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Outline of these lectures
1. Heavy quark physics

• Heavy-quark spin and flavor symmetry
• Spectroscopic implications

• Heavy Quark Effective Theory
• Vcb from exclusive semileptonic decay

2. Inclusive B-decays
• Operator Product Expansion
• Determination of Vub, Vcb from semileptonic decays
• Radiative decays: test of FCNC interactions
• Heavy hadron lifetimes

3. Exclusive radiative and hadronic B-decays
• Factorization, Soft Collinear Effective Theory
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Heavy-light meson spectrum

• To leading power, bottom and charm spectra are simply shifted by 
constant amount mb-mc=3.4GeV.
• MB1-MB = (455±4) MeV, MD1-MD = (555±1)MeV 

• “Spin doublets” almost degenerate: 
• e.g. MB* - MB = 46 MeV
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Operator Product Expansion 
and Inclusive Weak Decays



Inclusive decays

• Inclusive decays rates are much less sensitive 
to hadronization effects than exclusive decays. 

• Scale hierarchy

X
BΓ =

∑

X

2

1/mb ! 1/ΛQCD

b-quark decay hadronic effects



Inclusive b-decays
• Important class of decays, since rate can 

be calculated perturbatively mQ→∞
• Semileptonic decay B→Xc l ν

• Most precise determination of |Vcb|, 
mb and mc.

• Semileptonic decay B→Xu l ν
• Most precise determination of |Vub|

• Radiative decays B→Xs γ, B→Xs l+l-

• Sensitive probe of FCNC interactions
• Lifetime: B→X



Operator Product Expansion
• Used this tool before, when integrating out heavy particles 

in the construction of the effective weak Hamiltonian.

• At low energies W is highly virtual. Propagates only very 
short distance. Expand around x=y.

• In momentum space this translates into expansion of W-
propagator

W

b u

! e

(a)

b u

! e

(b)

Figure 1: Example of an effective four-fermion interaction obtained by integrating out the W
boson in the Standard Model. The two crossed circles in the second graph represent a local
four-quark operator in the effective theory. (Courtesy of A. J. Buras [7])

3 Effective Weak Interactions

The couplings of the charged weak gauge bosons W± to fermions (quarks and leptons) are
the only flavor-changing interactions in the Standard Model. When studying flavor-changing
processes at low energy (i.e., E ! MW ), we can integrate out the heavy bosons from the
Standard Model Lagrangian. As illustrated in Figure 1, this gives rise to local four-fermion
interactions. The resulting Fermi theory of weak interactions is particularly simple if we ignore
the effects of QCD. Indeed, at tree level the path integral is Gaussian, and integrating over
the W± fields gives the effective Lagrangian

Leff
weak = −

g2

8M2
W

[
J−

µ J+µ +
1

M2
W

J−
µ (∂µ∂ν − gµν

!) J+
ν + . . .

]
, (13)

where g2/8M2
W ≡ GF /

√
2 defines the Fermi constant (GF = 1.16639 · 10−5 GeV−2), and

J+
µ = Vij ūiγµ(1 − γ5)dj + ν̄iγµ(1 − γ5)li , J−

µ = (J+
µ )† (14)

are the charged currents. Vij are the elements of the CKM matrix, and a summation over
flavor indices i, j is understood.

Already the leading term in the effective weak Lagrangian (13) contains irrelevant inter-
actions (δi = 6, γi = 2), and indeed the coupling constant GF ∼ 1/M2

W shows the expected
suppression by two powers of the fundamental scale. Even before the discovery of the weak
gauge bosons, experiments of low-energy weak interactions indicated that the fundamental
scale of the weak force should be (

√
2/GF )1/2 ≈ 110GeV. It was a triumph of particle physics

when the heavy gauge bosons were subsequently discovered at just that mass scale. The fact
that there are no marginal operators in the effective weak Lagrangian explains the apparent
“weakness” of the weak interactions at low energy. On the contrary, at high energy the weak
force is unified with electromagnetism, and the two interactions are then governed by a single
coupling constant. Subleading terms in the effective weak Lagrangian have dimension δi = 8
and higher. Their effects are further suppressed by powers of (E/MW )2 and are tiny. They
can be neglected for (almost) all practical purposes.
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Quarks at point x

Leptons at point y

Expand around x=y

1
p2 −m2

W

=
1

−m2
W

+ . . .

+ . . .



Optical theorem
• To apply the same technique to the inclusive 

B-decay, first use the optical theorem

forward-scattering amplitude

Xc

e
ν̄

HSL

2

= 2 ImB B B

Γ(B → Xceν̄) =
1

2MB

∑

X

(2π)4δ4(pB − pXc − pe − pν) |〈Xceν̄|HSL|B〉|2

=
1

2MB
2 Im 〈B| i

∫
d4x T

{
H†

SL(x),HSL(0)
}
|B〉



Operator product expansion
• Expand the product of operators into local ones

• To evaluate the coefficients C3 and C5, we can use 
arbitrary external states
• Use quark and gluon states and calculate the 

coefficients in perturbation theory!
• Then use HQET to evaluate the B-meson matrix 

elements of the operators       and
• Will be given by HQET parameters λ1, λ2, etc. 

• Q: Is the expansion well behaved? Are the higher 
order terms really suppressed by 1/mb2 ?

i

∫
d4x T

{
H†

SL(x),HSL(0)
}

= C3 b̄ b +
C5

m2
b

b̄ σµνGµν b + . . .

b̄ iD/ b = mb b̄ bNo dim. 4 operators:

b̄ b b̄ σµνGµνb



Feynman Diagrams

c bb

e

c bb

e
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c bb
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c bb

e

C3 b̄ b

C5 b̄ σµνGµνb



Matrix elements

• To calculate the matrix elements, we use 
HQET.

1
2MB

〈B| b̄b |B〉 = 1 +
λ1 + 3λ2

2m2
b

+ . . .

1
m2

b

1
2MB

〈B| b̄ σµνGµν b |B〉 =
6λ2

m2
b

+ . . .

No 1/mb 
corrections!

λ2 =
1
4

(
M2

B∗ −M2
B

)
= 0.12GeV2



Result for the rate

• Leading term in limit mQ→∞ is the free b-
quark decay (“naive parton model”)! 

• Hadronization effects are suppressed as     
1/mb2 . Reduce the rate by ≈4%

• Values of mb, mc and λ1?
• Strictly speaking expansion is 1/(mb-mc) ≈1/mb

Γ(B → Xceν̄) =
G2

F m5
b

192π3
|Vcb|2

{(
1 +

λ1 + 3λ2

2m2
b

) [
f(ρ) +

αs

π
g(ρ)

]
− 6λ2

m2
b

(1− ρ)4 + . . .

}

f(ρ) = 1− 8ρ− 12ρ2 log ρ + 8ρ3 − ρ4 , ρ =
m2

c

m2
b

g(ρ) = ”lengthy, known expression”



Side remark: b-quark mass

• We calculated in terms of the b-quark pole mass, 
i.e. the location of the pole in the heavy quark 
propagator.
• Well defined in perturbation theory, but
• does not make sense non-perturbatively 

because of confinement.
• The lack of a non-perturbative definition shows 

up via large higher-order perturbative 
corrections.
• Upon relating the pole to the MS quark mass, one 

finds a badly divergent PT series. 
• Can resum this series, but prescription is not unique 

(“renormalon ambiguity”).



b-quark mass definition
• Bad perturbative behavior also shows up in the 

decay rate, if it is expressed in the pole mass.
• Eliminate pole mass in favor quark mass! Many 

mass schemes in the literature:
• MS mass (not suited for HQET)
• Kinetic mass (Uraltsev)
• Υ(1S) mass (Hoang, Ligeti, Manohar) 
• Potential subtracted (Beneke)
• Shape-function (Bosch, Lange, Neubert, Paz)

• Also, better definition for λ1, λ2 are available in the 
kinetic and shape-function scheme.
• The corresponding parameters are denoted by 

µπ2 (≡ -λ1)  and µG2 (≡ λ2)



Moments
• Calculate moments of the decay 

spectrum (with exp. cuts).
• Leptonic moments

• Hadronic moments

• Measurement of the moments and the 
rate determines Vcb mb, mc and λ1.

Ln =
1
Γ

∫
dEe(Ee)n dΓ

dEe

Hij =
1
Γ

∫
dM2

X dEX (M2
X)i (EX)j dΓ

dM2
XdEX



Moment measurements and global fit

• Red line: fit result. Green band: exp. uncertainty. 
Yellow band: exp. + th. uncertainty

6

FIG. 1: Comparison of fit predictions and the hadron moment measurements: (a) 〈MX〉, (b) 〈M2
X〉, (c) 〈M3

X〉, (d) 〈(M2
X −

〈M2
X〉)2〉 and (e) 〈(M2

X−〈M2
X 〉)3〉. The yellow bands represent the total experimental and theoretical fit uncertainty as obtained

by converting the fit errors of each individual HQE parameter into an error for the individual moment. The green band indicates
the experimental uncertainty only. Solid markers are included in the fit while open markers are only overlaid for comparison.
Moment measurements at different Ecut are highly correlated.

In addition to the above we extract the difference in
the quark masses as

mb − mc = 3.446 ± 0.025 GeV .

Comparing the extracted values of the quark masses
mb and mc with other determinations is often convenient
in the commonly used MS scheme. The translation be-
tween the kinetic and MS masses to two loop accuracy
and including the BLM part of the α3

s corrections was
given in Ref. [3]. This leads to

mb(mb) = 4.20 ± 0.04 GeV

mc(mc) = 1.24 ± 0.07 GeV

These results agree well with the determination in the
1S scheme [8, 32] and recent unquenched lattice calcula-
tions [33, 34, 35]. However, it has been accepted among

theorists that the normalization scale of around 1.2 GeV
in the MS scheme may be too low for a precision evalua-
tion of masses, and higher-order perturbative corrections
in mc(mc) are too significant. As a result, an additional
uncertainty in mc(mc) of at least 50 MeV may have to
be added associated with the definition of mc(mc) itself.
A larger normalization scale for the MS masses is gener-
ally used. To address this we give here the value of mc

normalized at a safer momentum scale 2.5 GeV as was
advocated recently:

mc(2.5 GeV) = 1.072± 0.06 GeV .

The theoretical uncertainty in this translation is small.
It may also be convenient to have the ratio of the charm
and the beauty quark masses in the MS scheme which is
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FIG. 2: Comparison of fit predictions and measurements for the lepton moments: (a) BR, (b) 〈EL〉, (c) 〈(EL − 〈EL〉)2〉 and
(d) 〈(EL − 〈EL〉)

3〉. The yellow bands represent the total experimental and theoretical fit uncertainty while the green band
indicates the experimental uncertainty only. Solid markers are included in the fit while open markers are only overlaid for
comparison. Moment measurements at different Ecut are highly correlated.

normalization-scale independent:

mc(µ)

mb(µ)
= 0.235± 0.012 .

The uncertainty in this ratio is dominated by the fit error
on mc.

hadronic mass moments lepton energy moments

Buchmüller and Flächer, hep-ph/0507253



Fit results

Moments included:
Solid red: all
Dashed blue: B→Xc e ν
Dotted green: B→Xs γ
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TABLE II: Results for the combined fit to all moments with experimental and theoretical uncertainties. For |Vcb| we add
an additional theoretical error stemming from the uncertainty in the expansion for ΓSL of 1.4%. Below the fit results the
correlation matrix is shown.

Combined OPE FIT RESULT: χ2/Ndof =19.3/44

Fit |Vcb| ×10−3 mb (GeV) mc (GeV) µ2
π (GeV2) ρ3

D (GeV3) µ2
G (GeV2) ρ3

LS (GeV3) BRc"ν̄ (%)
RESULT 41.96 4.590 1.142 0.401 0.174 0.297 -0.183 10.71
∆ exp 0.23 0.025 0.037 0.019 0.009 0.024 0.054 0.10

∆ HQE 0.35 0.030 0.045 0.035 0.022 0.046 0.071 0.08
∆ ΓSL 0.59
|Vcb| 1.000 -0.399 -0.220 0.405 0.267 -0.305 0.056 0.700
mb 1.000 0.951 -0.387 -0.189 0.074 -0.223 0.098
mc 1.000 -0.408 -0.246 -0.329 -0.124 0.143
µ2

π 1.000 0.685 0.257 -0.008 0.122
ρ3

D 1.000 -0.050 -0.479 -0.055
µ2

G 1.000 -0.035 0.046
ρ3

LS 1.000 -0.052
BRc"ν̄ 1.000

FIG. 4: Comparison of the different fit scenarios. Figure (a) shows the ∆χ2 = 1 contour in the (mb,µ
2
π) plane for the combined

fit to all moments (solid red), the fit to hadron and lepton moments only (dashed blue) and the fit to photon moments only
(dotted green). Figure (b) shows the results for the combined fit (solid red) and the fit to hadron and lepton moments only
(dashed blue) in the (mb,|Vcb|) plane.

Most precise determination of 3 SM parameters in a single process!
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FIG. 5: Translation of fit results in the kinetic scheme to Kagan-Neubert (a) and the Shape Function scheme (b) via predicted
photon moments. Figure (a) shows the results for the shape function parameters in the (Λ̄, λ1) plane from the combined fit to
all moments (solid red) and the fit to hadron and lepton moments only (dashed blue). Figure (b) shows the corresponding fit
results in the (mb SF , µ2

π SF ) plane.

tribution from the ρ3
D term which results in an improved

‘QCD’ error. The ‘HQE’ related uncertainty stems from
the errors on mb, µ2

π, µ2
G and ρ3

D and takes correlations
between the parameters into account (see Table II).

B. Extrapolation Factors for Measured B → Xsγ
Branching Fraction

The measurement of the B → Xsγ branching frac-
tion is experimentally very challenging and has only been
achieved for photon energies above Ecut = 1.8− 2.0 GeV.
On the contrary, theoretical calculations predict the B →
Xsγ branching fraction at much lower values of Ecut in
order to avoid any dependence on the heavy quark distri-
bution function. It is therefore customary to extrapolate
measured branching fractions down to a value of 1.6 GeV
where they can be compared to the theoretical calcula-
tions [45, 46]. Based on the heavy quark distribution
function parameters in Table IV and the corresponding
spectra we calculated a consistent set of extrapolation
factors

R(Ecut) =
BR(B → Xsγ)Ecut

BR(B → Xsγ)1.6GeV
(9)

for the kinetic, Kagan-Neubert and Shape-Function
scheme. The results are summarised in Table V and Fig-
ure 6. The error was determined as the largest deviation
from the central value obtained from a scan around the
ellipses in Figures 4 and 5, where positive and negative
errors were of comparable size. The results have been

averaged where the total error was determined by com-
bining the largest error from the scan of the error ellipses
with half the maximum difference between any two mod-
els in quadrature. Figure 6 also shows the spectra corre-
sponding to the central values of Table IV or equivalently
to the predicted photon energy moments of Table III in
the three schemes.

VI. CONCLUSION

We have performed a fit to moments measurements
from B → Xc#ν̄ and B → Xsγ decays using calculations
in the kinetic scheme [2, 3, 4]. The fit uses all currently
available moment measurements from the BABAR Belle,
CDF, CLEO and DELPHI experiments that are publicly
available with their corresponding correlation matrices.
We find that all the moment measurements of different
order and from different inclusive B decays can be de-
scribed by the fit result which is an important test of
the consistency of this theoretical framework. We have
extracted values for the CKM matrix element |Vcb|, the
quark masses mb and mc, and the kinetic expectation
value µ2

π of

|Vcb| = (41.96 ± 0.23exp ± 0.35HQE ± 0.59ΓSL
) × 10−3

mb = 4.590 ± 0.025exp ± 0.030HQE GeV

mc = 1.142 ± 0.037exp ± 0.045HQE GeV

µ2
π = 0.401 ± 0.019exp ± 0.035HQE GeV2

 results of hep-ph/0507253, see also hep-ph/0408002  ki
ne

tic
 s

ch
em

e



News flash
• The “most precise determination“ 

statement was true until last Tuesday:



Future improvements of the moment analysis

• To go to next higher level in theoretical precision, 
we’ll need
• Tree-level OPE to 1/mb3. Already included.

• Has recently even been calculated up to 1/mb4, hep-ph/0611168.

• Perturbative corrections to the leading power 
corrections, terms

• doable, but nontrivial 1-loop calculation
• Two-loop corrections to the leading power rate

• Possible with new numerical techniques. Muon 
decay has been calculated, hep-ph/0505069 (same 
kinematics, but QED instead of QCD corrections)  

αs(mb)
µ2

π

2mb
αs(mb)

µ2
G

2mb



• Are there pieces that we are missing when calculating the 
rate using the OPE?

• It is often stated that the OPE calculation “assumes quark 
hadron duality”, since we calculated the coefficients C3 and 
C5 with quarks instead of hadrons.

• More precisely, we have expanded in the rate 1/mb, αs(mb)  
and 1/mW2. Upon expanding, we loose non-analytic terms, such as

• Models give n=8 suppression compared to leading order in SL 
decay, see hep-ph/0009131. Hopefully, these effects are tiny. 

Quark hadron duality

pert. expansion              OPE integrating out W                     OPE for incl. B-decay

e−1/αs , e−a2/m2
W ,

1
mn

b

sin(
mb

b
)

W cannot go on-shell                     quark, gluons can be on shell
   (Euclidean OPE)                                  (Minkowskian OPE)

“duality violation”



Example of oscillatory behavior

• Oscillatory behavior is not captured by OPE calculation. 
• In inclusive quantities, the oscillations average out.

40. Plots of cross sections and related quantities 7

R in Light-Flavor, Charm, and Beauty Threshold Regions
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Figure 40.7: R in the light-flavor, charm, and beauty threshold regions. Data errors are total below 2 GeV and statistical above
2 GeV. The curves are the same as in Fig. 40.6. Note: CLEO data above Υ (4S) were not fully corrected for radiative effects, and we
retain them on the plot only for illustrative purposes with a normalization factor of 0.8. The full list of references to the original data
and the details of the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. The computer-readable data are available
at http://pdg.ihep.su/xsect/contents.html (Courtesy of the COMPAS(Protvino) and HEPDATA(Durham) Groups, August 2005.) See
full-color version on color pages at end of book.

R(s) =
σ(e+e− → hadrons, s)
σ(e+e− → µ+µ−, s)

s



Heavy hadron lifetimes
and the Λb (ex-)puzzle  



• Same OPE technique can also be used to 
calculate the hadron lifetimes τ=1/Γ

• Complete ΔB=1 eff. Hamiltonian:

Heavy hadron lifetimes

The reader who is primarily interested in the phenomenological implications
of our analysis can omit sections 2 and 3 and proceed directly to sections 4, 5
and 6, which are written in a self-contained way.

2 Heavy-quark expansion

Inclusive decay rates, which determine the probability of the decay of a particle
into the sum of all possible final states with a given set of quantum numbers
{f}, have two advantages from the theoretical point of view: first, bound-state
effects related to the initial state can be accounted for in a systematic way using
the heavy-quark expansion; secondly, the fact that the final state consists of a
sum over many hadronic channels eliminates bound-state effects related to the
properties of individual hadrons. This second feature is based on the hypothesis
of quark–hadron duality, i.e. the assumption that cross sections and decay rates
are calculable in QCD after a “smearing” procedure has been applied [17]. We
shall not discuss this hypothesis here; however, if after the non-perturbative eval-
uation of the spectator effects discussed in our analysis there remain significant
discrepancies between theory and experiment (for the lifetime ratio τ(Λb)/τ(Bd),
in particular), one may have to seriously question the assumption of duality. A
recent study of inclusive B decays, in which duality violations are invoked to add
non-perturbative contributions of order ΛQCD/mb not present in the heavy-quark
expansion, can be found in ref. [18].

Using the optical theorem, the inclusive decay width of a hadron Hb containing
a b quark can be written as the forward matrix element of the imaginary part of
the transition operator T,

Γ(Hb → X) =
1

mHb

Im 〈Hb|T |Hb〉 =
1

2mHb

〈Hb|Γ |Hb〉 , (3)

where T is given by

T = i
∫

d4xT{Leff(x),Leff(0) } . (4)

For the case of semileptonic and non-leptonic decays, the effective weak La-
grangian, renormalized at the scale µ = mb, is

Leff = −
4GF√

2
Vcb

{
c1(mb)

[
d̄′

LγµuL c̄LγµbL + s̄′LγµcL c̄LγµbL

]

+ c2(mb)
[
c̄LγµuL d̄′

LγµbL + c̄LγµcL s̄′LγµbL

]

+
∑

!=e,µ,τ

#̄Lγµν! c̄LγµbL

}
+ h.c. , (5)

4

H∆B=1 =
hadronic decays

semileptonic decays

Γ(Hb) = Γ(Hb → X) =
1

2MB

∑

X

(2π)4δ4(pB − pX) |〈X|H∆B=1|B〉|2

=
1

2MB
2 Im 〈B| i

∫
d4x T {H∆B=1(x),H∆B=1(0)} |B〉



OPE

• Result for the rate has the same structure as we had before.
• Only small lifetime differences ~1-2% to O(Λ2/mb2). Arise 

because λ1, λ2 are slightly different for different hadrons. 
• Dominant contribution to lifetime differences from the four-

quark operators suppressed by (Λ/mb)3. Enhanced by a 
large numerical prefactor 4π2 , they are are O(5-10%).

Dependence on light quarks! 
Induces lifetime differences.
Evaluate matrix elements with 
LQCD. 
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The Λb ex-puzzle

• New CDF result, hep-ex/0609021
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Situation a few years ago Latest numbers:

more detailed discussion see [6, 7, 8]. Since lifetime differences depend quadratically
on the decay constants, going from 200 MeV to 260 MeV results in an increase of
70%. Here clearly theoretical progress is necessary to pin down the error on the decay
constants considerably.

In view of several new theoretical and experimental developments we update the
numbers present in the literature (see e.g. [9]).

3 Lifetimes

The lifetime ratio of two heavy mesons can be written as

τ1

τ2
= 1 +

Λ3

m3
b

(

Γ(0)
3 +

αs

4π
Γ(1)

3 + . . .
)

+
Λ4

m4
b

(

Γ(0)
4 +

αs

4π
Γ(1)

4 + . . .
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From Eq. (3) one clearly sees that a precise knowledge of the color octet bag pa-
rameters ε1 and ε2 - these parameters are of order 1/Nc - is mandatory since their
coefficients are numerically enhanced. Here clearly more work has to be done.

3.2 τBs
/τBd

In the lifetime ratio τBs/τBd
a cancellation of weak annihilation contributions arises,

that differ only by small SU(3)-violation effects. One expects a number that is close
to one [10, 12, 18, 19]

τ(Bs)

τ(Bd)
= 1.00 ± 0.01 . (6)

This expectation is confirmed by experiment [20, 17]

τ(Bs)

τ(Bd)
= 0.957 ± 0.027 , (7)

although more precise experimental numbers would be very desirable.

3.3 τB+
c

The lifetime of the doubly heavy meson Bc has been investigated in [21]

τ(Bc) = 0.52+0.18
−0.12 ps . (8)

In addition to the b-quark now also the c-charm quark can decay, giving rise to the
biggest contribution to the total decay rate. The current experimental number [22]

τ(Bc) = 0.469 ± 0.027 ps (9)

agrees nicely with the theoretical prediction, but it has much smaller errors. Here
clearly some theoretical improvements are necessary to pin down the error.

4 Mixing Parameters

In this section we briefly investigate the status of the mixing parameters. For a more
detailed review we refer the interested reader to [7].
The mixing of the neutral B-mesons is described by the off diagonal elements Γ12 and
M12 of the mixing matrix. Γ12 stems from the absorptive part of the box diagrams -
only internal up and charm quarks contribute, while M12 stems from the dispersive
part of the box diagram, therefore being sensitive to heavy internal particles like
the top quark or heavy new physics particles. By diagonalizing the mixing matrix we
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the world average τ(B0) = 1.530 ± 0.009 ps. Our mea-
surement of τ(Λ0

b) is consistent with the DØ result in the
same channel [6] at the 1.7σ level and is the first mea-
surement using a fully reconstructed mode that reaches
a precision comparable with the previous best measure-
ments based on semileptonic decays of the Λ0

b . It is also
comparable in precision to the current world average, but
is 3.2 σ higher [9]. Forming a ratio with the world average
B0 lifetime, we determine

τ(Λ0
b)

τ(B0)
= 1.041 ± 0.057 (stat. + syst.).

This ratio is consistent with the higher end of the theory
predictions [3, 10, 11].
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TABLE I: Summary of systematic uncertainties in the mea-
surement of cτ for Λ0

b and B0 and their ratio. The total un-
certainties are also given combining individual uncertainties
in quadrature.

Source Λ0
b (µm) B0 (µm) Ratio

Alignment 5.4 5.4 0.002
Model for PDL resolution 6.7 2.7 0.010
Model for PDL background 2.7 3.1 0.005
Model for signal mass 0.2 0.0 0.000
Model for background mass 2.5 6.2 0.007
Long-lived components 1.5 0.1 0.003
Contamination 8.8 0.8 0.023
Total 12.9 9.2 0.028

ground is modeled using only sideband regions, the J/ψ
vertex is used instead of the b-hadron vertex, the mass
windows are varied, the reconstructed b-hadron mass is
used instead of the Particle Data Group [4] value, and
the sample is split into different pseudorapidity regions
or different regions of azimuth. All results obtained with
these variations are consistent with our central values.

The results of our measurement of the Λ0
b and B0 life-

times are summarized as:

τ(Λ0
b) = 1.22+0.22

−0.18 (stat) ± 0.04 (syst) ps, (4)

τ(B0) = 1.40+0.11
−0.10 (stat) ± 0.03 (syst) ps.

These can be combined to determine the ratio of life-
times:

τ(Λ0
b)

τ(B0)
= 0.87+0.17

−0.14 (stat) ± 0.03 (syst), (5)

where we determine the systematic uncertainty of the
ratio by varying each parameter in the two samples si-
multaneously and quoting the deviation in the ratio as
the systematic uncertainty due to that source.

In conclusion, we have measured the Λ0
b lifetime in the

fully reconstructed exclusive decay channel J/ψΛ0. This
is the first time that this lifetime has been measured in an
exclusive channel. The measurement is consistent with
the world average, 1.229 ± 0.080 ps [4], and the Λ0

b to
B0 ratio of lifetimes is also consistent with theoretical
predictions [3, 5, 6].
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National de Physique Nucléaire et de Physique des Par-
ticules (France), Ministry of Education and Science,
Agency for Atomic Energy and RF President Grants Pro-
gram (Russia), CAPES, CNPq, FAPERJ, FAPESP and
FUNDUNESP (Brazil), Departments of Atomic Energy
and Science and Technology (India), Colciencias (Colom-
bia), CONACyT (Mexico), KRF (Korea), CONICET
and UBACyT (Argentina), The Foundation for Funda-
mental Research on Matter (The Netherlands), PPARC
(United Kingdom), Ministry of Education (Czech Repub-
lic), Natural Sciences and Engineering Research Council
and WestGrid Project (Canada), BMBF and DFG (Ger-
many), A.P. Sloan Foundation, Research Corporation,
Texas Advanced Research Program, and the Alexander
von Humboldt Foundation.

[*] Visitor from University of Zurich, Zurich, Switzerland.
[†] Visitor from Institute of Nuclear Physics, Krakow, Poland.

[1] J. P. Leveille, in Proceedings of the Ithaca B-decay Work-
shop, What Can We Hope To Learn From B Meson Decay,
(Univ. of Rochester, Ithaca, New York, 1981), UM HE 81-
18.

[2] I.I. Bigi, in Proceedings of the 3rd International Con-
ference on B Physics and CP Violation, edited by H.-
Y. Cheng and W.-S. Hou, (World Scientific, Singapore,
2000), hep-ph/0001003.

[3] M. B. Voloshin, Phys. Rep. 320, 275 (1999); B. Guberina,
B. Melic, and H. Stefanic, Phys. Lett. B 469, 253 (1999);
M. Neubert and C.T. Sachrajda, Nucl. Phys. B483, 339
(1997).

[4] S. Eidelman et al. (PDG), Phys. Lett. B 592, 1 (2004).
[5] C. Tarantino, Eur.Phys.J. C 33, s01, s895–s899 (2004),

hep-ph/0310241.
[6] N. Uraltsev, in At the Frontier of Particle Physics: Hand-

book of QCD, edited by M. Shifman (World Scientific,
Singapore, 2001), hep-ph/0010328 (2001); G. Bellini, I.I.
Bigi, P.J. Dornan, Phys. Rep. 289, 1 (1997).

[7] V. Abazov et al., DØ Collaboration, “The Upgraded DØ
Detector”, in preparation for submission to Nucl. Instrum.
Methods Phys. Res. A; T. LeCompte and H.T. Diehl, “The
CDF and DØ Upgrades for Run II,” Ann. Rev. Nucl. Part.
Sci. 50, 71 (2000).

DZero:

hep-ph/9906031

for the ratios of lifetimes in eqs. (1) and (2). We perform the calculations with
a static b-quark and two (rather large) values of the mass of the light-quark
and do not attempt to extrapolate the results to the chiral limit. Our results
indicate that spectator effects are not negligible, although they do not appear to
be sufficiently large to account fully for the discrepency. Specifically we find:

L1(mb) =

{
−0.31(3) for amπ = 0.74(4)
−0.22(4) for amπ = 0.52(3) ,

(10)

L2(mb) =

{
0.23(2) for amπ = 0.74(4)
0.17(2) for amπ = 0.52(3) ,

(11)

with a−1 " 1.1 GeV. The corresponding results for the ratio of lifetimes are

τ(Λb)

τ(Bd)
=

{
0.91(1) for amπ = 0.74(4)
0.93(1) for amπ = 0.52(3) .

(12)

2 Perturbative matching

In this section we briefly discuss the matching factors which are required to obtain
the matrix elements of the continuum four-quark operators renormalised at a scale
µ from those of the bare lattice operators computed in lattice simulations at a
cut-off a−1. The details of the calculation are presented in ref. [8]. Here we simply
summarise the main points required for the evaluation of the matrix elements L1

and L2 in the MS scheme.
We start by using the renormalisation group to relate the matrix elements L1

and L2, defined in the MS scheme at two different renormalisation scales, µ = mb

and µ = a−1. Since the Wilson coefficient functions in the OPE expansion (5)
have been evaluated at tree level only [2], we keep just the leading logarithms in
the evolution equations so that [9, 10]

(
L1(mb)

L2(mb)

)
=

(
1 + 2CF δ

Nc
− 2δ

Nc

−CF δ
N2

c

1 + δ
N2

c

) (
L1(a−1)

L2(a−1)

)
, (13)

where

δ =

(
αMS

s (a−1)

αMS
s (mb)

)9/2β0

− 1 = 0.40 ± 0.04 . (14)

In estimating δ we have used ΛQCD = 250 MeV, a−1 = 1.10 GeV, mb = 4.5 GeV
and β0 = 9. The error in δ is evaluated includes a 20% uncertainty for ΛQCD.

In the second step of the matching we relate the matrix elements renormalised
in the continuum to those regularized on lattice, both at the same scale, a−1.
Although this involves corrections of O(αs), which are, in principle, beyond the

3

a-1=1.1GeV



B→Xu eν
Experimental cuts, shape function and the extraction of Vub



• Interesting tension between|Vub| and sin(2β) 
measurements
• sin(2β): loop process in SM

• sensitive to new physics
• |Vub|: tree level weak decay

• insensitive to new physics, 
• but extraction is sensitive to QCD effects!
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|Vub|
•  It is trivial to obtain the B→Xu e ν rate 

from our expression for B→Xc e ν
• Set mc=0, replace Vcb→Vub

• However, experimentally, it is impossible to 
measure the total B→Xu e ν rate.
• B→Xc e ν signal is much larger

• Need kinematical cuts to eliminate B→Xc e ν
• e.g.

∣∣∣∣
Vub

Vcb

∣∣∣∣ ≈ 0.1

MX < MD or Ee >
M2

B −M2
D

2MB

Γc

Γu
=

∣∣∣∣
Vcb

Vub

∣∣∣∣
2 (

1− 8ρ− ρ4 − 12ρ2 ln ρ + 8ρ3
)
≈ 50



Ee spectrum

• S/B ~ 1/15 for Ee>2GeV. Background subtraction challenging!
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FIG. 4: (color online) Electron momentum spectra in the
Υ(4S) rest frame: (a) on-resonance data (open circles – blue),
scaled off-resonance data (solid circles – green); the solid line
shows the result of the fit to the non-BB events using both on-
and off-resonance data; (b) on-resonance data after subtrac-
tion of the fitted non-BB background (triangles – blue) com-
pared to simulated BB background that is adjusted by the
combined fit to the on- and off-resonance data (histogram);
(c) on-resonance data after subtraction of all backgrounds
(linear vertical scale, data points – red), compared to the sim-
ulated B → Xueν signal spectrum (histogram); the error bars
indicate errors from the fit, which include the uncertainties in
the fitted scale factors for non-BB and Xceν backgrounds.
The shaded area indicates the momentum interval for which
the on-resonance data are combined into a single bin for the
purpose of reducing the sensitivity of the fit to the shape of
the signal spectrum in this region.

Here ni and Nj refer to the number of selected events
in the off- and on-resonance samples, for the i-th or j-th
momentum bin (pj > 2.8 GeV/c), and !a is the set of free
parameters of the fit. For the function approximating
the momentum spectrum, we have chosen an exponential
expression of the form

f(!a, p) = a1 + exp(a2 + a3p + a4p
2) . (2)

The fit describes the data well: χ2 = 70 for 58 degrees of
freedom. Above 2.8 GeV/c, we observe (36.7±0.2)×103

events in the on-resonance data, compared to the fitted
number of (36.6 ± 0.2) × 103 events.

2. BB Background

The electron spectrum from B-meson decays is com-
posed of several contributions, dominated by the vari-

ous semileptonic decays. Hadronic B decays contribute
mostly via hadron misidentification and secondary elec-
trons from decays of D, J/ψ, and ψ(2S) mesons.

We estimate the total background by fitting the ob-
served inclusive electron spectrum to the sum of the sig-
nal and individual background contributions. For the
individual signal and BB background contributions, we
use the MC simulated spectra, and treat their relative
normalization factors as free parameters in the fit. The
non-BB background is parameterized by the exponential
functions f(!a, pi), as described above. We expand the χ2

definition as follows,

χ2 =
∑

i

(f(!a, pi) − rLni)2

r2
Lni

+

∑

j

(f(!a, pj) + S(!b, pj) − Nj)2

Nj + σ2
j MC

, (3)

where the first sum is for the off-resonance data and the
second sum for the on-resonance data. The BB electron
spectrum is approximated as S(!b, pj) =

∑

k bkgk(pj),
where the free parameters bk are the correction factors
to the MC default branching fractions for the six indi-
vidual contributions gk(pj) representing the signal B →
Xueν decays, the background B → Deν, B → D∗eν,
B → D∗∗eν, B → D(∗)πeν decays, and the sum of other
background events with electrons from secondary decays
or misidentified hadrons. σj MC is the statistical error of
the number of simulated events in the j-th bin. The mo-
mentum spectra gk(pj) are histograms taken from MC
simulations.

3. Fit to Inclusive Spectra

The fit is performed simultaneously to the on- and off-
resonance electron momentum spectra in the range from
1.1 to 3.5 GeV/c, in bins of 50 MeV/c. The lower part of
the spectrum determines the relative normalization of the
various background contributions, allowing for an extrap-
olation into the endpoint region above 2.0 GeV/c. To re-
duce a potential systematic bias from the assumed shape
of the signal spectrum, we combine the on-resonance data
for the interval from 2.1 to 2.8 GeV/c into a single bin.
The lower limit of this bin is chosen so as to retain the
sensitivity to the steeply falling BB background distri-
butions, while containing a large fraction of the signal
events in a region where the background is low. The fit
results are insensitive to changes in this lower limit in the
range of 2.0 to 2.2 GeV/c. The number of signal events
in a given momentum interval is taken as the excess of
events above the fitted background.

The observed spectra, the fitted non-BB and BB back-
grounds and the signal are shown and compared to MC
simulations in Fig. 4. The fit has a χ2 of 96 for 73 de-
grees of freedom. Above 2.3 GeV/c, the non-BB back-
ground is dominant, while at low momenta the semilep-
tonic BB background dominates. Contributions from

continuum subtraction
(using off-resonance measurements)

B→Xc e ν subtraction
(using B→Xc e ν Monte Carlo)

B→Xc e ν MC 

B→Xu e ν MC 

signal regionBABAR PRD 73:012006



MX spectrum

• The cuts reduce the small b→u signal even farther!
• Are a theoretical challenge

• Reduce available phase space enforce small MX.
• OPE breaks down! Terms                in OPE are no longer 

suppressed.
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Figure 2: Distributions of mX before (left) and after (right) subtraction of B → Xc!ν̄ and other backgrounds,
obtained by Babar on a sample of 88×106 BB events. Semileptonic decays are identified in the recoil of a fully
reconstructed hadronic B decay. Points are data, histograms represent signal and background contributions. The
mX spectrum after background subtraction is used to compute partial branching fractions as a function of the
mX cut, which are then combined with suitable integrations of the photon energy spectrum in b → sγ decays to

obtain Vub.

counting events below a cut on mX , and Vub is extracted by using the photon energy spectrum
in b → sγ decays as measured by Babar 10. Theory uncertainties increase as the mX cut is
decreased, since a region dominated by non-perturbative effects is selected. Experimental errors
increase at higher mX cuts due to background subtraction. The resulting optimal working point
corresponds to mX < 1.67 GeV, which gives a measurement of |Vub| (see Table 1) compatible
with other determinations and 12% uncertainty. As expected, the impact of shape function
parameters is small in this approach. The theory error results from neglecting high order terms
in the 1/mb expansion. A Vub measurement over the full mX spectrum is also shown in Table
1; as expected, the theory error decreases since the full phase space is used, but the statistical
error increases.

3.3 Inclusive Vub: Summary and Outlook

Table 1 shows a summary of inclusive Vub measurements, together with the latest average from
HFAG26. All measurements have been adjusted by HFAG so that the same theory framework16

and shape function parameters and uncertainties (Eq. 2) are used. The total uncertainty on
Vub from inclusive measurements is 7.4%, dominated by theory. The uncertainty from limited
knowledge of the shape function is about 4%. Experiments can help by determining shape
function parameters with better accuracy, but it will be hard to go down 30 MeV on mb.
Other theoretical uncertainties, due to neglecting higher order terms and weak annihilation
effects, contribute 5% to the uncertainty on Vub. While the latter can be studied experimentally,
the former will be difficult to improve. Other theory approaches, such as the Dressed Gluon
Exponentiation by Andersen and Gardi 17, are also promising and worth to investigate.

4

TABLE I: N raw
b→u, εb→u

sel , F and rsl
b→u for the three kinematic

signal regions.

∆Φ N raw
b→u εb→u

sel F rsl
b→u

MX/q2 268 ± 27 26.5% 1.03 0.687 ± 0.014
MX 404 ± 37 28.7% 1.07 0.700 ± 0.011
P+ 340 ± 32 25.5% 1.01 0.700 ± 0.012

rate:

W =
∆Γu!ν(∆Φ)

Γ(X!ν)
=

N raw
b→u

Nsl
×

F

εb→u
sel

×
εsl
frec

εb→u
frec

×
εsl

!

εb→u
!

. (1)

To extract the raw number of signal events, N raw
b→u

, we
fit the MX and P+ distributions with MC-determined
shapes for B → Xu!ν and B → Xc!ν and subtract the
B → Xc!ν contribution. The results for the MX/q2 and
P+ regions are shown in Figs. 1(b) and 2(a), respectively.
MC simulation is used to estimate the conversion factor
F of the observed number of events N raw

b→u
to the num-

ber of signal events produced in the region in question
and observed anywhere, and to estimate the efficiency
for these events, εb→u

sel .
Nsl = (9.14±0.05)×104 is the number of events having

at least one lepton with p∗
!
≥ 1 GeV/c, determined from a

fit to the corresponding Mbc distribution (Fig. 1(a)), and
corrected for the expected fraction of background events
from non-semileptonic decays (14.0%), as estimated by
MC simulation. The factor εsl

frec/εb→u
frec accounts for a

possible difference in the Btag reconstruction efficiency
in the presence of a semileptonic or B → Xu!ν decay;
εsl

! /εb→u
! is the ratio of both lepton identification effi-

ciencies and fractions of semileptonic decay leptons with
p∗! ≥ 1 GeV/c, in the whole kinematic phase space for
semileptonic decays, and within the kinematic signal re-
gion for signal events. The product of efficiency ratios
rsl
b→u ≡ εsl

frec/εb→u
frec × εsl

! /εb→u
! is obtained from MC sim-

ulation. Table I summarizes the results for N raw
b→u

, εb→u
sel ,

F and rsl
b→u

for all three signal regions, where the error
in N raw

b→u is statistical only. Inserting these values in Eq.
1, we obtain the three values of W . As both numerator
and denominator of W have been obtained from the same
tag sample, the B0/B+ weightings are the same, and W
has no dependence on lifetimes. Multiplying W by the
average measured semileptonic rate Γ(X!ν) = B(B →
X!ν)/τB, obtained from B(B → X!ν) = 0.1073± 0.0028
and τB = (1.604 ± 0.016) ps [19], gives the average
∆Γu!ν(∆Φ). The results with relative errors are given
in Table II.

We divide the experimental error into four categories:
statistical, systematic, b → c and b → u MC mod-
eling errors, and summarize them in Table II for the
three ∆Γu!ν(∆Φ) measurements. The two modeling er-
rors include the uncertainty in signal event extraction,
efficiency and unfolding factor determination due to the
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FIG. 2: (a) The P+ distribution for the selected events, with
fitted contributions from B → Xc"ν and B → Xu"ν, (b)
P+ distribution (symbols with error bars) after subtracting
B → Xc"ν, with fitted B → Xu"ν contribution (histogram).

TABLE II: Partial rates to the three kinematic signal regions
with relative errors (in %).

∆Φ ∆Γu!ν(∆Φ) stat syst b → u b → c
MX/q2 5.24 × 10−4 ps−1 10.0 8.9 6.2 5.3
MX 7.71 × 10−4 ps−1 9.1 7.1 6.1 2.2
P+ 6.89 × 10−4 ps−1 9.4 9.3 6.4 8.7

choice of specific theoretical models and values of the
parameters used in our MC predictions. For signal
B → Xu!ν MC, the shape function parameters ΛSF =
(0.66± 0.15)GeV/c2 and λSF

1 = −(0.40± 0.20)GeV2/c2

were varied within the stated limits, taking into account
the negative correlation between them [20]. To take into
account the uncertainty of the prediction in Ref. [12], we
use a factor of two larger error for ΛSF than was deter-
mined in Ref. [20]. For B → Xc!ν MC, the uncertainty
due to our limited knowledge of branching fractions is
studied by varying the contributions of D!ν and D∗!ν
and the relative fraction of narrow states D1 and D∗

2 that
contribute to D∗∗!ν to estimate the modeling error of the
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• u-quark propagator denominator 

• Total rate: (pX=mb v-q)

• After cut to eliminate B→Xc e ν

OPE with cut

e
b bu

mbv + k − q

q = pe + pν

1
(mbv + k − q)2

=
1

(mbv − q)2 − 2(mbv − q)k + k2

pB = mbv + k

p2
X ∼ m2

b , pX · k ∼ mbΛQCD , k2 ∼ Λ2
QCD

p2
X ∼ mbΛQCD , pX · k ∼ mbΛQCD , k2 ∼ Λ2

QCD



• Without cut (or modest cuts) 

• Hadronic part: local operators with derivatives

• With cut to eliminate B→Xc e ν
•

Shape function
e

b bu

mbv + k − q
q = pe + pνpB = mbv + k

hv(k) kµ hv(k)→ hv(x) iDµ hv(x) etc.

1
(mbv + k − q)2

=
1

pX · (pX − k)

[
1 +

k2

pX · (pX − k)
+ . . .

]

Function of pX ⋅k ! Nonlocal object  in position space. Matrix element is “Shape function”

1
(pX + k)2

=
1

p2
X

[
1 +

2 pX · k

p2
X

+ . . .

]

hv(k) hv(k)→ hv(x) hv(x) ,



B B B B

OPE
expand in 1/mb,

perturbative

} }

Wilson coeff. local operators, matrix 
elements in HQET

b b b b
c

C

QCD

Two relevant scales:  mb  ≫ ΛQCD  

Total rate (or mild cuts)



B BB B

u
bb

C̃⊗

Three different scales:   mb  ≫ MX     ≫ ΛQCD  

Small MX: “shape function region”

Nonlocal, nonperturbative 
matrix element 

“Shape function”

Double expansion:   MX/mb   and  ΛQCD/MX 

perturbative

Can use soft-collinear effective theory (SCET) 
to perform expansion in a systematic way 

mb , MX   



H(µh) H(µh)

Soft-Collinear Effective Theory

Γ ∼ H
2
J ⊗ S

QCD

Heavy-Quark Effective Theory

J(p2, µi)

H(µh) H(µh)

Factorization theorem

B

B

BBB

B
Korchemsky, Sterman ‘94

u
bb

softhard jet
shape function



Shape function S(ω)
• At this point things look bleak: Even in the 

limit mb→∞, we need a nonperturbative 
shape function S(ω) as input!
• Similar to hadron collider physics, where 

we need non-perturbative parton 
distributions to make predictions.

• Know a few properties: once we integrate 
over the spectrum, we obtain usual OPE 
expression.
• Moments are given in terms of HQET 

parameters, such as mb, λ1.



B→Xs γ to the rescue
• Fortunately, the same shape function S(ω) 

appears in the calculation of the B→Xs γ 
photon energy spectrum.

• Only hard function differs from B→Xu l ν.
• Two strategies to extract |Vub|:

• Make ansatz for S(ω), depending on a number 
of parameters. Constrain with B→Xs γ spectrum 
and B→Xc l ν moments. 

• Use relations between the B→Xs γ and B→Xu l ν 
spectra in which shape function drops out.

dΓ
dEγ

= Hγ J ⊗ S



Vub using shape function

• Analysis also includes subleading shape functions.

• Uses B→Xs γ  and B→Xc l ν to constrain shape functions.
• Uses different parameterizations to estimate dependence on 

functional form.

29 September 2006 M. Morii, Harvard 19

|Vub| from Inclusive B ! Xu!!

! |Vub| determined to ±7.3%

! Expt. and SF errors will 
improve with more data

! What’s the theory error?

World Average 4.49 ± 0.33

"2/dof = 6.1/6

Statistical ±2.2%

Expt. syst. ±2.8%

b ! c!! model ±1.9%

b ! u!! model ±1.6%

SF params. ±4.2%

Theory ±4.2%

HFAG number is based on 
Lange, Neubert and Paz
Phys.Rev.D72:073006,2005

subleading SF, PT, WA



Vub without shape function

• Babar |Vub| values from weighted integrals over the two 
spectra appeared very recently in hep-ph/0702072.

• They use 3 different theoretical evaluations of the weight 
function.
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Figure 1: The normalized inclusive electron spectrum in B → Xueν decays [10] measured in
the Υ(4S) rest frame. The error bars indicate the statistical errors. The histogram represents
the theoretical prediction [12].

total integrated luminosity of about 80 fb−1. The measured spectra will be integrated above
an energy E0, measured in the B-meson rest frame.

2.1 Inclusive Lepton Spectrum in B → Xueν Decays

The inclusive electron-energy spectrum above 2.0 GeV, measured in the Υ(4S) rest frame,
is shown in Fig.1. The data are fully corrected for efficiencies and radiative effects. They are
normalized to the total number of charged and neutral B-meson decays and presented as partial
branching fractions.

For the extraction of |Vub| we need to transform the measured branching fractions from the
Υ(4S) rest frame to the branching fraction in the B-meson rest frame with a lower electron
energy cut at E0 . This is done using correction factors derived from the predicted electron
spectrum [12], calculated with the shape-function parameters based on a global fit [13] to mo-
ments of inclusive distributions in semileptonic and radiative B-meson decays. The systematic
uncertainties for this transformation are estimated by varying the shape-function parameters
within their experimental uncertainties. The resulting partial branching fractions for different
values of the in the electron-energy cut-offs, E0, measured in the Υ(4S) and the B-meson rest
frame, and correction factors relating the two, are listed in Table 1.

2.2 Inclusive Photon Spectrum from B → Xsγ Decays

We use the BABAR measurements of the semi-inclusive B → Xsγ decay rate [11]. This photon
spectrum is derived from the sum of the photon spectra of 38 exclusive decay modes and is
measured in the B-meson rest frame. The data are fully corrected for efficiencies and radiative

3

Table 1: Partial branching fractions for B → Xueν decays in units 10−3, integrated over the
energy range from E0 to 2.6 GeV/c, both in the Υ(4S) rest frame and the B-meson rest frame,
as well as the correction factor relating the two. The uncertainty of the correction factor reflects
the uncertainty in the assumed shape of the spectrum.

E0 ∆B(E0) · 103 Correction ∆B(E0) · 103

[GeV] Υ(4S) rest frame factor B rest frame
2.0 0.572 ± 0.041 ± 0.065 1.002 ± 0.005 0.573 ± 0.077
2.1 0.392 ± 0.023 ± 0.038 0.994 ± 0.008 0.390 ± 0.044
2.2 0.243 ± 0.011 ± 0.020 0.973 ± 0.016 0.236 ± 0.023
2.3 0.148 ± 0.006 ± 0.010 0.915+0.041

−0.034 0.135 ± 0.012
2.4 0.075 ± 0.004 ± 0.006 0.772+0.075

−0.084 0.058 ± 0.008

effects. They are normalized to the total number of charged and neutral B-meson decays and
presented as differential branching fractions. The measured B → Xsγ differential branching
fraction is shown in Fig. 2.
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Figure 2: The differential photon energy spectrum in the B rest frame, derived from the sum the
photon spectra of 38 exclusive B → Xsγ decay modes. The error bars indicate the statistical
errors. The data are compared to the theoretical prediction [12] with the shape function
parameters mb = 4.67 GeV, µ2

π = 0.16 GeV2 obtained from the fit to Eγ spectrum [11].

3 Theoretical Framework for the Extraction of |Vub|

3.1 Method I proposed by Leibovich, Low, Rothstein

A. K. Leibovich, I. Low, and I. Z. Rothstein [3, 4] proposed a method for the extraction of the
ratio |Vub|2/|VtbV ∗

ts|2 without invoking knowledge of the shape function. Their calculation relates

4Uncertainties: b→u, b→s, theory, Vts   

B→Xs γ photon energy spectrum  

reaching 100% above E0 ! 2.3 GeV. This is due to the denominator in Eq. 8, the sum of the
weighted integral and the residual hadronic correction Γrhc(E0). This correction is negative and
almost independent of E0. As E0 increases, the integral over the photon spectrum decreases
and its contribution to the total uncertainty increases. The same is the case for the uncertainty
of the Γrhc. This is not unexpected, because the effect of non-perturbative hadronic corrections
must increase in the region close to kinematic endpoints for both decays.

5 Conclusion

We have extracted the CKM matrix element |Vub| using published BABAR measurements of the
inclusive lepton spectrum in B → Xueν decays and inclusive photon spectrum in B → Xsγ
decays. By using the ratios of the weighted spectra for these two decays, the results are expected
to be less model dependent than previous measurements relying on the extraction of the shape
functions from data and specific parameterizations of these functions.

Table 7: Comparison of the |Vub| extraction for E0 = 2.0 GeV for all methods considered. The
first error reflects the uncertainty in the measurements of the B → Xulν lepton spectrum, the
second error is due to the measurement of the B → XSγ photon spectrum. For the shape-
function based analysis, the second error originates from the extraction of the shape-function
parameters, in this case based on both the inclusive photon spectrum as well as hadron-mass
and lepton-energy moments from B → Xclν decays. The third is the theoretical uncertainty.
The fourth error for Methods I and II is due to the uncertainty of |Vts|.

Method |Vub| · 103

LLR [3, 4] 4.28 ± 0.29 ± 0.29 ± 0.26 ± 0.28
Neubert [6] 4.01 ± 0.27 ± 0.29 ± 0.32 ± 0.27
BLNP [7, 8] 4.40 ± 0.30 ± 0.41 ± 0.23
SF-based analysis [10] 4.44 ± 0.25 +0.42

−0.38 ± 0.22

For comparison, the results for E0 = 2.0 GeV for all three methods are presented in Ta-
ble 7, together with the BABAR shape-function based measurement [10]. Figure 6 shows the
dependence of the results on the lepton energy cut-off, E0.

All measurements agree well within their stated uncertainties. Methods I and II result in
values of |Vub| and errors that appear to be unaffected by the restriction of the phase space near
the kinematic limit. The theoretical errors are somewhat smaller than for Method III, and also
smaller than for the previous extraction method, but there is an additional error due to the
uncertainty of |Vts|.

The values of |Vub| extracted by using Method III for the lepton energy cut-off at E0 =
2.0 GeV and 2.1 GeV agree well with those of the other methods. The lowest total theoretical
error is obtained for E0 = 2.0 GeV; it is about 5%, and according to the authors, this error is
more reliably estimated. However, at larger E0, there are several increasing contributions to
the theoretical uncertainties. Furthermore, the error contributions from the integral over the
photon spectrum increase very rapidly as the phase space is more restricted.

At present, for E0 = 2.0 GeV, the experimental errors on both the B → Xulν branching
fraction and the integral over B → Xsγ are about 12%; this means that there are opportunities
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B→Xs γ
Chasing New Physics with 4-loops



A sensitive probe of New Physics
• FCNC process. Loop suppressed in the SM
• e.g. strong constraint on the MSSM

b s

t̃ b̃

H
+

t

W̃ g̃

bb ss

MFV

MFV

W

b s

γ

t
Vtb V ∗

ts



Elements of the NNLO calculation
• After large theory effort over the last years 

we have obtained the rate at NNLO level.
• O(20) papers with necessary calculations.

• Needs all of the following at NNLO:
1. Effective weak Hamiltonian

a. Matching at high scale (2- and 3-loop)
b. RG evolution to low scale (3- and 4-loop)

2. Calculation of rate at NNLO
a. OPE for total rate ( ← so far only estimate)
b. Effect of the photon energy cut 

Eγ>E0≈1.9GeV



Match and run, match and run...
• Many energy scales. Use different effective 

theories to treat each of them in turn.
• O(105) diagrams along the way...

SM          Fermi Theory         SCET         HQET     
MW, mt, ... mb MX 

1 Introduction

The inclusive weak radiative B̄-meson decay is known to be a sensitive probe of new physics.
Its branching ratio has been measured by CLEO [1], ALEPH [2], BELLE [3] and BABAR [4].
The experimental world average [5]

BR[B̄ → Xsγ, (Eγ > 1
20mb)] = (3.34 ± 0.38) × 10−4 (1.1)

agrees with the Standard Model (SM) predictions [6, 7]

BR[B̄ → Xsγ, (Eγ > 1.6 GeV)] = (3.57 ± 0.30) × 10−4, (1.2)

BR[B̄ → Xsγ, (Eγ > 1
20mb)] # 3.70 × 10−4. (1.3)

Such a good agreement implies constraints on a variety of extensions of the SM, including
the Minimal Supersymmetric Standard Model with superpartner masses ranging up to several
hundreds GeV. These constraints are expected to be crucial for identification of possible new
physics signals at the Tevatron, LHC and other high-energy colliders. However, any future
increase of their power depends on whether the theoretical calculations manage to follow the
improving accuracy of the experimental determinations of BR[B̄ → Xsγ].

As pointed out more than two years ago [6], the main theoretical uncertainty in the SM
prediction for BR[B̄ → Xsγ] originates from the perturbative calculation of the b → sγ ampli-
tude. It is manifest when one considers the charm-quark mass renormalization ambiguity [6]
in the two-loop, Next-to-Leading Order (NLO) QCD corrections to this amplitude [7, 8]. The
only method for removing this ambiguity is calculating the three-loop, Next-to-Next-to-Leading
Order (NNLO) QCD corrections. A sample NNLO diagram is shown in Fig. 1.

s

u, c, t
b

W

γ

Figure 1: One of the O(103) three-loop diagrams that we have calculated.

Since mb $ MW , such diagrams are most conveniently calculated using an effective field
theory language. The electroweak-scale contributions are encoded into the matching conditions
for the Wilson coefficients, while the b-quark-scale contributions are seen as matrix elements
of several flavour-changing operators. Large logarithms ln(M2

W /m2
b) are resummed using the

effective theory Renormalization Group Equations (RGE) that result from the operator mixing
under renormalization.

1

Figure 1: Two-loop diagrams contributing to the jet function in QCD. Gluons emitted from the

crossed circles originate from the Wilson lines. Not shown are additional diagrams resulting from

mirror images in which the two external points are exchanged. The first diagram is the full fermion

two-point function, not just the one-particle irreducible part.

2.1 Evaluation of the two-loop diagrams

We first discuss the evaluation of the bare quantity jbare(Q
2) and later perform its renormalization.

Let us begin by quoting the result for the one-loop master integral

∫
ddk

(−1)−a−b−c
(
k2 + i0

)a [
(k + p)2 + i0

]b
(n̄ · k)c

= iπ
d
2

(
−p2 − i0

) d
2
−a−b

(n̄ · p)−c J(a, b, c) , (8)

with

J(a, b, c) =
Γ(d

2
− b) Γ(d

2
− a − c) Γ(a + b − d

2
)

Γ(a) Γ(b) Γ(d − a − b − c)
. (9)

At two-loop order, the most general integral we need is (omitting the “+i0” terms for brevity)

∫
ddk

∫
ddl

(−1)−a1−a2−a3−b1−b2−b3−c1−c2
(
k2
)a1 (l2

)a2 [(k − l)2
]a3 [(k + p)2

]b1 [(l + p)2
]b2 [(k + l + p)2

]b3 (n̄ · k)c1 (n̄ · l)c2

= −πd
(
−p2
)d−a1−a2−a3−b1−b2−b3

(n̄ · p)−c1−c2 J(a1, a2, a3, b1, b2, b3, c1, c2) . (10)

We use the same standard reduction techniques as in the two-loop calculation of the soft function [2]

to express all integrals we need for the evaluation of the diagrams in Figure 1 in terms of four master

integrals Mn. Introducing the dimensional regulator ε = 2 − d/2, we obtain

M1 = J(1, 1, 0, 0, 0, 1, 0, 0) =
Γ3(1 − ε) Γ(2ε − 1)
Γ(3 − 3ε)

,

3

Figure 1: Two-loop graphs contributing to the soft function. Double lines denote heavy-quark

propagators, while crosses denote possible insertions of the operator (ω + in · D + i0)−1.

loop techniques. Dimensional analysis implies that an n-loop contribution to the matrix element in

the integrand of the contour integral is proportional to (−ω)−1−2nε , where d = 4− 2ε is the dimension
of space-time. The relevant contour integration yields

1

2πi

!
|ω|=Ω

dω (−ω)−1−2nε = −Ω−2nε
sin 2πnε

2πnε
. (9)

The two-loop Feynman diagrams contributing to the matrix element in (8) are shown in Fig-

ure 1. They are on-shell heavy-quark self-energy diagrams with an operator insertion of the gauge-

covariant light-cone propagator. Instead of drawing a separate diagram for each insertion, we draw

the topology for a set of diagrams and indicate with a cross the locations where the operator can be

inserted. The loop integrals arising in the calculation of the soft function contain heavy-quark as

well as light-cone propagators. The one-loop master integral is

∫
d
d
k

(−1)−a−b−c
(
k2 + i0

)a
(v · k + i0)b (n · k + ω + i0)c

= iπ
d

2 2b (−ω)d−2a−b−c I1(a, b, c) , (10)

where ω ≡ ω + i0, and

I1(a, b, c) =
Γ(a + b − d

2
) Γ(2a + b + c − d) Γ(d − 2a − b)
Γ(a) Γ(b) Γ(c)

. (11)

The most general two-loop loop integral we need has the form

∫
d
d
k d

d
l

(−1)−a1−a2−a3−b1−b2−b3−c1−c2
(
k2
)a1 (

l2
)a2 [(k − l)2

]a3 (v · k)b1 (v · l)b2 [v · (k + l)]b3 (n · k + ω)c1 (n · l + ω)c2

= −πd 2b1+b2+b3 (−ω)2d−2a1−2a2−2a3−b1−b2−b3−c1−c2 I2(a1, a2, a3, b1, b2, b3, c1, c2) , (12)

where all denominators have to be supplied with a “+i0” prescription. Note that we do not restrict the

exponents a1, . . . , c2 to be positive. Loop integrals with non-trivial numerators are written as linear

combinations of integrals for which some of the indices take negative values. A third light-cone

propagator, [n·(k−l)+ω]−1, can be eliminated using partial fractioning followed by a shift of the loop

4

after photon energy cut



• Experimental average (HFAG) 

• for cut Eγ>E0=1.6GeV

• stat.+syst., extrapolation to low E0, b→γd subtr.

• Theory @ NNLO (hep-ph/0610067 with hep-ph/0609232)

•    % perturbative, 4% parametric, 5% power  
corrections, 3% interpolation in mc.

• 1.4σ below exp. value. 1-2σ below NLO value. (Gambino 
Misiak ‘01 found BR=(3.6±0.3)x10-4 at NLO.)
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By combining a recent estimate of the total B̄ → Xsγ branching fraction at O(α2
s) with a detailed

analysis of the effects of a cut Eγ ≥ 1.6 GeV on photon energy, a prediction for the partial B̄ → Xsγ
branching fraction at next-to-next-to-leading order in renormalization-group improved perturbation
theory is obtained, in which contributions from all relevant scales are properly factorized. The result
Br(B̄ → Xsγ) = (2.98± 0.26) · 10−4 is about 1.4σ lower than the experimental world average. This
opens a window for significant New Physics contributions in rare radiative B decays.

I. INTRODUCTION

The inclusive decay B̄ → Xsγ is an important exam-
ple of a flavor-changing neutral current process, which
has been used to test the flavor sector of the Standard
Model. Many groups have worked on improving the the-
oretical analysis of this process so as to keep pace with
refinements in the measurements of its branching frac-
tion. The effective weak Hamiltonian at next-to-next-to-
leading order (NNLO) has been obtained by calculating
multi-loop matching coefficients and anomalous dimen-
sions [1, 2, 3, 4]. While the fermionic NNLO corrections
to the b → sγ matrix elements have been known for some
time [5], complete NNLO corrections are presently only
available for the electro-magnetic dipole operator [6, 7].
However, an approximate result for the NNLO charm-
penguin contributions has just been published [8]. Com-
bining these ingredients, a first estimate of the B̄ → Xsγ
branching ratio at NNLO has been presented in [9].

A complication in the analysis arises from the fact
that measurements of the B̄ → Xsγ branching fraction
impose stringent cuts on photon energy (defined in the
B-meson rest frame), Eγ > E0, with E0 in the range
between 1.8 to 2.0GeV. The standard treatment is to
extrapolate different measurements to a common refer-
ence point E0 = 1.6GeV using phenomenological mod-
els [10]. In that way, the experimental world average
Br(B̄ → Xsγ) = (3.55±0.24+0.09

−0.10 ±0.03) ·10−4 has been
derived [11]. The first error is statistical, the second one
systematical, the third one is due to the extrapolation
from high E0 to the reference value, and the last error
accounts for the subtraction of B̄ → Xdγ background. A
theoretical result for the branching ratio with a cut at
E0 = 1.6GeV has been derived in [9] using two-loop cal-
culations of the photon-energy spectrum in fixed-order
perturbation theory [12, 13]. It has been argued that
the extrapolation from the total to the partial branching
fraction does not introduce additional theoretical uncer-
tainties. This assertion is questionable because of the dy-
namical relevance of a soft scale ∆ = mb−2E0 ≈ 1.4GeV,
whose value is significantly lower than the b-quark mass.

Accounting for the photon-energy cut properly re-
quires to disentangle contributions associated with the

hard scale µh ∼ mb, the soft scale µ0 ∼ ∆, and an inter-
mediate scale µi ∼

√
mb∆ set by the typical final-state

hadronic invariant mass. When the cut value E0 is cho-
sen sufficiently low, ∆ becomes a short-distance scale,
and renormalization-group (RG) improved perturbation
theory can be employed to calculate the effects of the
photon-energy cut using a multi-scale operator product
expansion [14]. We have recently performed a systematic
analysis of these effects at NNLO. Two-loop corrections
at the soft scale were calculated in [15], while those at
the intermediate scale were computed in [16]. Here, the
analysis is completed by extracting the two-loop hard
matching corrections from a comparison with fixed-order
calculations of the photon spectrum.

Using this method, we compute the fraction of all
B̄ → Xsγ events with Eγ ≥ 1.6GeV with a perturbative
precision of 5%. At this level of accuracy several other,
nonperturbative effects need to be evaluated carefully.
The event fraction receives hadronic power corrections
∼ (ΛQCD/∆)n governed by B-meson matrix elements of
local operators. The leading correction (n = 2) is known
and turns out to be small, but terms with n ≥ 3 are
presently unknown. Recently, a new class of enhanced
ΛQCD/mb corrections to the B̄ → Xsγ decay rate has
been identified, which involve matrix elements of nonlo-
cal operators [17]. A model analysis using the vacuum
insertion approximation indicates that these corrections
affect the total decay rate at the level of a few percent.

Combining our result for the event fraction with the
prediction for the total branching fraction from [8, 9], we
obtain

Br(B̄ → Xsγ) = (2.98 ± 0.26) · 10−4 (1)

for E0 = 1.6GeV, where we have added in quadrature
the uncertainties from higher-order perturbative effects
(+4
−6%), hadronic power corrections (5%), parametric de-

pendencies (4%), and the interpolation in the charm-
quark mass (3%). Two-loop perturbative corrections at
the intermediate and soft scales significantly lower the
branching fraction with regard to the fixed-order result
given in [8], and they increase the theoretical uncertainty.
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By combining a recent estimate of the total B̄ → Xsγ branching fraction at O(α2
s) with a detailed

analysis of the effects of a cut Eγ ≥ 1.6 GeV on photon energy, a prediction for the partial B̄ → Xsγ
branching fraction at next-to-next-to-leading order in renormalization-group improved perturbation
theory is obtained, in which contributions from all relevant scales are properly factorized. The result
Br(B̄ → Xsγ) = (2.98± 0.26) · 10−4 is about 1.4σ lower than the experimental world average. This
opens a window for significant New Physics contributions in rare radiative B decays.

I. INTRODUCTION

The inclusive decay B̄ → Xsγ is an important exam-
ple of a flavor-changing neutral current process, which
has been used to test the flavor sector of the Standard
Model. Many groups have worked on improving the the-
oretical analysis of this process so as to keep pace with
refinements in the measurements of its branching frac-
tion. The effective weak Hamiltonian at next-to-next-to-
leading order (NNLO) has been obtained by calculating
multi-loop matching coefficients and anomalous dimen-
sions [1, 2, 3, 4]. While the fermionic NNLO corrections
to the b → sγ matrix elements have been known for some
time [5], complete NNLO corrections are presently only
available for the electro-magnetic dipole operator [6, 7].
However, an approximate result for the NNLO charm-
penguin contributions has just been published [8]. Com-
bining these ingredients, a first estimate of the B̄ → Xsγ
branching ratio at NNLO has been presented in [9].

A complication in the analysis arises from the fact
that measurements of the B̄ → Xsγ branching fraction
impose stringent cuts on photon energy (defined in the
B-meson rest frame), Eγ > E0, with E0 in the range
between 1.8 to 2.0GeV. The standard treatment is to
extrapolate different measurements to a common refer-
ence point E0 = 1.6GeV using phenomenological mod-
els [10]. In that way, the experimental world average
Br(B̄ → Xsγ) = (3.55±0.24+0.09

−0.10 ±0.03) ·10−4 has been
derived [11]. The first error is statistical, the second one
systematical, the third one is due to the extrapolation
from high E0 to the reference value, and the last error
accounts for the subtraction of B̄ → Xdγ background. A
theoretical result for the branching ratio with a cut at
E0 = 1.6GeV has been derived in [9] using two-loop cal-
culations of the photon-energy spectrum in fixed-order
perturbation theory [12, 13]. It has been argued that
the extrapolation from the total to the partial branching
fraction does not introduce additional theoretical uncer-
tainties. This assertion is questionable because of the dy-
namical relevance of a soft scale ∆ = mb−2E0 ≈ 1.4GeV,
whose value is significantly lower than the b-quark mass.

Accounting for the photon-energy cut properly re-
quires to disentangle contributions associated with the

hard scale µh ∼ mb, the soft scale µ0 ∼ ∆, and an inter-
mediate scale µi ∼

√
mb∆ set by the typical final-state

hadronic invariant mass. When the cut value E0 is cho-
sen sufficiently low, ∆ becomes a short-distance scale,
and renormalization-group (RG) improved perturbation
theory can be employed to calculate the effects of the
photon-energy cut using a multi-scale operator product
expansion [14]. We have recently performed a systematic
analysis of these effects at NNLO. Two-loop corrections
at the soft scale were calculated in [15], while those at
the intermediate scale were computed in [16]. Here, the
analysis is completed by extracting the two-loop hard
matching corrections from a comparison with fixed-order
calculations of the photon spectrum.

Using this method, we compute the fraction of all
B̄ → Xsγ events with Eγ ≥ 1.6GeV with a perturbative
precision of 5%. At this level of accuracy several other,
nonperturbative effects need to be evaluated carefully.
The event fraction receives hadronic power corrections
∼ (ΛQCD/∆)n governed by B-meson matrix elements of
local operators. The leading correction (n = 2) is known
and turns out to be small, but terms with n ≥ 3 are
presently unknown. Recently, a new class of enhanced
ΛQCD/mb corrections to the B̄ → Xsγ decay rate has
been identified, which involve matrix elements of nonlo-
cal operators [17]. A model analysis using the vacuum
insertion approximation indicates that these corrections
affect the total decay rate at the level of a few percent.

Combining our result for the event fraction with the
prediction for the total branching fraction from [8, 9], we
obtain

Br(B̄ → Xsγ) = (2.98 ± 0.26) · 10−4 (1)

for E0 = 1.6GeV, where we have added in quadrature
the uncertainties from higher-order perturbative effects
(+4
−6%), hadronic power corrections (5%), parametric de-

pendencies (4%), and the interpolation in the charm-
quark mass (3%). Two-loop perturbative corrections at
the intermediate and soft scales significantly lower the
branching fraction with regard to the fixed-order result
given in [8], and they increase the theoretical uncertainty.
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