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Tabulations are presented of relativistic Hartree-Fock atomic form factors #1x,2), for values of x {(=sin{6/2)/A) from
0.01 to 10%A7 Y, for all elements Z—1 to 100. For Z—1, F{x,2) is given by the cxact cxpression of Pircnnc. For Z=2
to 98, x=0.01 to 2.0 A™%, the tabulated values are those of Cromer and Waber given in the International Tables for
X-Ray Crystallography (Vol. 1V, 1974), based in part on the work of Doyle and Turner. For Z=21 to 92, x= 2.2 to
6.0 A%, the present tables are based on the values of Doyle and Turner and additional values (Z=44, 60, 68, and 74)
aegiven by @verbd. For Z—3 t0 20,x=2.2t0 15 A~ 1 and Z=211t692,x=6.2t0 45 A~ lthe tables arc interpolated from
values given for 36 elements by @verbs, extended to x=10°A"! using @verbd’s corrections to the Bethe-
Levinger K-shell expression. The remainder of the table is filled in by interpolation and extrapolation, guided for high
x-values by the Bethe-Levinger result. Tables of relativistic coherent (Rayleigh) scattering cross sections, obtained by
numerical integration of the Thomeon formula weighted by F¥x,72), arc prescnted for all clements Z=1 to 100, for
photon energies 100 eV (A=124 A=12.4 nm) to 100 MeV (A=0.000 124 A=12.4 fm). Departures from the
nonrelativistic coherent scattering cross sections tabulated in J. Phys. Chem. Ref. Data 4, 471 (1975) are less than 1%
for Z < 20. However for a high-Z eleinent such as lead, for example, the relativistic coherent scattering cross section
is systematically higher by less than 0.4% below 1 keV, by 8% at 100 keV and by 13% above 1 MeV.
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1. Introduction

Atomic form factors F(r,Z) (where x=[1/\] [sin(8/2)]),
tabulated and parametrized in the crystallographic literature
(see, e.g., [1-5]% over x-argument ranges 0 < x < 2.0 to-20
A7, are required in materials-properties analyses involving
diffracted x-ray intensities.

If the range of x-arguments is extended to higher values
(e-g-, to x=80.65 A™* for processes involving 1 MeV photons
or to x=8065 A™! for processes involving 100 MeV photons),
atomic form factors also serve as input to the theoretical
prediction of a variety of physical quantities. Some of these
quantities include coherent (Rayleigh) scattering, pair produc-
tion and bremsstrahlung cross sections required in such
diverse applications as medieal x-ray technology, power reac-
tor shielding, industrial radiation processing and analysis of
nuclear physics experiments.

A previous paper in this journal [6] presented tables of non-
relativistic atomic form factors F(x,Z) and incoherent scatter-
ing functions S(x,Z) extending over the range 0 < x < 109471
for all elements Z=1 to 100, composited, interpolated, and
extrapolated from the available published and unpublished

! Figures in brackets indicate literature references at the end of this paper.
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literature [7-12]. Reference [6] contains an extensive review
of form-factor theoretical models, also graphical comparisons
with available measurements which will not be repeated here.

The use of non-relativistic #(x,Z) values for the tables in
reference [6], rather than the accurate relativistic values, was
for the following reasons:

(a) The two available systematic calculations of relativistic
(Hartree-Fock) F(x,Z) values extended only up to 6.0 A7!
(Doyle and and Turner [1}, 54 elements Z=2 to 92) and up to
2.0 A7 (Cromer and Waber [2], all elements Z=1 to 98),
respectively, whereas non-relativistic (Hartree-Fock) Fix,2)
values (also S(x,Z) values) for 0 < x < 80 A7 for all elements
Z=1 to 103 were available from Cromer [8,9].

{b) No systematic relativistic calculations of the incoherent
scattering function Sfx,Z) were (or are) available. Since pairs
of cross sections derived from F(x,Z) and S(x,2), respectively,
are frequently used additively {e.g., coherent plus incoherent
scattering cross sections), a partial cancellation of errors from
neglect of relativistic effects might be expected in such sums if
this neglect were applied consistently.

It has since been noted, however, that this partial cancella-
tion of errors, at least in the case of photon interactions, is of
less significance than the relativistic-nonrelativistic differ-
ences, due to the greater sensitivity of the total cross section to
F(x,7) values than to S(x,7) values used in computing cross
sections for the individual interactions. Hence the above
consistency justification (b) for use of nonrelativistic #(x,Z)
values is seen to be no longer valid.
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Recently, Qverbs [13,14] has calculated relativistic F{x,2)
values for high momentum transfers (2.0 <x < 45 A7 for
36 elements Z=3 to 92. @verb4’s work includes parametrized
corrections to the Bethe-Levinger [12] high-x K-shell expres-
sion which provide a basis for extending his own and the
relativistic calculated values of Doyle and Turner [1] and
Cromer and Waber [2] to cover the entire range x=0 to 10?
A7 7=1 to 100.

A recent analysis [15] of high precision attenuation coeffi-
cient measurements [16] in the range 10 to 150 MeV has
provided a sensitive test of theoretical pair production cross
sections which, in turn, are sensitive to the choice of F(x,2)
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values used in the screening-effect part of the calculation. In
this analysis, using non-relativistic [6] and relativistic (present
tabulation) form factors as alternative input data in the Jost-
Luttinger-Slotnick [17] screened pair production expression,
and assuming other corrections [18] and other contributing
processes were calculated with sufficient accuracy, the agree-
ment between theoretical and measured data is seen to be
improved by the use of relativistic form factors.

Also, the spacing of the x-grid in reference [6] has been
found too coarse for reliable interpolation, particularly for
high-Z elements where undulations in the form factor (see fig.
1) due to atomic shell effects persist to beyond x=10 A1
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Ficure 1. RHF atomic form factors Ffx,Z) from table I for 10 selected elements over the range 0.01 < x < 100A%
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As a result of the considerations discussed above, relativis-
tic, increased-grid form factor tables, composited, interpolated
and extrapolated from the literature including the newly-
available work of @verbd [13,14], are here offered as a
replacement for the form factor tables in reference [6].
Similarly, tables of integrated coherent (Rayleigh) scattering
cross section values, computed for photon energies 100 eV to
100 MeV using the above relativistic form factors, are also
presented to replace the non-relativistic coherent scattering
cross sections calculated and tabulated in reference [6].

2. Physical Constants; Units; Notation

The physical constants included in the following listing are
unchanged % from those in the more extensive listing given in
reference [6]:

c velocity of light=2.99792458 - 108 m s7!

€ elementary charge=1.6021892 - 107 C
=4.803242 - 1071 cm3/2 g 1%~ (e.s.u.)
=1.5189186 - 10" “* m 32 kg /%1

Me electron rest-mass=9.109534 - 1073 kg
mec? électron rest-mass energy=>5.110034 - 10° eV
b barn=10"28 m?

Te classical electron radius=

e%/(mecy=2.8179380- 10" * m
re? =7.940775 - 107%° m?>=0.07940775 b

a fine structure constant=7.2973506 - 10™*=
1/137.03604 =~ 1/137

as first Bohr radius=r¢/a2=5.2017706 - 10" 1 m
=0.52917706 A

E photon energy in eV units (e.g., keV, MeV or
GeV)
k photon energy in units of the eleciron rest-mass

energy (i.e., mec? units)=£(eV)/511003.4

A photon wavelength in angstroms (1 angstrom=
107" m —0.1 nm)=12398.520/F£(cV)

0 angle between the photon directions of travel prior
to and following a scattering interaction 3

Tl Bragg angle in x-ray crystallography=6/2 3

2 Numerical values given here and in reference [6] are those recommended in 1973 by the Task
d I Constants, C: on Data for Science and Technology (CODATA) of the
International Council of Scientific Unions (ICSU) [19), taken from an analysis by Cohen and Taylor
120},

Group on F

3 Note that the meanings of 8 and ¢, which are here the same as in reference {6] and in numerous photon
interaction publications from NBS and elsewhere, are reversed from the customary meanings in the
crystallographic literature.

x =sin(0/2)/A=(sind)/\
#ig momentum transfer to an atom or electron (or, in
vector notation, fiq=k;—k;, where k; and k; are
initial and final momenta of the photon). In units
of mec, g =2k sin(8/2). Conversion of g-arguments
in mec units to the x-arguments in the present
table (table I) is accomplished by multipli-

cation by the factor 20.60744 =
511003.4/12398.52

Z atomic number=-electrons/atom

dQ) differential  solid angle in steradians=
27 sind6

do1(0)/dS) differential Thomson scattering cross section per

electron
r2 :
=5(1 + cos20) (2)
o7 cross section for classical Thomson scattering from
an electron=87r2/3=6.652448 - 1072 m2=
0.6652448 b
Fx,7) atomic form factor (table I)
- Oeon coherent (Rayleigh) scattering cross section per

atom (table II)

I

=7 .
L don(O)Ft 212 @)

[

2oy Jtl (1 + cos®)[F(x, Z))? d(cos®)  (4)

3. Composition of the Present F(x, Z2) Tables

The relativistic atomic form factors F(x, Z) in table I were
composited from theoretical partial-range tabulations avail-
able in the literature and in some cases by computations using
formulas given in the literature. Values of F(x, Z) are listed for
the combined total of 94 x-arguments 0<x<45 A1 appearing.
in. the input poini-data tabulations, in addition t six
x-arguments 50<x<10° A™! in the computed extension
region. This increase from 45 x-arguments in reference [6] to
100 x-arguments in the present table increases the reliability
of interpolation, particularly in the region 5 SzS50 AL,

The above x-grid is, however, less dense than that of
reference [6] for small values of x (0<x<0.03 A™Y). In the
present tabulation (table I) the lowest non-zero x-argument is
0.01 A ! rather than 0.005 A™! as in reference [6]. Thus for
applications which heavily weight Fz, Z) values in the region
0<x<0.01 A7, the relation [21]

Foo, 2)=Z(1—a x3, x<0.01 A7, 5)
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where

a=01—[F, 2)/Z))/%> (6)

solved for x=0.01 A™Y may yield more accurate Flx, Z)
values than some interpolation schemes.

The source data for the different x- and Z-regions in table I
are as follows:

(a) For hydrogen, all F(x,1) values 0<x<10° A1 were
computed from the exact expression of Pirenne [10]

Fl,1)=[14472% ap %2 (7)

for neutral atomic hydrogen, in which ao is the first Bohr
radius (0.52917706 A). Hence the present (table I) hydrogen
F(x, Z) values are identical with those listed in the main tables
in reference [6]. Reference [6] also includes F{x, Z) tables for
molecular and bonded hydrogen, based on the work of Stewart
et al. [22, 23], which differ from the Pirenne [10] values by
amounts ranging up to 40%.

(b) For all elements Z=3 to 98 and for 0<x<2.,0 A~ the
Flx, Z) values are taken from the tabulation by Cromer and
Waber [2] in the International Tables for X-Ray Crystallogra-
phy (Vol. IV, 1974). A log-log quadratic extrapolation proce-
dure was then used to extend these Flv, Z) values to include
the elements Z=99 and '100. ;

The Cromer and Waber [2] Flx, Z) tables, in turn, were
taken in part from the results of Doyle and Turner {1]
calculated over the range 0<x<6.0 A~ for 54 elements Z=2
to 92 (all elements Z=2 to-38 plus the elements Z=42, 47,
48, 49, 50, 51, 53, 54, 55, 56, 63, 79, 80, 82, 83, 86 and
92). The Doyle and Turner [1] results were obtained using the
integral

sin(4ar) Jr

F(x, Z) = 4~1TJ; r2p(r, Z) ry— ®)

which assumes spherical symmetry for the atom and in which
p(r, Z) is the total charge density, as a function of the radial
distance r from the nucleus. The charge densities p(r, Z) were
obtained from a relativistic Hartree-Fock (RHF) atomic wave
function calculation programmed by Coulthard [24].

For the remaining elements 39<Z<98 not included in the
above Doyle-Turner [1] work, Cromer and Waber [2] calculat-
ed Flx, Z) values using RHF wave functions of Mann [25]. The
Mann [25] wave functions differ slightly from those of
Coulthard [24] in that the effect of a finite rather than a point
nucleus has been included. However, according to Cromer and
Waber [2], differences between F{x, Z) values calculated from
the point nucleus treatment and from the more exact finite-
nucleus treatment are negligible.

(¢) For helium (Z=2) the F{x, Z) values in the range 0 <x
<2.0 A™1 in table 1 were also taken from the RHF values
tabulated in the International Tables for X—Ray Crystallogra-
phy [2] except for the values 0.01175 and 0.00990 at x=1.9

and 2.0 A™% respectively, replacing the values 0.011 -and

0.010 to correct for apparent round-off errors. The values
0.01175 and 0.00990 were obtained from the nine-parameter
fit
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4
Fl, 2)= 2 aiZ) exp (=bi(2?) + (),
2.0 A1 9
for which Cromer and Waber [2] provide a table of ai(Z), b:(Z),
and ¢(Z) for all elements Z=1 to 98.
For helium in the region 2.2 <x<10%A™’, use was made of
the Bethe-Levinger high-x K-shell expression [12]

Failx, Z)y=[sin(2y arctan Q))/[yQ(1 + 03] (10)

where Q=g¢/(2a) (g in m.c units=x/20.60744), y=(1—a**
and a=a Z=7/137.03604, normalized to the -above modi-
fied Cromer-Waber value at x=2.0 A7! value according to

Fl, 2)="Fyi(x, 2) - (0.00990/Fg(2.0, 2)), a1
2.2<x<10%47.

(d) For elements 3<Z<100 and for 2.2<x<6.0 A7%, the
Flx, Z) values in table I were interpolated (semi-log cubic
spline fit vs. Z and log-log cubic spline fit vs. x) from a set of
Fx, Z) values consisting of (1) the F(x, Z) values given by
Doyle and Turner [1] for 35 elements 21<Z<92 and (2) Flx,
Z) values given by @verbd [13,14] for all elemenls 3<Z<20
and for elements Z=44, 60, 68 and 74 not included in the
Doyle-Turner work. The @verbé [14] results for Z<20 are
based in part on the Doyle-Turner [1] results, which are too
coarsely-spaced and subject to round-off oscillations in the
region 2.2<x<6.0 A™! for accurate interpolation, in the sense
that @verbd derived smoothly-varying (and small) correction
factors from the Doyle-Turner tabulated values and applied
these factors to his more densely-spaced calculated results.

(e) For elements 3<Z<100 in the range 6.2<x<10% A7,
the F{x, Z) values in table I were interpolated and extrapolated
from F(x, Z) values calculated by @verbé [13,14] for 36
elements: Z=3-20, 22, 24, 26, 29, 32, 37, 42, 44, 47, 50,
53, 60, 63, 68, 74, 79, 82 and 92. ‘

The @verbd results [13,14] are listed as point-data over the
range from x=2.0 A™! to x-values ranging from 3.0 A™!
(Z=3) up to 45 A~! (Z=92). For higher x-values (3.0 A1 to
45 A71<x< o0) Overbd presents his results as parametrized
corrections to the Bethe-Levinger [12] analytical expression
Fgi(x, Z) given in eq (10)

Fe, =01 + AQ) + B@) x™ P Fal, 2)  (12)

for which Overbé gives numerical values of 4(Z), B(Z) and
C(Z) for the above 36 elements.

Overbé [13,14] used the integral expression in eq (8) to
calculate Flx, Z), hence he treated both symmetric and asym-
metric atoms as spherically symmetric, as did Doyle and
Turner {1] and Cromer and Waber [2]. @verbé obtained his
charge densities p(r, Z) from a relativistic self-consistent-field
program by Liberman et al. [26] in which cxchange is
represented by a Géspar-Kohn-Sham [27,28] equivalent po-
tential, slightly modified by a tail correction [29]. This
exchange potential is § of the one originally proposed by
Slater [30], and yields charge densities p(r, Z) which closely
approximate those obtained from relativistic Hartree-Fock
equations [2,31,32], particularly for heavy elements.
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@verbd’s [13,14] integration procedure for eq (8), to avoid
cancellation errors due to rapid oscillations of the factor sin
(4arxr) for high x, consisted of (a) numerical Simpson integra-
tion over the interval 0 < r < 0.5 ao (where a0 =5.2917706 -
107" m is the Bohr radius) and (b) analytic integration over
each of 310 logarithmic segments comprising the remaining
interval 0.5 < r < 60.0 ao, in each segment of which r p(r, 2)
was fitted to a quadratic form in 7.

The resulting extended-range RHF F(x, Z) values, compos-
ited, interpolated and extrapolated from literature values as
described above, are given in table I fo_r all elements Z=1 to
100, for 100 x-arguments over the range 0 < x < 10° A-1,
Fx, Z) values from table I for selected elements Z=1, 2, 4, 8,
13, 29, 50, 74, 82 and 92 are plotted logarithmically in figure
1 over the range 0.01 <x <100 A~% As can been seen in
figure 1, the K-shell contribution dominates F(x, Z) in the low
Z and high x regions, with the highershell (Z, A, . . )
contributions for Z > 2 a;Kearing as undulations in #{x, Z) in
the region 0.2 < x < 20 A%

4. Total Cross Sections for Coherent (Rayleigh)
Scattering of Photons by Atomic Electrons

Reference [6] included tables of integrated coherent scatter- -

ing cross sections Ocop obtained using eq (4) and the non-
relativistic F{x, Z) values in reference [6], for all elements
Z=1 to 100 and over the photon energy range 100 eV to 100
MeV. New values of O con, obtained from eq (4) using the
same numerical integration procedures as in reference [6] but
substituting relativistic F(x, Z) values from table. I of this
paper, are presented in table II for the same range of Z’s and
photon energies. That is, a modified Simpson-rule numerical
integration procedure given by Spencer [33] was used with the
integration variable taken as (1—cos6) and a mesh of 1000
logarithmically-spaced points (999 intervals) over the range
10712 < (1—cosh) < 2.0 (1.4 - 1076 < 8 < 7). Values of Fx,
Z) at the integration mesh-points were obtained by loglog
quadratic interpolation from values listed in table I, except for

the region 0 < x < 0.01 A~! where eq (5) was used in -

preference to interpolation.

5. Discussion

Table III lists percent differences between the present
relativistic Hartree-Fock F(x, Z)ggr values in table I from the
non-relativistic Hartree-Fock F(x, Z)yp values in reference [6]
for ton elements 7—1 45 O for 2=—001 01 1 10 and 10

A1 Large relativistic effects of the order of 10% to 40% are
seen for high-Z elements for x > 10 A~L The 11.96%
difference at x=10 A~? for Z=8 results from a fictitious
‘oscillation in the reference [6] input data [8,9].

Table IV similarly presents percent differences between the
integrated relativistic Hartree-Fock coherent scattering cross
sections o%EF (E, Z) in table II and the non-relativistic values
o &h (E, Z) given in reference [6] for seven photon energies
100 eV to 100 MeV, for the same ten elements as in table III.
For high-Z clements and £ > 100 keV, the systematic aud

substantial relativistic effects on Ffx, Z) for high-x arguments

- in table III are seen to propagate to 5% to 20% differences -

between o5k (E, Z) and o8, (E, Z), or approximately one-

half the respective F{x, Z) percent differences.

The effect of the 0¢on percent differences in table IV on the
total attenuation coefficient (including photoeffect, Compton
scattering and, above 1.022 MeV, pair production cross
sections; see, e.g. {34}, amounts to less than 0.1% for Z S 29
and less than 0.3% for Z < 50. However, for a high-Z element
such-as lead (Z = 82), the percent change in theoretical u/p
compilations, due to relativistic effects in 0oy, rises to a peak
value of 0.9% at ~ 400 keV, decreasing to less than 0.1%
below 20 keV and above 3 MeV.

Estimates of uncertainty for the F{x, Z)gyr values in table I
vary widely. Two types of uncertainties, differing considerably
in magnitude, results from (a) errors due to the free-atom
assumption and (b) limitations of the atomic model.

(a) Free-atom assumption: Cromer and Waber [2], compar-
ing their results with available measurements, montion dis-
crepancies “of the order of several percent” for some metals,
including aluminum, iron and copper, but “excellent agree-
ment” between calculated and measured Fx, Z) for inert gases
where the free atom assumption is valid. The graphical
summary of measured data in [6] suggests uncertainties “of
the order of several percent” based on the spread of the data
points, particularly for x ~ 10 A~% For higher x-values the
uncertainties should decrease as the contribution to Fx, Z)
from valence electrons becomes small. These estimates are
consistent with the “overall agreement between theory and
experiment of the order of 5%” (for heavy elements) noted by
Schumacher and Stoffregen [35] comparing Schumacher et al.
[36-38] measurements with recent calculations by Kissel and
Pratt [39] based on second-order perturbation theory [40,41].

{b) Limitations of the atomic model: The Hartree independ-
ent-particle model is the basis for all the works from which
the present Ffx, Z) values (table I) have been composited,
hence electron-correlation effects have been neglected. Tseng
et al. [42] point out that F{x, Z) is rather insensitive to electron
correlation effects, at least for the clements Z = 2 to 6 for
which such effects have been studied by Kim and Inokuti [43]
and by Brown [11]. That is, although electron correlation
effects on the incoherent scattering function Sfx, Z) can be as
high as 20-30% (Z = 5, x < 0.1 A_l), such effects on the
atomic form factor Fx, Z) were found to be ~1% or less.

Weiss [44] also estimates the errors in Ffx, Z) due to neglect
of electron correlations to be ~1%. He points out that the
~10% independent-particle-model errors in the Hartree
method are reduced to ~1% in the Hartree-Fock method as a
rosult of changing the formulation of the total wave funciion
from a simple product (Hartree) to a single determinant
(Hartree-Fock). in which error-cancellations occur.

As was mentioned earlier, recent screened pair production
calculations [15, 45] involving integrals over x of Fx, Z),
compared with the pair production cross sections obtained
from total attenuation coefficient measurements, strongly
favor the present relativistic F{x, Z) values in table I over the
non-relativistic values given in reference [6].
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Table III. Percent differences of present (table I) F(x,Z)RHF values from F(x,z)HF

(except F(x,Z)CI {configuration-interaction [11]} for 2 <z < 6) values given in reference [6]

]
X 12 ot 4Be & | 1# 2908 5057 747 g2FP 927
-1 ' o
-4 [F(x,Z)RHF/F(x,Z)HF - 1.0] x 100%
0 0 0 0 0 0 0 0 0 0 0
0.01L| O 0 - 0.03 + 0.01 + 0.02 + 0.03 + 0.02 + 0.03 | + 0.02 + 0.03
0.1 0 + 0.03 - 1.05 + 0.01 + 0.04 + 0.01 + 0.19 + 0.25 + 0.42 + 0.40
1.0 0 - 1.17 + 0.23 + 0.05 + 0.22 + 0.60 + 1,10 + 1.97 + 1.72 + 2.32
i
10 0 1 2,70 + 1.38 + 11.96 + 3.46 + 4.065 + 7.47 + 22.48 '+ 28.89 + 36.53
100 0 + 2.70 + 1.43 - 4,01 + 0.56 + 7.13 |+ 12.12 | + 17.46 + 19.63 |+ 22.86
. RHF HF
Table IV. Percent differences of present (table II) ccoh(E,Z) values from Ocoh(E,Z)
(except Ugih {configuration-interaction [11]} for 2 < Z < 6). values given in reference [6]
5 Z 1H 2He 4Be 80 13A,Q, 29Cu 5OSI’A 74W 82Pb 92U
. RHF HF o
eV, keV,MeV [Gcoh(E,Z) /Ucoh(E,Z) - 1.0] x 1007
100 ev - 0.1 0 - 0.2 4] - 0.1 0 0 + 0.1 0 0
1 kev 0 0 - 0.9 0 + 0.1 0 + 0.2 + 0.3 + 0.3 + 0.4
10 keV 0. + 0.1 - 0.6 + 0.1 ‘ + 0.2 + 0.4 + 1.0 + 1.1 + 1.7 + 2.2
100 keV 0 0 - 0.9 - 0.3 0 4+ 1.1 + 3.9 + 6.9 + 8.3 + 10.5
1 Mev 0 0 - 1;0 - 0.4 - 0.1 + 1.4 + 5.6 + 10.2 + 12.9 + 17.8
10 Mev 0 0 - 0.9 - 0.4 - 0.1 + 1.4 + 5.7 + 10.5 + 13.4 + 18.5
100 Mev 0 0 - 0.9 - 0.4 - 0.1 + 1.4 + 5.8 + 10.6 + 13.4 + 18.5
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