Molecular Form Factors and Photon Coherent Scattering Cross Sections of
Water

L.R. M. Morin

15 Avenue Bosquet 75007 Paris, France

Tabulations are presented of molecular form factors £ (x), for values of x = sin(¢ / 2)/A
from Oto 1.25 A1, for liquid water at eight temperatures between 4 °C and 200 °C and for
the free water molecule. For liquid water, x = 0 to 1.25 A~ the tabulated values are
interpolated from experimental values of Narten and Levy (1971). For the free water
molecule, x = 0to 1.25 A~ the tabulated values are interpolated from calculated values
of Blum (1971). For x = 1.25 to 10° A~ the independent atomic scattering hypothesis is
assumed and the water molecular form factor F(x) is calculated from the hvdrogen and
oxygen atomic form factors given by Hubbell and Overbo (1979). Tables of coherent
scattering cross sections, obtained by numerical integration of the Thomson formula,
weighted by F?(x), are presented for liquid water at eight temperatures between 4 °C and
200 °C and for the free water molecule, for photon energies 5 keV to 1 MeV.

Key words: coherent scattering; cross section; form factor; Rayleigh scattering; tabulation; water; X ray..

1. introduction 2. Physical Constants, Notation, and Units

Molecular form factors and photon coherent scattering ¢, barn = 10— 2% m?
:ross sections of water are required in medical x-ray techno- - classical electron radius = 2.8179380.10~ m
logy. Especially, their knowledge would help to understand i- photon energy
artifacts due to single and multiple scattering in CT scan- photon wavelength
ners. . ) L. ) [ angle between the photon direction of travel
Experiments on x-ray scattering by liquid water have prior to and following a scattering interaction
been carried out at the Oak Ridge National Laboratory x — sin(@ /2)/A
(most recent publication: Narten and Levy [1]') and by 49 differential solid angle in steradian
Hajdu et al. [2], for the purpose of studying the structure of — 27 sin 6dO

liquid water. These authors do not give tabulations of water do,(6)/d differential Thomson scattering cross section
molecular form factors, but tabulations of water structure per electron

functions. Blum [3] has calculated molecular form factors
for the free water molecule, with a method derived from =—=(14 cos® 0)

: 2
Stet?le and Peccgra [4] and a self-consistent-field molecular Falx) - Hydrogen atomic form factor
orbital calculation by Moccia [5]. . o (x) Oxygen atomic form factor
For x = sin(6 /2)/A less than 1.25 A}, tables of liquid Qe ygen ato Jc ° .

water molecular form factors, derived from the structure Folx) zlat(:; (;Iel 016(;’1 él::: %ﬂ:ﬁiﬁ;ﬁﬁlmﬁgﬁlﬁ
functions of Narten and Levy [1], are presented here, togeth- tioen ( tabll):;) L a & 4pp
er with a table of free water molecu}ar form factors, interpo- = [2[Fa)]? + [F. 1% 1/2 (1)
lated from Blum [3]. For x > 1.25 A™, a table of water mo- w N 1[ [1 H p 1 A o for £ ¢ lecul
lecular form factors is calculated from the hydrogen and Fnail%) m?biac 111 ar form factor lor free water molecule
oxygen relativistic Hartree-Fock form factors given by Hub- w (table 1) ‘ for liquid table 1
bell and Overbo [6], using the independent atomic scattering (%) molecular form .factor or fiqui water ( avle )

[ coherent (Ray%lelgh) scattering cross section per

hypothesis. A table of integrated coherent (Rayleigh) scat-

tering cross section values, computed for photon energies 5 free water molecule (table 3)

Q=
keVto 1 MeV using the above form factors, is also presented. — J- " dop(B) [ FY (%) ] 2 @)
6=0

'Figures in brackets indicate literature references at the end of this paper. Oig coherent (Rayleigh) scattering cross section per
© 1982 by the U.S. Secretary of Commerce on behalf of the United States. liquid water molecule (table 3)
This copyright is assigned to the American Institute of Physics and the 0 =m w 5
American Chemical Society. = do{0)[ Fialx)] 3)
Reprints available from ACS; see Reprint List at back of issue. 6=0
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3. Composition of the F(x) Tables

3.1. Free Water Molecule

For x =0 to 1.25 A}, the values of F,(x) (table 1)
have been calculated by Lagranglan interpolation from cal-
culated values of Blum [3].

3.2. Liquid Water

For x =0 to 1.25 A™", the values of F;(x) at 4°C,
20°C, 25°C, 50°C, 75°C, 100°C, 150°C, 200 °C (table 1}
have been derived from experimental values of Narten and
Levy [1]. The pressure is supposed to be atmospheric pres-
sure at temperatures below 100 °C and equal to the vapor
pressure above 100 °C.

3.3. Independent Atomic Scattering Hypothesis

In this hypothesis, each atom of the water molecule is
supposed to radiate by itself independently from the other
atoms. F(x) in this hypothesis can be calculated from the
hydrogen and oxygen atomic form factors, usmg eq (1).

This hypothesis is valid for x> 1.25 A~'. When x is
small, Rayleigh scattering includes outer electrons which
are involved in the water molecule. When x gets larger, Ray-
leigh scattering includes in practice only inner electrons of
the oxygen atom. For x > 1.25 A=, the oxygen atomic form
factor.is.small-as compared-with. 8. This ensures that the
contribution of the outer electrons of the water molecule is
negligible and that the independent atomic scattering hy-
pothesis is valid.

The molecular form factors F ¥ (x) have been calculated
within this hypothesis, from the oxygen and hydrogen rela-
tivistic atomic form factors given by Hubbell and Overbo [6],
and using eq (1). For x> 1.25 A=Y, F¥x) is equal to the
oxygen atomic form factor F, {x), to the three figures accura-
cy glvcn hcrc Table 2 contains values of F Y (x) for x = 1.25
to 10° A~". The values of F¥(x) for x =0 to 1.25 A~ ! are
also listed i m table 1 for comparlson with F v, (x) and F 3 (x).
For 1 A~'<x <125 A=, FY¥ {x) and F}{(x) differ by less
than 1%, but this is the result of the normalization process
used by Narten [7], which requires: F 3 (x)=~F }{(x) at large
x.

The F ¥(x) values are theoretical values which provide
an approximation for F}; (x) and F J, (x) in the region where
there is no available data, i.e., for x >1.25 A, Attention is
called on the fact thatforx >4 A !, the form factor approxi-
mation fails to decrease as rapidly as predicted by more accu-
rate theory by Kissel et al. [8] (see sec. 3.4). To stress that
point, values of F % (x) for x > 4 A~—!have been put into par-
enthesis in table 2.

3.4. Validity of Form Factor Approximation

Kissel et al. [8] have calculated Rayleigh scattering, de-
scribing the atom as N non-interacting bound electrons in a
relativistic self consistent central potential. They have found
that for x>4 A~!, the form factor approximation fails to
decrease as rapidly as their numerical predictions. To stress
that point, values of F¥(x) for x >4 A~ ! have been put into
parenthesis in table 2.
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3.5. Choice of the F(x) Values

Forx = 0to 1.25 A~ and for liquid water, F (x) can be
taken from the experimental values F (x) of table 1. For
x = 0to 1.25 A" and for the free water molecule or for the
water molecule in the gas, F (x) can be taken from the theo-
retical values F ¥ (x) of table 1. Differences between £ 7, (x)
and F}, (x) are due to the intermolecular interferences effects
which take place in liquid water {(James [9]). The importance
of the differences between F o (0) and I7 ,‘;‘;(O) comes from
that scattering intensity by fluids at zero angle is related to
isothermal compressibility (Guinier [10]).

For 1.25 A=' <x <4 A~", F{x) can be taken from theo-
retical values F Yv(x) of table 2, which gives the form factor of
water in the independent atomic scattering approximation.
For x>4 A~!, F(x) can be taken from table 2, bearing in
mind that, at large x, form factor approximation fails to de-
crease as rapidly as predicted by Kissel et al. [8] (see sec. 3.4).

4. Total Cross Sections for Coherent
(Rayleigh) Scattering of Photons by Water

Values of integrated coherent scattering cross sections

Oomot» Ui, Obtained using eq (2) and (3), respectively, and the
F Y, (x), Fio(x) and F J/(x) values of tables 1 and 2, are pre-

sented in table 3 over the photon energy range 5keVto 1
MeV. For x>1.25 A~ the independent atomic scattering

“value F Y (x) has been taken as an approximation for F ¥, (x)

and F, (x). The numerical integration procedure used the
trapezoid rule, with the integration variable taken as
(1 — cosd ) and a mesh of 1001 logarithmically spaced points
(1000 intervals) over the range 10~ '?<(1 — cos@)<2. Values
of F¥ ,(x) and F (x) at the integration mesh points were
obtained by Lagrangian interpolation from values listed in
table 1. Values of F Y(x) at the integration mesh points were
obtained by log-log linear interpolation from values listed in
table 2.

For E < 50 keV, the integration extends only to values
of x <4 A~ and the inaccuracy of form factor approxima-
tion at large x has no incidence upon the integrated cross
sections. For E > 50 keV, the integration extends to values of
x>4 A™', but the contribution of these values to the inte-
grated cross section is less than 2%. As form factor approxi-
mation overestimates Rayleigh scattering at large x (see sec.
3.4), the incidence of such inaccuracy upon the integrated
cross sections is less than 2%. To stress that point, values of
o for £'> 50 keV have been put into parenthesis in table 3.

For the free water molecule or for the water moleculein
the gas, the cross sections can be taken from the o,,,; values
given in the column “molecular water” of table 3. For liquid
water, the cross sections can be taken from the oy, values
listed in the columns “liquid water” of table 3. For liquid
water, E<15keV, theintegration uses only values of x < 1.23
A~ and so the 0y values are calculated only from experi-
mental results of Narten and Levy [1]. For liquid water,
E > 15 keV, the integration extends to values of x > 1.25 A-!
and so it uses both experimental results of Narten and Levy
[1] and theoretical results of Hubbell and Overbo [6].

The differences between the form factors F b, (x) and

iiq (%) (sec. 3.5) have repercussions upon the integrated cross
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FORM FACTORS AND PHOTON SCATTERING CROSS SECTIONS OF WATER

WATER “MOLECULAR FORM FACTOR f(X) a

Table 2.
INDEPENDENT ATOMIC SCATTERING
X X
SINCTHETA/2) F(X) SINCTHETA/2) F(X)
JLAMBDA JLAMBDA

1.25 1.18 6.2 (.330€-01)
1.3 .15 6.6 €.265E-01)
1.4 1.G7 7.0 (.216E-01)
1.5 997 7.4 177e-01)
1.6 .926 8.C (.133E-01)
1.7 «857 9.C (.863E-02)
1.8 792 10. (.582E-C2)
1.9 .73 1. (. 406E-D2)
2.0 674 12, (. 291E~02)
2.2 =570 4. (161E-02)
2.4 482 16, (.960E-03)
2.5 . 443 18. (.647E-03)
2.6 4G7 20. (.402E-03)
2.8 « 345 22. (,277E-03)
3.0 .293 25, (e 167E-03)
3.3 . 230 28, (.127€-33)
3.5 . 196 31, (. 718E~04)
3.6 - 182 35. (L 445E-04)
3.9 <145 40. (.263E-04)
4.0 «135 45, (.165E~04)
4.2 (. 117) 50, (. 129E=04)
bo6 (.883E-01) 70. (.292E-05)
5.0 (.678E~G1) <TUE+03 (,724E=(G6)
S.4 (.527e-01) <10E+D4 (.139€-09)
545 (. 496E=~01) « 10E+07 (.751€=19)
5.8 (. 415e~01) L10e+10 (.768E-238)
6.0 (. 369E-(1)

3 THEORICAL

sections o0,,,, and oy,. As the F(x) differences are mostly
important for low x, the o(E) differences are mostly impor-
tant for low photon energies. Both the F (x) and o{E) differ-
ences are due to the intermolecular interferences effects
which take place in liquid water.
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5. Discussion

Values of F Y, (x) have also been calculated by Tavard
[11]. Hajdu [12] has provided an analytic fit for the values of
Tavard [11], for x =0 to 1.2 A~". Discrepancies between
the F v, (x) values of Blum [3] and those of Tavard-Hajdu
are less than .3% for x =0 to 1.2 A~'. Discrepancies
between the integrated values of o, are less than .3%.

Liquid water molecular form factors F,(x) at 4 °C,
25°C, 50 °C and for x = 0to.8 A ™!, can also be derived from
Hajdu et al. [2]. Discrepancies between the values of F i (x),
x = 0t0.8 A~ derived from Narten and Levy [1] and from
Hajdu et al. [2] are less than 10%. Discrepancies between the
integrated values of oy, are less than 8.3%.

For x> 4 A, form factor approximation fails to de-
crease as rapidly as predicted by Kissel et al. [8]. However
the effect upon integrated cross sections is zero for E <50

keV and is less than 2% for E > 50 keV.
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Table 3. WATER COHERENT SCATTERING CROSS=SECTIONS, BARNS/MOLECULE abge

PHOTON LIQuID Liavio LIQuiD Liaeuip LIQUID LIQUID Lieuiop LIQuId MOLECULAR
ENERGY WATER HATER WATER WATER WATER WATER WATER WATER WATER
KEV 4oC 2GeC 25 °C S¢ec 75°C 1utoC 15C °¢ 20g e

5.0 14,8 14.7 14.9 15.2 15,0 14.9 1542 15,6 20.5
6.0 12.1 12,0 12,2 12.4 12.2 12.2 12,3 12.6 16.2

8.0 8.59 8.53 8.64 8.76 8.68 Ba63 8.73 8.9C 1C.9
12. 6.48 6. 44 6.51 6.59 6.54 6,53 6.57 6.68 7.97
15. 3.81 279 3.82 3.86 3.83 3.82 3.85 3.9C L.48
20. 2.55 2.54 2.56 2.58 2.56 2,55 2.57 2.60 2.93
30. 1.36 1.35 1.36 1.37 1.36 1.36 1.37 1.38 1.53
40. 334 .832 .836 . 841 « 838 . 836 «840 0847 929
53. (.563) €.561) (.56%4) (567> (.565) Ca564) €. 5672 .571) €,623)
60. (.405) (.404) (.406) (.408) . 407) (. 406) (. 408) .411) (. 447)
80. (.238) (.237) .233) (.240) .239) (.238) (.239) .24 .261)
«10E+03 (.156) (.156) ,156) 157 C.157) . 156) .157) (.158) 171

- 15e+03 C712E=01)  (7H11E=01)  (L714E-01) (.717E=01)  (L715€-C1)  (L713E=-01) (. 716E-01) (. 721E-01) C.779E~01)
. 20E+03 C.405E=01)  (L404€-01) (. 406E-01) (L408E-01) (. 406E-C1) (.4055-01) (.407e=01) (.410€=01) (. 443E-L1)
«30E+03 C.1816=01) (.181E=01) (.182E-01) (.183€~L1) (.182€-01) (.182E-01) (.182E-01) (.184E-21) (.198€~01)
.40E+03 (.102E=01) (.102e=-01) (.1G3E-01) (. 103E-01)  €L103E-31)  (L1026-01)  (L103E=-L1)  (L.104E-01) . 1128-01)
«S50E+03 (.656E-32) (.654E-02) (,657E-02) (.660E-32) (.658E-02) (.657€~02) (,659E-C2) (.664E-D2) (,716E-02)
.50E+03 (.456E=02) (L455E=02) (L457E=02) (.459E=02) (.457E=02) (.456E-02) (.4588-02) (.461E-02) (.498E~02)
«80£+03 €.2566~-02) (.256£-02) €.257e-02) €.258£-02) (eR57E-C2) C.257E-02) €.258E-02) (a26CC-02) (. 280E-(2)
- 10E¢04 (.164E-32) (.164E-22) (. 165E=02) (.165E-02) (.165E-02) (.164E-02) (.165E-02) (.166E-32) C,179e-02)
8 10UID WATER E<15 KEV : CALCULATED FROM EXPERIMENTAL VALUES OF NARTEN AND LEVY (1971)

b

LIQUID WATER

CMOLECULAR WATER

£>15 KEV

CALCULATED FROM EXPERIMENTAL VALUES OF NARTEN AND LEVY (1971)

AND THEORICAL VALUES OF HUBBELL AND OVERBO (1979)

¢ CALCULATED FROM THEORICAL VALUES OF BLUM (¢9979) AND HUBBELL AND OVERBO (10790}
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