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A review is made of measurements of the effect of temperature, pressure, isotopic com-
position, and dissolved atmospheric gases on the density of liquid water at temperatures to 100 %C,
The molar volume is expanded as a multiple power series in the variables, and the coefficients
determined. A number of gaps become evident in our knowledge of properties that are within the
capacity of current measurements. For example, there appears to be no measurement of the effect
of oxygen isotopes on the compressibility. Data on the thermal expansion of D0 are strikingly
inconsistent. The partial molar volumes of dissolved gases are only sketchily known. At O‘S?C,
equilibration with the oxygen, nitrogen, and argon of the atmosphere lowere the dentity about
3 p.p.m., while atmospheric carbon dioxide raises it about 0.3 p.p.m. Appendix I discusses the
care needed to. obtain various degrees of precision in practical density measurements, and the
effect of isotopic uncertainties on them. Appendix II treats the representation of the equation .of .

state of water at slightly higher pressures.

Key words: Aqueous solutions of gases; compressibility; equation of state; heavy water: isotopic
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1. Introduction

The density of liquid water is a function of externally
imposed variables, such as temperature and pressure, and
of compositional ones that include isotopic composition as
well as dissolved substances. The latter category includes in

#N.R.C.C. No. 16001.

principle all aqueous solutions, but only the dissolved at-
mospheric gases are considered here. In particular, the
effects of salinity and related oceanographic parameters
are not considered, although there is an extensive literature
on that subject. Treatments of the effect of isotopic varia-
tions on the density of natural water have been given by

Menaché [1],! Girard and Menaché [2], and Millero and
Emmet [3], but the present paper adopts a somewhat differ-
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TasLE 1. Isotopic masses and abundances 2

GEORGE S. KELL

Atomic Natural abundance SMOW
weight Mole Weight Formula Mole Formula
A fraction fraction weight bs ¢ fraction weight ¢

H 1.007825 0.99985 0.99970 0.999842
2H (D) 2.014102 0.00015 0.00030 0.000158
SH (T) 3.016049 2.% 1016 6.X 1016 0
H (weighted) 1.0079 1.007984
160 15.994915 0.99759 0.99732 0.997640
170 16.999133 0.00037 0.00039 0.000371
180 17.99916 0.00204 0.00229 0.001989
O (weighted) 15.999, 15.999274
Hy0 (weighted) 18.015, 18.015242

3 Masses are on the scale 12C = 12 exactly.

b While the masses of the isotopes are known with higher precision, the variations of the isotopic ratio between different terrestial samples

limit the precision.
¢ From equations (2), (3) and (4).

For most purposes the volumic mass, or massic density,?
is the useful quantity, but as the volumes of isotopic mix-
tures are nearly ideal, expressions will first be derived in
terms of volumes, and only converted to densities later.
The molar volume ¥ of liquid water may be expressed as a
function of the following variables.

V =Vt p; [DLIT]; ["O1,[**0];
[N2],[0:],[Ar],[CO.],[NHs]) ,

(1)

where ¢ is the temperature, p the pressure, and square brack-
ets denote concentrations; the first group of concentrations
gives the abundance of hydrogen isotopes in the water
itself, the second that of the oxygen isotopes, while the
last refers to dissolved substances. The evolution of work
on density has been in the direction of giving a more com-
pletc analysis of thc composition. Equation (1) is purcly
formal, and this paper, after choosing a suitable way to
express each variable, considers a systematic series expan-
sion in terms of these variables; data from the literature
then yield values for most coefficients, while a few important
gaps become evident. Section 2 will treat the expression of
isotopic composition and the evaluation of the molecular
weight. Subsequent sections will then review the data on
density as they bear on the evaluation of the various param-
eters in the expansion.

2. Molecular Weights and the Specification of
Isotopic Composition

2.1. General Treatment

The molar volumes of the isotopic waters are approxi-
mately equal, but engineering and laboratory work is usu-

2 As the French word densite has the meaning ef specific gravity and implies a
relative measurement, some English authors use “‘abselute density” for volumic mass
to avoid confusion. In this paper “massic density’’ is used with this meaning. In this
we parallel the admittedly unhappy double use of molar as in molar volume and its
reciprocal molar density. For the present paper the reciprocal of the massic density
is the massic volume (Fr. volume massique). The word “specific”’ is reserved to
refer to species such as HD160 or HCO3. Throughout the paper P is the massic
density and V is the molar volume.
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ally done on a mass basis. More important for the present
study, weighings can be made with high accuracy more
easily than can determinations of isotope fractions. We thus
work here on a mole basis, but in such a way as to minimize
the effect of errors in the molar concentrations.

The isotopic masses, taken from “Atomic Weighis of the
Flements 1973” [4], are included in tahle T which revises
a table given earlier [5]. There are three isotopes of hydro-
gen, two of them stable, namely 'H or light hydrogen (or
simply H if contrasted with D or T) and 2H or D, deuterium
or heavy hydrogen, while ®H or T, tritium, is radioactive
with a half-life of 12.33 yr. If the mole (or number) frac-
tion of ?H is denoted by x2, and that of °H by 3, so that the
fraction of 'H is 1 — x2 — 3, then the atomic weight of a
sample of hydrogen is

A(H) — 1.007825 + 1.006277x; + 2.008224x5. (2)

There are three stable isotopes of oxygen. (Radioactive
isotopes 10, 150, 1°Q, and 2°0 have half-lives of seconds (2
min for %0) and no data are available on waters containing
them.) If 17 denotes the mole fraction of 170, and y1s that
of 180, so that the fraction of %0 is 1— y17r — y1s, the
atomic weight of a sample of oxygen is

A(0) = 15.994915 + 1.004218y17 + 2.00424sy1s. (3)

Adding these two equations together, to correspond to
the stoichiometry 20, gives the molecular weight of water

as

My (Hz0) /g mol—! = 18.010565 + 2.012554x2 +

4.016448x3 + 1.004218y17 + 2.004245y1s. (4)
This equation shows that the molecular weight is known to
6 decimal places, that is to ~1 in 2 X 107, provided the
isotope fractions are known to 1 in 105, except for solutions
rich in 180 when the accuracy falls to 5 decimal places. This
accuracy of measurement of isotopic composition is not
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easily reached, nor is the corresponding accuracy of density
measurements.

In practice a somewhat different method is usually used
to express the composition of waters not too different from
natural water. Denote the concentration of the heavier hy-
drogen and oxygen isotopes by the abundance ratios

2r = [2H}/[*H] = %2/ (1 — %2 — x3), (5)
3 = [PH]/[*H] = x3/(1 — %2 — x3),
17, = [Y70]1/[*%0] = y1r/ (1 — y17— ¥18), (6)

18, = [180]/[1%0] = y8/(1 — y1r — y18) .

The isotopic ratios defined by ir can be determined directly
when a mass spectrometer is uised.

In the present paper we wish, however, to work in terms
of mole fractions. As the mole fraction of 'H is (1+2r+
37)—1, the mole fractions are given in terms of r by

2r
Trn e

x2 =

g

and similarly for the other isotopic species.

Craig [6] has introduced the concept of Standard Mean
Ocean Water (SMOW) to provide a uniform standard for
reporting D and 80 concentrations of natural waters. No
sample of SMOW exists, although there are several close
approximations; there is, accordingly, no vat of SMOW
from which samples can be taken for density studies. Rather,
SMOW was first defined in terms of the U.S. National
Bureau of Standards “reference sample 1” [7]. Small sam-
ples of a closely similar standard, intended as a calibration
standard for mass spectrometry, are available from the Inter-
national Atomic Energy Agency [8]. Compositions rela-
tive to SMOW are usually expressed in terms of the per
millage enrichment 8%, which is defined by

8% = [(irsamp]e/irSMOW) — 1] X 1000. (8)

Parameter 'r offers conveniences for the discussion of equi-
libria, for example the isotopic separation factor ‘e is

toe = irproducr./ii'mmax- (9)

For thermodynamic purposes %., A®%., or *a are in-
ferior to Aw; or Ayy because they give a less complete speci-
fication of the composition. In the long run only x and y
will be of interest, and the correlations here are reported in
terms of them. Craig gives 2r = 1/6328, giving x» =
(158.%=2.) X 10—¢ for SMOW ; for thermodynamic purposes
%3 is zero in natural waters. For D in near-normal waters
we then have from eq (7) '

X2,sample — 158.X10—8 + 0.9997 (erample - 2I'SM0W) s

(10)
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or in terms of 8, with the same restriction to near-normal
water,

X2sample = 158.X10—° ( 1+ iiﬁ; ) (11)
Similarly, for *a, with the same restriction,
Ax2 = xe{product) — x2(initial},
= 158.X10%(2cc—1). (12)

These are the conversion relations used in this paper.

All three stable isotopes must be taken into account in
specifying the isotopic composition of ordinary oxygen.
However, the definition of SMOW [6] did not mention 70O,
an isotope present in greater mole fraction than is D.

We here follow Girard and Menaché {2] in adopting the
value ®r = 1993.4X107® as given by Craig [6], and adopt
their value 1% = 372.X105, There is then, paralleling eq
(10),

Yit,5ample = 37L.X 1078 + 0.9950 (Y'rsample — rsmow)
(13)

¥18;sample — 1989.X10—% + 0.9902(18r53mp]e - 18T‘sm()w) .

Similarly, paralleling eq (11) there is obtained

178%
¥17,sample = 371.X10‘6('1+ 500 ) , (14)
188 %o
¥18ssample = 1989. X105 <1 + ,) .
1000
and paralleling eq (12)
Ayyz = 371.X10—° (" 1), (15)

Ay1s = 1989.X10—% (Bar —1).

The coefficients entering into eqs (10) to (15) are experi-
mental and subject to future revision. More important,
Coplen and Clayton [9] point out that the standard water
from the International Atomic Energy Agency [8], to which
reference has already been made, differs slightly from
SMOW as originally defined by Craig [6].2 Determinations
of D in light or heavy water vary greatly in accuracy. The
error given by Hagemann et al. of 0.05X10~% for x2 in
SMOW is only attained in the best work. An error of per-

3 In commenting on the manuscript of this paper, Menache points out that it would
be better to take the isotopic abundances of SMOW as given by Hagemann et al.
8] for hydrogen, and by Baertschi [95] for 180; the latter paper was not available
when the present paper was written. These give for SMOW 10%x = 155.74 = 0.05
and 10%y13 == 2000.45 = 0.45. Adoption of these values would not change the patterns
of isotopic effects to be deduced below. A mecting on stable isotope standards held
in Vienna, September 1976, resolved that henceforth only the material distributed by

the I.A.E.A. should be called SMOW and, if necessary to avoid ambiguity, it may
be designated as Vienna-SMOW or V-SMOW.
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haps 2X10~° in x2 appears more usual, but even this corre-
sponds to an error in the massic density of less than 1 p.p.m.
The situation is similar for the oxygen isotopes. The uncer-
tainty in the abundance of %0 in SMOW produces an error
in the density of less than 1 p.p.m. The uncertainty with re-
spect to 170 may be larger, and the measurements are not
adequate to estimate its error. The abundances of the iso-
topes in SMOW, and the corresponding atomic weights, are
included in table 1; these values were used in determining
the numerical coefficients of eqs (10) to (15). The effect of
isotopic errors on the density is similar to their effect on the
molecular weight as given by eq (4) ; numerical values will
be given in section 3.9. The effect of isotopic variations on
practical density measurements is discussed in Appendix I.

Because of the fractionation on evaporation, seawater is
richer than freshwater in the heavier isotopes, both deu-
terium and the heavy oxygens. Atmospheric oxygen is also
richer in 20 than either water, its composition being related
to that of water by equilibria with COs, so that water pre-
pared by burning hydrogen in air has this slightly heavier
oxygen composition and an increase in density of about 7
p-p-m. _

In the treatment here, attention has been focused on the
isotopic composition of the solution as a whole, and the
fraction of molecules of the species Hs!%0, H'%0, HDQ,
etc., has not been used to describe the solution. To be sure,
the specific abundances in SMOW are easily calculated by
assuming random formation of the molecules; for each
million molecules there are 997325 of H»'%0, 1988 of H»'%0,
371 of H»"0, 315 of HD0, 0.6 of HD'0, 0.1 of HD'O,
0.02 of D20, 5X10~° of Dy'¥0, and 9X10—° of Dy"0.
When it is remembered that approximately 0.1 molecules
per million have dissociated to give HsO* and OH—, it is
clear that the least abundant species make a negligible con-
tribution to the solution properties. The first reason for
not pursuing a more detailed description is that such is not
necessary, for the volume properties are described simply
and adequately in terms of the overall composition. The
second reason is that in a condensed phase the molecules
are not isolated. In the low-pressure gas, in contrast, the
fraction of time that a molecule spends in collision is small
compared to the time it spends alone, and, at least in prin-
ciple, H2'®0, HD€O, etc., are seen distinctly in optical and
mass spectra. But in the liquid the vibrations of each mole-
cule are strongly coupled to the motions of its neighbors,
so the species are not seen separately.

On the other hand, each water with monoisotopic hydro-

gen and oxygen can be prepared pure, so there must be
terms for each in the equations representing the properties.
This question will be returned to in connection with the
equation for the molar volume and in section 3.7 on non-
ideality.
1f SMOW is to be accepted as a reference composition
- for density measurements, it is desirable that the same
material be used as the isotopic standard for tabulating the
vapor pressure and for defining the triple point as it is used
in thermometry. The triple point of water is the fundamental
point for the IPTS-68 and the water used for its realization
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is now required to have “substantially the isotopic compo-
q y P P

sition of ocean water” [10]. This is given as about %r =

0.00016, 177 = 0.0004, and *r = 0.002, values that are less
precise than those used here for SMOW but not in conflict
with them. The triple point temperature is relatively insen-
sitive to the isotopic composition.

As the discussion of 170 has made clear, even in the better
work of today the concentration of 70 is not usually deter-
mined, but rather ir is found for D and 180 for the sample
and for a standard; that is, '8 is determined for the two
components. Older or less pretentious work specifies less of
the isotopic composition, possibly giving the concentration
of D and asserting that the oxygen abundances are normal,
while before the discovery of 70 and 180 in 1929, and of
deuterium in 1932, water was regarded as an invariant
substance. To cover the range of time and precision {found
in papers still cited it is, accordingly, necessary to consider
a series of approximations ranging from those specifying
more to those specifying less of the isotapic composition.

2.2 Approximqﬁé_ns for the Concentration of 'O

The relative abundances of D and 0 characterize a
sample of water sufficiently for most geochemical or envir-
onmental studies. However, the concentration of 170 is
required for a specification of composition, such as is re-
quired for a specification of the density, and as this con-
centration is seldom measured, some approximation is
needed to provide an estimated value of 7O for use in
calculations. To a fairly good approximation the properties
of 170 are the geometric (or what is nearly equivalent, the
arithmetic) mean of those of %0 and *¥0. That is, in any
process which changes the relative abundances the frac-
tional change of y17 will be the mean of those of y1s and
¥1s, OF

dyr  dyis  dys

. 16
Y17 2y 2y18 (16)

or, expressing yis as 1—y17—yi, we obtain for any near-
normal water

y17 (1 — y17 — 2y18)

¥18 (2— yir — 2y1s)

X {¥18,sample — ¥18,SMOW) 5

= 371.X10—° + 0.0931 (¥18,sampte — y18,smow) . {17)

¥Y17;50mple = Y17,6MOW +

In the approximation, good for near-normal waters, that
%16 is the same in the sample as in SMOW, eq (17) can be
expressed in terms of r as

17T(1‘—}’17_2)’18) __18
By (2—y17—2y18)

(larsample TSMOW) s

17rsample =rspow+

=372.X10—¢+0.0931 (*¥rsampre—8rsmow) .  (18)
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Expressing this last equation in terms of 8 gives
178 = 0.4989 183,
~ 1. (19)

Those who use 8 as their parameter to describe isotopic

composition usually start with the last equation as a self- -

evident relation.
2.3. Meteoric Water

Variations of hydrogen and oxygen isotopes are highly
correlated in environmental water, as they are in laboratory
purifications. Craig [11] has shown that for ‘many rivers,
lakes, rain, and snow the relation is approximately

28%0 = 8'88%, + 10, (20)

while deviations from this curve have been discussed by
Payne [12]. In this equation the coefficient 8 represents the
nearest. integer rather than a carefully fitted value, and
Menaché [1] says that the value can be as low as 5 in excep-
tional cases. The constant term would be zero for a line
passing through the composition of SMOW. On substituting
in eq (20) from egs (11) -and (14) there is obtained, for
the natural waters described by equation (20),

x2 = 0.6355y1s — 1.104 X 1073, (21)
with coefficients close to those given by Craig [6].

2.4. liquid-Vapor Equilibrium

Many processes must be involved in producing the iso-
topic variations in natural water given by the correlation of
eq (20). An attempt to model the central processes involved
may be made under laboratory conditions either in systems

containing air [13, 14], which has a bearing on atmospheric -

processes, or on systems containing only the water isotopes
at their vapor pressure. Equilibrium studies are often re-
ported in terms of vapor pressures or vapor-pressure ratios,
closely related to, but not identical with o, and in many
papers such equilibria are reported in terms of species such
as HDO. A critical review of the literature has recently been
given by Jancso and Van Hook [15], so we cite here only
papers sufficient for our purposes without justifying the
choices by a more complete bibliography.

The equilibrium fractionation of deuterium has been

given by Majoube [16]. The isotopic separation factor ®a

(the present « is the reciprocal of the one used in that
paper) changes with temperature and in the interval
0 <t <100 °C can be represented by

76248 _ 24.844X10°

In 200 = —52.612X10—% + T T2

which gives 2« as 0.899 at 0 °C, 0.922 at 20 °C, and 0.974
at 100 °C, in adequate agreement with the values given by

7 (22)
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Merlivat, Botter, and Nief [17]. The recent data by Stewart
and Friedman [18] lie between those two sets. Equation
(12) then shows these values to correspond to enrichments
in the equilibrium vapor of —10°Ax; = 16 at 0 °C, 12 at
20 °C, and 4 at 100 °C. These figures show that, as far as
hydrogen is concerned, there is appreciably less fractiona-
tion in a distillation made at 100 °C than in one made at
lower temperatures. At 0-°C the deuterium concentration in
the equilibrium vapor is reduced to 90% of its value in the
liquid. However, if the equilibrium vapor were completely
condensed, then its density, as far as the contribution from
deuterium is concerned, would be only decreased by 1 p.p.m.
If the vapor in equilibrium with the liquid is removed dur-

- ing the course of a distillation at 20 °C, when half the liquid

has been evaporated the deuterium concentration in the
liquid has risen 10 p.p.m., and the density 1 p.p.m. When
the amount of liquid is halved again the deuterium concen-
tration rises a further 10 p.p.m. The final 1% has a concen-
tration of 221 p.p.m. of D, compared to 158 p.p.m. in the
starting material, and the density has increased about
6 p.p.m. This is significanily less than the difference in
density of 20 p.p.m. between the first and last fractions of
distilled tap water as reported by Christiansen, Crabtree,
and Laby [19].

For equilibria involving the oxygen isotopes we will
follow Borowitz [20] and Majoube [16]. The latter gives
the temperature dependence of ¥ for 0 = ¢ = 100 °C as

0.4156 _ 1.137X10%,

In 8q = 2.0667X10—° + — (23
n °q 10 T 7 (23}

which gives ¥« as 0.988 at 0 °C, 0.990 at 20 °C, and 0.995
at 100 °C. Using eq (15) these correspond to —10%Ay1s =
24.at 0 °C, 20 at 20 °C, and 10 at 100 °C. -

Borowitz found the ratio (Ya — 1)/(*®a — 1) to be
about 0.52, rather than 0.499 as would be given by eq (18).
Using this ratio, the separation factor for 70 is

g =1+ 0528 —1), (21)
which gives values of 0.9938 at 0 °C, 0.9948 at 20 °C, and
0.9974 at 100 °C. Using eq (15) these correspond to
—10°Ay17 = 2.3 at 0 °C, 1.9 at 20 °C, and 1.0 at 100 °C.

In the approximation that the molar volume of each
species is the same, an increase of 1 p.p.m. in either D or
180 increases the density by 1/9 p.p.m., while an increase
of 1 p.p.m. in 70 increases the density 0.06 p.p.m. As the
concentration increase of 80 is greater than that of D at
the same temperature, the density increases more from the

- change of oxygen composition. Hence, returning to the ques-

tion of the density change during a single distillation dis-
cussed above, when the variation of oxygen is considered
the effects on the density are about 214 times as great as
from hydrogen alone, and it is thus quite possible that
Christiansen et al. [19] did see a density variation of 20
p.p-m. between the first and last fractions of a single dis-
tillation that arose from isotopic variations. At the same
time the concentration change of 0 is about 1/20 as much

J. Phys. Chem. Ref. Data, Vol. 6, No. 4, 1977
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as that of 130, less than 1 p.p.m. in an equilibrium distilla-
tion from SMOW.

The ratio Ax2/Ayis for an equilibrium vaporization is a
function of temperature, with values falling from 0.7 at
0 °C to 0.4 at 100 °C. The coefficient 0.64 given in eq (21)
for meteoric waters corresponds to the lower temperature
part of the range. If density changes are measured on dis-
tillation and a factor such as 0.6 assumed to relate changes
in D to *¥0, then the composition change of both hydrogen
and oxygen can be approximated. There have been many
papers on the determination of deuterium concentrations
from density or other measurements [21], but it is clear
from the analysis just given that density measurements
alone are insufficient, and some second measurement giving
knowledge of the oxygen isotopes is needed if either density
or a full compositional description is to be obtained. We
conclude that no relation along the lines of eq (20) is gen-
erally valid for laboratory waters prepared by distillation.

3. Molar Volume of Water
3.1. Equations for Molar Volume and Density

The reference density to which all others will be related
is that of SMOW at its maximum density at a pressure of
one atmosphere, )

Pmax (SMOW) = 999.975 kg m—3, (25)
as provisionally recommended by Girard and Menaché [22].
Taking the molecular weight from table 1, the molar volume
corresponding to this density is 18.01569 cm® mol—.

The series expansion corresponding to eq (1) will, how-
ever, be made about 0 °C, rather than about the tempera-
ture of maximum density, and about atmospheric pressure,
1 atm = 1.01325 bar = 101325 Pa. Analogous to the use
of T for the absolute temperature and ¢ for the Celsius one
with a shifted zero, P is used for pressure and p for the
shifted pressure

p=P—1latm. (26)

The molar volume Vy is a multiple power series in p, ¢,

and the mole fractions of the isotopic components.

Vw=(doo+ dswt+ dop+ Aduip+ ...)
+ (Boo + Bt + Bolp4; v )xet (Coot ... ) s
+ (Dot ... )yirt (Eoot ... ) y1s
+ (Foot ... )xeyir+ (GooF ... ) xey1s+ ...
+ (Qoo+ Quot + Qoip + .. . )t - (27)
Except in the terms Q, x: and 16 do not appear explicitly
in this equation, just as they do not appear in eq (4). This

omission recognizes both that ordinary water is nearly
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H2'®0 and that the values of that component are most pre-
cisely known. (For extensive application of the equation to
heavy water it would be most convenient to rearrange the
equation, and eq (4) as well, so that the hydrogen isotopes
are expressed as x1, (1— x1— x3), and xs.)

While eq (27) can represent non-ideal behavior if a
sufficient number of cross terms in the mole fractions are
included, the leading terms describe ideal behavior. If water
is an ideal solution of pure components ‘Hx'O of molar
volume V;; at the temperature and pressure under considera-
tion, the molar volume is

Vw= zxiyj Vij, Exi = 1, Eyj =1. (28)
Considering for the moment only two hydrogen isotopes, H
and D, and two oxygen ones, %0 and %0, in order to limit
the number of terms written in the following equation, writ-
ing (1 — w2) for %1 and (1— y1s) for y1s, and rearranging
gives

Vw = Vug'® + (Vpal®o — Vusl®)xz + (Fuplbo—
VH2'0) 1 + (Vpal80 4 Visal60 — Vpalo —

Vuz'®) x2y1s . (29)
Comparison with eq (27) shows that the coefficients 4 give
the temperature and pressure dependence of Vmy'%, the B
relate to (Vpg'fo — Vup'®0), ete.

The massic density pw of a sample of pure water is then
obtained by dividing the molecular weight, as given by eq -
(4), by the molar volume, given by eq (27),

Pw=Mw/Vw- (30}

In a previous paper [23] the density of the isotopic waters

was represented by the rational polynomial

__ o + ast + n.:zﬁz + Ilgf,3 + ﬂ4t4 + {lsts .
P= 1+ bt - B

This form provides a smoother representation of the data
than does a power series, but has the disadvantage that it
is not clear how to generalize it to incorporate variations of
isotopie composition. It should be noted, however, that the
work of Steckel and Szapiro [24] implies that up to a tem-
perature of about 70 °C the density is adequately given by

. 482.502
—_ F\T2 4- 6
P = Pmax { 1 (1'74224 T+ 77.861 ) X10 } ’
(32)

where pmax, the maximum density, might be approximated
as a linear function of %2, y17, and yis, F depends only on
%2, and T = £ — in is the temperature above the maximum
density ¢m, where ¢m might also be approximated by a linear
function of %2, y17, and y1s. Equation (27) fails to express
the high correlation that exists between the volumes and
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compressibilities of waters of different compositions, e.g. it
does not recognize that all species show rather similar den-
sity maxima and compressibility minima, but it has been
preferred here because an equation such as (32) pre-
supposes the nature of the relation between the densities of
the various isotopic forms, which is what we wish to
elucidate.

3.2. Density of Ordinary Water or SMOW

The density of ordinary water or SMOW as a function
of temperature at atmospheric pressure has recently been
reviewed by Aleksandrov and Trakhtengerts [25], who rep-
resented the density as a polynomial in the temperature,
and by Kell [26], who represented the data by eq (31) as
had been done for waters of various isotopic compositions
in an earlier paper [23]. The coefficients of eq (31) as given
in this most recent version, with the maximum density
adjusted to that of SMOW are given in table 2.

All functions discussed here, whether of the form of eq
(27) or (31), have been obtained by least squares; the
problem of fitting volumes and densities in an equivalent

way using least squares is discussed elsewhere [27]. The -
calculations in the present paper have used the algorithm

outlined there. This means that, although it is volumes that
appear in eq (27), it may be considered that the input data,
which were mostly densities, have been fitted as densities
and the results reported as volumes.

Tasre 2. Coefficients and properties of functions representing the
density of liquid water. The coefficients are for the rational function
given by equation (31). The DyO represented here has the same
composition of the oxygen isotopes as SMOW.

H,0 (SMOW) D,0
ag/kg m—3 090.84252 1104.7056
ay 16.945227 28.88152
10%a, -7.9870641 ~1.652899
10%ag —46.170600 -136.61854
10%;y 105.56334 5347350
1012g; —280.54337 -1361.843
10% 16.879850 25.91488
Range of function/°C 0-—150 5—100

My 1967 paper [23] tried to find an equation that was

both accurate in following the experimental data and ef-
ficient in the sense that alternating signs did not necessitate
carrying many figures in the calculation because of losses
on subtraction. That quest for efficiency has not been pur-
sued in this paper, althuugh we note here that the following
function for the density of SMOW, with nine parameters
and only positive signs, is equivalent to eq (31) to within
experimental uncertainty. ’

pemow/kg m—* = (999.8427 + 67.8782X10~% +
103.1412X 1053 + 15.95835X10—%5 +

636.8007X10—%%7) /(1 + 9.090169X10—%:2 +
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1.4511976X10~%* -+ 134.84863 X 10—15 +

2.008615X10—18%), 0 =#/°C=150 . - (33)
The molar volume of SMOW as a function of temperature
at 1 atm is represented by the nine-parameter power series

V smow/cm® mol—! = 18.018 070 — 1.218 4846 X102 ; +
162.727’55>< 1082 — 1.769 7126X 1052 +
22.156 063 X10—%* — 207.211 87X 10—'%5 +
1.289 6330X10—12% — 4.595 4939 X 10157 +

7.048 1250X10%5,0 = ¢/°C=150 . (34)

This has more parameters than eq (31), and gives a less
smooth fit; differences between it and eq (31) are, however,
less than experimental uncertainties.

For reference purposes, IUPAC Commission I.4 recom-
mends [28], for the range 0 = #/°C = 40, a particular table
of the density of SMOW based on the analysis by Bigg [29].
This table gives densities greater than eq (31) by 2 p.p.m.
at 40 °C; the differences are less at lower temperatures.
Such differences are comparable to those we accept in writ-
ing a power series representation such as eq (27) in place
of (31). The IUPAC recommendation is being adopted as
a standard, particularly for oceanography, by a number of
organizations. Because of the narrowness of the temperature
range considered by Bigg, as well as the slight disagreement
with the values at higher temperatures, it seems better for
thermodynamic purposes to ignore the ITUPAC recommen-
dation and to permit each author to make his own evalua-
tion of the experimental data. A preliminary report is
available of new experimental work between the maximum
density and 40 °C [30]. At 40 °C these results will be about
5 p.p-m. lower than eq (31), and hence ouiside the range
given by the differences between the measurements of
Chappuis [31] and Thiesen et al. [32], which have often
been implicitly considered to give the range within which
the correct value lies.* '

The standard errors of psmow have been discussed pre-
viously [26]. At 100 °C these, errors included a scatter of
~5 p.p-m:, and other errors were estimated as ~10 p.p.m.
Adding variances gives a total estimated error of 12 p.p.m.
Errors should be approximately equal to the square of the
temperature interval from maximum density, that is ap-
proximately equal to the square of the Celsius temperature,
but they are not because most data were obtained either be-

‘low 40 °C or-above that temperature, and there are uncer-

tainties about how the two regions join. Hence, it is better
to consider the crror of psmow as rising lincarly from the
temperature of maximum density, where its value is defined
to be zero, to 12 p.p.m. at 100 °C.

The compressibility of ordinary water at 1 atm has been
reviewed recently [26], and the results of that analysis will

£ C ing on the ipt of this paper, Bell informs me that the latest
resalts of the Australian CSIRO lie between those of Thiesen and Chappuis at 40 °C.
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be followed here. Recent work by Kroebel and Mahrt [33]
indicates that the isothermal compressibility kr=(0 In
p/0P) 1, found most accurately for liquid water from the
speed of sound, has systematic errors between different data
sets of ~2 Gbar—L. This error is negligibly small for present
purposes, as the compressibility is known for only a few
isotopic compositions. The data of reference 26 were ex-
pressed as molar compressibilities (0¥ w/0P)r, and this
quantity represented by the power series

{0V smow/ OP) v/cm® mol—! Mbar—! = —916.843 +
6.971 95 t — 166.126 9 X 10322 + 2.499 971 X10~3* —
32.516 6 X106 + 286.324 4X107% —
1.484 224X 10—°1° + 3.321 54 X102,
0=#°C=100. (35)

The errors of the compressibility, also discussed pre-

viously [26], are predominantly quadratic in the tempera-

ture and amount to ~8 Gbar—! at 100 °C. Two factors not
discussed previously are the effect of the uncertainty of
isotopic composition on the compressibility and the effect
of uncertainties of the absolute temperature scale. Can dif-
ferences between the measurements be ascribed to differ-
ences in isotopic composition? Equation (35) was based on
the data of Del Grosso [34, 35]. The compressibilities from
those data are about 3 Gbar— lower (corresponding to
velocities 0.04 m s—! higher) than those of Barlow and
Yazgan [36] and McSkimin [37], both using doubly distilled
water, and those of Carnvale et al. [38], using distilled water
not otherwise specified. The water used by Kroebel was
distilled water, not otherwise specified, but considered suit-
able as a baseline for the study of sea water. We may only
conclude that the water samples used by these workers may
differ in isotopic composition by amounts similar to those
found in density studies. As shown in section 2.4, if the
oxygen isotopes remain normal, the mole [raction ol deuter-
fum increases 10— for every p.p.m. increase in density.

Mathieson and Conway [39] have shown that the velocity

of sound increases almost linearly with mole fraction in
H>0-D20 mixtures, by approximately 100 m s over the
whole composition range. That is, an increase of 1.5 p.p.m.
in density produces an increase of 1 p.p.m. in the velocity
of sound; if measured velocity is used, and the change of
density has not been allowed for, there is a decrease of 0.5
Gbar—! in the compressibility obtained. Accordingly, while
the differences between the data sets cannot be definitely
ascribed to isotopic uncertainty, they are within the range
of such variations. To reflect this, the error estimate for the
compressibility above should be increased about 1 Gbar—,
independent of temperature.

The isothermal molar compressibility is. obtained from
the speed of sound by the following relation

{0V /0p)r =—Mp—2(8p/dp)r=—Mp—2 (=2 + Ta®/Cy),
(36)
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where M is the molecular weight, p the massic density, u
the velocity of sound, « the thermal expansivity (—¢ In
p/97) p, and C, the massic heat capacity at constant pressure
Errors in realizing the absolute temperature scale would
have their largest effect on the o2 of this equation.® Evidence
has been offered by Guildner and Edsinger [40] that the
1968 thermodynamic scale may be 0.03 K too high at
100 °C. Approximately, the relation is

6 =T—3X10%, (37)

where 6§ is Guildner’s gas-thermometer scale, and T and ¢
are, as everywhere in this paper, the absolute and. Celsius
temperatures on the IPTS-68. Hence dT/d6 = 1.0003, and
« in equation (36) is not changed enough to affect the error
estimates for the compressibility.

3.3. Heavy Water

Existiug correlations of the density of D20 arc unsatis-
factory in iwo respects. First, most of them give undue
weight to early measurements made on limited samples.

" Secandly, much of the work is weakened by inadequate con-

trol of the abundances of the oxygen isotopes. It is now
possible to give a much more authoritative treatment of the
oxygen isotopes, and something can be said about the pure
forms D270 and D220, and by subtraction about D2'%0.

For purposes of a correlating equation, D20 will be taken
to be 1009% D30, with the oxygen isotopes in the same
abundance as SMOW, ie. with a molecular weight of
20.027 478. The choice of this concentration of oxygen
isotopes has been made so that the difference between the
representations for SMOW and heavy water will depend
only on the hydrogen isotopes. Heavy water commonly is
about 99.8% D, 0.2% H, and has no close control on the
oxygen isotopes. We might expect that the greatest source
of error in the data sets where the oxygen isotopes were not
measured lies in inadequate normalization of the oxygen
composition. If this is correct, the various data sets should
be approximately parallel.

The method used here to compare the data follows that
of reference 26. An approximate equation (that of refer-
ence 23 expressed on the IPTS-68) was taken, and the devia-
tions of the various sets of reliable data from this are plotted
in figure 1. This shows the data sets to be far from parallel.
In 1067 I concluded that the baseline of the figure was
probably accurate to 1 in 10° at the lower temperatures and
to 5 in 10° at 100 °C [23]. The differing thermal expan-
sions in recent measurements show that claim to be overly
optimistic. However, the situation has improved in that
there are now two measurements where the concentrations
of oxygen isotopes were measured. Hence the molecular
weight, and thus the molar volume, to be ascribed to D20
is known within narrower limits than before.

The most fully described determination of the density of

5 Ref. 26 erroneously states that the change from the IPTS-48 to the IPTS-68 has
a negligible effect on €. As the values of the heat capacity of water have been
obtained by differentiation of calorimetric quantities, if Cas refers to the heat
capacity when ts, the temperature on the IPTS-48, is used, then Ces = Css dtss/ dics.
Hence the change of temperature scale has similar effects on ¢ and Cp.
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Ficure 1. Deviations of the density of heavy water. The baseline is the correlation given earlier by the present author [23]. X Ceccaldi
et al. [41]; + Babeliowsky et al. [43, 441; A, A Millero et al. [46]; o Steckel and Szapiro [24]; ® Chang and Tung [48];
¢ Schrader and Wirtz [49]; ® Grossmann-Doerth [50]; [0 Rivkin [51]; W Shatenshtein et al. [47]; ——~ eq (31) of this paper

with coefficients from table 2.

D:0 is by Ceccaldi, Girard, Menaché, and Riedinger [41]
who made observations at 22.300 °C (IPTS-68) on sam-
ples with x2 ~ 0.9994, y17 = 380X10~8 (by calculation by
equation (18)), and yiz = 0.002055. By calculations
similar to those here they obtained a density of 1104.750 kg
m— for D2'®0 at that temperature. This value is the mean
of measurements on two samples differing by 0.003 kg m—=,
For D20, with oxygen isotopes as in SMOW, this corre-
sponds to 1104.991 kg m—>. Even after a valuc has been
chosen for the maximum density of SMOW, differences of a
few parts per million exist in estimates of the density at
at 22.3' °C because of the use of different tables of thermal
expansion. Ceccaldi et al. took their thermal expansion from
Chappuis [31], employing the value 997.7086 kg m™ for
SMOW at that temperature. Equation (34) of the present
paper gives 997.7052 kg m—3. As we are concerned with a
self-consistent surface, we replace the 1104.991 calculated
above by 1104.987 kg m—2. This means that if eq (34}
should be replaced by another polynomial the other terms
in eq (27) relating to other compositions would be little
changed. The value obtained by Ceccaldi et al. cannot be
considered in conflict with the baseline of figure 1 as a
previous correction by Isberg and Lundberg [42] to the
density of Dy0 to correct for a previous error in the nor-
malization of the oxygen isotopes had raised the density by
0.09 kg m—S,

In a pair of briefer papers, Brulmans et al. [43, 44] have
reported a density of 1104.481+0.003 kg m— at 25.000 °C
on the IPTS-48 (Brulmans, private communication) for
D:0 (100% D) with an oxygen composition of y17 =
0.000375 (calculated) and yis = 0.002039, again slightly
different from the oxygen composition of SMOW. Densities
were also given at eight other temperatures from 8 to 26 °C;
these two papers together -have been treated as a single
body of data. The authors’ calibration was made on the
- assumption that ordinary water has a maximum density of

999.973 kg m— at 1 atm, and has a temperature dependence’

following the equation given by Tilton and Taylor [45];

they do not report the precautions taken to control the iso-
topic composition of their light water. The thermal expan-
sion of Tilton and Taylor is close to that of eq (34). Adjust-
ing for light water to have the density of SMOW, and
adjusting to the oxygen isotope concentration standard
adopted here, either by the method used by Ceccaldi et al.
or by the different algorithm given by Babeliowsky and
Brulmans [43], gives a density at 25 °C (IPTS—48) of
1104.477 kg m—3. The other values in this body of dala
have been adjusted to this standard. The authors have made
a comparison with previpus values of the density of D;0
at 25 °C, adjusting all values to the same concentration
of oxygen isotopes. The range of variations is 0.07 kg m™2,
with their value near the high end. The comparison of this
value with that of Ceccaldi et al. is not straightforward. As
figure 1 shows, if their thermal expansions are ignored and
the baseline of the figure accepted, their value is 0.012 kg
m— above that of Ceccaldi, the difference being about
twice the combined estimated errors. If the Brulmans ther-
mal expansions are accepted the difference doubles. The
temperature dependence found by Brulmans does not par-
allel that of any other data set (parallelism is generally
absent from the figure). The deviations are perhaps no
larger than the experimental errors (the error of the data
defining the baseline is larger than that of Brulmans), but,
as it seems wiser to take the temperature dependence from
data sets covering a wider temperature range, these values

. have largely been ignored. The determination of the ab-

solute density is not to be ignored, and has been given
about half the weight of the value of Ceccaldi; the new
curve was started at 0.023 kg m—3 above the baseline
between 20 and 25 °C.

The mole fraction of deuterium in the heavy water used
by Millero, Dexter, and Hoff [46] was determined from the
density and sa has no authority for the density. Neverthe-
less, the measurements were made in a device calibrated
against light water, so the measurements should have infor-
mation on the thermal expansivity of heavy water. The
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figure, however, shows the scatter in the values to be ~1
in 10%, except for the point at 70 °C which is in error by
17 in 105, well off the figure in the upward direction. Be-
tween 20 and 30 °C the thermal expansion data of Brulmans
et al. [44] and Shatenshtein et al. [47] suggest that the den-
sity might be falling relative to the baseline with increasing
temperature, while Millero’s data show a rising trend
in this range. In this situation, there is no reason to change
the slope from that of -the baseline, which here follows
Steckel and Szapiro [24]. For display in figure 1, the
published values of Millero et al. [46] were adjusted to
100% D20 (accepting the authors’ concentrations), to the
density standard for SMOW adopted here, and for the
differences in the density of light water between references
[23] and [26]; i.e. at higher temperatures the densities have
been increased by a few parts per million. All these adjust-
ments are small compared to the apparent uncertainty.

The treatment of the other data in figure 1 has been
straightforward. Chang and Tung [48], Schrader and
Wirtz [49], Grossmann-Doerth [50], and Rivkin [51] all
have experimental errors of several times 0.01 kg m—3, and
all report the ratios of light and heavy water. As this ratio
varies only slowly with temperature and pressure, the densi-
ties for light water accepted here have been used with
those ratios to obtain the points shown in figure 1. Had the
values of Chang and Tung and Schrader and Wirtz been
raised the 0.09 kg m— suggested by Isberg and Lundberg
they would be in agreement with the baseline to about their
precision. The values of Grossmann-Doerth and Rivkin were
based on measurements at saturation. They agree with each
other, but disagree with the others by an amount much
greater than the uncertainties in adjustment to atmospheric
pressure.

The apparent error of the four values of Shatenshtein
et al. [47] is a little less than that of the data discussed in
the preceding paragraph, and the trend of the data is in
adequate agreement with the thermal expansion of the base-
line of the figure.

A free-hand curve was drawn starting 0.023 kg m—® above
the baseline of figure 1 between 20 and 25 °C, and con-
tinued parallel to the trend of the best data sets to higher
and lower temperatures. As already discussed, the data of
Steckel and Szapiro [24] have been given greatest weight.
By starting the analysis by sketching a free-hand curve,
rather than by doing a least-squares it of separate data sets
taken together, the jump at 80 °C of reference [23] is
avoided. In the present case, above 80 °C the curve parallels
Cheng and Tung most closely. Deviations of the resulting
curve from the baseline were read at 5 degree intervals, and
that curve fitted by least-squares. Two fits are reported, the
first expressing the density as a rational function, eq (31) ;
this is shown as the dashed line in figure 1 and its coeffi-
cients are included in table 2. The second fit expresses the
molar volume as a polynomial of the sixth degree. Particu-
larly for the rational function, the number of coefficients
seems large for the range covered and the precision. This
means that the data has been overfitied, and suggests that
an attempt is being made to represent inconsistent data; it
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is not clear what data should be weighted less. The molar
volume of D20 with oxygen isotopes as in SMOW was
found to be

Vogo/cm® mol—! = 18.128901 — 4.0016956 X 10—%;
+ 211.48069 X108 — 2.2696017 X 10—*#
+ 22.478901 X 10—%* — 133.77927 X101
+ 347.5742X1071%8, 5 =< ¢/°C = 100. (38)

Precise knowledge of the compressibility of heavy water
is due to Millero [52, 53, 54]. Here we follow Fine and
Millero [54] whose results are based on speed-of-sound
measurements and are hence comparable to those for light
water. In the case of heavy water it should be noted that the
specific heat data are of lower quality than is the case for
ordinary water, su the isothermal compressibilities. would
be of inferior quality at the higher temperatures even if the
velocity data were of equal value. Fine and Millero gave a
quadratic polynomial for the reciprocal of the compressi-
bility of 99.82% D:0 that was based on the velocity data of
Wilson [55]. Values of this compressibility were calculated
at 5 degree intervals, adjusted to 100% D:0, and multiplied .
by the molar volumes found above. A quadratic does not
represent the data adequately, so a polynomial of the
seventh degree was used to maich eq (35).

(8¥'p20/3P) 1/cm® mol—! Mbar—! = —974.204 + 9.061 85¢
—210.515 0X10—%2 + 3.101 295X10—3#
— 37.840 4X10—"5¢* + 311.543 2X10—%°
—1.507 672X10—%8 + 3.195 62X10—127,

5 < #/°C < 100. (39)

3.4. H,'*0 and D,'*0O

It is not simple to express the data of Steckel and
Szapiro [24] in the form used here as they have reported
their reference densities at 30°C (IPTS-48) = 29.9906°C
(1P15-68), but have expressed functional representations
in terms of the maximum densities of the various com-
positions. Further, their density for deuterium water is
1 in 10* lower than that accepted here. Accepting the
present values for waters rich in H3'®0 and D:'°0, and
their values for ones rich in H>'®*0 and D:'®0 at 30°C,
the values can be expressed in molar terms in the form of
eq (27) as follows

Vw/cm® mol—! = 18.093 94 + 0.059 15x2 — 0.013y17
— 0.026 77y1s + 0.010%2y17 + 0.019 63x2y18, (40)

where those authors have been followed (for the moment)
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in assuming that the molar volumes of H>0 and D,!"0
are the means of the forms with 10 and 0.

Steckel and Szapiro measured the thermal expansion of
a sample of H2®0 with hydrogen in natural abundance
(which we take as being that of SMOW, i.e. x2 = 0.000158),
y17 = 0.0038, and yis = 0.9753. Equation (40) gives the
molar volume of this as 18.06779 c¢cm® mol—!. The tem-
perature dependence of the molar volume is then repre-
sented by

Vug'®o/cm® mol—! = 17.994 066 — 1.209 1347 X103
+ 152.007 50X 1082 — 1.231 6963 X 1054
+ 8.867 695X10—%* — 28.175 669X 10125,
l=/°C=79. (41)
where the argument is on the IPTS-68.

A similar analysis may be given of Steckel and Szapiro’s
thermal expansion measurements for D2!%0, measurements

made on a sample with x2 = 1, y1z = 0.0034, and y13 =

0.0708. Fqnation (40) gives the molar volume of this at
30°C as 18.14610. The temperature dependence of the
molar volume is then represented by
Vpy80/cm® mol—! = 18.124,193 — 4.209 8883 X 10—
+ 219.813 33 X107%2 — 2.401 4745 X 10—53

+ 21.334. 153 X10—%* — 83.406 814 X 1025,

3.5=t/°C=72 (42)

The four equations, (34), (38), (41), and (42), each
associated with a well-defined isotopic composition, plus
the assumption that the molar volume of water with 70
is the mean of the volumes with %0 and %0, which is
adequate for the treatment of solutions where 170 is
dilute, permits the calculation of the temperature depend-
ence of the volume of the four components Hy¢0, H5'*0,
D;1%0, andD!*0, yielding the terms for those four com-
ponents that appear in eq (45), below, as well as an
approximation to the volumes of H2'"0 and D»'70.

Other measurements of the density of H»®0 have been
made by Ku and Chang [56], whose results agree with
those of Steckel and Szapiro to experimental error. Addi-
tional data on D20 from 15 to 35°C were given by
Kudish and Wolf [57]. Their values average 0.00045 cm?®
mol™ lower than those of Steckel and Szapire, and are
quite smooth relative to the curve based on the latter data.
They certainly should be given some weight, so the con-
stant term in the equation uriginally based on data of
Steckel and Szapiro has been lowered 0.00020 ¢m® mol—!
(1 in 10° in the massic density).

3.5. H,"70 and D,'’0

Measurements by Kudish ez al. [58] on waters contain-
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ing up to 86% H,'"0 were extrapolated by them to give
the density of the pure component from 15 to 35°C. The
results are scattered, but show that the molar volume is
0.042 = 0.003 cm® mol—! higher than the mean of H,%0
and H'80. This is included in eq (45), and the coefficients
for the other forms were recalculated for self-consistency.
This means that although the molar volume of H,%Q is
less than that of H:'%0, the molar volume of H>'0 is
greater. Despite this evidence that the properties of H!70
are not the mean of those of H2'*0 and Hy'®O, the higher
terms included in eq (45) are such a mean, as in the
absence of adequate information this is the best assumption
that can be made.

There are no measurements of the density of D»!70.
Its molar volume appears in eq (45) as 0.04 cm® mol™?
greater than the mean of D2®0 and D.®0, and in this
case there is, of course, uncertainty about even the lead-
ing term.

3.6. T,O0

Based on Goldblatt’s values [59] adjusted to pure T:0,
the molar volume at atmospheric pressure is

18.16150 — 4.39208 X 10—3¢

Vreo/cm® mol—! =
+ 178.7941 X 10—522 — 773.641 X 10—,
5</°C <S55. (43)

Two runs differed by 0.006 cm® mol—, so the error of eg
(43) is estimated as 0.01 cm® mol—!.

3.7. Non-ldeaiity

We may distinguish two forms of non-ideality. The
first, which has excited no comment, is implicit in eq (29).
According to that equation the changes of volume produced
by changing the isotopic composition of the hydrogen and
those produced by changing the composition of the oxygen
are not additive. Indeed, eq (40) shows the magnitude of
the non-additivity to be comparable to that of the isotopic
effects themselves. To the extent that eq (29) describes
liquid water, the molar volume varies linearly if the hydro-
gen isotope composition is changed without variation of
oxygen composition, or alternatively if the oxygen composi-
tion is changed holding the hydrogen composition constant.
The dependence is not linear if both vary, as when H»'®0
and D220, or H2'®0 and D-'®0, are mixed.

Non-ideality usually refers to a second effect, that of
the molar volume being non-linear in the fractions of the
hydrogen isotopes at constant oxygen composition, Longs-
worth [60] reported departures from ideality of light-
heavy water solutions to be about 2X10™* cm® mol —, while
Swift [61] found them to have the opposite sign, but in both
cases they are not significantly different from zero. Bottom-

" ley and Scott [62] have now reported that the excess volumes

are close to symmetrical in the composition, with a maxi-
mum value of +1.87:0.4X10~* cm® mol~? at 25 °C, while.
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at 4 °Citis —1.2X10* cm® mol . As there is no informa-
tion about the second derivative, it seems premature to spec-
ulate about how these values tie in with the patterns of
maxima and minima in the properties of water. The same
uncertainty about the pattern means that no corresponding
term can be written for HoO—T»0 mixtures; in any event,
such a term is not needed at present since it would be
smaller than the errors in the density of T20.

A straight line through these two values predicts large
values of this non-ideality at higher temperatures. We have
chosen to believe that the effect must be smaller than experi-
mental error at the higher temperatures in our range, and
have represented it by a quadratic equation, passing through
the two values of Bottomley and Scott, and becoming zero at
125 °C. The quadratic term so obtained is the only one in
the present paper that is justified only by weak arguments.
The Q term of eq (27) then becomes

Qx1x2/cm® mol— = (—0.000 7616 -+ 0.072 56X10—3¢
— 0.5316X10—5¢2) x1wz,
(44)

with a maximum near 70 °C. The fitting of eq (45) has
been done including this expression.

The origin of the nonplanarity of the molar volumes of
H'%0, D»'%0, H:'%0, and D:'*0 has not been explained. It
is to be expected that non-linear terms in y16y1s would be
somewhat smaller than the ones for x1x2, so they are prob-
ably too small for accurate measurement at present. On the
other hand, eq (40) predicts a much larger effect if Hz'%0
and D2'®0 are mixed; this would be well worth investigat-
ing, and a measurement of the thermal expansion of the
equimolar mixture would be most useful for correlations
like the present one.

Information on the compressibility of water is avail-
able only for H:0 and D.0, with no information on the
effects of oxygen isotopes. Knowledge of the non-linearity of
(0V/0p) r in Ho0-D20Q mixtures could be obtained from
measurements of the velocity of sound as from those made
by Mathieson and Conway [39], but their observations

have not been reported in such a way as to make this .

possible.

3.8. Comprehensive Equation

The equations already given can be combined into a
single equation of the form of eq (27), namely

Vw/cm® mol—! = 18.018 091 — 1.218 0767 X103
+ 162.743 83X 10—52 — 1.770 8337 X 10—
F (22185 652X 109t — 207.622 81 X 10125
+ 1.292 6583 X 10128) (1 — x3)

+ (—4.606 4706 X105 + 7.064 9600 X 10—18%)
(1 — x2— x3)
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+ (0.110 806 — 2.783 1566 X 10—; + 48.718 35X 1052
— 0.498 4752 X 10— + 0.295 791 X 10—
+ 73731 69X 10~ — 044,3124X10-15%) x5
+ 0.029 615 y17
— 0.024.770 y15
-+ [0.009 6245 X 103 — 10.997 72X 10572
+ 0.551 9056 X 10—573 — 13.630 708X 10—2#*
+ 183.642 96 X 1012 — 1.322 8188 X 10—12¢°
+ (4.713 9486X10~15¢7 — 7.229 7994 X 10—158)
(1—x2)1(y1s "‘ Yoyir)
+ (0.019 832 — 0.222 2123 X 10— |
+ 10.506 27X 10—8:2 — 0.686 562X 10'—‘;1‘3
+ 12.461.793 X 10— — 132.207 09 X 10125
+ 0.967 9070X 10—1245)
%2 (y18 + Yoy1r)
+ (0.143 356 — 3.173 99X 10—% + 16.0623 X 10522
+ 998.393 X 10—)
+ (—0.000 7616 + 0.072 56X 10— — 0.5316X 10—°12) %12
+ [—916.834 + 6.971 62t — 166.1199X 10—32
+ 2.499 876X 10— — 32.5158 X 10—5z¢
+ 286.3204X10—%5 — 1.484 220X 1025
+ 3321 56X 102
+ (—57.370 + 2.090 23t — 44.3951 X 10—
+ 0.601 419X10—322 — 5.3246X 105z
+ 25.2228 X109 — 0.023 452 X 10—28

— 0.125 94X 1071247) x,] X10—Cp. (45)

In this equation ¢ is the Celsius temperature on the IPTS—
68, and p is the gage pressure in bars as defined by eq (26).
The temperature range for the various isotopic components
has been indicated in connection with the equations from
which this has been derived, and the pressure term should
not be used for a range exceeding 10 bar. The problems of
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representing the pressure dependence over a wider range
are discussed in appendix II.

Equation (45) has been written to reproduce the start-
ing equations when the appropriate isotope fractions are
used, and to this end many more figures have been carried
than are justified by the precision of most of the data.
The uncertainties have been discussed for each of the com-
ponents, Gathering this information together, the uncer-
tainty of eq (45) is approximately

€/cm® mol—! = 2.2X10—% + 2.X10~!1p
+ (8. + 2.t) X10 5%z + 0.01x3
+ 0.005y17 + 0.0002y1s (46)

where the error of eq (25), possibly 8X10—5 cm® mol—,
has not been included.

While it would be possible to take eq. (45) and use it to
refine some of the data on mixtures in order to obtain a
better equation, this has not been done as the results would
only make small changes that are negligible compared to

the uncertainties.

3.9. Discussion

Equation (45) brings together all that is known about
the molar volume of waters near atmospheric pressure.
The surprising fact that has emerged is how poorly the
thermal expansion of D20 is known. As the molar volume
at one temperature has been found with high precision
by Ceccaldi et al. [41], the urgent need in connection with
that composition is for thermal expansion measurements
over a wide enough range that the higher derivatives with
respect to temperature can be evaluated with confidence.
Measurements with much smaller uncertainties than the
spread of figure 1 are well within present capabilities.

. The data on 170 and most of those on *0 were obtained
in a single laboratory, the Isotope Department of the
Weizmann Institute of Science. This means that were data
available from other laboratories the scatter would prob-
bably be larger. On the other hand it seems reasonable
to accept that in the one laboratory the relations between
the different waters have been found to about the pre-
cision claimed.

The measurements most urgently needed appear to be:$
(i) the thermal expansion of D20 over a wide temperature
range; (ii) both the molar volume and the thermal expan-
sion of a solution near x; = 0.5, x2 = 0.5, y16 = 0.5, and
y18 = 0.5, and its thermal expansion over a temperature
range at least to 100°C; (iii) the effect of the oxygen
isotopes on the isothermal compressibility.

As eq (45) shows, a power series is not fully satisfactory

8 C: ission L.4 (Physicochemical Measurements and Standards) of the Interna-
tional Union of Pure and Applied Chemistry has issued a ‘‘Recommendation for the
redetermination of the absolute density of water,”” calling for a redetermination of
the absolute (i.e. massic) density, thermal expansion, and dissolved gases, at tem-
peratures up to 40 °C. On the completion of this program knowledge of the density
of ordinary water wi}l greatly exceed that of other isotopic waters. As already re-
marked, the most serious unresolved problem in connection with ordinary water is
how the density data below 40. °C join with those above that temperature.
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for representing volumes as a function of temperature, and
the same weakness holds as a function of pressure. In the
case of pressure, the volume decreases monotonically with
increasing pressure, and a large number of isothermal com-
pression equations have been proposed for various con-
densed phases. The application of several to water is con-

sidered in appendix I1.

The temperature dependence is more difficult, as a power
series has alternating signs and is poorly convergent, but
it is difficult to think of anything better. The stable range
of the isobaric curve ends at the boiling point, so it would be
better from that view to make a correlation along the satura-
tion curve where a wider temperature range is possible.

- Clearly, we would like a form of equation that deals ade-

quately with the maximum densities and their pressure de-
pendence, but it is not clear how to combine this with the
requirement of mixtures made at constant temperature and
pressure being nearly ideal, and eq (32) does not ade-
quately provide for the latter feature.

Menaché [1] derived, and Millero and Emmet [3] con-
firmed, a relation between the change of density and 28 and
185, The simplest approximation to the dependence of pw
on the concentrations of the isotopes is obtained by writing

pw = Mw/18.0, 47)

where My is given by eq (4) and 18.0 approximates the
molar volume. The dependence is found by taking deriva-
tives of this with respect to x2, y17, and y1s (neglecting
tritium), which gives

dpw/g om—2 = 0.1118 dx + 0.0558 dys7 + 0.1113 dys.
' (48)

If the more complete expression, pw = Mw/V v, is used,
where V' is given by eq (45), the coefficients are a func-
tion of temperature and composition. For the composition

of SMOW at 4 °C there is obtained

dpw/g e = 0.1061 dxs + 0.0541 dy17 + 0.1126 dyss.
' (49)

The reference to y17 can be eliminated by eq (17). With
this, eq (49) expressed in terms of 8, obtained from eqs

(11) and (14), is

dpw/g em™ = 1.68X108 d28%, + 2.34X10~7 d188%,.
(50)

Starting from eq (47), Menaché obtained the coefficients
1.8 and 2.3. This expression has been shown to apply to
the variations of natural waters, so in that sense it is useful.
However, once again it is to be emphasized that the con-
centration of 170 has been assumed rather than measured,
and that it is inadequate for any precise purpose to assume
that the density of water is specified by a number of pa-
rameters too small to specify it.

It is, in addition, possible to use eq (21) to eliminate one

3. Phys. Chem. Ref. Data, Vol. 6, No. 4, 1977
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of x2 and y1s, in which case there is obtained for natural
waters at 4 °C

dpw/g e = 0.1850 dy1s = 0.2912 dxs

= 3.68 X107 d*88%, = 4.61 X107 d?8%.,
(51)

as given by Menaché [1]. These relations apply to natural
waters from different sources, and are based on the coefhi-
cient 0.6355 of eq (21). However, on the basis of the num-
bers given in section 2.4, for laboratory conditions, which
are better defined, the coefficient might be 0.7 at 0 °C, 0.6
at 20 °C, and 0.3 at 100 °C, which would produce sub-
stantial changes in the coefficients of eq (51).

4. Effect of Dissolved Atmospheric Gases
on Density

4.1. Henry’s-Law Relations for Dilute Gases in Water

It has long been known that saturation of ordinary water
with air decreases the density, by perhaps a few parts per
million, but the precise amount has been uncertain. Lauder
[63] watched the buoyancy of a float change as gas dissolved
and showed that the density decreases on the dissolution of
nitrogen, increases with oxygen; saturation with air de-

creases the dénsity by 4.7 p.p.m. at 0 °C, while carbon.

dioxide increases the density. The analysis below does not
support his finding that the effects of oxygen and nitro-

gen are not additive for water in equilibrium with the

atmosphere.

By direct measurement Marek [64] found the decrease of
density on saturation with air to go through a maximum of
3.4 p.pm. at 7 °C, while at 20 °C the decrease was 0.4
p.p-m. All other evidence shows his finding of a diminished
effect below 7 °C to be in error. In a careful experiment,
Chappuis [65] found that between 5 and 8 °C, a temperature
range where measurements should be particularly reliable
as variations of temperature have only a small effect on the
density of water itself, saturation of water with air decreased
the density by 3.0 p.p.m. Millero and Emmet [3] measured a
lowering of 3.0=0.2 p.p.m. on saturation at 4 °C. Frivold
[66] found a decrease of 1.9 p.p.m. at 15.6 °C. At 20 °C,
FEmeléus et al. [67] found a decrease of 2 p:p.m., but
Richards and Harris [68] one of less than 0.2 p.p.m. These
numbers have often been discussed, and combined in var-
ious ways. Bowman and Schoonover [69] chose a decrease
of 2 p.p.m. at 0 °C and 1 p.p.m. at 20 °C. Brown and Lane
[28], in their recent assessment, favor a decrease in density
of 3 p.p.m. between 5 and 8 °C but of less than 1 p.p.m.
above 20 °C. It is clearly a difficult metrological problem
to improve on these numbers by direct measurement. An
indirect method promises to be more illuminating.

If the presence of water vapor may be neglected for the
moment, the earth’s atmosphere has a compostion of about
0.78 mole fraction Nj, 0.21 Oz, 0.01 Ar, and 0.0004 CO., as
well as traces of the other inert gases. The concentration
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of CO; varies by at least a factor of two from place to place,
and is higher in cities than in the countryside. For nitrogen,
oxygen, and argon, the assumption that at atmospheric
pressure the atmosphere may be treated as an ideal mixture
of ideal gases, and the aqueous solution as an ideal solu-
tion, is sufficiently accurate for calculating the density -of
the aqueous solution to 0.1 p.p.m., although other factors
will be found to limit the precision to 1 p.p.m. Under these
assumptions, if the total pressure of all the gases present
except water is Pg then the partial pressures of the atmo-
spheric gases are

Pxy = 0,78 P, (52) .
POz =0.21 Pg,
Par = 0.01 Pg,

Pcoz— 0.0004 Ps.

The partial pressure of water Pw is much more variable.
It is usually determined from the saturation temperature or
relative humidity, and often has a value about 17 mbar in
the laboratory. When liquid water is present the partial
pressure of water near the liquid will be close to the satur-
ation pressure of water at that temperature, and gradients
of Py may exist. The total pressure P, the quantity that is
determined with a barometer, is closely enough,

P = Pg + Py, (53)

so that a determination of P and Py permits the calculation
of the partial pressures of the individual gases.

The evaluation of the effect of these dissolved gases on
the density of liquid water will be made in two steps. The
first is to obtain the Henry’s law coefficient relating the
concentration of the gas in solution to the partial pressure
in the atmosphere above it. The second is to relate the
volume of the solution to the concentration of gas in it.
The system to be treated is that of a gas phase saturated
with water in equilibrium with a liquid water solution
saturated with the gases.

Henry’s law relates the partial pressure of a gas, e.g.
Py, to its mole fraction, e.g. Xng, in the solution.

XN2 = HI\'g—l Pl\'z, (54)
XOZ = f]Oz'—1 POg,
Xar = Har1 PAr,

Xcog= Hcoy™1 Pcoy,

where the Henry law coefficient Ay is written as a recip-
rocal to preserve the usual convention.
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The presence of dissolved gases in the water gives a
Raoult law lowering of the vapor pressure

Py = (1— Xy — Xog — Xar — Xooz) Pw°,
(55)

where Py° is the vapor pressure of pure water at the tem-
perature in question. As the term in parenthesis in eq. (55)
is nearly unity at the concentrations considered, an iterative
treatment of eqs (53), (54), and (55) converges quickly.

Solubility measurements are often reported as Bunsen
coeflicients which give the volume of gas/volume of sol-
vent, or in terms of weight ratios. Furthermore, it is not
always clear whether eqs (53) and (53) were applied in
the reduction of the data. By working in mole fractions in
the present paper we arrive at a treatment that we will
hope does not vary much with change of isotopic composi-
tion of the water. For conversions of solubility data and
for a review of the older data we follow Battino and Clever
[70].

The molar volume of a dilute solution in water is
approximately

V = XoVw + XV, (56)
where Xy is the mole fraction of water, corresponding to
the term in parenthesis in eq (55). As we are concerned
only with the case where the dissolved gases are dilute, the
partial molar volume of water Vy is just the molar volume
of pure water given by eqs (34) or (45). The mole fraction
X; corresponds to that in eq (54), and the partial molar
volume V; of the dissolved component is the value for in-
finite dilution and is not considered to vary over the
concentration range treated. These assumptions are reflected
in the simple notation adopted. Millero and Emmet [3]
measured the apparent molar volume as a function of con-
centration, but most of the work reviewed has large errors
so that such refinements are not helpful. '

The partial molar volume of solutes is an important
quantity in the description of solutions, but the precision
with which values are known is less than that for solubility.

However, the precision is still more than adequate for cal-

culating changes in the density of water to 0.001 kg m—3.
Two approaches to the determination of partial volumes
have been used: In the first the density or volume of a
solution is determined as a function of composition; this
corresponds to the methods used with solutions of involatile
solutes. The other makes use of the change of equilibrium
constant with pressure as given by Krichevsky and Kasar-
novsky [71] to give an extended version of eq (54)

In (f/X) = H; + % ) (57)

where f; is the fugacity rather than the partial pressure, to
indicate that non-ideality in the vapor phase has been
taken into account, H; the Henry law constant for low pres-
sures defined by eq (54), R the gas constant, and T the
absolute temperature.
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The density of an aqueous solution is given by the
quotient

p=M/7, (58)

(cf. eq (30) for pure water), where V' is given by eq (56)
and M is the mean molecular weight

M = XuMw + ZXiM;. (59)

However, even without knowing the concentration of dis-’
solved gas, we see that dissolution of the gas will increase/
decrease the density as Mi/V; is greater/less than Mw/Vy,.
The results of calculations are most conveniently reported
as the fractional change from the density of pure water.
In the approximation that the amount of gas is small, there

is obtained from eqs (56) and (59)

p—pv SXM; (1— pw Vi/My),
pw My

(60)

which is used in the calculations reported here.

4.2. Oxygen

Battino and Clever [70] recommend a Bunsen coefficient,
for which the units are volume of gas at STP per volume of
solvent at SP, for oxygen in water at 25 °C of 0.02847, based
on 11 values obtained before 1965. Later work has been
described by Murray and Riley [72] and a survey with an
algebraic representation given by Weiss [73]. The latter
paper tabulates the Bunsen coefficients for oxygen, nitrogen,
and argon at 1 K intervals from 0 to 6 °C, and at 2 K inter-
vals to 40.°C. The value for oxygen at 25 °C is 0.02844.
The errors for that gas appear nowhere as much as 1%,
so the data are adequate for present purposes. Bunsen
coeficients « from that paper have been converted to Henry
law coefficients by the relation given by Battino and Clever

H/bar = 22709 + 1.013, (61)
. an .

where V., is the molar volume of ordinary water. Molar
volumes were obtained from eq (34) and the molecular
weight from eq (4). The values of H obtained for oxygen,
nitrogen, and argon are given in table 3.

TasLE 3. Henry law coefficients for Oy, Ny, and Ar in pure water.
The Bunsen coefficients a/atm~* are from Weiss [73], and conver-
sion is by equation (61).

¢/°C|103a/atm—1 (10—3H/bar | 103« | 10—3H | 103« |10—3H
oxygen nitrogen argon
0 49.10 25.67 23.74 | 53.09 53.63 23.50
4 44,13 28.56 21.50 58.63 48.29 26.10
10 38.16 33.03 18.81 67.00 41.84 30.12
20 31.05 40.53 15.59 80.71 34.12 36.88
30 26.30 47.72 1345 93.31 28.93 | 43.38
40 23.10 54.15 12.02 |104.06 2538 49.28

J. Phys. Chem. Ref. Data, Vol. 6, No. 4, 1577
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The partial volumes of oxygen, nitrogen, and argon are
surprisingly poorly known considering their importance in
the thermodynamics of solutions. The available data for
the three gases are shown in figure 2. The only gas for
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Ficure 2. Molar volumes in water. OO Krichevsky and Kasarnovsky
[71]; M Kritchevsky and Iliinskaya [751; ¢ Lauder [63];

A Enns, Scholander, and Bradstreet [76]; o O’Sullivan
and Smith [77].

which sufficient- data are available to give an idea of the
error is nitrogen. For oxygen the dashed line shown in the
figure has the equation

Voz/cm® mol—* = 31 + 0.02t=1,0 < t/°C < 50.
(62)

The change of density of SMOW produced by equilibra-
tion with an atmosphere at a total pressure of 1.013 bar,
and with oxygen comprising 0.21 mole fraction of the gases
other than water, is shown in figure 3. The calculation was
made by eq (60), and X; was obtained from eq (54) using
table 3. At temperatures below 50 °C the vapor pressure of
water is small; at temperatures approaching 100 °C the
contribution from atmospheric gases falls because the
atmosphere is largely water vapor and the concentration
of other gases is small. For oxygen, M/V is near the density
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Ficure 3. Increase of density of ordinary water in equilibrium with’

the nitrogen, oxygen, and argon of the atmosphere. Heavy
solid line, sum of contributions from the three gases.
Light solid lines, uncertainty of sum from uncertainty in
partial volumes of the gases. If the effect of carbon
dioxide were included the sum would be 0.3 p.p.m. up-
ward at.0 °C.
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of water, and at 50 °C, if the partial volume were at the
upper limit of the error given, on dissolution oxygen would
lower the density, while if it were at the lower limit the
density would increase. In any event the density change is
small, and even with one atmosphere of oxygen at 0 °C the
density would only increase 2-3 p.p.m.

4.3. Nitrogen

The solubility of nitrogen has been reviewed by Battino
and Clever [70]. There are fewer data sets than for oxygen,
but the agreement is adequate for the present calculation.
Later work by Murray, Riley, and Wilson [74], and Weiss
[73], whose table is the basis of table 3, is in agreement.

The partial molar volumes are shown in figure 2. Only
for nitrogen are there enough data to form an idea of their
accuracy. The values of Kritchevsky and Iliinskaya [751,
near 40 cm® mol—?, are both very high relative to other
values and show a negative temperature coeflicient where
all other data sets show a positive one. These data have,
therefore, been ignored. The single value by Lauder [63] at
0 °C is also high. A straight line through the remaining
low-temperature data gives

V'na/cm® mol—! = 32.6 + 0.027:=1, 0 < #/°C < 75,
(63)

where the error is approximate as the data do not warrant
any precise statistical treatment. The same error was
deemed appropriate for oxygen as well. The calculated
effect on the density is shown in figure 3.

4.4. Argon

Once again the solubility has been taken from Weiss {731,
and the values used in the calculations are given in table 3.
The only value of the partial molar volume is from Enns

et al. [76] who obtained the value of 32.2 ¢cm® mol—! shown

in figure 2. Because the ratio Mar/Var is 25% greater
than Mvw/Vw, this gas increases the density of water by an
amount great enough to show in figure 3, even at the low

_ concentration present in air.

4.5. Discussion on O,, N,, and Ar

Figure 3 also shows the combined effect on the density
of normal water saturated with nitrogen, oxygen, and
argon, present in the proportions given by eq (52) at a
total pressure (water vapor plus the three gases) of 1 atm.
As the partial volumes of the three gases have been deter-
mined by similar methods, the errors are expected to be in
the same direction in the three cases; this gives the error
band shown for the sum of the effects of the three gases.
A larger partial volume gives a lesser (more negative) in-
crease in density. We see on comparing figures 2 and 3
that Lauder’s values for the density of air and oxygen are
about right, but that his value for nitrogen is in error.
There is, accordingly, no evidence that the effects are non-
additive. ’ ' '

No data are available on the solubility of these gases in
waters of other isotopic compositions. However, as the
present description of the aqueous solution has been in
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terms of molar quantities, the same solubility and partial
volumes may be used to estimate the change of density pro-
duced by the dissolution of these three gases in waters of
other isotopic compositions. For example, Ds*0 has a
molecular weight of 22 and a density of 1.22 g cm™—. A
calculation using eq (60) then shows equilibration with the
nitrogen in the atmosphere to lower the density by 5.4
p-.p-m. Oxygen lowers it 1.5 p.p.m., rather than the small
positive effect in ordinary water, and argon has a near-
zero effect. The sum gives a total lowering of the density
of 7 p.p.m.

Nitrogen and argon have no atom in common with water,
so there is no exchange effect. While oxygen is present in
water the rate of exchange with gaseous oxygen is suffi-
ciently small that it is possible to make measurements on a
sample of water that is not in isotopic equilibrium with the
oxygen in the atmosphere over it.

4.6. Carbon Dioxide

Although it was the solubility of carbon dioxide that led
Henry to the law bearing his name, viz. eq. [54], the law
does not in fact describe the behavior of dilute solutions of
carbon dioxide well because of the equilibria

CO: + HiO=H™* + HCOs—

=22H* + COs=.
(64)

This reaction produces a rapid interchange of oxygen
between CO: and H:0, and indeed is used for the nor-
malization of the composition of the oxygen isotopes. In
normalization the composition of oxygen in the two com-
ponents becomes substantially the same, but not exactly, as
fractionation causes an enrichment of ¥0Q in CQ: relative
to the water with which it is in contact [78]. Atmospheric
carbon dioxide interchanges with atmospheric oxygen by
photosynthesis and combustion. The net result is that at-
mospheric oxygen is richer in 130 than is sea water, which
in turn is richer than fresh water, facts already alluded to in
section 2.1.

The equilibrium constant for the first ionization of eq-

(64) is conventionally defined as

_ [H*][HCOs]

K
! [CO:l  °

(65)

and that for the second ionization as

_ [H][COs=]
K> = "Hcom

where the square brackets should denote activities for sys-
tems at finite concentrations, but as we are concerned with
dissolved substances at high dilution the activity coeflicients
may be taken as unity and the square brackets then denote
the concentrations of the species indicated. The total or
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stoichiometric mole fraction of carbon dioxide in solution is
[2CO:] = [CO:2] + [HCOs—] + [COs5™1. (67)

The preceding sections on oxygen, nitrogen, and argon
gave a complete specification of the algebra and an ade-
quate summary of the data, and the results calculated there -
are reliable. On the other hand, for carbon dioxide, and
ammonia to be treated in the next section, the algebra is
more complicated, the experimental data are inconsistent
and ambiguous, and data on the second ionization of carbon
dioxide are scanty. In view of the difficulties, particularly
of the molar volumes, we treat only the effect on the density
at 0 °C. Effects will be less at higher temperatures. To
preserve the algebra used for the preceding gases, concen-

trations are expressed as mole fractions, though these are

not the usual units for expressing equilibria in solution.

Edwards, Newman, and Prausnitz [79] give the Henry
law relation between the partial pressure of COs and the
mole fraction of the dissolved species CO; as 676 bar at
0 °C. For a partial pressure of 0.0004 bar, this gives the
mole fraction of species COz in solution as 5.9X107". The
samc authors give the first dissociation constant as
4.7X10— (mole fractions). The ionization of a weak acid
in dilute solution is a standard problem [80]. Denoting the
ionization product of water as K.,

Ky = [H*]J[OH], (68)

the hydrogen ion concentration in a carbon dioxide solu-

tion is given by

[H*P = Kw + Ki[CO:1{1 + 2K:/[H']},  (69)

which may be solved iteratively. Af 0 °C Ky has the value
3.65X10™19, and K for carbon dioxide is about 3.X10~1,
These values yield a mole fraction of H* of 5.3X10—8, and
hence by eqs (65) concentrations of species HCOs™ of
5.2X 1078, effectively equal to that of H*, and of COs~ of
3.X10™, a negligible amount. Only if the partial pres-
sure of carbon dioxide were three orders of magnitude
smaller would K and K, make significant contributions to
eq (69), but in that case the dissolved carbon dioxide
would make a negligible contribution to the density of the
solution.

There is considerable uncertainty about the partial molar
volume of carbon dioxide. At 0 °C Lauder [63] found a
value of 44 cm?® mol—! at low pressures, and 28 cm® mol—!
at 7 mbar, Kritchevsky and Iliinskaya [75] found 32 cm?
mol™, while Enns et al. [76] found 34.8 cm® mol™! at
25 °C. Parkinson and de Nevers [81] found 37.6 cm® mol—2,
which Gibbs and Van Ness [82] reanalyzed to obtain 38
cm® mol—! at 0 °C. If 38 cm® mol™? is taken as a tenta-
tive value for 0 °C, then eq (60) gives an increase in den-
sity of 0.20 p.p.m. for the species CO2. The only other
species abundant enough to affect the density is HCOs™.
Millero [83] gives the partial molar volume of that ion at
25 °C as 23.4 cm3 mol—!, Equation (60) shows that this
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species increases the density by 0.06 p.p.m. The two species
together increase it by 0.26 p.p.m.

The solubility of COz in D:0 was measured by Curry
and Hazelton [84] as 0.9, on a molar basis, of that of Hz0.

The same authors [85] found the ratio of the first ioniza-

tion constants K1,u/K1,p to be 2.7 at 25 °C. Thus the'argu-
ment given in section 4.1, that by working in molar quanti-
ties the results will give approximate answers on isotopic
substitution is of limited value for carbon dioxide solutions.

4.7. Ammonia

Ammonia is not an important component of the normal
atmosphere. It is mentioned here solely because it is a con-
taminant of sloppily distilled water. Further, as the sloppy
technique that permits the presence of ammonia is likely to
permit the presence of carbon dioxide as well, a more com-
plicated system of equilibria prevails than that described in
the preceding section. In particular, the ionization equilib-
rium of water, eq (68), permits a considerable concentra-
tion of NH¢* with HCOs— or CO:=. There is a rapid
interchange of hydrogen between ammonia and water, so
the hydrogen isotopes in the ammonia and water become
substantially the same.

For pure ammonia solutions, Edwards et al. [79] give a
Henry coefficient of 0.26 bar at 0 °C. Ammonia solutions
are significantly less dense than pure water. The analysis of
Eiremova and Sokolova [86] shows that the partial volume
of the species NHs must be near 37 cm® mol—! at 0 °C.

The case where both ammonia and carbon dioxide are
present has been studied extensively at higher temperatures
in connection with the water-carbon dioxide-ammonia-urea
system. At the lower temperatures of interest here, equilibria
and the abundances of the species can be evaluated by the
algorithm of Edwards et al. Millero [83] gives the partial
volume of NHs" as 17.9 cm® mol— at 25 °C, which combines
with the 23.4 cm® mol™ for HCOs™ to give pwVi/M;, the
quantity in eq (60), as 0.52, leading to an increase in den-
sity of the solution. If NHs* and COs™ are the dominant
species, as CO3™ has a conventional partial molar volume
of —4.3 cm® mol™, the ratio pwVi/M; is 0.33, again pro-
ducing an increase in density.
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Appendix |

Isotopic Uncertainties in Practical
Density Measurements

Interest in the density of water comes from two, essen-
tially unrelated directions. Density values are needed for a
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description of water itself and as a standard for calibration
or for measurements on other materials. The main paper has
treated water itself, and devoted considerable attention to
uncertainties in our knowledge. This appendix treats errors
arising in the use of water as a calibrating substance, and
particularly errors arising from the choice of a density
table. In such calibrations the maximum precision is not
always sought.

Increased awareness of the importance of isotopic com-
position means that a worker wishing to calibrate a volume
by finding the weight of ordinary water contained can no
longer uncritically accept that his water has an isotopic
composition matching that appropriate for the table of
densities he is using. If he is calibrating a pycnometer, the
isotopic variations of the fluids to be measured in it must
be taken into account as well in arriving at the uncertainties
of the final result. '

In the past, handbooks have given density tables for
(ordinary) water at atmospheric pressure without comment
about their limits of validity, and indeed, the present author
has produced one such table [87]. It is now clear that such
handbooks must henceforth be used more critically if den-
silies are Lo be measured more precisely than corresponds
to the normal range of variation of atomic weights from
isotope fractionation. Most density tables give one or two

. figures beyond that point, and these extra figures are usually

considered to have physical meaning, rather than existing
solely to aid interpolation. Girard and Menaché [88] have
compared tables for atmospheric pressure up to 40 °C. In
another paper [2] they gave an approach only feasible for
precise work; there appear to be no modern guidelines for
work of lower precision.

L.1. Precision in Density Measurements

If pn is used to denote a precision (and, we hope, accu-
racy) of 1 in 10", then the care needed for work of various
precisions is approximately as follows:

p3: This precision is adequate for many engineering ap-
plications. At this precision ordinary water is water, isotopic
composition can be ignored, and temperature, pressure, and
purity need not be controlled too closely.

p4: Again at this precision the isotopic composition of
ordinary water need not be considered, and all modern
tables of the density of water at atmospheric pressure are
equivalent.

p5: For this precision the density of laboratory water
should be checked at one temperature and pressure against
a known standard, and the density table at all tempera-
tures and pressures multiplied by a factor ¢ defined as
Psample/ Prable. Most tables of the density of water are equiva-
lent at this precision. If the water is being used as a calibra-
tion material for density determinations, the uncertainty of
the isotopic composition of the material to be measured is
important also. ‘

p6: To attain this, one of the methods of water purifica-
tion that is strict in its conirol of isotopic composition must
be adopted, and the water so purified must be shown to be
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controlled on an hourly, daily, and seasonal basis. The
adoption of the 1968 International Practical Temperature
Scale changes tables by up to 5 p.p.m. Even the best tables
may differ by several units in the sixth place; the uncer-
tainty of the experimental work on which they are based is
somewhat larger. The table used must be specified in report-
ing the results. It is quite possible that future work will pro-
duce changes of 1 or 2 in the sixth place at temperatures
between 0 and 40 °C, while larger changes are almost cer-
tain above 40 °C. Pressures must be measured to 20 mbar.

p7: This range is only within the competence of metro-
logical laboratories that have specialized in this direction,
and at present work only deals with water between 0" and
40 °C and at atmospheric pressure. The isotopic composi-
tion of each water sample must be measured, and particular
attention must be paid to thermometry. Any density table
given now has only an interim value. As the values adopted
will need future correction, experimental details must be
given clearly.

1.2. Isotopic Contributions to Density Errors

In calibrating a volume by using water as a standard
substance, the usual isotopic error comes from the use of
a density table that relates to a different isotopic composi-
tion from the water used, and, as indicated in the previous
section, such an error would become significant only at the
p5 level. If a calibration of the highest precision were at-
tempted, and isotopic abundances were measured, then er-
rors would arise only from uncertainties in eq (45) or
whatever source of densities was used. Work of such a level
represents the present limit of calibrations based on water.

If the volume calibrated is a pycnometer to be used in
determining the density of other substances, then the isotopic
variation of the latter is important too. In particular, be-
cause of isotopic variations, the atomic weight of carbon [4]
is given only to 1/12000 so, for example, without measure-
ment of the isotopic composition the molecular weight of
meothanol, to take a definitc exampls, is given at best to
1/30000, although density measurements on this compound
are often reported to 1 in 10°, There are relatively few sub-
stances which can be purified sufficiently to justify so much
precision. Indeed, the separation procedures commonly used
in purification also produce isotopic fractionation. Accord-
ingly, if different laboratories purify the same material by
different methods they may arrive at different massic
volumes even if the molar volumes are equal.

Formerly, when atomic weights were poorly known, there
was value in making massic volume measurements more ac-
curately than molar volumes could be given. Today, for the
many elements whose atomic weights are known to the
precision set by isotopic variation, it is necessary to measure
the isotopic composition if increased precison is wanted.

A third case was referred to in section 3.2 in the discus-
sion of eq (35) and the velocity of sound. The adiahatic
compressibility ks is given by

ks = (0ln p/oP)s = p~ w2,
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- where ks, p, and u (the velocity of sound) are functions of

isotopic composition as well as of temperature and pressure.
As u can be measured to a few parts per million, an impor-
tant error of ks is the choice of an inappropriate table for
the determination of p.

The composition of most samples of water used for cali-
bration purposes in the past, or indeed at present, is not
known. For precisions of p6 or less it need not be known
provided the density is tied to a well defined standard, which
at present is SMOW. If we consider two samples of water
of approximately natural composition, then the ratio of
densities ¢ will vary much less with changes of temperature
and pressure than will density itself. This same approxima-
tion was made earlier in a treatment of the thermal expan-
sion of water at atmospheric pressure [26]. What we wish
here is a series of density measurements leading back to

SMOW. That is, we write
(I-1)

P(sample) = ¢P<SMOW),

where, when ¢ has been found for one temperature and

- pressure it will be assumed to hold for other temperatures

and pressures. The measurement of differences of a few
p-p-m. or less in density of water samples has long been
possible. While large samples of SMOW are not available,
there should be no difficulty in each laboratory obtaining
a reference sample whose density relative to SMOW is
known with sufficient precision.

As ¢ is unlikely to differ from unity by more than 10 or
20 p.p.m., eq (I-1) is unlikely to produce errors at the p6
level, but it must be realized that experimental data to per-
mit a firm statement are lacking. The quantity ¢, recom-
mended here only as a way to deal with small variations in
density, is not a parameter to allow for the effect of small
variations of isotopic composition on other thermodynamic
or transport properties.

Appendix 1l

Equation of State of Water Under Pressure

Conflicting ideals involving accuracy, simplicity, ele-
gance, and generality must be reconciled in the construction
of an equation of state. Accordingly, as one or other of
these factors is given greater weight, different equations will
be arrived at. The question considered in this appendix.is
how the equation of state of water can be represented be-
yond the very limited pressure range for which eq (45)
applies. As the data available relate only to ordinary and
heavy water, the results are suggestive only and do not pro-
vide a firm basis for the description of the isotopic waters.

The data that may be considered reliable to 1 kbar and
100 °C are those of Fine and Millero [89] and Kell and
Whalley [90] for ordinary water, and Fine and Millero 1541
for heavy water. It is not clear whether the treatment that
is to show the least dependence on isotopic composition

should follow eq (45) and treat 0¥ /dp, whether dp/0dp is
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better behaved, or whether it is best to treat the isothermal
compressibility

k= (dlnp/dp)r=—(0In¥V/3p)r. (II-1)
As the latter quantity is the one usually reported, the analy-
sis has been based on putting a surface exactly through the
density po at atmospheric pressure and exactly through the
compressibility ko at that pressure, seeking a relation that
holds over a useful range of pressure. We seek an equation
that will permit the calculations of densities at the p6 level.
The one-atmosphere values on which the analysis is based

are: for po(SMOW), eq (31) with coefficients from table 2;
for ko, ref. 26; for D20, ref. 54.

We dismiss without serious consideration polynomial
representations. It is true that the volume of a fluid may be
represented by a power series in the pressure

V=Vot+ap+ap*+..., (11-2)
and that such a polynomial with a suitable number of terms
is good for representing data over a narrow range. If, how-
ever, the coefficients are to be obtained by least squares from
data covering a great range, uncertainties in the individual
coefficients become large, and an unphysical waviness may
appear in the derivatives. Such equations also extrapolate
poorly. :

A restricted form of the polynomial equation is, however,
useful for the evaluation of densities near atmospheric pres-
sure. Using the gage pressure p as defined by eq (26), the
density is then approximately

p = po (1 + Kop), (I1-3)
which produces an error of less than 1 p.p.m. at pressures
less than 10 bar, and the same range applies to eq (45).

As we know xo we will write

Kk = kof (p), (11-4)
where f(0) = 1. The value of po will then appear as a
constant of integration when eq (II-1) is integrated to give
volumes or densities.

A simple equation of state can be derived by assuming
that f = 1. This gives

V = Vo exp(—kop), (I1-5)

an equation used by Guggenheim [91]. This equation cor-
rectly deseribes the volume as falling off at high pressure. If,
however, the reciprocal is taken we see that the equation
corresponds to the density rising exponentially with pres-
sure. This is much too fast, and comes from the assumed
constancy of f. Accordingly, the useful range of this equa-
tion is limited. Rather, f should fall toward zero with
increasing pressure.
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A general way to treat the data is to combine equations
(II-1) and (IT-4), and then to integrate to give

» .
In(p/po} /Ko = f fdp=F(p). (11-6)
0

A suitable representation of F(p) may then be sought, sub-
ject to the restriction that its derivative is unity at p = 0.
However, the difficulty with such an approach is that there
seems to be no systematic way to seek suitable functions
to represent F.

Understandably then, the procedure actually followed has
been more exploratory. It consisted, first, in guessing that
k might fall away according to

Kk = Ko/ (1 + Ap)?, (I1-7)

where A is a positive coefficient whose value is to be found;

" A = 0 corresponds to eq (1I-5). Combining this with eq

(I1-1) gives

P = po exp{xop/ (1 + Ap)}. (11-8)
This equation has an algebraic advantage over the two other
equations to be discussed that the parameter A only occurs
once, so that the values may be found directly rather than
by an iterative method. -Its value is a slowly varying func-
tion of temperature and pressure, with a minimum value
near 30 °C, with the parameter increasing with pressure at
lower temperatures, and decreasing at higher temperatures.
For both ordinary and heavy water the value is near 130
Mbar—1. '

Assuming that po and ko are correct, the error of equa-
tion (1I-8) arising from an error in A increases with pres-
sure. If the value A was used, and the value A+8 is correct,
then the leading term for the fractional error is

€ = —14kobp?, ~(I19)
or, as ko ~ 50 Mbar—, the pressure to give an error of 1 in
108is

p/bar = (11-10).

1
V255 °

and 8 may be as large as 25 Mbar— at pressures less than
1 Kbar.

In a search for a better equation, a second guess was that
« might fall according to '

— Ko :
K—1+”p, (I1-11)
and in the limit of small values of p, u = 2\. Combining
this with eq (II-1) gives '

p = po(l + pp) Ko/, (11-12)
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which was apparently first given, with u constant, by Kirk-
wood [92], but is usually ascribed to Murnaghan [93, 94]
who gave it for an isotropic elastic solid. Evaluation of u
for ordinary water shows it to increase with pressure at
temperatures below 40 °C, and to decrease at higher tem-

peratures. This equation seems worse at higher pressures

than eq (II-8).
A third equation was obtained by guessing that k might
fall away exponentially on any isotherm
K = Ko exp(—vp), (11-13)
and as p>0, » = u = 2\. Combining this with eq (II-1)

gives
Ko
P = poexp {——v——— [T exp(—wp) ]} . (I1-14)

Parameter v falls with increasing pressure.

A number of approximations to the equation of state of
water, particularly of SMOW and heavy water, have been
discussed in this appendix. For computational errors not to
oxceed 1 p.pom., oq (I1I-3) may be used for p<<10 bar. For
eq (I1-5) the range is 15 bar. For eqs (1I-8), (II-12) or
(I1-14) with a fixed value of the parameters 2A = u = v
= 260 Mbar—!, the range is 40 bar. By allowing for the
temperature and pressure variation of A, a satisfactorily
small number of parameters are sufficient to extend the
range of (II-8) to 1 kbar with less than the uncertainty of
the data, which for SMOW is approximately 40X10—"2p?
p-p-m. However, pursuit of the description of one isotopic
composition only would be alien to the main interest of this
paper and is not reported.
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