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Outline of these lectures
1. Heavy quark physics

• Heavy-quark spin and flavor symmetry
• Spectroscopic implications

• Heavy Quark Effective Theory
• |Vcb| from exclusive semileptonic decay

2. Inclusive B-decays
• Operator Product Expansion
• Determination of |Vub|, |Vcb |from semileptonic decays
• Radiative decays: test of FCNC interactions
• Heavy hadron lifetimes

3. Exclusive radiative and hadronic B-decays
• Factorization, Soft-Collinear Effective Theory
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Basic problem
• Want to measure strength and test the 

structure of flavor changing quark 
interactions, but measure hadron decays.

• No information on weak interaction 
without handle on QCD dynamics.
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Methods
• Effective theories

• Scale separation
• Asymptotic freedom: QCD effects associated 

large scales are calculable in perturbation 
theory.

• Symmetries
• QCD is more symmetric than weak interaction. 
• Same strong interaction physics appears in 

different weak interaction processes.

• Lattice gauge theory
• “Simple” QCD matrix elements are calculable



”divide and conquer”*

• After the calculation of QCD effects 
associated with higher scales, the low 
energy parts
• have additional (approximate) 

symmetries 
• are simpler to evaluate on the lattice

• need effective theories to simulate b-
quarks on the lattice

* For many more applications of latin in flavor physics, see  I. Bigi, hep-ph/0701273, ...



Symmetries of QCD

• SU(3) gauge symmetry
• C, P, T

• CP: 
• Crucial for extraction of sin(2β)

• Flavor symmetric except for mass term 
• mu, md, ms ≪ ΛQCD: isospin, flavor SU(3)
• mb, mc, mt ≫ ΛQCD: heavy quark symmetry

• Chiral (“left-right”) symmetry for mq=0

AQCD(i→ f) = AQCD(̄i→ f̄)

LQCD = −1
4
GA

µνGµν
A +

∑

flavors

q̄ (iD/−mq) q



Side remark: ΛQCD 
• The “typical QCD scale” ΛQCD stands for any 

scale which stays finite when we send
• mq→0  for the light quarks
• mQ→∞  for the heavy quarks

• Examples
• Not O(ΛQCD):  Mπ, MB, ...
• O(ΛQCD)  :  Mp, Mρ, Fπ, Mπ2/(mu+md)...

• In EFT’s we perform expansions in ΛQCD/mQ 
(HQETs), mq/ΛQCD (CHPT)
• Fortunately, Fπ appears as  4π Fπ ~ 1GeV
• Unfortunately, there are Mπ2/(mb(mu+md)) 

“corrections” to hadronic penguin B-decays.

90 MeV 3GeV



Heavy-Quark Symmetry



• Heavy quark carries 
almost all four-momentum 
of the meson.
• In meson rest frame 

heavy quark Q is (almost) 
at rest.
• Q acts as a static color 

source.
• As mQ→∞

Rhad ∼
1

ΛQCD
" 1

mQ
= λQ

Q

αs(mQ)! 1

Simplifications:

Rhad

Heavy-light meson

vµ = γ(1,"v) =
Pµ

H

MH
→

Pµ
Q

mQ



• Cloud of light degrees of 
freedom (“antiquark” in 
a meson) does not feel 
the mass of the heavy 
quark as mQ →∞:
• “flavor symmetry”

• Magnetic moment             
µQ ~ 1/mQ. Heavy quark 
spin decouples:
• “spin symmetry” 

Rhad ∼
1

ΛQCD
" 1

mQ
= λQ

Q

αs(mQ)! 1

Simplifications:

Rhad

Heavy-light meson



Spin-flavor symmetry

B̄

B̄∗ D∗

D
flavor

flavor

spin spin

Q: How about baryons, such as Λb?



         Compare to H-atom

• Proton acts as a static electric source
• energy levels are indepenent of mp.

• Proton spin effects are suppressed by 1/mp.

• However: dynamics of light degrees in atom is 
much simpler than Qq meson
• In contrast, QQ meson becomes perturbative as 

mQ and is described by a Schrödinger-type 
equation.

e−

p



0

100

200

300

400

500

600

Heavy-light meson spectrum

• To leading power, bottom and charm spectra are simply shifted by 
constant amount mb-mc=3.4GeV.

• MB1-MB = (455±5) MeV, MD1-MD = (553±1)MeV 
• “Spin doublets” almost degenerate: 

• e.g. MB* - MB = 46 MeV
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Heavy meson masses

• Works numerically well:
• (MB* - MB)/(MD* - MD) = 0.32 ≈ mc/mb 
• Power corrections: MH*2 - MH2 = 4λ2. 

• MB*2 - MB2 = 0.49 GeV2, 

• MD*2 - MD2 = 0.55 GeV2.
• Note: different parameters Λ, λ1, λ2 for ground 

state (B, B*) and excited mesons (Bs1, Bs2), etc. 

“binding energy” correction to heavy-quark limit

dJ=0 = −3, dJ=1 = 1Spin dependence:

MH = mQ + Λ̄− λ1

2mQ
+

dJλ2

2mQ



Heavy baryons

• No λ2-term for Λ-baryons:
•                                                                               for sl=0

• Meson baryon mass difference

• End of last year CDF has discovered Σb’s: Σb*-Σb= 21MeV
• Note sl = 1 for Σb

• MΣb-MΛc=192MeV, MΣc-MΛc=169MeV

Spin of the light degrees of freedom

dJ = 2{j(j + 1)− sQ(sQ + 1)− sl(sl + 1)} = 0

Spin averaged meson mass (no λ2-term) 

MΛb −
1
4
(3MB∗ + MB) = (306± 2)MeV

MΛc −
1
4
(3MD∗ + MD) = 314MeV

MΛ = mQ + Λ̄baryon − λbaryon
1

2mQ
+

dJλ2

2mQ



Heavy-quark effective theory (HQET)
 



Goal

• Construct low-energy effective theory 
that describes interactions of heavy 
quark with light degrees of freedom
• recover spin-flavor symmetry for 

mQ→∞
• obtain systematic framework to study 

corrections to that limit

Leff = L∞ + L1/mQ
+ . . .



Dirac equation

• QCD Lagrangian

• Dirac equation

• Warm up: solve free Dirac equation for a 
heavy quark at rest

LQCD = Lgluons+light quarks + ψ̄Q(iD/−mQ)ψQ

γµ (i
∂

∂xµ
+ gs AA

µ TA)

∼ mQvµ ∼ ΛQCD

ψQ(x) = e−imQt ψQ(0) mQ(γ0 − 1)ψQ(0) = 0

(iD/−mQ) ψQ(x) = 0



Dirac Matrices
• The γ-matrices fulfill the algebra

• Chirality

• Feynman’s slash notation:
• Dirac representation

{γµ, γν} = γµγν + γνγµ = 2gµν 1

γ0 =
(
1 0
0 −1

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

(
0 1
1 0

)
.

γ5 = iγ0γ1γ2γ3 (γ5)2 = 1 {γ5, γµ} = 0

PL = 1
2 (1− γ5) PR = 1

2 (1 + γ5)

a/ = aµγµ

Pauli matrices



Projection operators

• Only upper components. Two component spinor 
is sufficient.

• To work in arbitrary frame: (vµ : meson 4-velocity)

• These are projection operators. (                      ) 

P+ =





1
1

0
0



 P− =





0
0

1
1




P+ =

1 + v/

2
P− =

1− v/

2

rest frame

P 2
± = P± , P+ P− = P− P+ = 0

v/ v/ = v2 = 1









1
1
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1
1

1
1







 ψQ(0)↔ ψQ(0) =





ψ1

ψ2

0
0







• Redefine Quark field

• Plug into Dirac equation

Derivation of HQET: step 1 

ψQ(x) = e−imQv·x ψ̃Q(x)

= e−imQv·x
[
P+ ψ̃Q(x) + P− ψ̃Q(x)

]

= e−imQv·x [hv(x) + Hv(x)]

{
mQv/ + iD/ −mQ

}
[hv(x) + Hv(x)] = 0

↔ iD/hv(x) + (iD/ − 2mQ)Hv(x) = 0

v/hv = hv , v/Hv = −Hv

Weak x-dependence from 
interaction with soft gluons



• Muliply eqn. by P+ and P-, use that

• Obtain two equations

Derivation of HQET: step 2

iv · D hv(x) + iD/⊥Hv = 0
iD/⊥ hv(x)− (iv · D + 2mQ)Hv(x) = 0

O(ΛQCD) Hv(x) ≈ 1
2mQ

iD/⊥ hv(x)

P+a/ = a/⊥P− + v · aP+

P−a/ = a/⊥P+ − v · aP−

with aµ
⊥ = aµ − v · a vµ



Derivation of HQET: step 3
• Rewrite

• The EOM follows from the Lagrangian
•

Spin and flavor symmetric! power corrections

Leff = h̄v iv ·D hv +
1

2mQ
h̄v(iD⊥)2hv +

gs

4mQ
h̄vσµνGµν

⊥ hv +O(Λ/m2
Q)

iD/⊥ iD/⊥ = iDµ
⊥ iDν

⊥

(
1
2
{γµ, γν} +

1
2
[γµ, γν ]

)

= iDµ
⊥ iDν

⊥ (gµν − iσµν)

= (iD⊥)2 +
i

2
[Dµ
⊥, Dν

⊥]σµν

= (iD⊥)2 +
gs

2
σµνGµν

⊥



Rest frame vμ=(1,0,0,0)

• “Schrödinger-Pauli” equation for non-
relativistic particle in background gluon 
field.

kinetic energy operator
violates flavor symm.

chromo-magnetic operator
violates flavor and spin symm.

iDt h =
1

2mQ
(i !D)2 h +

gs

2mQ
!σ · !Bc h + O(Λ/m2

Q)

Leff = h̄ iDt h− 1
2mQ

h̄ (i !D)2 h− gs

2mQ
h̄!σ · !Bc h +O(Λ/m2

Q)



Short-distance corrections
• Heavy quark symmetry is broken by hard 

exchange.
• ∝ αs(mQ). Can be calculated in perturbation theory.
• Renormalizes coefficients of operators in effective 

Lagrangian.
• No renormalization of kinetic energy operator due 

to Lorentz invariance (“reparameterization 
invariance”).

• However, perturbative corrections to coefficient of 
chromomagnetic operator. “Anomalous 
chromomagnetic moment.”
• Coefficient can be obtained from a matching 

calculation.



Matching
• Calculate QCD diagrams, expand in 1/mQ

• Calculate HQET diagrams

• Adjust coefficient Cmag of chromo-magnetic 
operator such that the two contributions match

• Depends on renormalization scale µ.

Cmag(µ) = 1− 3αs(µ)
2π

(
ln

mQ

µ
− 13

9

)

Eichten & Hill ‘90



Renormalization scale
• Physical quantities          

Cmag(μ) x < Omag(μ) >                       
are independent of scale μ.

• Leads to renormalization 
group (RG) equation 

mQ

ΛQCD

µ ∼ “few”× ΛQCD

W
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dµ
Cmag(µ) = γmag Cmag(µ)

“anomalous dimension”

Figure 4: Counterterm insertion diagrams contributing to the calculation of
the renormalization factor Z2.

square brackets, times the tree-level matrix element of Oµν
2 , we obtain

− (ZhZ2)[2] = C2
A

(

−
4

3ε2
+

17

9ε

)

+ CACF
2

ε2
+ CATF nf

(

2

3ε2
−

13

9ε

)

. (21)

To obtain Z2, we have to account for the wave-function renormalization of the heavy-
quark fields. (There is no renormalization of the background field, since ZgZ

1/2
B [19].)

This removes the CACF term. Using then relation (5) leads to

Zmag = 1 +
CAαs

4πε
+

(

αs

4π

)2
[

(

−
4

3
C2

A +
2

3
CATF nf

)

1

ε2
+

(

17

9
C2

A −
13

9
CATF nf

)

1

ε

]

.

(22)
The coefficient of the 1/ε2 pole in Zmag obeys the relation

Z(2)
mag,[2] =

1

2
Z(1)

mag,[1]

(

Z(1)
mag,[1] − β0

)

, (23)

where β0 is the first coefficient of the β function (see (26) below), and the super- and
subscripts in round (square) brackets have the same meaning as before. Eq. (23) is a
necessary condition for γmag to be finite as ε → 0 [9]. For the anomalous dimension of
the chromo-magnetic operator in the MS scheme, we now obtain from (2)

γmag =
CAαs

2π

[

1 +
(

17

18
CA −

13

18
TF nf

)

αs

π
+ O(α2

s)
]

. (24)

This is our main result.

4 Conclusions

Using a relation between renormalization constants that is a consequence of the re-
parametrization invariance and the virial theorem, we have found an efficient way to
calculate the two-loop anomalous dimension of the chromo-magnetic operator in the

10



Renormalization group evolution
• For mQ>>µ fixed order expansion starts to fail:

• Resum log’s by solving RG equation:

• Match at high scale to avoid log’s, then evolve down

• Solution (for nf=3 light quarks):

Cmag(µ) = 1− 3αs(µ)
2π

(
ln

mQ

µ
− 13

9

)

large log’s  αn
s lnn mQ

µ

µ
d

dµ
Cmag(µ) = γmag Cmag(µ)

Cmag(µ) =
(

αs(mQ)
αs(µ)

)1/3 [
1 +

αs(mQ)
4π

26
3
− αs(mQ)− αs(µ)

4π

1
27

]

Cmag(µ) = U(mQ, µ)Cmag(mQ)
ΛQCD

mQ

µ



Exclusive semi-leptonic decays

• Using heavy-quark symmetries, we will 
calculate the rate at maximum momentum 
transfer to the lepton pair, where v=v’ (“zero 
recoil point”). 

B̄

!−

ν̄

D(∗)

Vcbv v′b c

q̄



• QCD

• HQET

• Factor 1/mB on lhs compensates for 
normalization

• Comparison gives

Vector current in HQET

Note that there is no term proportional to (v − v′)µ in (44). This can be seen
by contracting the matrix element with (v − v′)µ, which must give zero since
/v bv = bv and b̄v′/v′ = b̄v′ .

Figure 7: Elastic transition induced by an external heavy-quark current.

It is more conventional to write the above matrix element in terms of an
elastic form factor Fel(q2) depending on the momentum transfer q2 = (p−p′)2:

〈B̄(v′)| b̄ γµb |B̄(v)〉 = Fel(q
2) (p + p′)µ , (46)

where p(′) = mBv(′). Comparing this with (44), we find that

Fel(q
2) = ξ(v · v′) , q2 = −2m2

B(v · v′ − 1) . (47)

Because of current conservation, the elastic form factor is normalized to unity
at q2 = 0. This condition implies the normalization of the Isgur-Wise function
at the kinematic point v · v′ = 1, i.e. for v = v′:

ξ(1) = 1 . (48)

It is in accordance with the intuitive argument that the probability for an
elastic transition is unity if there is no velocity change. Since for v = v′ the
final-state meson is at rest in the rest frame of the initial meson, the point
v · v′ = 1 is referred to as the zero-recoil limit.

The heavy-quark flavor symmetry can be used to replace the b quark in
the final-state meson by a c quark, thereby turning the B meson into a D
meson. Then the scattering process turns into a weak decay process. In the
infinite-mass limit, the replacement bv′ → cv′ is a symmetry transformation,
under which the effective Lagrangian is invariant. Hence, the matrix element

1
√

mBmD
〈D(v′)| c̄v′γµbv |B̄(v)〉 = ξ(v · v′) (v + v′)µ (49)

is still determined by the same function ξ(v · v′). This is interesting, since
in general the matrix element of a flavor-changing current between two pseu-
doscalar mesons is described by two form factors:

〈D(v′)| c̄ γµb |B̄(v)〉 = f+(q2) (p + p′)µ − f−(q2) (p − p′)µ . (50)
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Figure 6: Semi-leptonic decays of B mesons.

derived by Isgur and Wise 6, generalizing ideas developed by Nussinov and
Wetzel 3, and by Voloshin and Shifman 4,5.

Consider the elastic scattering of a B meson, B̄(v) → B̄(v′), induced by a
vector current coupled to the b quark. Before the action of the current, the light
degrees of freedom inside the B meson orbit around the heavy quark, which
acts as a static source of color. On average, the b quark and the B meson have
the same velocity v. The action of the current is to replace instantaneously
(at time t = t0) the color source by one moving at a velocity v′, as indicated
in Fig. 7. If v = v′, nothing happens; the light degrees of freedom do not
realize that there was a current acting on the heavy quark. If the velocities are
different, however, the light constituents suddenly find themselves interacting
with a moving color source. Soft gluons have to be exchanged to rearrange
them so as to form a B meson moving at velocity v′. This rearrangement leads
to a form-factor suppression, reflecting the fact that, as the velocities become
more and more different, the probability for an elastic transition decreases.
The important observation is that, in the limit mb → ∞, the form factor can
only depend on the Lorentz boost γ = v · v′ connecting the rest frames of the
initial- and final-state mesons. Thus, in this limit a dimensionless probability
function ξ(v ·v′) describes the transition. It is called the Isgur-Wise function6.
In the HQET, which provides the appropriate framework for taking the limit
mb → ∞, the hadronic matrix element describing the scattering process can
thus be written as

1

mB
〈B̄(v′)| b̄v′γµbv |B̄(v)〉 = ξ(v · v′) (v + v′)µ . (44)

Here bv and bv′ are the velocity-dependent heavy-quark fields of the HQET.
It is important that the function ξ(v · v′) does not depend on mb. The factor
1/mB on the left-hand side compensates for a trivial dependence on the heavy-
meson mass caused by the relativistic normalization of meson states, which is
conventionally taken to be

〈B̄(p′)|B̄(p)〉 = 2mBv0 (2π)3 δ3(%p − %p ′) . (45)
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+O(1/mb)

Note that there is no term proportional to (v − v′)µ in (44). This can be seen
by contracting the matrix element with (v − v′)µ, which must give zero since
/v bv = bv and b̄v′/v′ = b̄v′ .

Figure 7: Elastic transition induced by an external heavy-quark current.

It is more conventional to write the above matrix element in terms of an
elastic form factor Fel(q2) depending on the momentum transfer q2 = (p−p′)2:

〈B̄(v′)| b̄ γµb |B̄(v)〉 = Fel(q
2) (p + p′)µ , (46)

where p(′) = mBv(′). Comparing this with (44), we find that

Fel(q
2) = ξ(v · v′) , q2 = −2m2

B(v · v′ − 1) . (47)

Because of current conservation, the elastic form factor is normalized to unity
at q2 = 0. This condition implies the normalization of the Isgur-Wise function
at the kinematic point v · v′ = 1, i.e. for v = v′:

ξ(1) = 1 . (48)

It is in accordance with the intuitive argument that the probability for an
elastic transition is unity if there is no velocity change. Since for v = v′ the
final-state meson is at rest in the rest frame of the initial meson, the point
v · v′ = 1 is referred to as the zero-recoil limit.

The heavy-quark flavor symmetry can be used to replace the b quark in
the final-state meson by a c quark, thereby turning the B meson into a D
meson. Then the scattering process turns into a weak decay process. In the
infinite-mass limit, the replacement bv′ → cv′ is a symmetry transformation,
under which the effective Lagrangian is invariant. Hence, the matrix element

1
√

mBmD
〈D(v′)| c̄v′γµbv |B̄(v)〉 = ξ(v · v′) (v + v′)µ (49)

is still determined by the same function ξ(v · v′). This is interesting, since
in general the matrix element of a flavor-changing current between two pseu-
doscalar mesons is described by two form factors:

〈D(v′)| c̄ γµb |B̄(v)〉 = f+(q2) (p + p′)µ − f−(q2) (p − p′)µ . (50)
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, Fel(0) = 1 ↔ ξ(1) = 1

“Isgur-Wise function”



Physical picture

• At time t=t0 current changes heavy quark 
with velocity vµ into heavy quark with 
velocity v’µ

• For v’µ = vµ nothing happens: ξ(1)=1
• For t>t0 light degrees of freedom rearrange 

themselves to fly along with heavy quark.
• During this “shake-up” light hadrons (such 

as π’s) can get radiated off: ξ(v·v’<1)<1

Note that there is no term proportional to (v − v′)µ in (44). This can be seen
by contracting the matrix element with (v − v′)µ, which must give zero since
/v bv = bv and b̄v′/v′ = b̄v′ .

Figure 7: Elastic transition induced by an external heavy-quark current.

It is more conventional to write the above matrix element in terms of an
elastic form factor Fel(q2) depending on the momentum transfer q2 = (p−p′)2:

〈B̄(v′)| b̄ γµb |B̄(v)〉 = Fel(q
2) (p + p′)µ , (46)

where p(′) = mBv(′). Comparing this with (44), we find that

Fel(q
2) = ξ(v · v′) , q2 = −2m2

B(v · v′ − 1) . (47)

Because of current conservation, the elastic form factor is normalized to unity
at q2 = 0. This condition implies the normalization of the Isgur-Wise function
at the kinematic point v · v′ = 1, i.e. for v = v′:

ξ(1) = 1 . (48)

It is in accordance with the intuitive argument that the probability for an
elastic transition is unity if there is no velocity change. Since for v = v′ the
final-state meson is at rest in the rest frame of the initial meson, the point
v · v′ = 1 is referred to as the zero-recoil limit.

The heavy-quark flavor symmetry can be used to replace the b quark in
the final-state meson by a c quark, thereby turning the B meson into a D
meson. Then the scattering process turns into a weak decay process. In the
infinite-mass limit, the replacement bv′ → cv′ is a symmetry transformation,
under which the effective Lagrangian is invariant. Hence, the matrix element
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mBmD
〈D(v′)| c̄v′γµbv |B̄(v)〉 = ξ(v · v′) (v + v′)µ (49)

is still determined by the same function ξ(v · v′). This is interesting, since
in general the matrix element of a flavor-changing current between two pseu-
doscalar mesons is described by two form factors:

〈D(v′)| c̄ γµb |B̄(v)〉 = f+(q2) (p + p′)µ − f−(q2) (p − p′)µ . (50)
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Heavy-quark symmetry
• Use heavy-quark symmetry to replace b→c

• In general there are two form factors:

• Heavy quark symmetry gives relation  

Note that there is no term proportional to (v − v′)µ in (44). This can be seen
by contracting the matrix element with (v − v′)µ, which must give zero since
/v bv = bv and b̄v′/v′ = b̄v′ .

Figure 7: Elastic transition induced by an external heavy-quark current.
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Figure 6: Semi-leptonic decays of B mesons.

derived by Isgur and Wise 6, generalizing ideas developed by Nussinov and
Wetzel 3, and by Voloshin and Shifman 4,5.

Consider the elastic scattering of a B meson, B̄(v) → B̄(v′), induced by a
vector current coupled to the b quark. Before the action of the current, the light
degrees of freedom inside the B meson orbit around the heavy quark, which
acts as a static source of color. On average, the b quark and the B meson have
the same velocity v. The action of the current is to replace instantaneously
(at time t = t0) the color source by one moving at a velocity v′, as indicated
in Fig. 7. If v = v′, nothing happens; the light degrees of freedom do not
realize that there was a current acting on the heavy quark. If the velocities are
different, however, the light constituents suddenly find themselves interacting
with a moving color source. Soft gluons have to be exchanged to rearrange
them so as to form a B meson moving at velocity v′. This rearrangement leads
to a form-factor suppression, reflecting the fact that, as the velocities become
more and more different, the probability for an elastic transition decreases.
The important observation is that, in the limit mb → ∞, the form factor can
only depend on the Lorentz boost γ = v · v′ connecting the rest frames of the
initial- and final-state mesons. Thus, in this limit a dimensionless probability
function ξ(v ·v′) describes the transition. It is called the Isgur-Wise function6.
In the HQET, which provides the appropriate framework for taking the limit
mb → ∞, the hadronic matrix element describing the scattering process can
thus be written as

1

mB
〈B̄(v′)| b̄v′γµbv |B̄(v)〉 = ξ(v · v′) (v + v′)µ . (44)

Here bv and bv′ are the velocity-dependent heavy-quark fields of the HQET.
It is important that the function ξ(v · v′) does not depend on mb. The factor
1/mB on the left-hand side compensates for a trivial dependence on the heavy-
meson mass caused by the relativistic normalization of meson states, which is
conventionally taken to be

〈B̄(p′)|B̄(p)〉 = 2mBv0 (2π)3 δ3(%p − %p ′) . (45)
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Figure 7: Elastic transition induced by an external heavy-quark current.

It is more conventional to write the above matrix element in terms of an
elastic form factor Fel(q2) depending on the momentum transfer q2 = (p−p′)2:

〈B̄(v′)| b̄ γµb |B̄(v)〉 = Fel(q
2) (p + p′)µ , (46)

where p(′) = mBv(′). Comparing this with (44), we find that

Fel(q
2) = ξ(v · v′) , q2 = −2m2

B(v · v′ − 1) . (47)

Because of current conservation, the elastic form factor is normalized to unity
at q2 = 0. This condition implies the normalization of the Isgur-Wise function
at the kinematic point v · v′ = 1, i.e. for v = v′:

ξ(1) = 1 . (48)

It is in accordance with the intuitive argument that the probability for an
elastic transition is unity if there is no velocity change. Since for v = v′ the
final-state meson is at rest in the rest frame of the initial meson, the point
v · v′ = 1 is referred to as the zero-recoil limit.

The heavy-quark flavor symmetry can be used to replace the b quark in
the final-state meson by a c quark, thereby turning the B meson into a D
meson. Then the scattering process turns into a weak decay process. In the
infinite-mass limit, the replacement bv′ → cv′ is a symmetry transformation,
under which the effective Lagrangian is invariant. Hence, the matrix element

1
√

mBmD
〈D(v′)| c̄v′γµbv |B̄(v)〉 = ξ(v · v′) (v + v′)µ (49)

is still determined by the same function ξ(v · v′). This is interesting, since
in general the matrix element of a flavor-changing current between two pseu-
doscalar mesons is described by two form factors:

〈D(v′)| c̄ γµb |B̄(v)〉 = f+(q2) (p + p′)µ − f−(q2) (p − p′)µ . (50)
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f±(q2) =
mB ± mD

2
√

mBmD
ξ(v · v′) ,

q2 = m2
B + m2

D − 2mBmD v · v′ . (51)

Thus, the heavy-quark flavor symmetry relates two a priori independent form
factors to one and the same function. Moreover, the normalization of the
Isgur-Wise function at v · v′ = 1 now implies a non-trivial normalization of
the form factors f±(q2) at the point of maximum momentum transfer, q2

max =
(mB − mD)2:

f±(q2
max) =

mB ± mD

2
√

mBmD
. (52)

The heavy-quark spin symmetry leads to additional relations among weak
decay form factors. It can be used to relate matrix elements involving vector
mesons to those involving pseudoscalar mesons. A vector meson with longi-
tudinal polarization is related to a pseudoscalar meson by a rotation of the
heavy-quark spin. Hence, the spin-symmetry transformation c⇑v′ → c⇓v′ relates
B̄ → D with B̄ → D∗ transitions. The result of this transformation is 6

1
√

mBmD∗

〈D∗(v′, ε)| c̄v′γµbv |B̄(v)〉 = iεµναβ ε∗ν v′αvβ ξ(v · v′) ,

1
√

mBmD∗

〈D∗(v′, ε)| c̄v′γµγ5 bv |B̄(v)〉 =
[
ε∗µ (v · v′ + 1) − v′µ ε∗ · v

]
ξ(v · v′) ,

(53)

where ε denotes the polarization vector of the D∗ meson. Once again, the
matrix elements are completely described in terms of the Isgur-Wise function.
Now this is even more remarkable, since in general four form factors, V (q2) for
the vector current, and Ai(q2), i = 0, 1, 2, for the axial current, are required to
parameterize these matrix elements. In the heavy-quark limit, they obey the
relations 67

mB + mD∗

2
√

mBmD∗

ξ(v · v′) = V (q2) = A0(q
2) = A1(q

2)

=

[
1 −

q2

(mB + mD)2

]−1

A1(q
2) ,

q2 = m2
B + m2

D∗ − 2mBmD∗ v · v′ . (54)
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Spin symmetry
• Can use heavy quark spin symmetry to relate 

B→D and B→D* form factors

• In this case, there are in general 4 form factors
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Semileptonic B→Dlν and B→D*lν decay

• Eff. Hamiltonian

• Amplitude

• Rate 
• Square amplitude, sum over spins
• Integrate over phase space

HSL =
GF√

2
Vcb c̄ γµ(1− γ5) b ē γµ(1− γ5) νe

A(B̄ → D(∗)eν̄e) =
GF√

2
Vcb 〈D(∗)(v′)|c̄ γµ(1− γ5) b|B(v)〉

ūe(pe) γµ(1− γ5) vνe(pν)

Form factors given in terms of  ξ(v⋅v’)



• For B→Dlν and B→D*lν decay rate in terms 
of single form factor ξ(w), w =v⋅v’ with 
known normalization ξ(1)=1.

• Corrections: 
• αs(mQ):  known to 2 loops.
• Λ/mQ: lattice QCD (→ Andreas’s lectures)

Decay ratesEquations (51) and (54) summarize the relations imposed by heavy-quark
symmetry on the weak decay form factors describing the semi-leptonic decay
processes B̄ → D ! ν̄ and B̄ → D∗! ν̄. These relations are model-independent
consequences of QCD in the limit where mb, mc " ΛQCD. They play a crucial
role in the determination of the CKM matrix element |Vcb|. In terms of the
recoil variable w = v ·v′, the differential semi-leptonic decay rates in the heavy-
quark limit become 68

dΓ(B̄ → D ! ν̄)
dw

=
G2

F

48π3
|Vcb|2 (mB + mD)2 m3

D (w2 − 1)3/2 ξ2(w) ,

dΓ(B̄ → D∗! ν̄)
dw

=
G2

F

48π3
|Vcb|2 (mB − mD∗)2 m3

D∗

√
w2 − 1 (w + 1)2

×
[
1 +

4w

w + 1
m2

B − 2w mBmD∗ + m2
D∗

(mB − mD∗)2

]
ξ2(w) . (55)

These expressions receive symmetry-breaking corrections, since the masses of
the heavy quarks are not infinitely large. Perturbative corrections of order
αn

s (mQ) can be calculated order by order in perturbation theory. A more
difficult task is to control the non-perturbative power corrections of order
(ΛQCD/mQ)n. The HQET provides a systematic framework for analyzing
these corrections. For the case of weak-decay form factors the analysis of
the 1/mQ corrections was performed by Luke 69. Later, Falk and the present
author have analyzed the structure of 1/m2

Q corrections for both meson and
baryon weak decay form factors 56. We shall not discuss these rather technical
issues in detail, but only mention the most important result of Luke’s analy-
sis. It concerns the zero-recoil limit, where an analogue of the Ademollo-Gatto
theorem 70 can be proved. This is Luke’s theorem 69, which states that the
matrix elements describing the leading 1/mQ corrections to weak decay ampli-
tudes vanish at zero recoil. This theorem is valid to all orders in perturbation
theory 56,71,72. Most importantly, it protects the B̄ → D∗! ν̄ decay rate from
receiving first-order 1/mQ corrections at zero recoil 68. [A similar statement is
not true for the decay B̄ → D ! ν̄. The reason is simple but somewhat subtle.
Luke’s theorem protects only those form factors not multiplied by kinematic
factors that vanish for v = v′. By angular momentum conservation, the two
pseudoscalar mesons in the decay B̄ → D ! ν̄ must be in a relative p wave, and
hence the amplitude is proportional to the velocity |&vD| of the D meson in the
B-meson rest frame. This leads to a factor (w2 − 1) in the decay rate. In such
a situation, kinematically suppressed form factors can contribute 67.]
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Extraction of Vcb

• For B→D*lν, the first order power corrections 
vanish at the zero-recoil point   (Luke’s 
theorem).
• Measure the rate as a function of w, 

extrapolate to the zero-recoil point w=1.
• Calculate second order power correction 

using LQCD.
• There are strong constraints on the shape of 

the form factor (analyticity).
• Once these are taken into account a single 

parameter ρ is sufficient to parameterize the 
shape.



Experimental results

2!

0 0.5 1 1.5 2
]

-3
| 
[1

0
c
b

 |
V

"
F

(1
) 

30

35

40

HFAG
Summer06

ALEPH

OPAL
(part. reco.)

OPAL
(excl.)

DELPHI
(part. reco.)

BELLE

CLEO

DELPHI 
(excl.)

BABAR 

AVERAGE

 = 1
2# $

/dof = 28.2/142#

]-3|  [10
cb

 |V!F(1) 
25 30 35 40 45

]-3|  [10
cb

 |V!F(1) 
25 30 35 40 45

ALEPH (excl)

  1.3±  1.8 ±32.8 

OPAL (excl) 

  1.5±  1.6 ±37.2 

OPAL (partial reco) 

  2.4±  1.2 ±37.9 

DELPHI (partial reco) 

  2.4±  1.4 ±36.3 

BELLE (excl)

  1.7±  1.9 ±35.2 

CLEO (excl)

  1.6±  1.3 ±42.7 

DELPHI (excl) 

  1.9±  1.8 ±37.2 

BABAR (excl)

  1.1±  0.3 ±34.7 

Average 

  0.6±36.2 

HFAG
Summer06
/dof = 28.2/142"

ar
X

iv
:h

ep
-p

h
/0

1
1

0
2

5
3

v
1

  
 1

8
 O

ct
 2

0
0

1
FERMILAB-PUB-01/317-T

hep-ph/0110253

Lattice calculation of the zero-recoil form factor of B̄ → D∗lν̄:
toward a model independent determination of |Vcb|

Shoji Hashimoto,1 Andreas S. Kronfeld,2 Paul B. Mackenzie,2 Sinéad M. Ryan,3 and
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Abstract

We develop a new method in lattice QCD to calculate the form factor
FB→D∗(1) at zero recoil. This is the main theoretical ingredient needed to de-
termine |Vcb| from the exclusive decay B̄ → D∗lν̄. We introduce three ratios,

in which most of statistical and systematic error cancels, making a precise
calculation possible. We fit the heavy-quark mass dependence directly, and
extract the 1/m2

Q and three of the four 1/m3
Q corrections in the heavy-quark

expansion. In this paper we show how the method works in the quenched
approximation, obtaining FB→D∗(1) = 0.913+0.024

−0.017 ± 0.016+0.003
−0.014

+0.000
−0.016

+0.006
−0.014

where the uncertainties come, respectively, from statistics and fitting, match-
ing lattice gauge theory to QCD, lattice spacing dependence, light quark mass
effects, and the quenched approximation. We also discuss how to reduce these

uncertainties and, thus, to obtain a model-independent determination of |Vcb|.
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