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CHAPTER I

Introduction

Consider a square integrable function f on the unit ball in RY. Fix a direction
o € SN~ and a distance t € R!, and integrate f over the (N — 1)-dimensional
hyperplane {x € RY | (x,0) = t}. The resulting function of o and ¢, denoted
Rf(o,t), is the Radon transform of f. I will typically consider o to be fixed
and denote the resulting function of ¢ by R, f(t). In the general (N — k)-plane
transforms, the integration over (N — 1)-dimensional hyperplanes is replaced with
integration over (NN — k)-dimensional affine subspaces, o is replaced with an orthog-
onal matrix and ¢ is replaced with an element of R*. The special case N — k = 1
(integration along lines) is known as the X-ray transform.

Early work on the inversion of transforms of this type dates back to Funk [1]
and Radon [2]. Formulae for the inversion of the Radon (and also the related
transforms) require the transformed function to be known for all o and ¢. In
practical reconstructions, however, Rf(o,t) is known at only a finite number of

points. Of particular concern is the limited number of ¢ at which the transform



is evaluated. There are several different approximate inversion techniques, and in
each of them the angle between the null spaces of the transforms R, (for varying
o) is important. (Natterer’s book [3] provides a good overview of the subject with
references.) In Chapter II I present a brief introduction (covering known results)
on the concept of the angle between subspaces of a Hilbert space .

The focus of this dissertation is the study of the angle between the null spaces
of the general (N — k)-plane transforms on spaces of square integrable functions.
Hamaker and Solmon [4] studied this problem on L?(Q?), the space of square
integrable functions on the unit disk in R%  (Here the general (N — k)-plane
transform necessarily has N —k =1 = N — 1, so the Radon transform is the only
example here.) They showed that the angle between the null spaces of R,, and
Ry, is

inf arccos ( (1.1)

nelN

|sin(n + 1)6]
(n+1)sin6 )’

where 6 is the angle between o7 and 0,. Davison and Grunbaum [5], also working

on R?, introduced weighting functions and showed the angle to be
inf arccos (Cfla)(cos 9)/CT(L"‘)(1)) : (1.2)
nelN

where C'(®) is the Gegenbauer polynomial of degree n with parameter o.. The value
of v depends upon the weighting function. The case with o = 1 reduces to the
problem of Hamaker and Solmon.

In Chapter III I present new results on the angle between null spaces of the



general (N — k)-plane transform on RY applied to square integrable functions on
the unit ball (L?(Q%)). In particular, I reduce the problem to finding the supremum
of the eigenvalues of a collection of (explicitly given) finite dimensional matrices.
If1 <N —Fk< N —1, the dimensions of the matrices are not bounded. However,
if N—k=N-—1or N—Fk =1 (the Radon and X-ray transforms, respectively),
then each of these matrices is triangular, and so explicit formula for the matrix
entries, (3.33), provides the eigenvectors directly.

In Chapter IV I extend the known results (1.1) and (1.2) on L?*(Q?) to corre-
sponding results on L2(Q2V) for both the Radon and the X-ray transforms. I show
that the angle between null spaces of the Radon transform on L*(QV) is given
by the formula of Davison and Grunbaum with @ = N/2, and that the angle be-
tween the null spaces of the X-ray transform on L*(QV) is given by the formula of
Hamaker and Solmon (for all N). I also show the new result that the infimum over
n € N in both (1.1) and (1.2) can be replaced with the minimum over n =1, 2.

In Chapter V I modify the general (N — k)-plane transform problem of Chap-
ter III by replacing the domain L?(QY) with L? (RN, e‘”x”2). This simplifies the
problem considerable. The development in Chapter V parallels the Chapter III,
but the resulting matrices are 1 x 1 for all N — k. The special case N = 2 has been
solved previously by Davison and Grunbaum [5].

Funk’s paper of 1916 [1] dealt with the inversion of the transform resulting from

the integration over great circles on the unit sphere S?. In Chapter VI I consider



the transform resulting from the integration not over great circles but rather over
the so-called “latitude” circles. This transform has as a parameter the choice of the
“polar” axis. I develop an explicit formula for the angle between the null spaces
of these transforms as a function of the angle between the “polar” axes.
Rounding out the paper are two appendices. Appendix A presents known
formulae needed in the body of the work. These can be found in standard reference
works (for example, [6] and [12]). Appendix B contains a proof of an “obvious”
but inaccessible result which is needed in several places in the main body of the

work.



CHAPTER I1

Angles between subspaces in a Hilbert space

This chapter provides an introduction to the concept of the angle between sub-
spaces of a Hilbert space, including a proof of a known result (Theorem 1) which

I shall need throughout this paper.

Definition Let E, F' be closed subspaces of a Hilbert space H. Then the angle

between F and F, written v(E, F'), is the scalar between 0 and 7/2 satisfying
cos(y(E, F)) = sup |{u, v)], (2.1)

where the supremum is taken over allu € EN (ENF)Y, v e FN(ENF)L, with

lull = llvfl = 1.

Note that this implies that v(E, F') = inf (arccos(|{u, v)])), so v(E, F') is the
infimum of the angle between two vectors u and v, u € EN(ENF)* and v €
FN(ENF)L. In particular, if ENF = {0}, then v(E, F') is just the smallest angle
(actually the greatest lower bound of the angle) between vectors v and v, u € E

and v € F.



Example Let H = (*, E = {a € (* | agp = Ofor k = 0,1,2,...}, and let

F ={be ?]| bypy1 = bop/k for k = 0,1,2,...}. Note that ENF = {0}. Let

{ek}22,, be the standard basis, i.e., (€¥); = 0, | = 0,1,2,.... Let u, = ¥ € E,

v, = €2+ e* 1 /n € F. Then

Hun” =1, an” = 1+1/n?

and

Uy, = — 1 as n — oo.

Y r1m2 1 1/n?

Since |(u, v)| < |lu||||v]], it follows that

sup [(u, v)| =1,
ue F,veF
[ull = [lo] =1

ie,y(E,F)=0.

(2.2)

Note that in this example, the supremum in (2.1) is not attained. This cannot

happen, of course, if H is finite dimensional, since then the unit sphere is compact.

Following is a theorem which I shall require thoughout the main body of this

paper. This “obvious” result is well known, though the proof in the infinite di-

mensional case requires some care.

Theorem 1 Let E, F be closed subspaces of a Hilbert space. Then v(E,F) =

V(B FL).



Proof: Since (E+)' = F (and similarly for F), it suffices to show that v(E, F') >
y(E*, F1), since then (B F1) > y((EH)*S, (F1)*) = 4(E, F).
So let

a = sup |{(u, v)], (2.5)

where the supremum is taken over all u € EN(ENF)Y, v € Fn (ENF)L,

|lu|| = |Jv]| = 1. Let 0 < € < 1 be fixed, and choose u,, v. as above with
[{ue, ve)] = (1 —e). (2.6)

Now we want to construct u* = u? € BN (BN FHL v =0 € FAn(EtN
F1)*, such that
‘<ﬁ,ﬁ>’—>aasel0. (2.7)
This will show that cos(y(E+, F4)) > a = y(EL, F1) < 4(E, F). To this end,
pick r(= r.) € E to minimize ||v. — r||. This is possible since F is a closed, convex
set in a Hilbert space (v, is fixed). Let u* = v, — 7. Then u* € E* (by choice of
r), but moreover, if y € EX N F+, then (u*,y) = (v, —r,y) = 0 since v, € F and
r € E. Thus

u* € BN (EXNFH) (2.8)

Next take € EN F. Then (r,z) = (v, — u*,x) = 0 since v. € (£ N F)* and
u* € E*+. Therefore

re EN(ENF)* (2.9)



Also note that this shows that ||u*]|*> + [|r]|> = ||ve]|* = 1 since r € E and
u* € B+, so
lu[* =1 = r|I*. (2.10)

Furthermore, since r/||r|| is a unit vector in EN(ENF)*, we have from (2.5) that

a > [{ve,r/llrll) | =1 +rr/lrl) [ = [/l T =7l (2.11)

Finally, (2.10) shows that minimizing ||v. — r|| = ||u*|| corresponds to maxi-

mizing ||r|| = | (ve,r/||7]|) | by (2.11). In particular, |{(ve,r/[|r]]) | > | (ve,ue) | >
a(l —¢€). Thus

7]l > a1l —e€). (2.12)

Likewise, chose s(= s.) € F' to minimize ||u — s||, and define v* = u, —s. Then

we get the corresponding relations

vt e Frn(BFn FH)*t (2.13)
sc FN(ENF)* (2.14)
[l )l* =1 —|s]I* (2.15)
a(l —e) <|s] < a. (2.16)
Also note that
(Ve Ue) = (U™ + 7, ue) = (7, Ue) (2.17)

since u* € E+ (statement (ustarspace)) and u, € E. Likewise,

(Ve, Ue) = (Ve, 0" + 8) = (ve, 5) . (2.18)



We are now ready to prove (2.7):

u* v* 1 ’( H
laet| = | (Ve — _
Hu*”’ || [l || ||| e = Thle =S

- mr Doy 1) — {r100) — (e 5) + {1, 5) |

_ my (r, s — (v ) | by (2.17), (2.18)

= _7 (IW|||82|£|<Y£|’|7|1||7|j>/ o by (20, 210, 2:19)

S a(l —¢) —a? by (2.5), (2.9), (2.11),

= 11— e (2.12), (2.14), (2.16)
1—a?—¢

= « [m] —a asel0



CHAPTER III

Angles between null spaces of the general
(N — k)-plane transforms on R"

In this chapter I study the problem of determining the angle between null spaces
of the general (N — k)-plane transforms. I prove an original result which reduces
the problem to one of finding eigenvalues for explicitly given finite dimensional
matrices. The Radon and X-ray transforms are special cases for which the eigen-
values can be given explicitly. These cases are developed in detail in the succeeding

chapter.

3.1 Definitions

Let e1, ea, . .., en be the usual orthonormal basis for RV, and let 2 = (21, 29, ..., 2x) €
RY. Let 0 < k < N and decompose R" into R* @ RV with z =2 @y, 2 =

(x1, @9, ..., x) = (21,22, ., 2k) and ¥ = (Y1, Y2, - - -, YUN—k) = (Zka1s 2kt - -5 ZN)-

Now consider the integral operator
S LAQY) — L7 (8 (1=l )*V72)

10
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defined by
_ N—k
Sf@) = [ faeydy (3.1)
where f(z) = f(z ®y) is extended from QY to RV by setting f(z) = 0 if ||z|| > 1.

Thus S is the operator produced by integrating over affine subspaces of dimension

N — k parallel to the subspace {z € RY | z; = 20 = - -+ = 2, = 0}. Note that
ISfI* = /k [Sf(@)]P(1 — [J|*) 2 d
Q

- /Qk /jgNk(\/W>
< Vi [ 1P

2
fla@y)d™ "yl (1 |lz|*)*02 dw

= Vil fII%

where By_x(1/1 — ||z||?) denotes the ball about the origin of radius m in
RN=* and Viy_ is the volume of the unit ball in R¥=* (see formula (A.4)). Thus
|1S] < V]\l,/_2 .. But the inequality above becomes an equality if f is a constant
function, so in fact ||S|| = V]\l/_zk

Define

N =Null S ={feL*(Q")| Sf=0},
and
A={f e L*QY) | 3f(2) = f(2) ae with f(z®y) = flz®0) Yz dy e QV}.

Thus A consists of those functions which are constant on planes parallel to the

plane {z € RN | 2y = 20 = ... = 2, = 0}.
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Lemma 1 The set A is the orthogonal complement in L*(QN) to N, the null space

of the operator S.

Proof: Clearly A C N*, so consider a fixed f € N+ and we will prove that f is
also in A. Define
fo(z) = folz ®0) = Vi, S f(a) (1 — [Jla]|?) =72,
Then since Sf € L? (Qk, (1- Htz)(k_N)/2> we have
2 2 N
1ol = [ 1fol) 2
= Vil [ IST@)R = o))<
= ViLllSfI*
Thus fo € L*(QY), and in particular fy € A. Notice that Sfy = Sf,so f—fo € N.
Also f € N'* by assumption, and fo € AC N+, s0o f— fo e Nt Bt N NNt =

{0}, so it must be that f = f; € A. Since f is an arbitrary element of N'*, we

have Nt = A. 0

Let U € SOx (an N x N orthogonal matrix with determinant = +1), and

define Sy : LX(QN) — L2 (QF, (1 — [J|[2)*=M)/2) by
Suf(x) = S(foU™")(x). (3.2)

(Extending this definition to Oy does not yield any new transformations. If U €

Oy with det(U) = —1, then we can multiply the last row of U by —1 to get say U
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with U € SOy and S = Su.) Also, let Ny be the null space for the operator Sy
and define

Ay ={f e L*QY) | foU™' € A}, (3.3)

so Ay are those functions which are constant on subspaces parallel to the subspace
resulting from applying U to {z € R | 21 = 29 = --+ = 2, = 0}. In particular,
Ay is the orthogonal complement in L2(2V) to the null space Ny of the operator
Sy. Also note that f € A if and only if foU € Ay.

The angle between the null spaces N' and Ny of the operators S and Sy is the
same as the angle between the subspaces A and Ay, defined by

cos (V(A, Av)) = sup [ (fi, f2) |
If1l=lf2ll=1

fiEAN(ANAy)+L
f2€AuN(ANAy)+

= sup | (f1,fa0U)] (3.4)
Il fll=[f2l=1
fi€AN(ANAY)~+

3.2 An equivalence relation on orthogonal matrices

For N and k fixed, the collection {Sy} forms a family of operators indexed by
U € SOy. We want to study the angle between the null spaces of operators
from this family. Since v(Ay,, Ay,) = (A4, AU10U2—1), it suffices to study the angle

between the null spaces of S and Sy. If Ay, = Ay, then y(A, Ay,) = v(A, Aw,),
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so it is natural to define an equivalence relation ~ on SOy by

Uy ~ Uy if Ay, = Ags,. (3.5)
Let X, Y C RY be defined by X = {2z € RY | 2441 = 2p42 = -+ = 2y = 0}
and Y = {2z € RV | z2; = zp = --- = 2, = 0}. Let B C SOy be defined by

B={T'eSONx|T:X — X,T|x € SOi}. (Note that T € B forces T to act on

Y as an element of SOy_;.) Then T' € B has the form

E  N—k
k(V 0
T = (3.6)
Ntk \O W

where V € SO, and W € SOpn_p.
Lemma 2 IfT € B and U € SOy, then U ~TU.
Proof: By definition, f € A7y means (for proper choice of representative f)
foUloT z@y)=foU ' oT Hz®0) forae zdy.
This can be rewritten as
foU YV izaWly)=foU (V2@ 0) forae xdy,
which is equivalent to
foU(z@y)=foU (z®0) forae z@y.

But this is the defining condition for f € Ay, so Ay = Ay, hence U ~TU. O
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The following lemma provides a canonical representation for orthogonal matri-
ces which I shall use throughout the remainder of this paper. Related (and more

general) results can be found in [7].

Lemma 3 For each U € SOy, there exist U ~ U and orthonormal basis &, &,

coy éN with
lin span{éy, s, ..., €} = lin span{ey, ey, ..., €1}
(and consequently lin span{éy 1, €xio,...,ex} = lin span{exi1, €xr2,...,en}), such
that with respect to the basis €1, €s, ..., €n, U has the form

m k—m m N—-k—m

m({A 0 |B 0

k-m | 0 1 0 0
U= . (3.7)
m| B0

C

N-k-m \ 0 0
where A, B, and B’ are mxm diagonal matrices with m < min{k, N—k}, and C is
an (N —k)x (N —k) matriz. Let A = diag(ay,as,...,an), B = diag(b, ba, ..., by),
and B' = diag(b},bh,...,b.). Then A, B, and B’ can be chosen above so that

0<a; <1, |b| >0, and b, = £b; fori=1,2,...,m.

Proof: Let 51, S2 € B, and let the basis €1, €9, ..., €y, be defined by €; = S;(e;).
If we identify the operator U with its matrix representation with respect to the

basis ey, es, ..., ey, then with respect to the new basis the matrix is written



16

S,USTY. Now let T = S7'S, € B, and let U = S;UST ~ S{USTIT = S,USs.
Therefore, the lemma is equivalent to showing that for any matrix U € SOy, there
exist S1, So € B such that S;USs has the form indicated in (3.7).

Let us write

k  N-k
(V. O
Si =
N-k\ 0O W;
for7=1,2, and
k N—k

k AO BO
U= )
N—k 36 Co
Now use the singular value decomposition to choose V; and V5 so that V3 AgVs is a

diagonal matrix. Moreover, choose V7 and V5 so that any 1’s in Vi3 AgVs appear at

the bottom. Thus

3]
(o) e ()=
0‘] Bé‘CO 0‘[ Qg ’

where I denotes the appropriate identity matrix.

Denote the j™ row of By by (By);, and note that the rows of By are orthogonal,
Le., <(Bl)§, (Bl)§> =0if i # j. Let (W,); denote the j™ column of Wy. For each

(Wa); = ((B1);/(B1);1)"-

For each remaining j with [|(B;),|| = 0, arbitrarily choose (W3); to make the
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matrix W5 orthogonal. We can force W5 into SOy_; by multiplying one column
by —1 if necessary. With this choice of Wy we get V) BW, = B; W, diagonal.
Choose W similarly, based on Bf, which has orthogonal columns. With V;,

W1, Vo, and W5 chosen in this manner we achieve

ay by

= (W] o Ao [ Bo \ (V2] O b
U= 7 = a
0w B | Co 0 | W 7 k
1

C

b/
Also, since U € SOy, we have a? + b? =1= ajz + (b;-)2 for j = 1,2,...,m, which

implies b, = +b; for each j, proving the lemma. O

If m = 0 in the above lemma then Sy = S, so there is nothing to prove. We

shall therefore assume that m > 0 for the remainder of this paper.

Lemma 4 IfU is in the canonical form (3.7) with |a;| < 1 fori =1,2,...,m, then
AN Ay is the set of all functions in L*(QN) that are functions of the coordinates

m + 1 through k alone.

Proof: Let f € AN Ay, so there exist representatives, say f; and fy, with

f(z) = f1(z) = fu(z) a.e., such that

frllx®y) = fi(x®0)



and
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fooU Nz @y) = froU Yz @0)

for all z ®y € QV. Let

m k—m m N—-k—m
m({A 0 |B 0
U= ,
m| B 0
C
N—k—m 0 0
and define
m k-m m N-k-m
m (I 0 0 0
T =
m|A 0 B 0
N-k-m \O 0 0 I
Since A = diag(ay,...,a,,) satisfies |a;| < 1 for i = 1,2,...,m, it follows that
B = diag(by, ..., by,) satisfies |b;| > 0 for ¢ = 1,2,...,m. In particular, B is
invertible, so
m k—m m N—k—m
m I 0 0 0
T = ,
m| —B71A 0 B! 0
N—k—m 0 0 0 I
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Next, define P; to be the projection onto the first k& coordinates, i.e.,

k—m m N—-k—m

m(I 0 0 0
k-m | O I 0 0

m|{ 0 0 0 0

N-k-m \O 0 O 0
and define P, to be the projection onto coordinates e,,; through e, ,

m k-m m N-—-k—-m

m (0 0 0 0

P, =
m| 0O 0 [ 0
N-k-m \O 0 O 0
Note that
PioT'oP =P oT™! (3.8)
and
PioUoT 'oPy=PoUoT (3.9)

Set g(z) = f(az+z) where a € R¥ is a scaling factor and zy € Q. The domain
of g is all z such that az + zo € Q. In particular, the domain of ¢ contains a
neighborhood of the origin. Adjust the scaling factor a so that the domain of ¢
contains 7! ([—1, 1]N). Define g;(z) = fr(az + z), gu(2) = fu(az + zp). By the

defining properties of f; and fi; we have

gro Pi(z) = gr(2)
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and

guoU™ o Pi(z) = guoU(2),
for all z € T~ ([~1,1]V). Invoking the equalities (3.8) and (3.9) yields
groTHw) = groProT Hw)
= gioPoT 'oP(w)
= groT 'oP(w)
and
groT ™ (w) = groU'oUoT H(w)
= guoUltoPoUoT Yw)
= guoU loPoUoT ' oP(w)

= guoT 'oP(w),

for all w € [~1,1]". An application of Corollary 2 in Appendix B shows the

existence of g3, g3(z) = g(z) a.e., with
gsoT™ o PyoT(2) = gs(2)
forall z € T7' ([-1,1]). But T o P30T = P, so
93(2) = g3 0 P3(2)

for all z € T~ ([-1,1]), i.e., g3 is a function of the coordinates m + 1 through k

alone. Relating this to the original function f shows that there is a ball centered
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at zg, call it My, for which there exists a representative fy, fo(z) = f(2) a.e., with
fo(wl) == fz('LUg) W W1, Wy < Mo satisfying Pd(wl) = Pg(U}Q).

Let us extend f from My to Py ' Py (M) by defining (for z € PPy (My)) fo(2)
to equal fo(z") where 2’ is any point in M such that P;(z’) = Pi(z). Since f; differs
from fy on My by at most a set of measure zero, it follows that f; and fy differ on
PP (M,) by at most a set of measure zero. Therefore fy extended to P; ' Py (M)
agrees with f up to a set of measure zero. The same argument can be used with
P, replacing P; to show that fy can be extended to the set Py ' P, Py ' P (Mj). But
P, and P, commute, so in this extension is to the set P; 'P3(My). Let us denote
the extension of fy to Py 'Py(My) by h.

Select a (countable) sequence of points {z,} with the corresponding collection
of balls {M,,} such that

U P ' Ps(M,) D QY.

n=0

For z € QN define ¢(2) = min{n € N | z € P; ' P3(M,)}. Then define

Then h has domain Q% and the property
ho P3(z) = h(z) for all 2 € QF.

Moreover, h(z) = f(z) for almost every z € Q. O
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3.3 An equivalent problem

Recall from (3.4) that the angle between A and Ay depends on the inner product

(f1, f20U), where fi, fo € A. Since

| (f1, fao U) | < I fallll fll, (3.10)

U introduces a bounded bilinear form on A. It follows from the Riesz Representa-

tion Theorem that there exists a bounded linear operator L, on A such that

(fi,Laf2) = (f1, fao U) for all fi, fo € A. (3.11)

Lemma 5 The set A and the space L* (Qk, V(1 — ||x||2)(N_k)/2) are isomorphic

as Hilbert spaces.

Proof: If f € A, then there exists a representative f = f with f(z®y) = f(z®0)

for every x € QF. Define the operator H by
Hf(z) = f(z®0).
For f € A, g € A we have

(f9) = | FEe)d":
Ll @ g @y ¥y da
= Vii [ Hf () Hy(w) (1= [lal ) d'

= (Hdf,Hyg),
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where the last inner product is in the space L2 (Qk, Vy_r(1— Hng)(N_k)/Q). It is

clear that H is bijective, so in fact

H:A— L (QF Vioy(1 — ||V 972)

is a Hilbert space isomorphism. O

Since A is isomorphic to L? (Qk, V(1 — ||x||2)(N*k)/2>, the operator L, in-

duces an operator L on L2 (Qk, Vv_r(1 — ||x||2)(N*k)/2> via,

L=HL H, (3.12)

where H is the isomorphism from A to L? (Qk, Vn_i(1 — ||:1:||2)(N*k)/2). Let IIj :

R”Y — R* be the projection onto the first k-coordinates, i.e., II,(z ®y) = 2. Then

for g1, g2 € L? (Qk, V_r(1 — H:I:]|2)(N_k)/2), we have

<91 ) Lg2>

= (H g1, LaH 'g5)
= /QN H g (2)H gy 0 U(2) d"z

= / 91(55)/ gpollyoU(x ®y) dNky drr (3.13)
QF By _r(+/1-lz]1?)

Since the angle between the null spaces N and Ny of the operators S and Sy

can be determined from the norm of the operator L4 (compare (3.4) and (3.11)),

it follows that

cos (YN, Ny)) = sup | {g1,Lg2) | (3.14)

llg1ll=llg2l1=1
g:€D
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where the set D = H(AN (AN Ap)*t. From Lemma 4 we see that D' is the set of
functions in L? (Q’“, Vy_r(1— HxHQ)(N_’“)/Q) which are functions of the coordinates
m + 1 through & alone. In particular, if m = k, then D is the set of constant

functions.
Properties of the operator L

We now study the operator L more closely.

Lemma 6 ||L|| = 1.

Proof: The fact that ||L|| < 1 follows immediately from (3.10) and (3.12). If fo

is taken to be a constant function, then one sees that in fact ||L|| = 1. 0
Lemma 7 The operator L is self-adjoint.

Proof: Without loss of generality, assume U is in the canonical form of (3.7). The

Lebesgue measure on RY is rotation invariant, so we may rotate the coordinate

system by U to achieve (for gy, go € L? (Qk,VN_k(l - ||x”2)(N—k)/2))

<917L92> = /QN 910HkOU_1(z)gOHk(Z>dNZ

T oll, o U Nz y)dN*ydhe.
/mg2( )/BM< e 9 0TV On Y

Since U is orthogonal, U~! = U?, and from (3.7) we note that I, o U and II; o U*
are identical with the possible exception of some +1’s on the y variables. But

the inner integral over y’s in the last equation is symmetric with respect to the
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origin, so we can introduce the change of variables y§ = —y; as necessary without

changing the value of the integral. Thus

Loy = [ o) [ Mo Ul @ y) d¥Hy d
(91, Lg2) 0 20 [ e o Ulz @ y) 7y d
= <g2>Lgl>
= (Lg1,92)
which shows that L is self-adjoint. O

Continuing our study of L, let us dilate the inner integral in (3.13) by 1/(1 — ||z||?)

to get

— _ 2\(N—Fk)/2 - o\ JN—k, ik
(1. Lgo) = [ (@)1= [al)O2 [ gooTlo Ule,yy/t = [laP?) dFy d'a.

In particular, this reveals an explicit representation for the operator L. If we make

use of the canonical form (3.7) of the orthogonal operator U, we get

Ly(z) = /Qm glarzr + by /1= [|2]2, - am@m + b/ 1 — ]2, g1, -, )

) T () )Yk gy, (3.15)
N—k

where m < min(k, N — k) and depends on U.
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The action of L on polynomials

Let us first consider the action of L on monomials. Let a = (a1, g, ..., ) be a

multi-index of length k&, and define 2 = z{"25? ... x.*. Then

VN—k—m a
L “ = - mt L . Ok
’ Vg et
[T (o /T lR) (0 Sy (36
j=1

This shows that the space D+ (and hence D since L is self-adjoint) is an invariant
subspace for the operator L.

It is convenient here to divide the k variables into two sets. Let w € R™
and z € RF™ with (wi,wy, ..., wy) = (11,29, ..., 2y) and (21, 29, .., Zk—m) =
(Timt1, Tma2s - - -, k). In a similar fashion, divide the multi-index « into multi-
indices (3 of length m and 7 of length k& — m. Using this notation (3.16) takes the

form

VN—k— 3 o
Lﬁnzi’”ﬁ/ ( byy/1 — 2 _ 2) 1— 2(N1Lcm)/2dm7
wlet = e [ (aw b1 w2 = [12]12) (1= ly)?)

(3.17)

where the product of vectors is defined coordinatewise, e.g.,
aw = (agwy, GWa, . . ., AWy ).

We need now to introduce some notation for multi-indices. For multi-index ¢

of length n define

il =11, (3.18)
j=1
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and similarly,

r@) = [[T6)). (3.19)

J=1

We say multi-index ¢ < o if i; < o; for j = 1,2,...,n. In conjunction with multi-
indices of length n, let 0 denote the multi-index (0,0, ...,0) and 1 the multi-index
(1,1,...,1). For multi-index ¢ with 0 < i < o define
o\ 1y [0;
2) =11 (%) 520
j=1\"
Finally, we say that multi-index ¢ is even if 7; is even for each j, j =0,1,...,n.

The binomial theorem allows (3.17) to be written in the form

VN km o .
Lw’z" = ]‘V/i’“zn 3 (f) a? w1 — [|w])? = |]2))?)/?
N=k  o0<i<p

< [y gy, (3.21)
Note that if any of i; are odd, then the integrand is odd with respect to the ;%
variable, so the integral evaluates to zero. Otherwise, the integral can be evaluated

sequentially as a product of iterated integrals via (A.3). This produces
JG) = [ g = gy
Qm

for 7 even
(3.22)

i <¢j+1 z'j+1+z'j+2+---+z'm+N—k;—j+2>

HB 2 2

0 otherwise

where B(-, -) denotes the Beta function. If one expands the Beta function in

terms of the Gamma function and cancels like terms one achieves

T(N—k-—m+2)/2) |
Ji) = | TN kT2 DR orreven g o)

0 otherwise.
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In particular, note that J(0) = Vy_x/VN_k—m.
Thus (3.17) can be explicitly written as
VN o 4
LuPzn = A2 0 3 <f> J(@)a " (1 — wlf? — ||2])72. (3.24)

VN—k
0<e<p
1 even

Invariant subspaces of the operator L

We can use the expression 3.24 to reveal some invariant subspaces of the operator
L. Note that the restriction that the multi-index i be even forces |i|/2 to be
integral, thus L maps polynomials back to polynomials. Moreover, notice that L

preserves the total degree. Thus, if we set
E; = lin span {z“ | |a| < d},

then L maps E; back into Ej,.

Another consequence of the evenness of i is a bit more subtle. To ease the
discussion, let us introduce the concept of parity for multi-indices. We say that
two multi-indices a and o (of the same length) have the same parity (written
a ~ o) if a; — o, is even for each j, i.e., &« — o is even. For example, i ~ 0 if ¢ is
even. Let e be a multi-index of length %k such that ¢; € {0,1} for each j. There
are 2F distinct € of this type. Each such e defines a parity class of polynomials.
Specifically, define

F. =lin span {2 | a ~ €}. (3.25)
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Then we see from (3.24) that the evenness of ¢ causes L to map F. onto itself.

Moreover, in L? (Qk, V_r(1 — HxHQ)(N_kW) note that

(z*,27) > Oifa~o (3.26)
3.26
(x*,x7) = 0 otherwise,

which shows

Lemma 8 The sets F. form an orthogonal decomposition of the Hilbert space

12 (0, (1 — )N -972), e,
L2 (25, (1 [l2)®0/2) = @ 12,
where the sum is over distinct e. The number of distinct € (and hence F,) is 2.

Let us now develop a convenient basis for L? (Qk, Vy_i(1l — Ha:|]2)(N_k)/2>. De-

fine
(z%, 29)

(27, 27)

P (z) =2%— ) x’. (3.27)

lo|<|e

Then the set {P,}, where o runs over all multi-indices of length k, is a basis for

L? (Qk, Va_x(1— ||:r||2)(N*k)/2), with the property
(Py(z),2°) =0 for all o with |o| < |a. (3.28)

Notice that no claim is made for (P,,x?) for |o| = |a|. In particular, this is not
an orthogonal basis. From (3.26) and (3.27), it follows that P, € F, if a ~ €, so

the P,’s respect the decomposition of Lemma 8.
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Next let

G4 = lin span {P, | |a] = d}. (3.29)

Note that Gy = E;N Ef ;. A simple counting argument (see, for example, page

38 of [8]) shows that for each d,

(3.30)

dim Gy = <d+k_1>.

E—1

The space E4_1 (the space of all polynomials of degree less than d) is an invari-
ant subspace for L, so EF , is also an invariant subspace since L is self-adjoint.
Therefore G4 = E4N Ef , is also an invariant subspace for L. Moreover, we can
use the F, decomposition to decompose G4 into smaller invariant subspaces. If F,
intersects G4 nontrivially, then there must exist a with || = d such that a ~ €.
But then d — |e| must be even, so only half of the F.’s intersect GG4 nontrivially. To
be precise, if d — || is even and the €; are given for j = 1,2,...,k — 1, then the
parity of d determines ¢,. Thus G4 decomposes (with respect to the basis {FP,})

into 2¥~! smaller invariant subspaces, say
Gae=GqNF, (3.31)

where ¢ is restricted to those ¢ with d — |¢| even. The count 257! is actually only
accurate for d > k — 1. In particular, for F, to intersect G4 nontrivially, it is

necessary that |e| be not larger than d. If j < d then there are <;l> different e
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with |e| = j. Thus for each d

\{e!Gd,e#{O}}!=Z<k;1> ifd < k-1

=0
Note that for d = k — 1 this sum evaluates to 2*71. Also, |¢| < k by definition of
€, so if d > k then |e| < d automatically.

An argument similar to that used in (3.30) can be used to explicitly calculate

the dimension of the subspace Gg.. If d > |e| and d — |¢| is even then

dmm%£:<w_k2@fk_l>. (3.32)

Note that for fixed d the dimension is largest with ¢ = 0, and decreases as |¢|
increases.

These results are accumulated in Theorem 2.

Theorem 2 Let L be the operator on L? (Qk, (1-— H$|’2)(N_k)/2) defined by (3.15),
and let F., Gq, and Gg. be the subspaces described in (3.25), (3.29), and (3.51)

respectively. Then the following hold:

1. Each of the sets {F.}, {Ga}, and {Ga.} produce an orthogonal decomposition

of L* (0, (1 — || V-P/2).
2. {F.}| = 2%, and dim F, = oo for each .
3. [{Ga}| = o0, and

&mGd:<dZﬁzl>.
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4. For each d, if d < € or d— |e| is odd then G4, = 0. Otheruwise,

i(k_1> ifd<k—1
’{6 ’ Gd,e 7£ {0}}’ == =0 j
PAR ifd>k—1

and

i~ (71241

Matrix representation for the operator L

Let M be the representation of the operator L with respect to the basis { P, }. The-
orem 2 shows that M is in block diagonal form, with a (finite) block corresponding
to each Gg4.. Since L is self-adjoint, it follows that each block is diagonalizable,
even though M is not (in general) symmetric since the basis {P,} is not orthogo-
nal. But M is diagonalizable, so from (3.14) we have that the angle between the
null spaces of S and Sy is just the largest eigenvalue of L restricted to D.

We now develop an explicit formula for the entries of M. Label the entries of

M with the indices « of the basis {P,}, i.e., define M,, by

L.Pa — Z McfaPO'-
o] = laf
o~

(Myo = 0if |o| # |a] or 0 % «.) From the definition of P, (refer to (3.27)) it

follows that this statement is equivalent to

Lx® = Z M,,x° + lower order terms.
o] = |o|
o~
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Writing (3.24) in this form yields

VN—k-m i N B—i, B—ipi i
poter = Va5 e () st el
Yo0<i<s
1 even

+ lower order terms.

Use the multinomial expansion

2\lil/2 _ 3 (I5/2)! 5,

(:1:?+x§+...+xk) ol z

lo|=lil/2

(see (3.18)), and collect terms to get (where a = 3 & n)

VN_k-m 2 (BY 1/ iri (Ii]/2)!
M, = S (=l ( ) J(1)a’ =’ : (3.33)
Vi 0<i<p t [lo = ((B—1)Ddn)] /2]
B-i)en<o

3.4 Results

In this section I collect the results from the preceding sections, which are given
with respect to the “equivalent” problem, and reinterpret them in terms of the
original (N — k)-plane transform question.

Since the operator L of (3.12) is self-adjoint, for each set Gy, of (3.31) the
corresponding (finite) block in the matrix representation M of L is diagonalizable.
Since the dimension of the space G4 is the same as the number of indices av with
Pa € Gg., we can label the eigenvalues and eigenvectors by the indices a. Let
{A\a} denote the set of eigenvalues of L restricted to G4, where there is in general

no direct relationship between A\, and P,.
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Note, however, if « = g @& n with g = 0, then M,, # 0 implies that 0 = o and
Mo = 1. (See (3.33)). In particular, Pyg, is an eigenvector for L with eigenvalue,

say Aown, equal to 1. Furthermore,
: cl 1
lin span {Pog,}“ = D,

where D = H(AN (AN Ay)t). (Refer to (3.14)). Recall that the angle between
N and Ny (the null spaces for the operators S and Sy respectively), written

YN, Ny), is equal to the arccos of the norm of L restricted to D. Thus we have

cos (YN, Ny)) = |IL|p]l

— s el (3.34)
Bén, |81>0

In some special cases one can explicitly calculate the eigenvalues Agg,. For
example, if d = 0 then G4, contains only the constant functions, which are always
contained in D*. If d = 1, then the index i in (3.33) can take only the value 0, so
Mo # 0 implies 0 = o and M, = a”. So for || = 1 we can identify the eigenvalue
Ao = a? and eigenvector P, = x®. (Of course, if f = 0 then A\, = a” = 1, and
the eigenvector z* € D*.) On the other hand, for d = 2 the subspace G4 has
dimension k, and already the eigenvalue problem in the general case is intractable.

However, if m = 1 then the eigenvalue problem is completely solvable. Let us
order the indices of each degree class in lexicographical order, i.e., for |a| = |o|,

define

a<Lo foay=0fori=kk—-1,...,5>1and a;1 <0oj_1.
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Then it follows from (3.33) that

Mya =0 ifo<a,m=1. (3.35)

Therefore, with respect to the order <, the matrix M is lower triangular. Hence

the eigenvalues are just the diagonal entries, M.

Theorem 3 If U has the form given in (3.7) with m = 1, then the angle between
the null spaces N and Ny of S and Sy satisfies
cos (YW, Np)) = sup  |[Maal, (3.36)

a=pon
£5>0

where My, is given in (3.33).

The Radon (k = 1) and X-ray (k= N — 1) transforms are particular examples

of the situation m = 1. They are studied in detail in the following chapter.



CHAPTER IV

Angle between null spaces of the Radon and
X-ray transforms

In this chapter I extend the results of Chapter III to the special cases of the Radon
and X-ray transform. The expression for the angle between the null spaces given
in (4.8) is a known result for R? (see [4] and [5]), but the result is new for R".
Moreover, the explicit evaluation of this expression, given in Theorem 4, is a new

result for all N > 2.

4.1 The Radon transform

The Radon transform is the special case of the general (N — k)-plane transform
with N —k = N — 1. For f € L*(QY), 0 € S¥71 ¢t € R, denote by Rf(o,t) the

Radon transform of f, i.e.,

Rf(o.t) = /<x7a>tf(x) dz = /UL f(to +y)dy, (4.1)

36
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where f is extended from QY to RY by f(x) = 0 if ||z]| > 1. A straightforward

application of Schwarz’s inequality ([3], page 17) shows that

R: LP(QN) — L2 (SN x R, (1 — £2)0-M)72) (4.2)
is continuous. Fix o € SV~ and consider R, f(t) (= Rf(o,t)), where

Ry : Q) — L* ([=1,1], (1 = #2)-M0/2) (4.3)

This operator is also continous, which follows from the general discussion in Chap-
ter I11.

In the language of Chapter III, R, = Sy where U is any element of SOy that
sends the first coordinate vector e; to o. The canonical form (refer to (3.7) with

k=m=1) for U is

cos sinf 0 ... 0
—sin g cos
U= 0 1 7
0 1

where 6 is the angle between e; and o.
Let N, be the null space for R,,, i = 1,2, and let 6 be the angle between o

and oy. Assuming 6 # 0, by (3.36) we have
cos (V(Nyy, Noy)) = sup | Maal. (4.4)
a=p®n, >0
Using (3.22), (3.33), and (A.4) we have

F( (8/2]

_ )
Mo = 2N-1(T'(N/2))? Z

(ﬁ ) B(i+1/2, N/2)(cos 6)° 2 (sin 0)%. (4.5)
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Comparing to (A.12) and (A.13) shows that
Moo = O (cos0) /C5Y? (1), (4.6)

where C’[(,N/ ? denotes the Gegenbauer (ultraspherical) polynomial of degree 3 with
parameter N/2.

It follows that the angle between the null spaces of R,, and R,, reduces from
(4.4) to

cos (YN, NG, )) = sup [CEV) (cos 0) /CN)(1)). (4.7)
neN

I explicitly evalutate this supremum in Theorem 4.
An important case is N = 2. The Gegenbauer polynomial CV is the Chebyshev

polynomial of the second kind, U,, (see (A.9)). In this case

c0s (Y(Noy, Noy)) = sup

neN

(n+1)sin6 (4:8)

sin(n + 1)6) ‘ '

This result was obtained by Hamaker and Solmon [4], though they did not provide

the explicit evaluation that I give in Theorem 4.

4.2 The X-ray transform

The X-ray transform is the special case of the general (N — k)-plane transform
with N —k = 1. For f € L*(QN), 0 € SV', . € RV, let Pf(o,x) denote the
X-ray transform of f, defined by

o0

Pf(o,x) = / f(x + ot) dt, (4.9)

—00
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where f is extended from QY to RY by f(z) = 0 if ||z|| > 1. As with the Radon

transform, it is straightforward to show that
P:L*(QY) — LA(SVT xRN, (1= ||lz)*) 72

1S continuous.

Fix o € SN~ restrict x to o+, and let P,(z) denote P(c, ). Then
P, L*(OY) — L? (0L NON (1 - ||x||2)_1/2)

is also continuous, as follows from the general discussion in Chapter III.

In terms of the development in Chapter III, P, is identified with Sy, where
U € SOx maps the first coordinate vector e; to o, and the range space L*(o+ N
QN (1 —||z]|?)~"/?) of P, is identified with L*(Q"~!, (1 —||z[|?)~"/?) in the obvious
way (through U).

The matrix U has the canonical form (see (3.7), m =1, k=N —1)

cos 0 sin 6
1 0
U= Co (4.10)
11 0
—sinfd 0 --- 0]cosf

where 6 is the angle between e; and o.
Let N, be the null space for P,., i = 1,2, and let 6 be the angle between o4

and oy. Then for 6 # 0, we have from (3.36)

cos (YNoy, Noy)) = sup  [Maal.

a=p®n, >0
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Using (3.22), (3.33), and (A.4) we have

A g , ,
Moo =5 Z (—1) (22> B(i 4 1/2,1)(cos §)"~(sin )".

(4.11)
1=0
Comparison to (A.12) and (A.13) shows
Moo = CP(cos0) /C5V (1),
Therefore
cos (Y(Ny,, Nyy)) = sup |CV (cos §)/C I (1)) (4.12)
nelN

This is the same as (4.7) with N = 2. As pointed out in that section, C{V is the

Chebyshev polynomial of the second kind, U,,, and so (4.12) can be rewritten as

n (4.8), a result achieved by Hamaker and Solmon [4]

4.3 Supremum of normalized Gegenbauer polynomials

Theorem 4 Let a > 1 be fived, and define u,,(0) = C\(cosf)/C(1). Then

[y (0)] < max ([uy(0)], |uz(0)])  for all m € N. (4.13)

In particular,

uy(6) = cosd
max (Jui(0)], |uz(0)]) =

1
for 0 < 8 < arccos (2a+1)

1 —(2a+2 6)>
—uy(0) = ( O;;_+)1(COS ) for arccos (2 +1) <

< g
Proof: Note that

U (0) (4.14)
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as can be verified by means of (A.12) in Appendix A. This shows that the function
|um| is /2 periodic, so it suffices to show (4.13) holds for # in the interval [0, 7/2].

Using formulae (A.11) and (A.13) of Appendix A yields
Um(0) = (B(oz, %))_1 /07r (cos@ + isinf cos @)™ (sin ) do, (4.15)
which holds for a > 0. Therefore,
lum(0)] < (B(a, %))_1 /07r |cos 6 + i sin @ cos ¢|™ (sin ¢)** ' do
= 2 (B(a, %))71 /Ow/2 ((cos 0)? + (sin @ cos ¢)2)m/2 (sin ¢)** ! d¢
©F.0). (4.16)
Notice that F,(6) is decreasing as a function of m, thus
luk(0)] < Fr(6) for all £k > m. (4.17)
The reader may also readily verify that F,(0) is also decreasing as a function of ¢
for 0 <0 <7/2.
Fig. 4.1 graphs the first few |u,,(0)| and F,,,(6). Notice that u,,(0) = F,(0) for
every m, and |u,,(7/2)| = F,,(7/2) for all even m. These equalities follow easily

from (4.15) and (A.2). I now prove Theorem 4 in three steps, using Fig. 4.1 as a

guide:

up () for 0 < 6 < arccos (2a1+1)
3

Step 1 jrrzlz%]uj(ﬁﬂ = {

—uy(f)  for arccos (ﬁ) <6<

Step 2 |us(0)] < max[u;(6)]

Step 3 |u(0)] < Fy(f) <t 8102(]%(9)\ for all k£ > 4.
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Figure 4.1: Comparison of normalized Gegenbauer polynomials |u,,|, m = 1-5,
a = 2, and estimate functions F),, m = 1-4.
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Step 1: Referring to formulae (A.16) and (A.17) in Appendix A, we have

u1 () = cosf

us(f) = [(204 +2)(cos ) — 1} /(2ac+ 1)

Solving for intersections between |uy(6)| and |ug(#)| in the interval 0 < 6 < /2
yields the solutions

RS {0, arccos (ﬁ)} : (4.18)
A simple check at § = arccos(3) shows that

o
4o

= uy(0) for a > 1. (4.19)

N[

~ -1 1
0) = < -
b= (23]
Since (for v > 1) 0 < arccos(3) < arccos(1/(2a + 2)), it follows that
u1(0) > |uz(0)| for 0 < 0 < arccos (ﬁ) (4.20)
Next notice that on the interval 8 € [arccos(1/(2a + 2)), 7/2],

(cos0)? < (2o +2)72,

so uz(0) < 0, implying that |us(0)] = —us(6). Also,

—uy(m/2) = >0 =u(m/2), (4.21)

20+ 1

s0 —ug(0) > |ui(0)| for 6 € [arccos(1/(2ac + 2)), 7/2]. This shows that

uy(6) = cos @ for 0 < @ < arccos (ﬁ)

ma (4.22)
2a+1 2a+1

ma [u;(6)] = {

—uy(f) = 12D g arecos (L) <<
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Step 2: Referring now to formula (A.19) in Appendix A yields

2(a + 2)(cos 0)® — 3cosd

us(0) = 20+ 1

(4.23)

The intersections between the graphs of |u;(6)] and |ug(#)| for 0 < 6 < 7/2 occur

at 0 satisfying
+ (2a + 1) cos = 2(a + 2)(cos 0)* — 3 cos, (4.24)

which implies

, 3+ (2a+1)

(cosh) 20 1 1

or cosf = 0. (4.25)

Since av > 1, the 4+ above must be +. Moreover, 0 < 0 < 7/2 = cosf > 0, so cos €
must be either 0 or 1, i.e.,

0 €{0,7/2} (4.26)
Comparing |us(9)| and us () at 6 = arccos(3) shows that lus(0)] < uy () for a > 1.
Therefore

lug(0)| < ui(6) for 0 <0 <7/2, a>1). (4.27)

Step 3: Recall the definition of F},(#) given in (4.16). Thus

2

Fy(0) = m /07r/2 [(COS 0)* + (sin 6 cos qb)Qr (sin ¢)** ! d¢

1 1 4 3 : 2 5N/ . 4
— M[B(Q,Q)(COSQ) + 2B(a, 5)(cos 0sin 0) —I—B(a@)(smﬁ)}

Using the fact that B(w,z) = I'(w)I'(2)/I'(w + z) and T'(z + 1) = 2I'(2) reduces
the above to

2(cos f sin 0)? N 3(sin 0)*
2a0+1 (2a+ 3)(2a + 1)

Fy(0) = (cos0)* + (4.28)



45

The work is now easier if we replace cos f with z, i.e., let G(z) = Fy(arccos x),

for 0 < x <1. Then

4 22%(1—a?) 3(1 — 2%)?
Ga) = o T Y Gas ) at ) (4.29)
) 5 Az — 83 122(1 — 2?)
Glr) = Ao+ 5 =7~ 20+ 3)(2a + 1) (4.30)
G"(x) = sa [6(c+ 1)a* + 1] (4.31)

(2a+3)(2a+ 1)
For a > 1, G"(z) is clearly positive, so G(z) is concave.

Let us compare first Fy(6) to uy(6) for 0 < 6 < arccos (1/(2a+2)). This is
equivalent to comparing (under cos — x) G(x) to x for ﬁ <z < 1. Refer to
Fig. 4.2, which is a representative sketch of G(z) (for a = 2).

Note that G(1) =1 and G'(1) =4 —4/(2a+ 1) > 1 (since a > 1), so there is
some interval £ < x <1 for which G(x) < x. Also, since G is concave, G(x) and x
intersect at no more than 2 points. One such point is © = 1. Since G(0) > 0, the

second point, x = &, lies in the interval (0,1). I need to show that £ < 1/(2a + 2).

To do this it suffices to show that G(1/(2a +2)) < 1/(2ac + 2). But

G (2a1+2) [l + (20 + 3)(6a + 5)] /(20 + 2)". (4.32)

Now use the fact that for a > 1, we have

(2a+3)/2a+2) < 5/4
(6a+5)/2a+2) < 3

1/(20+2) < 1/4,
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Figure 4.2: Comparison of G(x) = Fy(arccosz) and u,(arccosx) (= z) for o = 2.
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SO

D
—

¢ (5053) <1 (zmra) < oo
200+2/) — 64 \2a0 + 2 200 4+ 2’

which proves

Fi(0) < uy(0) for 0 < 0 < arccos(1/4). (4.33)

Now let 6y = arccos(1/4). As noted previously, F,,(6) is decreasing on the

interval [0, 7/2]. Thus
F4(9) S F4((90) for (90 S 0 S 7'('/2

A simple check of (4.22) shows that —us(0) = max{|ui(0)|, |uz(6)|} is increasing

on the interval 6 € [0y, 7/2]. Therefore,

1

<
Fi(0) < Fy(0y) < Yot 2

= —UQ(G()) S —UQ(Q) for 60 S 0 S 7T/2

This combined with the preceding discussion shows that

Fy(0) < max{|ui(0)|, |u2(0)|} for 0 <0 <7/2. (4.34)

Combining (4.22), (4.27) and (4.34) with (4.17) completes the proof of Theo-

rem 4.
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4.4 Radon and X-ray transform results
Combining the work in the preceding sections proves the following two theorems:

Theorem 5 Let oy € SV71 0y € SN7L et 6 € [0,7/2] be the angle between oy

and oy, and let N,,, Ny, be the null spaces of the Radon transforms R,,, Re.,.

Then
0 if 0 < 0 < arccos (ﬁ)
7(N0'17N02) = 1_(N+2)(COSQ)2 . L
arccos Nl if arccos (ﬁ) <0< 7

Theorem 6 Let oy € SV 0y € SN71 et 6 € [0,7/2] be the angle between oy
and oo, and let N, , N, be the null spaces of the X-ray transforms P,,, P,,. Then
0 if 0 < 0 < arccos (1)

1
YNy, Nyy) = sin 36 . ) -
arccos Y if arccos (1) <0< 73




CHAPTER V

Angles between null spaces of the general
k-plane transforms on R" with Gaussian
measure

We now consider the general integral transform of Chapter III, but this time we
work on L? (RN, (27T)_N/26_”ZH2/2> instead of L?(QY). The development is parallel,
but the end result is simpler.
Let 0 < k < N as before, and decompose R into R* @ R¥ % with 2z = 2 @ .
Define S : L? (RN, (27r)_N/26_”ZH2/2) — L2 (Rk, (27T)_k/26_”“’”2/2) by
Slw) = @& N2 [ fw@y)e W2 Ny, (5.1)

RNk

The norm of the operator is easily computed:

ISAIP = @0 [ Isf@Pe

= (2m) k2 /Rk(27r)(’“‘N)/2 /RN_k Fla @ y)eWIP/2 gN=hy ? llal?/2 g
—N/2 2,~l=1?/2 gN

< @R[ f(e) e g

= [If1%

49
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so ||S]] < 1. An easy check with f equal to a constant shows the ||S|| =

Continuing as in Chapter I1II, define
N =Null § = {f € L* (R", (2m) V2 IFI*/2) | s = 0},
and let A be the subset of L? (RN, (27T)_N/2€_HZ”2/2> defined by
A={f1]3f(2) = f(2) ae. with f(z®y) = f(z ®0) Yz € R*}.
Then we have

Lemma 9 The set A is the orthogonal complement in L* (RN, (27r)’N/26’”Z”2/2)

to the null space N of the operator S.

Proof: The proof is essentially the same as in Lemma 1 in Chapter III, with
allowances for the difference in measures.
Clearly A C N, so consider a fixed f € Nt. We shall show that f is in A.

Define
fo(z) = folz @ y) = Sf(x).

Then

16 = @0 [ ()P

RN

= ™ [ |ene / Pl @ t)e12/2 gV ol gy

RNk

< (2m) N2 /Rk /RN (e @ )P/ gV Ky P2 g

= |IfI*
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Therefore, f, € L? (RN, (27T>_N/2€_”Z”2/2), and in particular fy € A. Since Sfy =
Sf, we have f — fo € N. Moreover, f € N'* by assumption, and fy € A C N+
by construction, so f — fy is also an element of N'*. But N NN+t = {0}, so

f = fo € A. Since f is an arbitrary element of N'*, it follows that Nt = A. O

Lemma 10 The sets A and L* (Rk, (27?)_’“/26_”50”2/2) are isomorphic as Hilbert

spaces.

Proof: Proceed as in Lemma 5. If f € A, then there exists a representative

f=fwith f(x®y) = f(x @ 0) for every x € R*. Define the operator H by
Hf(x) = f(z®0).
For f € A, g € A we have

(f.9) = @07 [ feg(z) e IR v

Rk RN-k

= (o™ /Rk Hf(x) Hg(z) e 1=/ dhy
= (Hf,Hyg),

where the last inner product is in the space L2 (Rk, (27r)_k/26_||$”2/2>. It is clear

that H is bijective, so in fact
H:A— L* (RF, (2m) */2e1eI7/2)

is a Hilbert space isomorphism. O
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Now define Sy and Ay as in Chapter 111, i.e.,
Suf(z) = S(foU™)(z). (5.2)
and
Ay ={f e L*QY) | foU' € A}, (5.3)
where U € SOy. Also, as before, let Ny be the null space for the operator Sy.
Lemma 11 If U is in the canonical form (3.7) with |a;] < 1 fori=1,2,...,m,

then AN Ay is the set of all functions in L? (RN, (27r)_N/26_HZ”2/2) that are func-

tions of the coordinates m + 1 through k alone.

Proof: The proof is similar to that of Lemma 4. For f € AN Ay there exist

representatives, say f; and fy, with f(z) = f;(2) = fu(z) a.e., such that

filz®y) = fi(z®0)

and

fuoU N z@y)=fuolU (z@0)

for all z ®y € RY. Assuming U is given by

m k—m m N—-k—m

m(A 0 |B 0

m| B0

N—k-m \ O 0
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define
k—m m N—-k—m
m (I 0 0 0
pT = :
m|{A 0 B 0
N-k-m \O0 0 0 1
where > 0 is a scaling factor. Since A = diag(ay, ..., a,,) satisfies |a;| < 1 for i =

1,2,...,m, it follows that B = diag(by, ..., b,,) satisfies |b;| > 0 fori =1,2,...,m.
In particular, B is invertible, so therefore 7' is invertible as well.
Next, define P; to be the projection onto the first k£ coordinates and define P,

to be the projection onto coordinates e,,,; through e,, ;. Notice that
PoT'oP =P oT!

and

PoUoT toP,=PoUoT

(Refer to the proof of Lemma 4 for more details.)
Apply Corollary 2 of Appendix B to f with mapping 7" and space X =
T ([—1, 1]N). This shows the existence of a function f3 with f3(z) = f(2) a.e.

z € Til ([—]_, 1]N) and f3OT*1 OP3OT(Z) = fg(z) fOI' au = T*l ([_1’ 1]N) But
7—1_1OP307—‘:P37

so f3(z) = fz3o Py(z) for all z € T7! ([—1, 1]N).
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The set 7! ([—1, 1]N) is a neighborhood of the origin with size depending on
the scaling parameter ;. By making p small enough, the set 7! ([—1, 1~ ) can
be made to fill an arbitrarily large region of R™ (with respect to the measure
(2m) /2~ 1#I”/2) " This permits construction of a sequence of functions {h,} that
agree with f a.e. and such that h,(z) = h, o Ps(z) for all z with |z| < n. Since
hni1(2) = hy(2) a.e., we can, if necessary, redefine h,, 11 on a set of measure zero
so that h,.1(2) = h,(z) for all |z] < n and still maintain h,41(z) = hpy1 0 P3(2)
for all z with |z| < n+ 1. Then the sequence of functions {h,} has a limit, say h,

with h(z) = f(2) a.e., and h(z) = h o P3(z) for all z € RV,

The orthogonal operator U induces a bounded linear operator L4 on A by

(fi,Lafa) = (f1, f20U),

corresponding to (3.11). Via the isomorphism H we get the corresponding opera-

tor, L, on L? (Rk, (27T)’k/26’||9””2/2) by the relation
L=HL,H™"
In terms of the inner product on L? (Rk, (27r)_k/26_”9””2/2) the operator L satisfies

— —N/2 =llzll?/2 =lyl?/2 gN—Fk, 1k
(g1, Lga) = (2m) /Rk g1(z)e /RN—Ic gollyoU(x®y)e d* "y d

(5.4)
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(compare to (3.13)), where I}, is the projection of RV onto the first k coordinates.
Working as before shows that this L is also self-adjoint. An explicit formula for L

can written directly from (5.4), namely

Lg(z) = (2m)*=M)/2 /Rka goPolU(x®y)e W2 gN-hk,

Using the canonical form for U given in (3.7), we have

Lg(z) = (2m)k—N)/2 /RN—k glarzy +biyr, - @i + binYimy Tt 1s - -+, T)

e WI*/2 Nk, (5.5)
Let us study the effect of L on monomials. Given monomial z¢, we have
«a k—N Qm o . ai  —|lyl|? N—k
La® = (2m)! )/me++11---xkk/RNkjl;ll(ajxj+bjyj> 1eII/2 gty

= (2m) Pt ] /R(aﬂj +by)e V2 dy
j=1

= aj'ay?...apmx® + lower order terms. (5.6)

In particular, the set

E4 = {lin span z° | |a| < d}

is an invariant subspace for L. Also, since L is self-adjoint, it follows that E; is
also an invariant subspace.

Next define the polynomials P, as in (3.27), i.e.,

(2, 27)

P,(x) =z% — —
jo/<lal {27, 2)

x7, (5.7)
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except in this case the inner products are on the space L2 (R’“, (27r)_k/26_||”””2/2>.
Note that since P, € Ej;_,, it follows that LP, is a polynomial of degree || which
is orthogonal to F|4—1. But from (5.6) and (5.7) we see that LFP, must have the
form

LP,(z) = af'as? - afrma® + > cpa”.

lo|<lel

The space of polynomials of this form in E@_l is a one dimensional space that
contains P,. Therefore

LP, =af*a3?---apmP,. (5.8)

This with the fact that polynomials are dense in L? (Rk, (27?)*’“/26*”‘””2/2) proves

the following result:

Theorem 7 The operator L on L? (Rk, (27T)_k/2e_”””2/2> is diagonalizable. The
functions P, of (5.7) are the eigenfunctions for L, with corresponding eigenvalues

aitas?---a

Qm

am where the values m, a1, as, ..., a, are invariants of the transfor-

mation U, as given by the canonical representation in (3.7).

An interesting consequence of this theorem involves the orthogonality of the
polynomials P,. In Chapter III, the blocks in the decomposition (3.33) of L are
not symmetric because the basis {P,} is not orthogonal. Theorem 7 shows that

the situation is different in L2 (Rk, (27r)_k/26_||’””2/2).

Corollary 1 The polynomials { P,} as defined by (5.7) are pairwise orthogonal in

L2 (R, (2m) /26~ lel/2).
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Proof:  Theorem 7 states that the P, are eigenfunctions for the self-adjoint
operator L. FEigenfunctions corresponding to distinct eigenvalues of self-adjoint

operators are orthogonal. Therefore, if

aflag? - apgt £ aftay? - ann (5.9)

m

then P, and Pj; are orthogonal. The values {a;} depend only on the orthogonal
matrix U of (3.7), whereas the P,’s are independent of U. Therefore, for any o
and &, a # &, we may choose U with m = k and a;’s depending on « and & in

such a way that (5.9) is satisfied. Thus P, L Pj for all a # a. O

We return now to the main result of this chapter.

Theorem 8 Let U € SOy, and let S and Sy be the operators defined by (5.1)

and (5.2) on L? (RN, (27T)_N/26_”ZH2/2). Then the angle between the null spaces of

S and Sy is
YN, Ny) = arccos (f?%x |a,~|> : (5.10)
where the constants m, aq, as, ..., a,, are invariants of the matriz U, given by the

size and entries of the diagonal matriz A in (3.7).

Proof: As in Chapter III, the angle between the null spaces N' and Ny is given
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cos (YN, Ny)) = cos(v(4, Av))

= sup [ (fi, faoU)].
Il fll=lf2ll=1
ficAN(ANAy)+

(See (3.4).) Under the isomorphism H between A and L? (R’“, (27T)_k/2€_”$H2/2>,

this corresponds to

cos (YN, Ny)) = sup | (g1, Lga) |,

llg1ll=llg2lI=1
g:€D

where D = H(AN (AN Ap)t). (Compare to (3.14).) Tt follows from Lemma 11
that D+ is the set of functions in L? (Rk, (27r)*k/26*”x”2/2> which are functions of
the coordinates m + 1 through k alone. Thus

D* = lin span { Py}
Since {P,} is an orthogonal set, it follows that

D = lin span {P%W}{,:@lbo‘

Let A\, = ai"a5? - - - ad™ denote the eigenvalue for eigenvector P,. Then

sup (g1, Lg2)| = sup  [Agay|
g ll=lgall=1 Ao, 18>0
g;€D
= sup |a}"ay? - aPr). (5.11)
151>0
But 0 <|a;| < 1fori=1,2,...,m,so clearly the last supremum equals max<;<p, |a;|.

O



CHAPTER VI

Angle between null spaces in L?(S?)

Let us change our considerations from R” to S?, the unit sphere in R3. In 1916
Funk [1] studied the inversion of the transform produced by integration over great
circles on S2. In this chapter I explicitly evaluate the angle between null spaces of

a related transform, that obtained by integrating over the “latitude” circles on S2.

6.1 The “latitude” integral transforms on S*
Consider the space L?(S?), and let T be the operator
T:L*(8%) — L*([-1,1], (1 = 2*)7)
defined via
Tf(2) = /O%f (VI=22cos0, V1= 22sin0, ) VI— 22 df

where (z,y,2) € S? is parameterized with respect to the standard basis on R3.

29
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Note that

|Tf|2 = /_11 [/:Wf (Mcos&ﬂsin@, z) Mdér (1- 22" dz
< /1 UOQW (f (Mcos 0,V1 — 22sin b, z))2 d@} [27r(1 - 22)} (1—2*)""dz.

-1

Substituting z = cos ¢ gives

|TFI? < 27r/07r/027T (f(\/l—220059,\/1—z%in&,z))Qsinqﬁde(b

= 27| I

Thus, |T|| < V27 Moreover, if f is a function of z alone (for example, f = 1),

then the above inequality becomes an equality, so
T =v2r (6.1)

The value Tf(zg) is the integral of f on the circle S* N {(z,y,2) | 2 = 20}
For each z, the integrating set is a different circle. The collection of such circles
consists of those circles that are perpendicular to and have centers on the z-axis.
These circles are “latitudes” on the unit sphere.

Next let w € S?, and define T, f(t) to be the integral of f on the circle S*N{x €
R3 | (x,w) = t}. As we vary t we get a collection of “latitudes” on S? about the

axis w. In particular, T,, = T (where e, ey, e3 is the usual basis on R?).
Theorem 9 Let N, be the null space for T, i.e.,

Ny =1{f€L*(S*) | Tof =0 ae tec[-1,1]}.
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Then the angle between Ny, (= N1) and Ny, (= Nz), written (N, Nuw, ), is

gien by
Py(cosvp) if 0 < 4p < arccos (%)
cos (Y (N, s N, )) = —P3(cos®) if arccos (%) < 1 < arccos (\/65— 1)
—Ps(cosp) if arccos <\/6 _ 1) <y < g

where 1 is the angle between w, and wq, and P, are the Legendre polynomials of

degree k, i.e., Pi(z) =z, Po(z) = (322 — 1)/2, P3(x) = (5z® — 3x)/2.

Proof: Asin the case with the Radon transform, we use the fact that (N, , Nuw,) =

YN,

wwNsz)‘ The space N- consists of all functions that are constant a.e. on cir-

cles on S? which are perpendicular to w, i.e.,
No ={f € L*(S?| f(z1) = f(xs) for a.e. 71 € S?, x5 € S? with (21, w)=(z9,w)}.

The proof is analogous to the proof of Lemma 1.

Let IT be the projection of the hemisphere {x € R? | {(x,w; X wy) > 0} onto
the unit disk in R?, where x denotes the vector cross product. If g € L?(S?), then
goll € L3(Q2% (1 — 22)/%). Consider f € Nt N N5t Applying Lemma 4 to the
function (1 — 22)Y/2f o II(z) shows that f is constant (a.e.) in the hemisphere.
Then the rotational invariance of f (with respect to either axis) shows that f is
constant throughout the sphere. Therefore Ni- N A3 is the set of (a.e.) constant

functions.



62

Without loss of generality, take w; = e3 and wy, = —eysiny + e3cos, so
that 1 is the angle between w; and w,. Identify to each f € N the function
f e L*([-1,1]) given by f(t) = f(x) for a.e. z satisfying (z,w;) = t. In particular,

note that for f € N-, g € N;*, we have
(g9 = [ Feosg)itcos o) simods do
1
— o / F(2)d(2) dz (6.2)
-1

e, (f,9) 22 = 27 (f.3) .

L2([-1,1])

Next let f; € N5, and using the fact f;(z) = f;((z,w;)) for a.e. x yields

fife /%/ﬂ fl(cos ¢)fg(cos¢cos¢ — 8in ¢ sin ¢ sin B) sin ¢ d¢p df
52 o Jo

- /1 fi(2) /2” fa (zcostp = VI =22 sinysin6) do dz. (6.3)
-1 0

The problem has thus been reduced to a question about functions on L? ([—1, 1]).
In particular, the right hand side of (6.3) is a bounded bilinear form on f1, fa, O

there exists a bounded linear operator L : L? ([-1,1]) — L?([~1,1]) such that
<f1, Lf2> = /11 fi(2) /027r f (z cos — msinwsinﬁ) df dz. (6.4)
In fact, the operator L is seen to be
Lf(z) = /027r f (zcos — V1= 22sinesing) do. (6.5)

We now follow a process analogous to the one used in Chapter IV. To ease the
notation, let us temporarily drop the tilde notation. Similarly, all inner products

are henceforth in L? ([—1,1]) until specified differently.
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Note that the expression in (6.3) was obtained by introducing a spherical coor-
dinate system with w; as the central (“2”) axis. If the coordinate system is built

around wy instead, then we get

(fi,Lfs) = /027r/()7r f1(cosp cos ¢ + sin ) sin ¢ sin 0) fo(cos @) sin ¢ de db,

which should be compared to (6.3). Replacing 6 with —6 and using the 27-

periodicity of sinf, cosf, gives

(fi,Lf2) = /027r/()7r fi(cos1p cos ¢ — sin ) sin ¢ sin 0) fo(cos @) sin ¢ do d
= <f27Lf1>
= (Lf1, f2)-

Thus L is self-adjoint.
Let Qn(z) = 2™, and use Gram-Schmidt orthogonalization to produce a se-

quence of polynomials u,,(z) satisfying

(Uppy Up) = /1 U (Tt (2) dx = Sy, Ym,n (6.6)

-1

1
(U, ) = / U (z)p(z) dz =0 V polynomials p with degp < m (6.7)
-1

In particular, u,(z) = (m + )Py, (x), where P, is the usual Legendre polynomial
of degree m, normalized so that P, (1) = 1.

We next show that with respect to the basis {u,,}, the operator L is diagonal,
ie.,

(U, Luy) =0 if m # n. (6.8)
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Let us use the explicit representation of L, (6.5) to calculate LQ,(x), where

Qm(z) = 2™

LQpn(z) = /O27r (;Ecosw —V1—2? sinwsin9>m do
S (7;;) ZH (cos )R (= 1)K (1 — x2)k/2<sm¢)'f/02”(sm9)kd@

k=0
[m/2]

= 2> (;2) 21— 2?) B(k + 3, 1) (cos )2 (sin )%k, (6.9)
k=0

In particular, LQ,,(z) is a polynomial in x of degree not greater than n. Therefore,
via (6.7),

(U, Luy) =0 if n < m.
But L is self-adjoint, so the same result holds if m < n, which proves (6.8).

It remains to calculate the eigenvalues J\,,, which are equal to the coefficients

of x™ in (6.9), i.e.,

[m/2]
A = (U, L) =2 > (—1)F <;7€> B(k + 3, 3)(cos )™ *(sin¢)*  (6.10)

k=0
Comparing this to (A.12) in Appendix A shows that A\, = A, (¢) is a Gegenbauer

polynomial with v = 1/2, i.e.,

A = 201/ (cos ) B(3, 5)/Cn(1/2)(1)

= 27C D (cos ) /CW/D(1).
Using the fact that C1/?)(z) = P,,(z) (the Legendre polynomial of degree m) gives

Am = 21 Py, (cos @) (6.11)
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since it follows from (A.13) that C}/?(1) = P,,(1) = 1.

Let us now reintroduce the tilde notation to denote functions in L* ([—1,1]).
Then note that (6.11) specifies the eigenvalues of the operator L as an operator on
L?([-1,1]). In the original problem, however, L should be viewed as an operator
mapping Ni- to N3- under the norm in L?*(S?). In particular, the orthogonal
polynomials {@,,} of (6.6) and (6.7) are unit vectors in L?([—1,1]), but their
source functions {u,,} C Ni* are not unit vectors in L?(S?), as can be seen from

(6.2). In particular,
[wnllZ2(s2) = 27|t 22,1y = 27

Therefore, the eigenvalues of (6.11) need to be divided by 27 in order to specify
eigenvalues of the operator in L?(S?).
Thus, since Ni* N N3 consists of the constant functions, which is the linear

span of wug, it follows that

cos (Y(N1,N2)) = sup |Pp(cosv)], (6.12)

meN

where ¢ is the angle between w; and wsy, and P, is the Legendre polynomials of
degree m normalized so that P,(1) = 1.
This result, coupled with Theorem 10 below, completes the proof of Theorem 9.

O
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6.2 Supremum of Legendre polynomials

Theorem 10 Let P,,(x) be the Legendre polynomial of degree m with the usual

normalization, i.e., Pp,(1) =1. Then form >1, -1 <z <1,

| P ()| < max (|Py(2)], | Pa(2)], | Ps()]) -

Moreover,

Proof: The proof is similar to the proof of Theorem 4 in Chapter IV, except here
a = 1/2 is fixed and is less than 1, so that theorem does not apply, and in fact
the results are different. The reader is invited to examine Fig. 6.1 as motivation
to the following discussion.

Since P,,(—x) = (=1)"P,(z), it suffices to show the result for 0 < x < 1.

Next, let us write down the first several Legendre polynomials:

Piz) = (6.13)
Py(z) = (322 —1)/2 (6.14)
Py(z) = (52 —3x2)/2 (6.15)
Py(x) = (352* — 302 +3)/8 (6.16)

Ps(z) = (632° —702° + 152)/8 (6.17)



67

The proof is broken down into 4 steps:

Step 1 Solve for the intersections of |Py|, |P| and |Ps|, and determine which

function dominates over each domain.
Step 2 Show that |Py| < P,V (—F,)
Step 3 Show that |P5| < |Py| V |P| V | P
Step 4 Produce an estimating function Fg such that |P,,| < Fg < |P1|V |P| V | P

for all m > 6

Step 1: Solving for intersections between the graphs of |P|, | P;| and | Ps| on [0, 1]

yields
|Pi(z)| = |Py(z)| = xe{l1}
|Pi(2)] = |Ps(2)] = we{0,%,1}
|Py(2)] = |Py(z)] = e {¥o1 VBrly

Therefore, the interval [0, 1] should be broken into the 5 subintervals [0, (v/6—1)/5],
(V6 —1)/5,1/3], [1/3,1/V/5], [1/V5, (V6 +1)/5], and [(v6 +1)/5,1].
Notice that Py(1) = P»(1) = P3(1) = land P/(1) =1 < Py(1) =3 < P4(1) =6,

so P; dominates in a neighborhood of 1. Therefore
Pi(z) = |Pi(z)] > |Po(2)| V |Ps(x)|  for € [1/V/5,1], (6.18)

since 1/ V/5 is the largest intersection point less that 1 which involves P;.
Next note that Py(0) = P3(0) = 0, P5(0) = —1/2, so |P,| dominates in some

neighborhood of 0. In particular, | P,| must dominate | P;| and | P3| over the interval
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Figure 6.1: Comparison of Legendre polynomials |P,,|, m = 1-6 and estimate
function Fjg.
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[0,(v6 —1)/5]. Since Pi(z) = > 0 if 2 > 0, it follows that |Py(z)| > 0 for

0 <z <(V6—1)/5, 50 |Po(x)] = —Py(x) for z € [0, (/6 — 1)/5]. This shows that
— Py(z) = |Pa(z)| > |Pi(z)| V | Ps(2)] for x € [0, (v/6 —1)/5]. (6.19)

Also, |P;| and |Ps| intersect only at # = 0, 1/4/5, and 1, so one dominates
the other on the interval [0,1/v/5]. But P;(0) = P3(0) = 0 and P/(0) = 1,

Pi(0) = —3/2, so
—P3(z) = |Ps(x) > |Py(2)] for z € [0,1/V/5].

Let us now determine |Py(x)| V |Ps(z)| on the interval [(v/6 — 1)/5,1/+/5]. These
two functions do not intersect on the interior of this interval, so one must dominate
the other throughout. Moreover, as noted previously, (v6 —1)/5 < 1/3 < 1/+/5,

and |Py(1/3)| = |P1(1/3)] < —P3(1/3). This shows that
= Py(w) = |P3(x)| > [Pi(2)| V [Pa(2)] for @ € [(V6—1)/5,1/V/5]. (6.20)

Combining (6.18), (6.19), and (6.20) gives the result

(6.21)

Step 2: Next I show that |Py| < P, V (—P,). We have from (6.16) that Py(z) =

(3521 — 3022 + 3) /8, so define g(z) = 3522 — 30z + 3. Then for 2y > 0, g(2) = 0 if
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and only if Py(y/zp) = 0. The zeros for g are zo = (15 £ 21/30/35, so set

r = /(15— 2v/30)/35

rs = /(15 + 2v/30)/35.

Then r ~ 0.34, ro ~ 0.86.

Now note that Pj(x) = (352% — 15x)/2, and PJ(z) = (105z* — 15)/2. On
the interval [3/4,1], P/(z) > P{(3/4) = 705/32 > 0, so Pj(x) is increasing on
[3/4,1]. This implies that Pj(z) > P;(3/4) = 225/128 > 1. In particular, since
3/4<ry <1, P(1)=Py(1) =1, and P/(x) = 1 < Pj(z) for x € [3/4,1], it follows
that

Pi(x) > Py(x) = |Py(z)| for x € [rq, 1]. (6.22)

Next consider the interval [ry,75], on which |Py(z)| = —FPs(z). One can show
that —Py(x) and Pj(x) do not intersect on this interval. For example, consider
35z* — 30z + 8z + 3 = 8(Pi(x) + Py(z)). One root of this polynomial is x = —1,

and factoring out this root leaves
h(z) = 352° — 352* + 5 + 3.

The minimum value of h(z) on the interval [ri, 7] occurs at zy = (7 + 2/7)/21,
and one can check that h(z¢) > 0. Thus h(z) has no roots in [ry, 73], which shows

that P(z) # —Py(x) for all € [ry,75]. Therefore,

Pi(z) > —Py(x) = |Py(z)| for x € [ry, 7] (6.23)
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It remains to show that Py(x0 = |Py(z)| < |Py(z)| = —Pa(x) for € [0,r] (the

roots for Py(z) are j:l/\/§ ~ +0.58). But for x > 0 we have

Pi(x) = —Py(xr) = = = /(9 + 2/29)/35 > 3/4 > ry.
Moreover, —P,(0) = 1/2 > 3/8 = P4(0), so
— Py(z) > Py(x) = |Py(x)] for x € [0,7]. (6.24)
Combining (6.22), (6.23), and (6.24) yields
|Py(z)| < Pi(x) V (= Py(x)) for x € [0,1]. (6.25)
Step 3: Here I show that |Ps| < |Py| V |Py| V |Ps|. It is easy to show
|Ps(z)| = |Pi(z)| = = € {0, %3, £1}.

Since Ps(1) = 15 > 1, and Ps5(1) = Pi(1) = 1, it follows that Py(z) > Ps(z) for
some interval to the left of 1. Since the only intersections between |P;(z)| and

|Ps(x)| in [0, 1] are at « = 0, 1/3, and 1, it follows that
|Ps(x)| < Pi(x) for x € [1/3,1]. (6.26)

On the interval (0,1/3], |Ps(z)| > Pi(x) > 0, so |Ps(z)| has no roots in (0, 1/3],
which implies that |Ps(x)| = Ps(x) for z € {0,1/3}. The maximum value of Ps(x)

in this interval occurs at x¢g = /(7 — 2v/7)/21 =~ 0.285, and Ps(xo) < 1/6. One

can also easily check that |Py(z)| is decreasing on the interval [0, (v/6 — 1)/5] and
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|P3(z)| is increasing on the interval [(v/6 — 1)/5,1/v/5], so

_p <\/€5— 1) _p, (\/65— 1) < |Py(z)| V| Ps(2)] for z € [0,1/V/5]. (6.27)

In particular, since 1/3 < 1/v/5, and —P, ((\/5 - 1)/5)) > 4/11 > 1/6, we have
|Ps(2)] < [Py(2)| V [Ps(x)|  for 2 €[0,1/3], (6.28)
which combines with (6.26) to prove
|Ps ()] < [Pu(2)| V [Py()| V [Ps(x)]  for x € [0,1]. (6.29)

Step 4: From Appendix A, formula (A.11), we have (using a = 1/2)

P,.(cosf) = 1 /W(COSH + isinf cos ¢)™ do,
7 Jo
so define
L 2 : 2\™m/?
F.(cosf) = —/ ((COS 0)* + (sin 6 cos ¢) ) < |P(cos®)]. (6.30)
7 Jo

Note that F), is decreasing as a function of m, so in fact
| P ()] < F(x) for m > 6, x € [0, 1]. (6.31)

We want to show that Fg < |P|V |P| V |Ps]. To do this, one can determine

Fs(x) explicitly by evaluating the integral in (6.30), which gives

Fs(cos ) = ! > <2> B(3,k + 3)(cos 0)5 2 (sin 6)?

T k=0
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where B(-, -) is the Beta function. Replacing cos@ with z and simplifying leads
to

Fys(z) = (52° + 32" + 32° + 5)/16. (6.32)

Since F}(z) = 3(252* 4+ 62 +1)/8 > 0, —Fs(x) is convex, so Fg(x) intersects
Py (z) = x at no more than 2 points. Since F{(1) =3 > 1 = P{(1), it follows that
Pi(z) > Fg(x) for some interval to the left of 1. This, coupled with the fact that

Fs(1/y/5) = 9/25 < 1/v/5 = Pi(1/+/5) show that
Fs(z) < P(2) for z € [1/1/5,1]. (6.33)
Furthermore, Fg(z) is increasing as a function of = for x > 0, so
Fy(x) < F5(1/v/5) =9/25  for z € [0,1/V/5]. (6.34)

Recall now (6.27), which describes the minimum value of |Py(x)| V |Ps(x)| on the
interval z € [0,1/+/5]. In particular,
4 9
|Py(z)| V |Ps(x)| > — > — for z € [0,1//5],
11 25
which combined with (6.34), (6.33), and (6.31) gives

|P(z)| < Fo(z) < |Pi(x)| V |Py(z)| V | Ps(x)] for x € [0,1], m > 6. (6.35)

And so finally, combining (6.21), (6.25), (6.29), and (6.35) completes the proof

of Theorem 10.



Appendix A

Useful formulae

In this appendix I collect several formulae that are used in the preceding work.
These formulae can be found in standard reference works (e.g., [6] or [12]).
Let I'(2) be the Gamma function, B(w, z) the Beta function. The domain of

I'(z) is C\ {0,—1,-2,...}. B(w,z) is given (for w, z, w + z in the domain of I)

by
B(w, z) = B(z,w) = 'w)['(2)/T'(w + 2) (A.1)
and also by
B(wT“, Zgl) _ 2/()7r/2(sint)w(cost)zdt (Rw>—1, Rz >—1),  (A2)

or similarly by

w+1 z+4+2

1
[ el 2/ VUL — g2 2 dy  (Rw>—1, Rz > —2).  (A.3)
2 2 0

From this one can calculate the volume of the unit ball in RY, namely

v _ o (A.4)
YT+ '
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Also useful is the duplication formula for the Gamma function:
[(22) = 2*7'T(2)0(2 + 1/2)/ /. (A.5)

Let us turn now to the Gegenbauer (Ultraspherical) polynomials, C®(z).

m

These are polynomials of degree m in x which satisfy the orthogonality condition

m

/_11 CO@CD (@)1 — 22 2de =0 (k#£m, a> ~1. (A6

These polynomials are standardized so that

7l'(m + 2a)
220=1m!(m + a) (D))

/11 (Cl)@))” (1 = 2%)° 2 da =

(e #0). (A7)
Special cases of the Gegenbauer polynomial are the Chebyshev polynomials

and the Legendre polynomials:
Chebyshev polynomial of the first kind  Tp,(z) = mC®(z)/2 (A.8)
Chebyshev polynomial of the second kind Uy, (z) = C(x) (A.9)
Legendre polynomial P, (z) = C?(z). (A.10)

Gegenbauer polynomials also have the integral representation

I'(m + 2a)

(a) —
Ci(cos ) P2l (D@

/ (cos 6 + i sin @ cos ¢)™ (sin ¢)** ! d¢ (a>0).
0

(A.11)
Expanding the term (cosf + isinf cos ¢)™ and evaluating the resulting integrals

(via (A.2)) gives the representation

m o [m/2] m
C{(cos ) = QQQFEm;F(I?((j))Q kZ:% (—1)F <2kr> B(k +1/2, a)(cos )™ ?*(sin §)?

(A.12)
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for a > 0, where [-] denotes the greatest integer and B(-,-) is the Beta function.

In particular, (A.12) shows that

o =
B I'(m + 20)y/7
22010 (m + 1) (a)T(a + 1)
L'(m 4+ 2a)
~ T(m+DI(20) (by (A-5))
df (mﬁf‘_l) (a>0). (A.13)
Also,
0 if m is odd
Ci(0) = { (e Llatm/2) (A.14)
()T (1 + m/2) if m is even,

where the second line is achieved with two applications of the Gamma function
duplication formula (A.5). Furthermore, notice that the second line can also be
written
C(0) = (—1)™/2 (O‘ _;sz/z> (m even, a > 0),
which should be compared to (A.13).
The equations A.12-A.14 do not hold for o = 0, but do extend to other values

of a (for example, to —1 < o < 0).

One can also use (A.12) to calculate C(¥(cos ) for small m:
Cl(cosh) = 1 (A.15)
ol (cosf) = 2acost (A.16)

Cicosf) = a2(a+ 1)(cos6)? — 1]. (A.17)
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These polynomials can also be calculated via the better known relation

/2 o
O (a) = ﬁ > (—U’“W(%)m‘% (a>-1 a#£0), (A1)

k=0

which can be found in [6]. Let us use this relation to calculate C’éa):

@) — 1 (T(a+3) B 9T(a -
C3 (z) F(a)( 58 2T (o + 2) )

= Ao+ 2)?Ea + 1)a$3 —2(a+ 1)ax.

Thus

4 (cos ) = ;(a + 1)af2(a + 2)(cos §)* — 3 cos 6]. (A.19)



Appendix B

Supplemental results

In this appendix I present a proof of a known, “obvious” result which is not ac-
cessible in the literature. This result is needed in several places in the preceding

work.

Theorem 11 Suppose f € L*([—1,1]") and suppose that there exists fi and fo

with f1(z) = fa(2) = f(2) a.e. such that

fl(Zl,ZQ,...7ZN) = fl(Zl,ZQ,...,Zk,0707...,0) VZG[—l,l]N

fQ(Zl,ZQ,...,ZN) = f2<0,...,072m1,...,Zm2,0,...,0) Vz € [—1,1]N
Then there ezists fs with f3(z) = f(z) a.e. such that
f3(217227' .- 7ZN) = f3(07' c 7Oazm17' . 7Zmin(k,m2)707' - 70) Vz € [_171]N

Proof: Let a be a multi-index of length N, ie., a € ZY. The set {e"™**}

(a-2% a1z + anzs + - + ayzy) is a basis for L2([—1,1]Y). Consider

<f7 €_ma'z> = /11- . -/11 f(2)e ™% dzy .. dzy

78
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1 1
o —mi(a1z1++agz
_ /1---/lfl(zl,...,zk,O,...,O)e (uzitebons) 4z dz,
1 1 .
x / . / e—wz(ak+1zk+1+...+a1vzz\7) dzk—i—l ..dzy
-1 -1
= 0 unless a1 =---=ay=0.

This shows that

—Ti-z

f € lin span{e | g1 = =any= O}Cl.

If the representation fs is used instead of f; in the above argument then one obtains

—Ti-Z

f € lin span{e | = 1 = Q1 = - = ay = O}d.

It follows that f lies in the intersection of these two spaces, i.e.,
f €lin span{e ™ | a; = -y, 1 = Ol tmin(kmy) = *°° = ON = 0}
Therefore, there exists f3 with f3(z) = f(z) a.e. such that
fa(z1, 22, ..., 2n) = f3(0,...,0, Zmys - o5 Zmin(kyms), 0, ..., 0) V2 € [—1, 1V,
as desired. O

Corollary 2 Let P;, i = 1,2,3 be the projections on [—1,1]" defined by

Pi(z1,20,...,28) = (21,22,-++,25,0,...,0)
Py(z1,29,...,28) = (0,...,0,Zmys -+ Zmy, 0,0 .., 0)

Ps(21,22,...,28v) = (0,...,0, Zmys - - - s Zmin(kyms)s 0, - - -, 0).
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(Note that Ps = Py o Py, and Py =0 if my > k.) Let X be a topological space, and
let 11 be a Borel measure (or the completion of one) on X. Let T' be an invertible
mapping from X to [—1,1]N (with the usual Lebesque measure m) such that both
T and T~ are measurable and map sets of measure zero to sets of measure zero.
Suppose that g € L*(X,p), goT~t € L?([-1,1]Y), and there exist gi(x) = go(x) =

g(x) a.e. [p] such that
gioT ' (2)=gioT ' oPyz) foralze[-1,1]N,i=1,2. (B.1)
Then there exists g3 € L*(X, p) with g3(z) = g(x) a.e. [u] such that
gzoT o PyoT(x) = gs(x) forallzeX. (B.2)

Proof: We can assume that g is a Borel function, since otherwise we can change
g on a set of measure zero to make it one. Then go Tt and g;o T, i = 1,2, are
measurable functions on [—1,1]". Moreover, since T' maps sets of measure zero to
sets of measure zero, it follows that g o T71(2) = g;o T~ 1(2) a.e. [m], i = 1,2.

Let f=goT tand f; = gjoT ! fori = 1,2. Apply Theorem 11 to show
the existence of f3 with f3(z) = f(z) a.e. [m] such that f50 P3(z) = f3(z) for all
z € [=1,1]N. Let g3 = fzoT. Since T~! also maps sets of measure zero to sets of

measure zero, it follows that gs3(x) = g(z) a.e. [u]. Moreover, for all z € X,
ggoT toPyoT(x) = fsoP30T(x)
= f3 o T(l‘)

= g3(z). O
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