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ABSTRACT

In this work we determine the relationships between satellite-based and radar-measured area-time integrals
(ATI) for convective storms and show how both depend upon the climatological conditional mean rain rate
R, and the ratio of the measured cloud (or radar echo) area to the actual rain area of the storms. Arkin’s GOES
precipitation index (GPI) = GF.T (mm) where F, is the fraction of a 2.5° box in GATE [GARP (Global
Atmospheric Research Program) Atlantic Tropical Experiment] having clouds with infrared (IR) brightness
temperatures less than 235 K, G = 3 mm h™', and T is cloud duration. However, we show that G is the ratio
of R. to {A.)/{A,y where 4. and A, denote cloud and rain area, respectively. We have demonstrated that
Arkin’s GPI reaches a stable asymptotic value for boxes of 2.5° in size because they include a sufficient number
of storm cells to ensure that 1) the sample R,, and thus the probability density function (PDF) of R, are
representative of those in the climatological population; and 2) the ratio of the averages (4. »/{4,) is similarly
representative of the typical storm structure for the climatic regime. As the space-time sampling domain decreases,
the correlation of GPI with cloud fraction decreases because these conditions are not met. Also, as the spatial
sampling domain decreases, G decreases and the ratio (A, )/{A4,) increases because the smaller areas tend to
have a larger fraction of rain-free cloud. Since {A.)/{4,) must vary with storm type and climatic regime, the
asymptotic (large area) GPI developed for GATE is unlikely to be valid for other regions. Smith et al. have also
found a satellite cloud ATI for individual convective storms in North Dakota using a threshold IR brightness
temperature of 250 K. In this case, we find that the ratio of the cloud to radar ATIs increases with the total
volumetric rainfall, presumably because the more intense storms are associated with stronger updrafts and
upper-level divergence, thus causing the cloud areas to exceed the rain areas by progressively larger amounts.
Nevertheless, if the relationship between cloud and radar ATI is a stable one for a sufficient sample domain in
each climatic regime, as is to be expected, then the cloud ATI becomes as powerful an estimator of convective
rain as is the radar ATI (Rosenfeld et al. and others). One of its most valuable applications would be in
conjunction with a satellite radar and/or radiometer as proposed for the Tropical Rainfall Measuring Mission
(TRMM). TRMM could then serve as a global calibrating device to eliminate systematic biases. The increased
sampling rate with the geosynchronous ATI would greatly improve the accuracy of the rainfall estimates, resulting
in rms errors of 15%-20% of the mean in 2.5° boxes and 12 h, as compared with the 10% error for monthly
averages over 5° boxes anticipated for TRMM. Such estimates would be useful for regional- and global-scale
monitoring and forecasting.
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1. Introduction

In this paper we shall show that 1) the GOES pre-
cipitation index (GPI) of Arkin (1986) for convective
storms, an area-time integral (ATI) for satellite cloud
areas, is related to the ATI for radar-observed rain areas
(Doneaud et al. 1984; Rosenfeld et al. 1990) as ex-
plained by Atlas et al. (1990a); 2) the quality of GPI-
based rainfall estimates depends upon how well the
cloud area is related to the rain area, as suggested by
Lovejoy and Austin (1979), and the size of the sam-
pling domain; and 3) the use of a GOES cloud ATl in
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conjunction with the radar ATI from a satellite such
as the Tropical Rainfall Measuring Mission (TRMM—
Simpson et al. 1988 ) will improve the accuracy of rain-
fall estimates and permit them to be made in much
smaller space-time domains than the 1-month and 5°
boxes anticipated for TRMM.

2. The basis of the ATI method

Atlas et al. (1990a) have shown that the volumetric
rain flux from a storm cluster is given by

VIT = SA,, (2.1)

where the overbar indicates time averaging. The flux
may also be expressed by

V/T = RA,, (2.2)

where V is the lifetime volumetric rainfall, 7 is the
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storm duration, 4, is the total rainy area, 4, is the area
of rain within the threshold  (mm h™'), and both areas
are lifetime averages; R, is the conditional climatolog-
ical rain rate for the storms in the particular climatic
regime, and S, is the slope of the V' -ATI relation, where

ATI = 4,T.

Note that if the threshold rain rate of the observing

instrument is significantly greater than zero, then one

must account for the portion of the area that is omitted.
Using (2.1) and (2.2), we find

S, = R(A/ )", (2.3)
J‘w RP(R)dR

=0 (2.4)
f P(R)dR

Note that the denominator of (2.3) is simply the frac-
tion of the average storm area contained within the
threshold ¢ (mm h™!) and this is represented by the
denominator in (2.4) where P(R) is the probability
density function of R considered as a random variable.
Of course, the numerator of (2.4) is R,, the conditional
climatological rain rate. While R, is shown as a constant
in (2.2) and (2.3), (2.4) shows that it is an estimator
of the climatological average rate and approaches the
“true” climatological rate only when the sample dis-
tribution of R approaches that of the population. By
the same token, the average ratio ( A,/ A4,) is also an
estimator that approaches the “true” value under sim-
ilar conditions. This occurs only when the sample
space-time domain is sufficiently large or the individual
storms closely resemble one another (Atlas et al.
1990b).

If we divide (2.1) by the observing area A4,, then the
left-hand side becomes the areawide instantaneous un-
conditional rain rate, which includes both rainy and
nonrainy areas; on the right-hand side we obtain F,
= A,/A,. Thus,

(RYT = S,F/T. (2.5)

Using radar rain data for various climatic regimes, Ro-
senfeld et al. (1990) have shown that S, increases almost
linearly with ¢ and varies from one regime to another.
Of course, when the threshold is zero and all the rain
is included, then (2.3) shows that S,-o) = R.. Atlas et
al. (1990b) have found a value of 4.4 mm h~! from
the GATE [Global Atmospheric Research Program
(GARP) Atlantic Tropical Experiment ] shipboard si-
phon raingages. Chiu (1988) found the conditional
climatological radar rain rate for 4-km X 4-km bins is
3.99 mm h~!. Here we use R, = 44 mm h™'.

Based upon work done in GATE (Richards and Ar-
kin 1981; hereafter referred to as RA), Arkin (1986)
has proposed the GOES precipitation index (mm),
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GPI = GF.T (2.6)

where G = 3 mm h™!, F,is the fractional coverage of
a2.5° X 2.5° box covered by clouds having an infrared
(IR) equivalent blackbody temperature ( Tgg) less than
235 K, and T is the cloud duration in hours. We see
that Egs. (2.5) and (2.6) are identical if we let S, = G
and F, — F_. In short, the GPI is simply another form
of the ATI applied to clouds. RA recognized the sim-
ilarity of their findings to those of previous investigators
(Lovejoy and Austin 1979), who found tight relation-
ships between rainfall and radar echo areas.

3. Rain—cloud area relations for GATE

Using Eq. (2.3) and letting G = S, it is readily shown
that

G = RI(A)/{4)]17", (3.1)

where (A4.) is the average area of the clouds within
Typ over the sample space-time domain and (4, ) is
the average area of the rain. Letting G = 3 for the 2.5°
X 2.5° box and R, = 4.4 mm h™! as noted for GATE,
we find [{4.)/{4,)] = 4.4/3 = 1.47; that is, under
these conditions the area of the clouds within Tgg = 235
K is about 1.5 times the rain area. Moreover, since R,
is constant for each climatic regime and rain type, the
ratio of cloud to rain area is inversely proportional
to G.

In Fig. 1 we show the variation of G with averaging
scale and equivalent blackbody cloud temperature for
hourly averages in GATE phases I and III, as found
by RA. Phase II differed significantly from the other
phases (Hudlow 1979). The nature and implications
of this difference will be discussed in section 6. We see
that G increases with decreasing Tgp and with increas-
ing averaging scale; that is, moving from the lower left
of Fig. 1 to the upper right. The converse is true for
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FiG. 1. The GPI index versus Tpp and averaging scale (degrees
latitude) for 1-h averages in GATE phases I and III (after Richards
and Arkin 1981).
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{(A;y/{A,). Itis evident that as Typ decreases the area
encompassed within the threshold decreases mono-
tonically and it becomes a smaller and smaller fraction
of the rainy area. The probable reason for the decrease
of G and the increase of (A, )/{ A, ) toward the smaller
scales is discussed later. RA note that the correlation
coeflicient between the hourly estimated radar rainfall
and the fractional cloud cover also decreases as we
move to smaller scales, especially so as the scale falls
below 1° or 100 km. They suggest that such low cor-
relations are due to the influence of the life-cycle effects
(i.e., variability of the R-F, relation with lifetime of
the storm) at such small scales. We shall provide an
additional explanation later.

For a scale of 2.5°, Fig. 2 shows G versus Tgg and
averaging interval for phases I and III. At this scale
these parameters are essentially independent of the av-
eraging time, and the ratio of cloud to rain area de-
creases monotonically with Tgg as before. However,
because the correlations were strongest in the vicinity
of 235 K, Arkin (1983) chose this temperature for his
threshold and the associated G = 3 as the coefficient

Phase |

5 6
\s____J

230 -

Phase il

—— —]

~————5
\_/4—\

—————- 3

240 - T
~—

220

R 3 G
250 |- é l
._v—-—\! P S—2 \
260 - Ac/Aq=4.4/G Ac/AR=4.4/G
1 1 1 i

220

06 /
/T 0.8
le———— 0.7
_/- 08—

-

230

Equivalent Blackbody Temperature (°K) Tg

240 Correlation Coefficients

-
= %\ 08 —
260 ..\ 07 “08 \
\

1 \J 1

08 16 24 08 16 24
Averaging Interval (hr)

FI1G. 2. The GPI index (upper panels) and regression correlation
(lower panels) versus Tgp and averaging time for averaging boxes of
2.5° latitude in GATE phases I and III (after Richards and Arkin
1981).
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of the GPL Since G = 3 corresponds to {A.)/{4,)
= 1.47 the 235-K threshold provides an average cloud
area close to that of the rain area. We shall also see
that the size of the averaging box is sufficient to provide
a large enough sample of storm clouds such that the
“average” cloud is typical of the local climatology, and
the relation between the effective radar reflectivity Z,
and rain rate R settles down to that corresponding
closely to a climatologically tuned relation (Atlas et al.
1990b). Returning to Fig. 1 we see that for hourly av-
erages, one requires a larger spatial-averaging scale in
order that G approach a constant value. This too was
noted by RA.

In order to gain further insight into the reasons for
such behavior we need the number of storm cells in
the sampling domain. Houze and Cheng (1977) have
shown that the probability distribution of storm-echo
area in GATE is lognormal with g = (mean InA4)
= 3.55, and ¢ = (standard deviation of In4) = 1.91.
The average area is (A4 ) = 215 km?. We now use Egs.
(2.3) and (2.5) to estimate S, and F,. The Houze and
Cheng radar data had a minimum detectable reflectiv-
ity of 13.3 dBZ (at an rms range of 104 km; Hudlow
et al. 1979), corresponding to a minimum R of 0.25
mm h ™' and an average ratio {4, )/{4,) = 0.87 (Atlas
etal. 1990b); that is, 87% of the rainy area is detected.
Using R, = 4.4 mm h~!and Eq. (2.3) we find S, = 5.1
mm h~'. Using the unconditional mean {(R) = 0.5
mm h™!, F, = 0.1; that is, 10% of the observing area
must be covered by rain echoes in order to produce
the reported mean rate. If the average storm area is
only 215 km? then we require about 29, 10.5, and 1.2
storms to occupy the observing areas of 250, 150, and
50 km on a side, respectively, in order to produce the
areawide mean rain rate. As the number of storms in
the observing area increases, we may expect the sample
rainfall statistics to approach that of the population,
thereby better approximating the “true” values of R,
(R}, and S, provided that the storms are in various
stages of their development. At the same time, we may
use the Z-R relation for that climatic regime with
greater confidence. Finally, it is also more likely that
the ratio of the cloud area to rain area approaches the
ratio typical of storms in that regime so that the coef-
ficient G will have attained its asymptotic value for a
large observing area.

These are the reasons that RA find that the corre-
lation coefficients between the fractional cloud coverage
F.and (R exceed .8 for observing boxes in excess of
1.5° (~150 km) on a side and for periods in excess of
about 6 h. For a box of 2.5° (~250 km) on a side, the
correlations are slightly larger and exceed .8 even for
averaging periods as short as an hour. Also, the cor-
relation coefficients increase with averaging time; that
is, to a first approximation the correlation depends
upon the space-time domain. At the smallest scale
(~50 km on a side) in the RA study, the correlations
are low because only one storm is needed to give the
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GATE (R and this is unlikely to produce sample sta-
tistics close to those of the population.

The behavior discussed in the foregoing may be un-
derstood better by referring to the algorithm of Stout
et al. (1979). They report that the volumetric rain rate
from an individual storm is given by the relation

dA
V=ayd+ aq a
where g = 5.4 X 10" ms'anda; =2.8 X 10> m,
at an IR brightness temperature of 250 K. This is
15 K warmer than the temperature threshold used by
RA. Using the mean values of 4 and {dA/dt|, they
find that the two terms have mean values of 3.3 X 10?3
and 1.9 X 10° m®s™!, respectively. Referring to the
prior discussion we note that when there are a multi-
plicity of storms being observed simultaneously, Eq.
(3.2) may be written as

V=aOZA,-+a1 Z(ﬂ) .

i i dt i

Also, when the storms are not evolving in phase with

one another, the sum of the area change terms tends

toward zero. With enough storm cells within the ob-

serving area, whatever the contributions of the deriv-

atives, the average tends to be stable and is embedded

in the area term itself. This is the case with the 2.5°
box of RA.

On the other hand, in a small box of 0.5° (~50 km)
on a side, we would typically-have only a single storm
(in GATE); sometimes none and other times a couple.
In that case, some of these small boxes will contain
only cloud and little if any rain. In other words, on a
regression plot, there will be many points on the R = 0
axis and a relatively small number near the correct R-
F location. This has the effect of decreasing G as ob-
served by RA in Fig. 1. This can be seen in the scat-
terplot of Fig. 3b of RA for a 0.5° box and Txg = 240
K. Also, the same figure shows that there are a sub-
stantial number of occasions in which the entire 0.5°
box is covered by cloud (i.e., F = 1.0) while estimated
rain rates range from 0 to more than 8 mm h™'. Again
the R-F locations of these observations are displaced
from their proper positions, thereby producing an er-
roneous slope of the regression relation. On the other
hand, there are a surprising number of points at zero
fractional cloud cover with rain rates up to about 2.5
mm h~!. This is probably attributable to three factors:
1) clouds with tops warmer than 240 K do in fact rain;
2) wind shear can readily cause the generating cloud
to appear in one box while the rain falls into another;
and 3) the thin diverging cirrus and altostratus that
actually occur aloft have low emissivity and appear as
warmer clouds with no rain. The second and third of
these factors will clearly have more impact upon the
correlations found in smaller boxes than in the larger
ones. The net result is that the correlation coefficients

(3.2)

(3.3)
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found by RA for the smaller boxes and shorter periods
are small. This is in accord with the experience of many
investigators who have attempted to correlate the rain
from individual storms with nearly simultaneous col-
located satellite cloud images. In short, the cloud ob-
servations in small areas are unrepresentative of the
area rainfall unless one takes very long-term averages.

One must also be careful to distinguish the behavior
of the cloud areas in the two studies because of the
warmer threshold IR temperatures used by Stout et al.
(1979) to develop Eq. (3.2). In Fig. 1 we see that an
increase in the IR threshold temperature, correspond-
ing to a decrease in storm height, also tends to decrease
G and, via Eq. (3.1), to increase {A.)/{A4,).

In short, the most important difference that accounts
for the higher correlation coefficients observed by RA
in the larger boxes is that it requires a sufficiently large
space-time domain to obtain 1) a representative prob-
ability density function (PDF) of R and the corre-
sponding moments (Atlas et al. 1990b), and 2) a stable
climatological sample of the ratio of the average cloud
area to the average rain area. Both of these are necessary
to obtain a stable value of G. Accordingly, the larger
number of storms in the 2.5° box will tend to give a
closer approximation to the true { R ) than will the one
or two storms in the 0.5° box.

4. Rain-cloud area relation for North Dakota

Smith et al. (1990) have found a V' -ATI cloud re-
lationship for North Dakota based upon radar and
GOES satellite data gathered in the northern High
Plains of the United States during the summer of 1981.
The radar data were collected at Bowman in south-
western North Dakota as part of the North Dakota
Cloud Modification Project (NDCMP). The radar rain
volume for each storm cluster was computed in a rnan-
ner identical to that used by Doneaud et al. (1984)
using the relation Z = 155R'®8. A storm cluster was
described as a small mesoscale area in the manner of
Austin and Houze (1972) with areas between 50 and
1000 km?, durations from about 0.5 to 2.5 h, and con-
taining a multiplicity of individual cells. Others have
called these clusters convective complexes (Heimbach
and Super 1980). In order to find an optimum IR tem-
perature threshold, they correlated cloud ATI with ra-
dar volumetric rainfall as a function of temperature.
The best temperature was found to be 250 K, some
15 K warmer than the optimum threshold found by
Richards and Arkin (1981). The area enclosed within
this temperature contour was multiplied by the cen-
tered time interval for each image and summed over
the lifetime of the event to derive the satellite ATI.
Storm durations ranged from 0.5 to 4 h and the satellite
image frequency ranged from 4 to 5 per hour.

They were able to obtain a total of 17 storm clusters
that were not contaminated by extraneous clouds.
Contamination occurs when storms merge or the storm
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is well developed and the cirrus tends to obscure the
end of the event. The resulting log-log scattergram and
regression line are shown in Fig. 3. The correlation
coefficient is .93 and the slope is 0.698. The rms log-
arithmic error is 0.28 (i.e., about a factor of 1.9). The
regression equation is

V= 13.75(4T,)*%%, (4.1)

where the subscript ¢ signifies cloud and the constant
has dimensions of (mm h™!) (km? h)®3%2. While cirrus
contaminate the observations in the latter stages of a
storm, we note that the convective-stratiform tech-
nique (CST) of Adler and Negri (1988) provides a
means of distinguishing the convective regions from
the cirrus by texture analysis. This is thought to be one
of the reasons that their method of estimating rainfall
from IR imagery results in the best estimates of all the
approaches used to date; see section 5b.5.

We have superimposed the radar V' -ATI curve of
Doneaud et al. (1984 ) obtained during the same project
in North Dakota by the dashed line in Fig. 3. The latter
was based upon 583 clusters. Here the ATI was deter-
mined for a threshold of 25 dBZ or 1.5 mm h ™! (using
the aforementioned Z-R relation ). The corresponding
regression relation is

V =3.7(4T,). (4.2)

We see that at V' > 285 km? mm the cloud ATI
begins to exceed the radar ATI and the excess increases
with V. This is physically reasonable since the cloud
begins to expand rapidly once its top approaches the
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(dashed line) for North Dakota.
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tropopause. One cannot trust the cloud curve below
its intersection with the radar curve because this implies
that the cloud area is less than the 25-dBZ rain area,
a physically implausible condition. ( Alternatively, it is
possible that the one point below the intersection is
due to rain from a rather warm cloud.) In any case,
using (4.1) and (4.2), the ratio of the cloud to radar
ATI is given by

(AT.)/(AT,) = 0.08656V%** (V> 285 km* mm)

(4.3)

where the constant has dimensions of (km? mm) ~%433,
Using (4.2) we find

(AT.)/(AT,) = 0.1525(AT,)***
[(AT,)> 77 km? h] (4.4)

where the constant has dimensions of (km? h)~%433,
We see that when V = 10* km? mm and A7, = 2.7
X 103 km? h the ratio of the cloud to the 25-dBZ radar
areas is 4.67. With such a storm of 1-h duration and
dimensions of 52 km on a side, one obtains a total
rainfall of 3.7 mm. It is apparent from Fig. 3 that 1)
the cloud ATI is a reasonable measure of the storm or
cluster rain volume, and 2 ) once the radar ATI reaches
a threshold of 77 km? h, the cloud ATI increases at a
faster pace than the radar ATI. The reason for this is
that the depth, height, and updraft strength all increase
with the storm area (Dennis et al. 1975). Thus, the
greater the storm area, the greater will be the divergence
near the tropopause, and the larger will be the ratio of
the cloud to rain area. This is not to imply that the
diverging upper-level cloud does not precipitate, but
that it produces stratiform rain in which the rain rate
per unit area is less than that in the convective portions
of the storm. However, in all of this we must be careful
to distinguish between the behavior of the storms in
North Dakota, which commonly occur in a region of
strong upper-level winds, and those in the tropical At-
lantic where this is not the case.

It is useful to compare the storm areas treated by
Smith et al. (1990) to those of Richards and Arkin
(1981). The maximum A7, is about 10° km? h and
maximum duration is 4 h; this corresponds to a max-
imum cloud area of about 2.5 X 10* km? and a di-
mension of about 120 km on a side. This is about half
the 250-km scale at which RA found the GPI coefficient
to be reasonably constant in GATE. More typical di-
mensions for 1-h storms are 30-40 km. We have al-
ready noted that the GATE coefficient decreases to
values of about 0.5-1 at scales of about 50 km, indi-
cating that the cloud area at such a scale overestimates
the rainy area by a factor of about 9 to 4.5, respectively.
In other words, the behavior of the cloud to rain area
ratio for GATE is not very different from that found
in North Dakota for the smaller scales and warmer IR
thresholds.
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5. Combining TRMM and geosynchronous data

When averaged over a sufficient space-time domain,
it is clear that 1) the cloud ATI is a useful measure of
storm rain volume, and 2) it is also related in a rea-
sonably well-defined manner to the radar ATI. If sim-
ilar relationships can be found for other climatic re-
gimes, then it has important implications for the mea-
surement of convective rain from space. In particular,
one of the key algorithms that has been proposed for
use on the TRMM satellite is based upon the height-
area rain threshold (HART) method of Rosenfeld et
al. (1990). This is essentially an ATI method in which
the areawide instantaneous rain rate is related to the
fractional rainfall area above a specified rain-rate
threshold as observed by a spaceborne radar; the ad-
dition of a measure of storm height improves the ac-
curacy of the rain-rate estimate.

However, whether using HART or any other algo-
rithm, the accuracy of the estimates is severely limited
by the small number of storm samples that can be ob-
served by a low-orbiting satellite during a single orbit.
For this reason, the basic design of the TRMM proposes
averaging measurements of rainfall over a domain of
500 X 500 km? and a period of a month (Simpson et
al. 1988). In the course of a month the satellite revisits
each area many times, thereby increasing the number
of samples. Moreover, the orbit was designed to precess
during the month in order to sample the rainfall during
every clock hour and so compensate for possible biases
due to diurnal variations of the rainfall. Based on
GATE statistics, TRMM’s averaging domain should
provide an estimate of the mean rainfall accurate to
10% (Shin and North 1988; Bell et al. 1990).

Measurements of average rain rates over smaller
space-time domains are clearly desirable. For example,
for purposes of global weather prediction one would
prefer to have rainfall observations on the scale of
GCMs (e.g., 200 km on a side) and time periods of
the order of 12 h. Using low-orbiting satellites like
TRMM alone, however, the sampling errors would be
too large. Our preceding discussion suggests that cloud
observations from geosynchronous satellites can be
used to fill in between the passes of the low-orbiting
satellites and thus increase the number of samples, as
well as observe the diurnal cycle. Instead of about 2
samples (or fewer) per day observed with the low or-
biter, the synchronous satellite would make 48 obser-
vations per day at the present observing cycle of 2 per
hour.

In the next two subsections we divide the mean-
square error for geosynchronous data into sampling
and measurement components and discuss the size of
each. We show that sampling error is reduced to per-
haps 5% and that retrievals might achieve accuracies
of ~15%-20% for 12-h averages of rainfall on GCM
scales.
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a. Sampling error for geosynchronous observations

To establish notation, it will be useful to review
briefly how mean-square error can be separated into
sampling and measurement components. Let R(¢)
(mm h™!) be the instantaneous rain rate averaged over
an area A4 at time ¢. The average rain rate during a
period of length 7" (which we shall later take to be 12
h)is

_ 1 (T
R = —f R(t)dt. (5.1)
T Jo

The geosynchronous satellite estimate of R is inaccurate
both because it is based on an average of noncortin-
uous observations made at intervals At ~ 0.5 h (sam-
pling error) and because the measurements themselves
are inaccurate (retrieval error). If we denote by E(1;)
the satellite estimate of area-averaged rain rate at ob-
servation time Z;, then the satelhte estimate of R can

be written
R=

R(t.-), (5.2)

||Mz

1
N;

where the observation times ¢; are all within the period
T of interest.

We shall use the total mean-square error of the sat-
ellite estimates,

e = ((R - R)?), (5.3)

as a measure of the size of the error of a typical satellite
estimate (5.2), where the brackets ( ) indicate an
average over an ensemble of months with similar rain-
fall climatologies; that is, the “weather” over the area
might vary among the different months in the ensem-
ble, but the weather events during each month are con-
sistent with the season and local “climate.”

Let us also introduce the satellite estimate of (5.1)
that would be obtained if the satellite could measure
rain rates perfectly (i.e., measurements are exact but
are made only at satellite observation times),

I
= ]—\IE R(1), (5.4)
and write (5.3) as
eb=((R— Rs+ Rs— R)*),
which can be expanded as
et = ek + e} + 2ers, (5.5)

where

1 N 2
eR—<(R Rs)*y = <{X,Z R(t) R(L’)]])
(5.6)
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is the mean-square retrieval error,

_ _ 1 N _2
e.st<(Rs—R)2>=<[K’ZR(&)—R]> (5.7)
i=1

is the mean-square sampling error, and
ers = {(R — Rs)(Rs — R)) (5.8)

is their covariance. The covariance egs would be non-
zero if unobserved rain is somehow correlated with
retrieval error at the observation times. It seems rea-
sonable to neglect this term, and we shall do so in the
remainder of this discussion. The total mean-square
error e%is thus the sum of sampling error and retrieval
erTor.

Laughlin (1981) describes a method of estimating
sampling error e% based on the assumption that the
autocovariance of R(¢) has the form

(R'(t+7)R'(1)) = af exp(—|71/7.),

where

(5.9)

R(1) = R(t) — {R(1)), (5.10)

and ¢ and 7,4 are the variance and correlation time,
respectively, of instantaneous area-averaged rain rate
for the area 4. For observations made at equally spaced
intervals A, Laughlin (1981) obtained €% as a function
of 6%, 74, and T. His calculation is reviewed by Shin
and North (1988). In the limit A7 < 74, which is of
interest to us, his result approaches

) o4 At
s =~ - .
T/At 61'A

[Sampling error is computed in this limit by North
and Nakamoto (1989); their result, their Eq. (30),
omits a factor of 72/6.] The first term on the right-
hand side of (5.11) is just the mean-square sampling
error of an average of 7/ At uncorrelated samples. The
sampling error is reduced by the factor At/67, because
the unobserved rain in between the samples is corre-
lated with the rain at the observed times. The reduction
factor is linear in At because the correlation (5.9) falls
off linearly with lag for small 7.

In order to proceed we require values for ¢4 and 74.
We use values based on the rainfall statistics observed
in GATE phase I, and shown in Table 1 for various

(5.11)

TABLE 1. Variances and correlation times used in calculations
of mean-square sampling errors for areas 4 = L2

L (km) ¢4 (mm? h™?) 74 (h)
24 3.3 2.1
48 2.3 3.0
9% 1.5 43

280 0.5 7.6
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30— ——

-------- 24 km
==t 48km
96 km
280 km

R.M.S. Error (% of mean)

T (days)

FIG. 4. Sampling error for space-time averages of rain rate, for
averages of half-hourly samples taken over periods of length 7', for
four different size areas with dimensions L = 24, 48, 96, and 280
km. Error estimates are based on GATE statistics, with area mean
rain rate of 0.5 mm h~',

areas with side L. These statistics are discussed in
greater detail in Bell et al. (1990). The sampling error
es, as a fraction of the mean rain rate R = 0.5 mm h™'
for GATE phase I, is shown in Fig. 4 for various av-
eraging periods T. Laughlin’s exact result was used in
these calculations, although approximation (5.11) is
quite accurate for all but the smallest area.

It can be seen that the sampling error for 2.5° boxes
(L = 280 km) and T = 12 h is less than 5%. Unlike
the case of using TRMM data alone to estimate
monthly averages, where sampling error dominates re-
trieval error (Bell et al. 1990; see also Wilheit 1987),
the geosynchronous observations are frequent enough
that inaccuracies in estimates of R are largely due to
retrieval error. We turn next to a survey of typical re-
trieval errors encountered in retrieval of rainfall from
visible and infrared data of the sort available from geo-
synchronous platforms.

b. Geosynchronous retrieval errors

Mean-square retrieval errors have been reported for
estimates of average rainfall for various areas and pe-
riods, based on a number of algorithms using geosyn-
chronous satellite data. We shall attempt to extrapolate
these errors_to values that might be encountered in
estimating R for averaging period 7= 12 h and 4 the
area of a 2.5° box in the tropics. Some assumptions
are needed to make these extrapolations, and we shall
discuss them first before proceeding to individual re-
trieval methods and their errors.

Suppose a retrieval scheme makes an error €(¢) in
retrieving the instantaneous area-averaged rain rate,

() = R(1) — R(1). (5.12)
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Lacking any information about the time correlation of
(1), we shall assume that the errors behave like a first-
order autoregressive process; that is, their statistics are

() =0, (5.13)
() = a2, (5.14)
<e(t + ‘r)e(l)>/a£ = g~!"\/me, (5.15)

Equation (5.13) implies that the retrieval scheme is
unbiased in the long run. Comparison of geosynchro-
nous estimates with the more direct measurements of
satellites like TRMM will be essential in achieving this.
Equation (5.15) implies that retrieval errors persist with
a time constant (correlation time) 7.. We neglect pos-
sible changes in the statistics with time, as, for example,
with the time of day. This might be of concern when
we extrapolate retrieval errors for which data are avail-
able only during daytime hours to nighttime periods.

Given these assumptions, the mean-square retrieval
error ek, Eq. (5.6), can be calculated for data sampled
at equally spaced intervals At¢. Jones (1975) gives the
result

a=%l1i20—2 [u-w-La-um
Y (1 - a)? N
(5.16)

for the variance of an average of N samples from a
correlated time series, with correlation between suc-
cessive samples

a= e 8, (5.17)
For N large, this is approximately
2
’ o5 N
~ g = ————. (5.18
ey s N = =y 1)

That is, the variance of the average of the N correlated
samples is the same as the average of Nz independent
samples. The greater the correlation o between samples,
the fewer the effective number of samples N.4. This
concept is discussed further in Atlas (1964) and in
greater detail in Lee (1960).

When the sampling interval is small compared with
7., Leith’s (1973) expression for the variance of con-
tinuous averages over a time 7 can also be used:

2 26(T, 7.)

e T (5.19)

3=
with
G(T: Te) =7,1- T_;:(l - e—T/"e)} . (520)

Just as in (5.18), Eq. (5.19) can also be written as
02/ N, with 2G(T, 7,) =~ 27, the “time between ef-
fectively independent samples.”
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Most of the studies we shall discuss concentrated on
estimating average rainfall for selected rainy periods,
reporting the retrieval errors as fractional rms error

er/{R).

In interpreting these errors, it should be noted that
fractional rms error tends to be less when it is computed
for selected rainy periods rather than for arbitrary pe-
riods, rainy or not. To see this, suppose that a retricval
method has rms error eg riny for rainy periods with
mean rain rate Ry,iny, and suppose such rainy periods
occur a fraction of the time f;ny. Let us further suppose
that the retrieval method can accurately distinguish
rainy periods from nonrainy periods. Then the mean-
square error for retrievals over an arbitrary period is
Jrainy€R rainy » and the average rain rate is fzinyRrainy, SO
the fractional error for arbitrary periods is

(5.21)

_‘_3_13 _ 1 eR,rainy

R V ﬁainy Rrainy )

It is larger than the fractional rms retrieval error eg rainy/
R,ai,.y found for rainy periods alone! If, for instance,
substantial rainy periods occurred only 25% of the time,
the fractional error reported for arbitrary periods would
be twice that for selected rainy periods. Unfortunately,
it is not possible to estimate for realistic cases just how
much the fractional error for selected periods urnder-
estimates that for arbitrary periods. We shall make
some recommendations later about guantities that it
would be very desirable to compute whenever retrieval
errors are being reported.

We show in Fig. S the fractional rms errors [Eq.
(5.21)] found by various authors, extrapolated by us
to what their techniques might produce in estimating
12-h averages. The errors are shown as a function of

(5.22)

0.8 . vr

0.7 T -

1 \
61 .

0 Richards & Arkin (1981)
§ f 4 & IGATE Phases 1, I, 1)
§ oo 5 J
2 oaf Meitin ot al. (1981) n J
w [FACE / gauges}
i
= o3f .
o

0.2 } g:_'}i,‘zhlﬁ' al. (197874 | sioutetal (1979)

Adler & Negri (1988) ! 1 [GATE 1}
o1k [FACE / raciar) $ .
005 = 5 s

10 10

Area (km?)

FIG. 5. Estimated fractional rms error of 12-h average rainfall versus
averaging area for GATE and FACE from studies indicated. The
95% confidence intervals are based solely on number of samples used
in studies.
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the areas of each study. We shall describe next how
each value plotted in the figure was obtained.

1) STOUTET AL. (1979)

This study and the next two to be described used
the GATE rainfall data to evaluate the accuracies of
their methods. Stout et al. (1979) used instantaneous
cloud area [defined as area with Tgp < 250 K for images
from the Geostationary Meteorological Satellite (SMS-
1)] and rate of change of cloud area as linear predictors
of volumetric rain rate within the GATE phase IIl area
(a circle of diameter 408 km). They report fractional
errors 0.32 for 1-h averages and 0.23 for 6-h averages.
If we assume that the rms error falls with averaging
time 7T as in Eq. (5.16), we can explain this decrease
with an error correlation time 7, ~ 1.8 h. Using Eq.
(5.16) to extrapolate the error to T = 12 h, we obtain
a fractional rms error of 0.18. (Note that this is quite
close to 0.23/V2; that is, errors in two successive 6-h
periods are nearly independent.)

Because the rms error for 6-h averages was obtained
by Stout et al. (1979) from a sample of about 10, we
can compute confidence limits for the error if we as-
sume the mean-square error is distributed like a chi-
squared variable X2 with » = (10 — 1) = 9 degrees of
freedom. Denote by x,(p) the value of x2/»such that

Pr[x2/v < x,(p)] = p, (5.23)

which can be looked up in standard statistical tables
(Beyer 1981, for example); then the 95% confidence
limits for the rms error are given by

&R a'R

W<“R<W, (5.24)

where o is the sample estimate from the study based
on » + 1 samples. (See Jenkins and Watts 1968, p. 81,
for example.) Our confidence limits are thus based on
the assumptions that the cases studied are “represen-
tative” of the population of cases for which the retrieval
method might be used, and also that the individual
errors are roughly normally distributed. We have al-
ready argued that the fractional rms errors computed
only from rainy periods underestimate the error for
arbitrary periods. The error bars shown in Fig. 5 are
based on these assumptions, and should probably be
viewed as underestimates of the true confidence limits.

2) GRIFFITH ET AL. (1978)

Stout et al. (1979) also applied the Griffith et al.
(1978) technique to the GATE data. The Griffith et
al. (1978) technique (which we shall refer to as the
NHEML technique) uses cloud-area history to estimate
rainfall, associating different rain rates with different
points in cloudiness evolution. Cloud area is delineated
by Tgp < 253 K. The method was tuned using Florida
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precipitation data. Stout et al. (1979) report that, for
an area equal to the overlap of the 408-km diameter
GATE area and a 3° box, for eight 6-h periods, the
correlation of the NHEML estimates with radar esti-
mated rainfall was 0.85, whereas the correlation of
Stout et al.’s estimates was 0.87. Assuming the same
(R and error correlation time as in Stout et al.’s study,
we would estimate the fractional rms error for the
NHEML technique for 12-h averages to be larger by
the factor (1 — 0.852)!'/2/(1 — 0.872)'/2, Therefore,
we estimate the fractional rms error for the Griffith et
al. (1978) technique to be 0.19, with error bars based
on (5.24) with » = (8 — 1) degrees of freedom.

3) RICHARDS AND ARKIN (1981)

The authors applied their easily automated rainfall
estimation procedure discussed earlier to 12-h periods
in all three phases of GATE. They report means and
o (the standard deviation of hourly averages over a
2.5° box) for each phase, and in their Fig. 6 give con-
tours for the correlation (reproduced in our Fig. 2) of
12-h average rainfall against cloud area (Tgg < 240
K). We give these values in the first three columns of
Table 2. It should be noted that the contour plots of
correlation were widely spaced and so our values of
the correlations may differ from the correct values by
a few percent. To convert the regression correlation cg
into rms error €x using

e} = var(R)(1 — c%), (5.25)

we require the variance of 12-h average rainfall
var(R)—the “variance to be explained.” We have es-
timated this from Leith’s expression (5.19) for the
variance of a time-averaged quantity, using 7= 12 h
and 7 = 7.6 h, the correlation time for GATE rainfall
found in both phase I and phase II (Bell et al. 1990),
and assumed to hold for phase III as well. We find

var(R) = 0.6303,

based on which we have calculated the fractional rms
error in the last column. The error bars shown in Fig.
5 are based on Eq. (5.24) with v ~ 35. (There are
somewhat fewer 12-h periods in phase II.)

TABLE 2. Values used to estimate fractional rms error for retrievals
of 12-h averaged rainfall R, from Richards and Arkin (1981), using
three phases of GATE data for verification. Means and standard de-
viations of hourly rainfall are shown in columns 2 and 3, correlation
R with cloudiness index in column 4, the standard deviation of R in
column 5, and the error in the last column.

GATE (R o War(R)  ex/R
phase (mmh™) (mmh) Cr (mm h™') (%)
I 0.53 0.78 .82 0.62 67
I 0.41 0.52 .86 041 51
111 0.54 0.59 .89 0.47 40
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4) MEITIN ET AL. {1981)

The two remaining studies used FACE (Florida Area
Cumulus Experiment ) data for training and verification
of the methods. The results of Meitin et al. (1981) are
summarized by Griffith (1987). They employed the
Griffith et al. (1978) technique to estimate 6-h rainfall
over the FACE area. We have extrapolated the rms
error they found to that for 12-h averages by dividing
the rms error by \/5, that is, by assuming two consec-
utive 6-h errors are independent. It should be noted
that this is the only study in Fig. 5 that used a dense
array of raingages as “truth.” The others used radar
estimates. The confidence intervals are based on »
= (13 — 1), since rain estimates from 13 days were
used to obtain the rms error.

5) ADLER AND NEGRI (1988)

The authors used their convective—stratiform tech-
nique to estimate rainfall for selected events over the
FACE area. They found an rms error o, = 0.78 mm h™!
for half-hourly estimates for four days of data (6-8 h
each day), with a mean of 1.98 mm h™!, or a fractional
rms error of 0.39. The standard deviation of the errors
in the four daily estimates dropped to 0.35 mm h™!,
which Eq. (5.16) could explain if the error correlation
time 7, =~ 0.5 h. This agrees qualitatively with the fre-
quent sign change in the difference of CST-estimated
rain depth and gauge-adjusted radar estimates shown
in Figs. 4-7 of Adler and Negri (1988). We have
extrapolated their rms error for half-hourly estimates
to that of 12-h averages assuming 7, = 0.5 h, obtaining
a fractional rms error of 0.13. Because of the short
correlation time, we have used » = (55 — 1) in obtain-
ing the confidence limits for oz. Note that this case
has required extrapolation to averaging times farthest
from the averaging time for which rms error was cal-
culated of any of the studies discussed here.

Richards and Arkin were the only authors to report
fractional rms error for arbitrary periods instead of for
selected periods. The fractional errors for all of the other
studies are therefore lower by possibly a factor of 2 or
more compared to what they would have computed
had they not confined their investigations to selected
rainy periods. Adler and Negri (1988), for example,
found that RA’s GPI threshold technique produced
rms errors only 23% larger than their technique did
when applied to the same selected cases. In making
these comparisons, therefore, we cannot emphasize too
much that some of the differences in the relative mag-
nitudes of the errors found by RA and the other authors
are due to the phenomenon we have described leading
to Eq. (5.22).

Our extrapolations to periods different from those
examined in the original retrieval studies required some
statistical properties of the retrievals that are not cus-
tomarily reported in such investigations. We would like
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to suggest that, where practicable, future retrieval stud-
ies include rms errors for their retrievals at the smallest
time intervals for which retrievals are possible, as well
as the time correlations of the errors and dependence
on the area averaged over. It is clear from the discussion
leading to Eq. (5.22) that fractional rms error can be
a misleading measure of retrieval error. A better way
of characterizing it is needed.

6. Discussion

For large areas, the rms error of a given technique
probably decreases with area size as 1/ Va. Figure 5
therefore suggests that 12-h average rainfall over areas
the size of GCM grid boxes can be estimated using
geosynchronous data alone with an rms error that is
15%-20% of the mean. Rainfall estimates with this ac-
curacy would be quite useful. It should be noted, how-
ever, that the most successful techniques in Fig. 5 were
tuned to the local climatology. Although it appears that
one would require neither the radar nor radiometers
aboard TRMM as is now planned if one has access to
geosynchronous cloud observations, it is important that
they be used in combination in order to provide a
means of calibrating the cloud ATI algorithm since the
calibration is likely to change from one climatic regime
to another. Convective storms, for example, which ei-
ther reach the tropopause or occur in a strongly sheared
environment, are likely to have a different ratio of cloud
to radar ATI from those in other conditions.

As mentioned earlier, GATE phase II differed from
the other two phases in several respects (see RA). First,
phase II had systematically smaller hourly mean rain
rates, standard deviations, and maxima, and the ratio
of the mean rate in II to that in the other phases de-
creased sharply with the scale. At the 2.5° scale, the
mean rate was less than that in the other two phases
by about 25%; at the 0.5° scale it was about 75% less.
The decrease with scale was due to the fact that the
0.5° scale (measured only around the center of the
GATE array) fell entirely within a minimum in the
phase II isohyetal pattern with a mean hourly rain rate
of only 0.13 mm h™'. This compares to values of about
0.5 mm h™! in the other phases at all scales. Secondly,
the very small rates at the smallest scale were also man-
ifested by very low correlation coefficients between ra-
dar-estimated rainfall and fractional coverage, and un-
like the other phases, the correlations did not increase
with averaging time. It was only at the larger scales that
the correlation coeflicients approached those in phases
I and III. RA note that “it appears that the relationship
between rainfall and the fractional cloud coverage is
better for periods and/or areas of significant rainfall.
When precipitation is light, the one-parameter model
may be incapable of achieving significant correlations.”

However, the answer to the problem lies in the state-
ment by RA that “the success of the simple linear
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model [ between areawide rainfall and fractional cloud
cover, as in Eq. (2.6)] implies that most rain-producing
cloud systems in GATE, when viewed over a large
enough area, had an effective mean (conditional ) rain-
fall rate that did not vary greatly from event to event.”
This is precisely the basis for good performance of the
radar ATI as described by Atlas et al. (1990a) and as
embodied in the set of equations (2.1) through (3.1).
The 25% reduction in areal rain rate in phase II signifies
that this phase was anomalous relative to the others
either in the number of rain events or the conditional
rain rate R, per event. Hudlow and Patterson (1979)
have shown that the fractional area covered by high
clouds observed by satellite was also reduced by about
this amount. This suggests that the smaller amount of
rain during phase II was due to the frequency of rain
rather than to R.. Thus, the radar and cloud ATI re-
lations should be affected only by the natural variability
in S(¢)in Eq. (2.4) and G in Eq. (3.1).

On the other hand, if the climatic regime were to
change in such a manner as to alter the nature of the
rainstorms themselves, and thus to alter R, the use of
the ATI method would be questionable. It would then
be necessary to use an independent radar and/or ra-
diometric measurement system on board the TRMM
satellite, and also to employ a physically based algo-
rithm such as those proposed by Meneghini et al.
(1989) or Weinman et al. (1990). The latter are in-
dependent of the ATI method and should be capable
of measuring the rain rates as well as the storm areas.
In this way, the difference in the mean conditional rates
would be detectable and the true rates would be mea-
surable. Once TRMM has been calibrated against re-
liable ground-truth raingage networks, it then serves
as a transfer standard with which to calibrate other
instruments and algorithms such as the geosynchro-
nous ATI method anywhere on the globe. It is in this
sense that TRMM is a “flying raingage.”

One of the arguments for the low inclination orbit
of TRMM was the increased sampling the orbit made
possible in the tropics. Because of the way in which
the geosynchronous cloud observations support the ra-
dar and radiometer, the sampling characteristics of a
TRMM-like satellite in a polar orbit might suffice. Such
a satellite could then serve as a global calibrating device.

7. Conclusions

Although the area-time integral (ATI) has become
an important basis for radar estimates of rain both from
the surface and potentially from space, its use in space
without a spaceborne radar depends upon the appli-
cability of corresponding cloud ATIs either in the vis-
ible (VIS) or IR. Virtually all the algorithms developed
to relate VIS and IR cloud areas to rainfall are in fact
a form of cloud ATI when integrated over time and
area. The GOES precipitation index (GPI) of Arkin is
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a well-established ATI that is in widespread use for
estimating tropical convective rainfall. We have dem-
onstrated that Arkin’s GPI works in large part because
the average cloud area (A.) within a specified IR
threshold is an estimator of the rain area (4, ). Its ac-
curacy increases with the size of the sample space-time
domain because the number of storm cells included in
the sample increases and the average becomes more
representative of the range of storm-cell structures and
stages of development. The accuracy also increases with
the sample size because the GPI coefficient is propor-
tional to the conditional climatological rain rate R.,
the accuracy of which depends upon how well the sam-
ple probability density function (PDF) of R approaches
that of the climatological population. Since both (A4.)/
(A,> and R, must vary with storm type and climatic
regime, the GPI developed for GATE is unlikely to be
valid for other regions. Thus, we need some means of
calibrating the relation of the cloud ATI to the radar
ATI and then to the areawide rainfall reaching the sur-
face.

Smith et al. (1990) have also found a satellite cloud
ATI for individual convective storms in North Dakota
using a threshold IR brightness temperature of 250 K.
In this case, we find that the ratio of the cloud to radar
ATIs increases with the total volumetric rainfall, pre-
sumably because the more intense storms are associated
with stronger updrafts and upper-level divergence, thus
causing the cloud areas to exceed the rain areas by
progressively larger amounts. Nevertheless, if the re-
lationship between cloud and radar ATI is a stable one
for a sufficient sample domain in each climatic regime,
as is to be expected, then the cloud ATI becomes as
powerful an estimator of convective rain as is the radar
ATI (Rosenfeld et al. 1990 and others). We suggest
that such cloud ATIs or GPIs can be found for the
various regimes, thus making it a powerful estimator
of convective rain.

One of its most valuable applications would be in
conjunction with a satellite radar and/or radiometer
as proposed for TRMM. TRMM could then serve as
a global calibrating device to eliminate systematic
biases. The increased sampling rate with the geosyn-
chronous ATI would greatly improve the accuracy of
the rainfall estimates, resulting in rms errors of 15%-
20% of the mean in 2.5° boxes and 12 h as compared
with the 10% error for monthly averages over 5° boxes
anticipated for TRMM. Such estimates would be useful
for regional- and global-scale monitoring and fore-
casting.
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