric-constant results to
at least 0.5% for temperatures from 273.15t0 353.15K. A
more severe, but none-the-less useful, test of these dielec-
tric-constant equations is the comparison of temperature
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F1G. 15. Comparison of values of (3%/37?), calculated from the dielectric constant equations of
Helgeson and Kirkham,” Uematsu and Franck,’ Bradley and Pitzer’ and Egs. (1) and (3)
against temperature for 0.1 MPa. Values from experimental sources calculated as described

in the text.
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and pressure derivatives to the range of values of these
derivatives which can be reasonably supported by exper-
imental results. Because the first and second derivatives
of these equations with respect to temperature and pres-
sure are important for the purpose of calculation of val-
ues of the Debye-Hiickel limiting law slopes (for some of
the experimentally accessible properties), comparison of
these derivatives is particularly appropriate. In this sec-
tion, the range of values of the second derivatives with
respect to temperature and pressure which could be sup-
ported by experiment are presented. These values were
compared to values of the second derivatives of € calcu-
lated from the present dielectric-constant equation and
some of those available in the literature.

Values of the temperature and pressure derivatives of
a rcsponsc function can be calculated from an cquation
fitted to the response function. In principle, a standard
deviation of these derivatives may also be calculated
from the standard deviations of the parameters, if the
model is linear in its parameters. However, the standard
deviations of the derivatives are correct only if the re-
sponse-function model itself is correct, i.e. if there exists
no model bias. In order to avoid the possibility of stan-
dard deviations of these derivatives which could be mis-
leading, a different method was applied for the present
work. Appropriate sets of experimental results were fit-
ted with more than one equation. Derivatives of the dif-
ferent fitted functions could then be compared to show
the effect of model bias in the calculation of the deriva-
tives.

The following two equations have been fitted to iso-
baric sets of experimental dielectric constants:

e=by+b(T —T) + b(T — T) + by(T — T)® (4)
e = explh, + h(T — T)} ®

where T, was selected as 273.15 K. These two equations
were fitted to the 0.1 MPa experimental results of Owen
et al.,”* Dunn and Stokes®” and Malmberg and Maryott.”
Values of (9%/37?), calculated from these fitted equa-
tions are shown in Figs. 15 and 16. The results of
Rusche,” Bertolini et al.,* Hodge and Angell,” and
Hasted and Shahidi® were fitted with the quadratic
analog of Eq. (4). The scatter of the experimental results
in these latter sets prevents determination of the cubic
term of Eq. (4). The values of (a%/277), from these latter
data sets are shown in the figures as constant values
across the temperature range spanned by the measure-
ments.

Values of (a%¢/3p*); were calculated from equations of
the form:

€=bo+ bp + bp® + by’ ©
€ = by + biIn(1 + /b)) @)

fitted to the isothermal sets of experimental results of
Srinivasan,” Dunn and Stokes,” and Lees.?® The results
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of Srinivasan® and Dunn and Stokes? could not define
values of the cubic term in pressure and thus the
quadratic analog of Eq. (6) was fitted to these results.
Egs. (6) and (7) were also fitted to the experimental re-
sults of Heger et al.”” and Deul® for 373.15 K. Egs. (2)
and (7) were fitted to the experimental results for
473.15 K. The values of (3%/ap?)r against temperature,
for 0.1 MPa or the saturation pressure, calculated from
these fitted equations, are shown in Fig. 17. Also shown
in Fig. 17 are values of (2%¢/3p?r calculated from the
four dielectric-constant representations. (In Figs. 15-17,
the values described as being from Uematsu and Franck
were calculated from Uematsu and Franck’s equation in
T and p combined with the equation of state of Haar ez
al.* This procedure follows the recommendation of
Haar ef a/." and of Beyer and Staples.’® This procedure
was not recommended by Uematsu and Franck and may
or may not introduce an additional difference of these
values from those calculated from the experimental re-
sults, for this specific case.)
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Fi1G. 16. Comparison of values of (2%/27?), calculated from the dielec-
tric constant equations of Helgeson and Kirkham,* Uematsu
and Franck,® Bradley and Pitzer? and Egs. (1) and (3) against
temperature for 0.1 MPa. Values from experimental sources
were calcuiated as described in the text.

From Fig. 15 it is seen that, for temperatures less than
320 K and 0.1 MPa, values of (3%¢/3T?), calculated from
the equations of Helgeson and Kirkham® and Uematsu
and Franck® do not agree with the range of values sup-
ported by the experimental results. Values of (3%¢/977),
calculated from the equation of Bradley and Pitzer® be-
gin to disagree with the experimental values for T <
280 K.

Debye-Hiickel limiting law slopes for apparent molar
heat capacity at constant pressure, C,4, for temperatures
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less than 265 K (0.1 MPa), calculated from Egs. (1) and
(3) are negative. These negative slopes result, in part,
from the behavior of (a%/3T?), for temperatures smaller
than 273 K, shown in Fig. 16. There exists a minimum in
isathermal values of A¢ for temperatures less than 298 K.
For 273 K this minimum occurs near 150 MPa and is
found at larger pressures as temperature increases. This
behavior is probably an artifact arising from the differ-
ence of the equation of state for water and Ter Minas-
sian’s’® experimental results.
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FIG. 17. Comparison of values of (3%/3p?)r calculated from the dielec-
tric constant equations of Helgeson and Kirkham,* Uematsu
and Franck,’ Bradley and Pitzer® and Eqs. (1) and (3) agianst
temperature for 0.1 MPa. Values from experimental sources
calculated as described in the text.

Figure 17 shows a lack of agreement between values
of (a%¢/23p%); for T < 360 K calculated from the equa-
tions of Helgeson and Kirkham® and Uematsu and
Franck® with the range of values derived from experi-
ment. For T < 280 K and p = 0.1 MPa, Egs. (1) and (3)
gave values of (2%/9p?); which became increasingly
negative as T became smaller. This behavior is not an
artifact occurring at the edge of the fitted surface. In-
stead, this behavior occurs because vaiues of (¢°p/6p)r
calculated from Hill's equation of state of water!
became substantially more negative as temperature
decreases below 280 K. If Speedy’s* hypothesis con-
cerning the instability limits of water is correct, then
(3*p/3p*)r approaches negative infinity as T approaches
228 K for 0.1 MPa (228 K being the temperature for
which Speedy estimated that the instability locus crosses
the 0.1 MPa isobar). The temperature dependence of
(3%p/3p?)r calculated from Hill’s'® equation for 255 K <
T < 280 K appears to be compatible with such behavior.
This low temperature behavior of €, not yet demon-
strated experimentally, may be viewed as a theoretical
prediction from the Kirkwood equation. This prediction,

of course, can be no more accurate than the equation of
state of water in this region of independent variables.
For T > 400 K, the range of values compatible with the
experimental results is such that the present equation, as
well as those of Bradley and Pitzer’ and Uematsu and
Franck® can all be said to represent the second deriva-
tives obtained from the experimental results within their
respective limits of validity. The pressure dependence of
the equation presented here is based somewhat more in
theory than the three previous equations,”* because of
the presence of the molar volume terms in Eq. (1). Thus
the present equation should be expected to yield more
accurate values of the pressure derivatives of the dielec-
tric constant.

In 1965, Quist and Marshall* examined the available
dielectric constant measurements and provided a corre-
lation based on the Kirkwood equation. Quist and
Marshall’s values of the dielectric constant, for tempera-
tures from 673 to 1073 K, average 0.7% smaller than val-
ues calculated from Eqgs. (1) and (3). The largest
difference in this temperature region is approximately
—3%. For temperatures above 343.15 K, their equation
was based only on the results of Fogo et al.* and of
Akerlof and Oshry.” Because the measurements of
Oshry® were made at saturation pressure and the mea-
surements of Fogo et al. were made over a very narrow
range of pressure, there were very few measurements
available to Quist and Marshall that gave the isothermal
pressurc dependence of the dielectric constant, for tem-
peratures greater than 343 K. Considering the lack of
data available to Quist and Marshall, the agreement be-
tween their equation and Egs. (1) and (3) demonstrates
the strength of the Kirkwood-equation approach. Of
course, the present equation should be considered more
accurate than Quist and Marshall’s equation because it is
based on a significantly larger base of experimental re-
sults.

Pitzer* has provided a representation of the dielectric
constant results of Heger et al.,'? for temperaturcs of
673.15 K and larger, which is also based on . the
Kirkwood equation. Pitzer’s Eq. (2) gives values of the
integral of Eq. (1) which are independent of temperature
at small densities (<= 300 kg-m™), a behavior which is
doubtful and was recognized as such by Pitzer. The be-
havior exhibited by the experimental results shown in
Fig. la casts further doubt on the validity of the low-
density temperature independence of the integral of Eq.
(1). The present equation which was fitted to the experi-
mental values of the integral of Eq. (1) did not contain
this constancy. Instead, the present representation of the
integral decays exponentially with temperature through
this temperature region. Therefore, it is expected that
values of the dielectric constant calculated from Egs. (1)
and (3) for temperatures greater than 850 K should be
more accurate than those calculated with Pitzer’s Egs.
(1) and (2).

After examination of the dielectric constant of water
for a smaller range of independent variables than that
considered in the present work, Helgeson and Kirkham®
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concluded that “ . . . (despite its theoretical origins) the
Kirkwood equation is not suitable for comprehensive
and accurate representation of the dielectric constant
and its partial derivatives over the range of pressures and
temperatures considered in this study.” This has not been
our experience.

5. Effect of Substitution of Different
Equation of State of Water

It sometimes happens that Debye-Hiickel limiting law
slopes are calculated from a T, p representation of the
dielectric constant combined with an equation of state
other than that which was used in the generation of the
dielectric-constant equation. One example would be cal-
culation of the derivatives of the dielectric constant with
respect to T and p, required for the Debye-Hiickel limit-
ing law slopes, from the diclectric constant equation of
Helgeson and Kirkham® combined with the equation of
state of Haar et al." There is of course a large number of
possible permutations of dielectric constant equation and
equation of state.

In this section, a comparison is made of Debye-Hiickel
limiting law slopes calculated from 1) Egs. (1) and (3)
using the equation of state with which Eqgs. (1) and (3)
were fitted to the dielectric constants and 2) an equation
of state which was not used in the representation. Figure
18 shows the percentage difference of 4, calculated us-
ing the parameters of Table 2, Egs.(1) and (3), and the
equations of state of Hill'® and of Saul and Wagner."
Differences as large as 0.6 to 0.7 % occur in the tempera-
ture region above 873 K.

Figures 19 and 20 show the percentage difference in
Ay and Ay, respectively, calculated from the parameters
of Table 2, Egs. (1) and (3), and the equations of Hill'®
and Saul and Wagner."” There exists a locus of T and p
across which Ay and Ay change sign. This line is slightly
different for the two equations of state. Thus, the per-
centage difference shown in Figs. 19 and 20 would be
infinity along this locus. Because this locus of infinities is
not important for the present context, it was avoided in
the calculations used to prepare Figs. 19 and 20. Errors
of several percent result in Ay, for 273.15 K, from substi-
tution of the equation of Saul and Wagner" for the equa-
ilon wiilh which ilic caperimenial resuiis were fitied.
Errors in Ac and Ak are even larger; differences in Ac
become as large as several hundred percent for the com-
bination of large pressures and temperatures near 273 K.
These differences in the Debye-Hiickel limiting law
slopes are directly related to differences in p and deriva-
tives of p, such as those shown in Figs. 2 and 3.

Of the equations of state examined for the present
work'*'%* the two most accurate were Hill’s' and Saul
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and Wagner’s;" yet, significant errors still resulted in the
Debye-Hiickel limiting law slopes when one equation
was substituted for the other without refitting to the
data. Errors in calculation of Debye-Hiickel limiting law
values can be expected to increase when even less accu-
rate equations of state are substituted. Therefore, it is
apparent that a T, p representation, or in the present
work a T, p, p representation, should only be used with
the equation of state which was used in its generation. As
better equations of state become available or as new
measurements of the dielectric constant become avail-
able we will update the parameters of Eq. (1) and (3) in
this journal.

500

400

300

p / MPa

200

100

273 873 1073

FiG. 18. Contour map of the difference in A4 calculated with Egs. (1)
and (3) after substitution of the equation of state of Saul and
Wagner® from Egs. (1) and (3). Contour labels are percent
difference. Each contour represents a 0.05% difference in the
values of Ay.
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F1G. 20. Surface plot of the difference in Ay
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calculated with Egs. (1) and (3) from that calculated after

substitution of the equation of state of Saul and Wagner®.
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Table 9. (cont.) Debye Huckel limiting law slopes for apparent molar compressibitity Ags units = e kg'/? mol 32 wpa™l,
p/MPe

T/K 80.0 100.0 150.0 200.0 250.0 300.0 350.0 400.0 450.‘0 500.0
443.15 -2.8652E-2 -2.3845€-2 -1.6012F-2 -1 1474E-2  -R_AILTE-3 -4.7284E-3 -5_40RSE-3 -4 _45418-3 -Z_74ROE-3 -3_2079E-3
448.15 -3.1083E-2 -2.5763E-2 -1.7167E-2 -1.22336-2  -9.15476-3  -7.1153E-3 -5.7006E~3 -4.6828E-3  -3.9278E-3 -3.3531E-3
453.15 -3.3734E-2  -2.7842E-2 -1.8406E-2 -1.3041E-2  -9.7161E-3 -7.5235E-3  -6.0080¢-3 -6.92078-3  -4.1162E-3 -3.5052E-3
463,15 ~3.9T94E-2 ~5.2550E-2 -2.11626-2  -1.4819E-2 ~1,U940E-2  -B.4UBGE-5 -6.6714E=3 -5.4325E-3 -4.5203E~3 -3.8305E-3
473.15 ~4.7048E-2 -3.8109E-2 ~2.4339€E-2 -1.6835E-2 -1.2314E-2 -9.3928E-3 -7.404TE-3 -5.9955E-3 -4,9632E-3 -4.1860E-3
498.15 ~7.2347E-2 ~5.6971E-2 -3.4607€-2 -2.3149€-2 -1.6522E-2 -1.2361e-2 -9.5896E-3 - -T7.65T4E-3 -6.2609E-3 -5.2213E-3
523.15 -1.1351E-1 ~8.6334E-2 -4.9429E-2 -3.1836E-2 -2.2122€-2 -1.6218E-2 -1.2377e-2 . -9.7481E-3 -7.8752E-3 -6.4976E-3
523.15 -1.1351€e-1 ~8.6334E-2 ~4.9429E-2 -3.1836E-2 -2.2122e-2 -1.6218E-2 -1.2377E-2 -9.7481E-3 -7.8752E-3 -6.4976E-3
548.15 -1.8244E-1 -1.3294E-1 -7.0980E-2 -4 .3809E-2 -2.9567E-2 -2.1214E-2 -1.5918€-2 -1.2364E-2 -9.8706E-3 -8.0598E-3
573.15 -3.0161€E-1 -2.0844E-1 -1.0251€E-1 -6.0321E-2 -3.9441E-2 -2.7658E-2 -2.0392E-2 -1.5617E-2 -1.2321€-2 -9.9590E-3
598.15 -5.1500E-1 -3.3326E-1 -1.4888E-1 -8.3075E-2 -5.2493€e-2 -3.5932e-2 -2.6016E-2 -1.9639€-2 -1.53126-2 -1.2253E-2
C625.15 -9.1212E~1 ~5.4593E-1 ~2.1729E-1 =1.1436E-1 ~6.9666E-2 ~4.6497E-2 -3.3040E-2 -2.4579E-2 -1.8958E-2 ~1.5004t-2
648.15 ~1.6822€+0 -9.0652E-1 -3.1833€-1 -1.5719e-1 -9.2126€E-2 -5.9894E-2 -4 A751E-2 -3.0604E-2 -2.3304E-2 -1.8282€-2
673.15 -3.2336E+0 -1.5404E+0 ~4.6732E-1 -2.1548E-1 -1.2128E-1 ~7.6749E-2 -5.2470E-2 -3.7896E-2 -2.8519E-2 -2.2158E-2
498.15 -6.4202E+0 -2.6542E+0 -6.8581E-1 -2.9418€-1 -1.5880E-1 ~9.7770E-2 -6.5546E-2 -4 ,664TE-2 ~3.4699E-2 -2.6706E-2
723.15 -1.2751€+1 -4.5749E+0 -1.0026E+0 -3.9932E-1 -2.0660E-1 -1.2373€-1 -8.1348E-2 -5.7055€-2 -4.1960E-2 -3.1999€-2
748.15 -2.3820e+1 -7.6949E+0 -1.4523E+0 -5.3787E-1 -2.66T9E-1 -1.5545€-1 -1.0026E-1 -6.9318E-2 -5.0416E-2 -3.8106E-2
773.15 -3.9064E+1 -1.2226E+1 -2.0696E+0 -7.1726E-1 -3.4161E-1 -1.9380E-1 ~1.2265€-1 -8.3628E-2 -6.01736-2  -4.5093E-2
798.15 -5.3700E+1 -1.7852E+1 -2.8760E+0 -9.4421E-1 -4.3326€-1 -2.3960E-1 -1.4891E-1 -1.0017e-1 -7.1330€-2 -5.3015€-2
823.15 ~6.1121€+1 -2.3639E+1 -3.8635E+0 -1.2230E40  -5.4360E-1 -2.9362E-1 -1.7936E-1 -1.1911E-1 -8.3975E-2 -6.1923€-2
848.15 -5.9605E+1 -2.8322E+1 -4,9851E+0 -1.5534E+0  -6.7380E-1 -3.5650E-1 -2.1432E-1 -1.4058E-1 -9.8180E-2 -7.1855€-2
873.15 -5.2817F+1 -3.0909E+1 -6. 1A18F+0 -1.9290F+0 -8.2394F-1 -4_2841E-1 ~2_5400F-1 -1.6473E-1 -1.1401€-1 -8.2862E-2
923.15 -3.6251E+1 -2.9822E+1 -8.3141E+0 -2.7587E+0 -1.1767E+0 -6.0021E-1 ~3.4798E-1 -2.2131E-1 -1.5071E-1 -1.0807€~1
973.15 -2.2266E+1 -2.4506E+1 -9.7153E+0 -3.5644E+0 -1.5710E+0 -8.0276E-1 ~4.6057E-1 -2.8899E-1 -1.9424E-1 -1.3770e-1
1023.15 -1.1522e+1 ~1.8488E+1 -1.0156E+1 -4 .2053E+0 -1.9567E+0 -1.0219E+0 ~5.8795E-1 -3.6678E~1 -2.4438E-1 -1.7168E-1
1073.15 -3.3916E+0 -1.2936E+1 -9.8141E+0 -4 .6062E+0 -2.2836E+0 -1.2366E+0 ~7.2275E-1 -4.5224E-1 -3.0033E-1 -2.0974E-1
1123.15 2.7263E+0 -8.1232E+0 -8.9834E+0 -4 . 7T640E+0 ~2.5193e+0 -1.4246E+0 ~8.5468E-1 -5.41228-1 -3.6048E-1 -2.5128E-1
1173.15 7.3054E40  -4.07036+0 -7.B9G4LE+D -4.7206E+0  -2.6554E+0 -1.5695E+0  -9.7261E-1 -6.2817€-1 ~4.2236E-1 -2.9522E-1
1223.15 1.0708E+1 -7.1737€E-1 ~6.6989E+0 ~4.5292E+0 -2.7016E+0 -1.6641E+0 ~1.0673E+0 -7.0693E-1 -4.8271E-1 ~3.4000E-1
1273.15 1.3210¢+1 2.0194E+0 -5.4780C+0 4.D366E10 -2.6756E+0 -1.7107E+0 ~1.1337E+0 -7.7204E-1 -5.37876-1 -3.8350E-1
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