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ABSTRACT 

This paper describes radiative transfer through a single cloud layer that is hor- 

izontally uniform but statistically distributed in the vertical and compares the ra- 

diative transfer in such a statistical cloud to its deterministic counterpart. Specific 

examples of the derivation of the probability density functions of cloud reflection 

and transmission by single cloud layers are described for giveri-observed statistical 

distributions of cloud optical depth and single scattering albedo. Numerical results 

of the probability density functions for cloud albedo, transmission and absorption 

are presented, as are the moments of these distributions. Although the computa- 

tions apply to a hypothetical statistical medium that only approximate clouds in 
the atmosphere to a limited extent, results of this study demonstrate that radiative 

transfer in the statistical cloud is substantially different from that of its determinis- 

tic counterpart having the same ensemble mean properties. It is also demonstrated 

that the rate at which the moments of the distributions decay with order, differs for 

reflection and transmission in a way that is influenced by the absorption of cloud 

droplets and the asymmetry of droplet scattering. This result suggests that it mat 

be difficult to infer information about the variability of transmitted solar radiation 

from reflection measurements. 

1. INTRODUCTION 

One important property of the solar and infrared radiation measured in the tcr- 

restrial atmosphere is the extreme variability of these radiation fields. To appreciate 

this point, satellite images of reflected shortwave and emitted longwave radiation 

are shown in Fig. la and Fig. lb. Variations of the radiative intensity monitored 
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FIG. 1. Satellite images of clouds in the terrestrial atmosphere. (a) The reflected 

solar radiation (expressed as a reflectivity) and (b) emitted infrared radi- 

ation (brightness temperature). The data are from the G\IS satellite for 

June 15, 1987 and centered at 135” E longitude and 15O ,‘V latitude. The 

approximate areal coverage of the images is 3280 x 3280 km. The frequent! 

distributions for (c) reflection and (d) brightness temperature corresponding 

to these images are also shown. 

over the highlighted region which is located over the Pacific Ocean are shown as a 

frequency distribution in Figs. lc and Id. Evident from this simple analyses of the 

reflected and emitted fields of atmospheric radiation are the large range of radiances 

(expressed as albedo in Fig. la and brightness temperature in Fig. lb) measured 

over some volume of atmosphere. 

The inhomogeneous nature of atmospheric radiation, portrayed in Figs. lc and Id 

in the form of distribution functions, is largely a result of the spatial and temporal 

fluctuations in cloudiness. The latter are characterized by time scales on the order 

of minutes to hours as seen from a point on the surface of the earth, compared to 
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(b) 

Fig. 1 Continued 

several hours to days for weather systems as observed for instance in Figs. la and 

lb. Spatial fluctuations in cloudiness are governed by processes that range in scale 

from about lo6 - lo7 meters for synoptic scale processes (on the scale of the large 

cloud masses shown in the satellite images of Figs. la and lb), down to the scale 

of individual clouds (often not resolved in satellite images) and ultimately down to 

the scale associated with individual cloud droplets (typically a few tens of microns). 

One of the most significant and difficult problems that we presently encounter in 

the field of atmospheric radiative transfer concerns how best to describe the trans- 4 

fer through a medium that is highly inhomogeneous over a vast range of length r, 

scales. In the present remote sensing literature, empirical descriptions of the sta- , 

tistical properties of the intensity fields aboundlW3 with no real effort to connect 

. 

these statistics to the physics described by radiative transfer. In most meteorolog- 

ical applications, the equation of transfer is greatly simplified and inhomogeneities 

are dealt with by assuming the atmosphere to be plane-parallel and weighting the 
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transfer processes in cloudy and clear regions appropriately in terms of a factor 

known as cloud amount. In this way cloud amount enters empirically into radia- 

tive transfer. Cloud amount has now assumed major significance in world climate 

research programs, to an extent that a large body of recent research has focused 

on the definition of its climatology4 and its significance to earth’s climatc.5 I)c- 

spite this extensive research, the relationship between cloud amount and radiative 

transfer lacks a theoretical foundation.6 

The inadequacy of conventional deterministic approaches to atmospheric radia- 

tive transfer can be illustrated in relation to the following problems: 

l the determination of the radiation budget of the earth-atmosphere system is 

crucial to our understanding of climate and climatic change. For instance, the 

energy budget of the ocean is dominated by the input of solar radiation which, 
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Fig. 1 Continued 

in turn, is dominated by cloudiness. This influence is particularly crucial in 

certain climatically active regions of the globe (such as the Western Pacific7). 

In modeling the energy budget of these regions using oceanic circulation mod- 

els, the specified solar input is supposed to represent an ensemble average over 

a spatial scale of hundreds of kilometers and a temporal scale of about a month. 

However, this poorly represents the real situation in which solar radiation is 

input in a more episodic manner through large variabilities over smaller space 

and time scales associated with clouds, and 

l the cloud reflection anomaly’ (sometimes referred to as the albedo%paradoxg) 

which refers to our inability to match ensemble averaged spectral measurements 

of radiation reflected by spatially inhomogeneous clouds to a theory based on 

assumptions of uniformity. In all cases, the clouds appear darker than that 

predicted by theory at absorbing wavelengths. 
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These examples help emphasize the need for a coherent theory of radiative trans- 

fer through a medium that undergoes large spatial variabilities. We are therefore 

left to ponder two important questions in this regard: 

l what form of equation is appropriate for the description of radiative trarlsfer 

through a statistically fluctuating medium, and 

l how sensitive are the transfer properties. particularly ensemble averaged radi- 

ances. to the details of the statistics? 

Although recent advanced formulations of deterministic radiative transport iI: 

multidimensional media exist. lo-l3 little is known about the radiative behavior of 

cloud systems whose optical properties are subject to spatial and temporal fluc- 

tuations. In this paper, we’ provide a very preliminary attempt to address thcst 

broad issues as they relate to clouds in the terrestrial atmosphere. kl’e consider 

the simplest. case of a cloudy medium that is horizontally uniform but statisti- 

cally distributed in (a) optical depth, and (b) single scattering albedo. and limit 

our discussion to scattering and absorption processes in an attempt to model t hc 

transfer of solar radiation through such a medium. We emphasize that this typtl 

of hypothetical cloud dots not closely represent reality nor does it reprcscnt t 11~ 

most important problems of atmospheric radiative transfer. However, the problem 

described in this paper dots provide a first step towards a resolution of the more 

general issues posed. Furthermore, the study has limited applicability to stratiform 

clouds in which variations in optical properties are important.14 

In the following section, a brief review of some of the literature on stochastic ra- 

diative transport is described, followed by a discussion of the statistical distribution 

of cloud optical depths and the application of these distributions to a two-stream 

model. Specific examples of the calculation of probability density functions (pcif’s) 

for reflection and transmission are presented in section 4 for single cloud layers. 

2. REVIEW OF LITERATURE 

An overwhelming body of literature exists on the radiative transfer in determinis- 

tic media (cf ref. 13 for an extensive review up to 1974). By contrast, the analysis 



STATISTICAL RADIATIVE TRANSPORT 145 

of radiative transfer in stochastic media appears to have received generally ver) 

little attention in relation to atmospheric radiative transfer. A selective survey of 

the literature on the subject is summarized in Table 1 as it relates to atmospheric 

radiative transfer. Early studies were concerned with the interpretation of remotely 

sensed images of solar radiation reflected from a surface with horizontally variable 

albedo underlying a uniform atmosphere. I5 The need for a statistical description of 

the radiative transfer received early recognition by Malkevitch ef al.‘” and Ilulla- 

maa et al.” To wit: 

u 
. . . attempts to utilize deterministic methods, including the transfer equa- 

tion for this purpose have pmued to be ineflective. At the same time, no 

statistical theory of transfer exists. At the present time. only the first steps 

have been taken toward genemlization of the transfer theory to media with 

statistically distributed parameters. This circumstance is to be ascribed 

to the mathematical difficulties inherent in the solution of the transfer 

equation for such a medium.” Y. Mullamaa et al. (1972) 

Ronholm et aZ1’ considered plane-parallel clouds with small fluctuations about 

some average of the optical properties. They demonstrated that vert.ical variabilit > 

in these properties enhances radiation transmitted through the clouds and rcduccs 

the reflection and absorption by these clouds when compared to deterministic cal- 

culations. Somewhat consistent with these results, are the findings of Mikhaylovlg 

who derived an effective diffusion length for a layer whose optical depth is dis- 

tributed according to a Gaussian function which was larger than that derived from 

deterministic theory. 

The problem of formulating the statistical theory of transport has also received 

attention in the nuclear and astrophysical communities in various contexts. For 

example, in shielding calculations through concrete (or any other heterogeneous 

substance), the random distribution of the gravel implies a need for a statistical 

transport treatment to obtain an accurate measure of the shield effectiveness. Yet 

another example is the boiling water nuclear reactor. The water which acts as both 

coolant and moderator is a two- fluid random state comprised of liquid and vapor. 
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A proper treatment of the neutron transport must take the statistical nature of tile 

mixture into account. As might be surmised from these examples, much emphasih 

has been placed on particle transport in random media consisting of two immiscible 

turbulently mixed materials. VVhile it is not the intent of this section to review 

literat.ure relevant to these problems, a coherent overview of recent dcvcloprncrrt~ of 

binary statistical mixtures may be found in references(20.21). 

3. FORhliULATION OF THE PROBLEM FOR CLOUDS 

The optical parameters needed to calculate the bulk radiative properties of ciou& 

are: the optical depth (r’), the single scattering albedo (ZO) and the asymrnctr~ 

factor (9). We expect that the statistical distribution of these parameters varic>s 

from cloud type to cloud type. The optical depth of stratiform clouds. t hougll 

extremely variable, is apparently subject to a stable statistical dcscript ion when 

considered over a sufficiently long period of time (i.e. sea~~~:l. year). ?‘? IM’st,akc~\~’ 

provides an empirical pdj for the optical depth T* of strati f( #: I:~ (:(,ll(is s;1111plw1 Oi4‘I 

hlioscow as 

fy(T*) = Je- 2-(1-f- 2Jq). 

where the parameter d is set to be 6.625 in this instance. hlore rtscenr Iv. enll)iri 

cal density functions of cloud optical parameters have been inferred front sat eliit(* 

observations and aircraft measurements. 23124 Using microphysical data supplied 111 

these investigators, the effects of variabilities in i;j, on the radiative trarlsfer ;irt 

addressed below. The effects of fluctuations in r* will be addressed using l;q. ( i ) 

The variability of g is generally thought to be much smaller than that of oit i~er _’ 

or T* and will not be considered”. 

3.1 The two-stream model 

We use the two-stream form of the radiative transfer equation and derive the rela- 

tionship between the bulk radiative properties of, clouds and their optical properties 

from the solution of this equation. Two-stream methods are generally accurate and 

have been widely used to study many types of transfer problems (e.g., radiation 
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in plant canopies, the insulating properties of fiber glass, the spectral properties 

of certain paint pigments, the turbidity of oceans and properties of atmospheres 

among many others) and several reviews of the subject can readily be found.25-27 

The two-stream equations can be written in the form (cf. ref. 8 for a detailed 

derivation) 

$g = -[D(l -Go) + G,b]F* + &bFT + F&,;y~e-‘~~“, (2) 

where D is a measure of the diffuseness of the radiation, pL, the cosine of zenith 

angle of the sun such that poFo is the flux of collimated solar radiation incident 

on cloud top and x+ = b,,x- = f,,. The parameters b, x+ and x- in Eq.(2) are 

measures of backward and forward scattering respectively and are functions of pO, 

g and WO depending on the particular two-stream method chosen.* 

Equation (2) d e fi nes a linear, two-point boundary value problem with no diffuse 

radiation entering the cloud top or cloud base. The solution to this system has the 

general form 

F+(T) = C+g+ek’ + C-g-eekT + FoZ+e-ripo 

F-(r) = C+g-ekT + C-g+emk7 + FoZ-e-‘/po (3) 

Zf(Po) = Go 
xi&b + x#( 1 - &) + cob F jf-1 

k* - (J-)2 1 , (4) 

k = { (1 - W,)D[( 1 - W,)D + 2&b]}“*, 

and 

gk = l&(1-W,)D/k 

and where the Ck represent the boundary conditions. 

(5) 

(6) 

An isolated plane-parallel cloud layer illuminated only by a collimated source of 

radiation and subject to the diffuse boundary fluxes 
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F-p = 0) = 0 (7) 

F+(T = T’) = 0 

where the level T = T* is used to denote the cloud base, yields 

c- = A(T*) F”[Z+(&Jg-e-‘-/‘~ - Z-(/&)g+e”‘j 

‘+ = A(T*) 
-F”[z+(p,)g+e-‘-~” - z-(po)g-e-k’j 

A@*) = g:ek= _ g?e-kT’ 

For the example under consideration, the albedo of the cloud is 

and the transmission is 

(9) 

(10) 

(11) 

(12) 

(13) 

These definitions together with Eqs. (4), (9) and (10) in (3) give 

R= &{z+b) [NT*) - A(o)emTeiiLo] - Z-&)g+g-(ekT’ - eskT’)} (14) 
0 

and 

y- = e--7-lclo + &{~-(p~) [A(r’)e-T’ipO - A(O)] - 
0 (15) 

Z+(~,)g+g_e-T-‘~“(ek” - eekT*)} 

with cloud absorption defined as 

d=l-R-7. (16) 

We stress in passing that the potential of two-stream models in describing radiative 

transfer is limited to horizontally uniform, vertically inhomogeneous media. 
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3.2 Statistical characterization of the radiation field 

Equations (14) through (16) constitute nonlinear transformations mapping a set 

of input variables, the optical parameters to a set of output functions, the bulk 

radiative properties. The latter become stochastic variabilities when the input is 

generated via a random process. We are interested in relating the pdf of the optical 

parameters to the pdf of the radiation field and its moments. 

If it is only required to characterize the statistical moments (n) of a quantity 4 

given the joint pdj $(T,g,o), th en it follows from elementary probability theory 

that 

< q!J” >= 
JJJ 

~(~,g,w,)~~(~,g,~o)dg~, dr, (17) 

or equivalently that 

< V >= J WVdll, (18) 

where $ in this study represents any of the functions 72, 7. The function <($) is 

the pdf of any of these functions and can be evaluated either numerically or, for 

certain special cases described below, analytically. 

The problem of relating the pdf of the radiation field to the pdf of the optical 

properties may be expressed as follows. Given the distribution of 1 related random 

variables zr,22, . . . ,zl (cloud optical properties), what is the joint distribution of 

y; (the rad’ t ia ion field) given that yi = qi(Zr, x2, *. . , z,)? The joint pdf of yl, ~2, 

..a, yl can be obtained as2’ 

where J is the Jacobian of the transformation and z *i) = i,(i) ,(i) (4 T * 
1 , 2 ,“‘,Xl ] 1s the 

it” solution to y’= f(Z) = [771(2),772(2),.-.,~1(Z)]~ where T refers to the vector 

transpose and the Jacobian J. I ! 

In the one-dimensional case, Eq. (19) is simplified as 

(20) 

Selected examples illustrating the use of such transformations are now given. 
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4. ILLUSTRATIVE EXAMPLES 

4.1 Direct transmission of radiation 

Consider an atmosphere whose extinction coefficient (3) is observed to vary uni- 

formly in the range 0 5 p 5 1. Then the radiance .k(z) that is directly transmitted 

to some point z = z* from the point z = 0 is given by N(z*) = ,v( z = O)e-“‘- _ 

Now dN = -zN and e-’ d0 5 N 5 1. Therefore IN(K) = &. Hence the nth moment 

is 

< N” >= 1 
2 J 

l 1 
l;hrnd.‘V = ‘(1 - een’) (21) 

em* nz 

corresponding to N(z = 0) = 1. For the more realistic atmosphere whose optical 

density is given by Eq.(l), the pdf of the directly transmitted radiation .Y is giver1 

by 

4.2 Diffuse reflection, transmission, and absorption by a single slab 

The statistical properties of the diffuse radiation field may be calculated dirtct 1~ 

from Eqs. (17) and (20). For example, the probability densities of 7Z. 7 and A ma> 

be calculated using: 

P(?z,) = 
f(r*> 

I$$IT=T= 
(23) 

where T* is the root of a(~*) = TLO and f(r*) the optical depth probability densit! 

function. Because of the monotonicity of these functions there is at most one root. 

This root can be found numerically by Newton’s method. In fact, the rlcccssit> 

of finding any roots can be obviated by using a table look up procedure. ‘I’IIC~ 

probability density function is evaluated say for some 72,, corresponding to sonic 

T*. The required derivative $$ evaluated at T* can be calculated analytically, but 

in this pa.per was evaluated numerically using finite differences. 

4.3 Effects of fluctuations in W, on the diffuse radiation for a single layer cloud 

The role of fluctuations in the single scattering albedo on the diffuse radiation 

field in a cloud has received little attention in the literature. This situation is quite 



STATISTICAL RADIATIVE TRANSPORT 153 

understandable because of the difficulty and expense involved in making in situ mi- 

crophysical measurements in cloud from which L;), is determined. This information 

is typically obtained from sampling along one dimensional aircraft flight paths 24. 

The most relevant microphysical information about clouds from which Oo,r and 

g are inferred is the particle size distribution q(f). This distribution defines the 

number of water droplets in a given size range per unit volume of cloud. In prac- 

tice, the optical properties of different cloud types can be usefully represented b> 

parameters derived from moments of this distribution. One such parameter is the 

effective radius defined by: 

and is often used to calculate W, and other optical parameters.8 In this study we 

use the recent aircraft data 24 from which pdf’s for reff were actually derived. 

It is a common practice to analyze aircraft data by averaging information about 

cloud microphysics and radiation along the flight path and then ignore the large 

variabilities associated with these data. 

Two examples of pdf’s of reff are sho\vn in Fig. 2a corresponding to measure- 

ments performed on two different days. The pdf’s for W, were calculated directI> 

from the pdf’ s of reff using the parameterization ‘v*’ 

-. Luo 2 1 - .S5W,jf (25) 

which reasonably approximates the absorption by spherical particles near the in- 

frared portion of the solar spectrum. In this study, we used a value of K = 

1.64 x 10m3/pm for the bulk absorption coeffmient of water corresponding to a 

wavelength of 2.16pn. The pdf’s for W, are illustrated in Fig. 2b. Although the 

distributions for Go are narrow, it is relevant to note that small changes in U, can 

significantly alter the albedo, transmission and absorption of the cloud. 

5. NUMERICAL RESULTS 

In order to investigate the effects of variability in T* and W, on the radiation 

field, two kinds of experiments were performed. The first addressed the sensitivity 
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FIG. 2a. Probability density function for the effective radius, ref/, per unit size 

range (in micrometers) as measured by forward scattering spectrometer on 

board aircraft on two different days.24 

of 72,7, and A to fluctuations in optical depth as generated by Eq. (1) keeping W, 

fixed; the second assessed the effects of a variable W, (as inferred above using exper- 

imental data) on the radiation field, fixing r*. These experiments were performed 

in the manner described in section 3.2. 
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FIG. 2b. Probability density function of r;jO as derived from Fig. ‘La, for X = 2.lClirri. 

5.1 Statistical variations in the optical depth 

Figures 3 and 4 present the pdj’s and statistical moments of the albedo trans- 

mission and absorption obtained as the outcome of experiments in which GO and g 

were fixed but T* allowed to fluctuate. These figures show the sensitivity of the bulk 

radiative properties to variations in the optical properties of the medium. Slany 
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FIG. 3. Probability density function and associated moments of the bulk radiaiivt> 

quantities for conscrv;~t ive scat tcring (Z,, = I ). These figures illustrate t hi 

sensitivity of the ~)Clf’s of thclst quantities to the asymmetry factor (g I anti 

zenith angle (0,) as \vell as the decay rates of the moments. In all cast> 

< r* >= l(i.53. 

features of these figures can be rcasorrcd from dctcrnlinistic considerations. For es- 

ample, in the case of a conservatively scattering plane-parallel atmosphere, the p@‘s 

of 72 and 7 must be mirror images of one another since R + ir = 1. This is borne 

out in Fig. 3. These figures contrast the large differences between isotropic (g=O) 

and anisotropic (e.g. g=.SS) phase functions for overhead (CL, = 1) illumination. 
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As expected these differences are also reflected by the slowly decreasing moments 

shown in Figs. 3 and 4. As in deterministic transfer, the albedo of a medium which 

scatters isotropically is greater than one in which the scattering is predominantly 

in the forward direction at large optical depths. By contrast, the transmission of an 

anisotropically scattering medium exceeds that of its isotropic counterpart at small ~> 

optical depths. 

Figure 3 also illustrates the effect of the angle of solar elevation on the pdf’s 

and the associated statistical moments for conservative scatter with g = .85. As 

expected, the form of the pdf’s (and the moments) is very nearly the same for the 
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two solar zenith angles chosen with the exception of a slightly larger albedo for the 

60" case at large optical depths and less transmission at the other extreme for the 

same solar elevation. This is due mainly to the larger path lengths traversed by the 

photon when the sun is low. 

When a small amount of absorption is introduced (in this case modeled with 

(;I, = 0.9,0.95 and 0.98 which fall in the range fbr water droplets at near-infrared 

wavelengths), a limit to the albedo and absorption is established which determinis- 

tically corresponds to the largest optical depths sampled. By comparison, the pdf 

for transmission (central panels of Fig. 4) becomes broader as a consequence of the 

conservation of energy (12 + 7 + A = 1). 
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It is clear then that the only effect exerted by vertical fluctuations is to spread out 

the bulk radiative quantities about the mean. This dispersion is easily calculated 

from the pdf’s. In many applications, such as in closure models of atmospheric 

turbulence that include effects of radiative transfer, it is perhaps desirable that the 

variability of the bulk radiative quantities be expressed in terms of just a few of its 

moments (the mean and second moment for instance). Evldently, just two moments 

are not sufficient to capture the full variability as shown in the bottom 3 panels of 

Fig. 4: higher moments may contribute substantially to the error about the mean. 

The rates of decay of the higher albedo and absorption moments appear to be 

particularly sensitive to GO such that these rates of decay increase with increasing 
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FIG. 4. Probability density function and associated moments of the bulk radiative 

quantities for non-conservative scattering (L;), < 1). These figures illustrarx 

the sensitivity of the pdf’s and the moments of these quantities to the singi+ 

scatter albedo for g=O.85 and overhead illumination. The decay rates of the 

moments are also shown as functions of c;tO. In all cases < r* >= 16.53 
Curve 1 refers to c;), = -98, curve 2 to Go = .95 and curve 3 to LjO = .90. 

droplet absorption. Table 2 presents a comparison between the statistical averages 

of the bulk radiative quantities determined from the calculations described above 

compared to those obtained by directly inserting < T* > into Eqs. (14-16). In 
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general, the effects of vertical variability of the medium on the radiative transfer is to 

significantly enhance the transmission and reduce both the albedo and absorption. 

5.2 Statistical variations in the single scattering albedo 

The sensitivity of R,7, and A to variations in G, is examined using the @f’s 

described in section 4.3. The distributions for Go shown in Fig. 2 were used to 

obtain the pdf’s of %&I, and A for thin and moderately thick cloud decks having 

r* = 4 and 16..5 respectively. The results of these calculations are shown in Fig. 
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5. The ensemble averages of the bulk radiative quantities are compared to tll(J~ 

obtained by directly inserting < W, > into Eqs. (17) and (20) in Tables 3a and 1). 

The higher order moments could not be accurately calculated due to the small step 

size AW, required, but not afforded by the data. Unlike variations in the optical 

depth, fluctuations in L;),, suggest a small increase in the albedo and transmission 

and a reduction in the absorption over the deterministic values. 

6. SUMMARY AND CONCLUSION 

This paper describes radiative transfer through a single cloud layer that is hor- 

izontally uniform but statistically distributed in the vertical and compares the ra- 
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diative transfer in such a statistical cloud to its deterministic counterpart. The 

study is partly motivated by the widespread modeling of clouds as plane-parallel 

slabs and addresses the errors incurred when ensemble mean optical properties are 

applied to model vertically uniform clouds. By ascribing a stochastic character to 

the optical depth and single scattering albedo, the resulting statistical variability of 

the bulk radiative quantities was investigated. The numerical results presented in 

this paper are limited to single-layered clouds whose asymmetry factor was fixed in 

any given simulation. Variations in the optical depth and single scattering albedo 
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were described by empirical pu’f’s obtained from observations of clouds. The pur- 

pose of the simulations described in this paper is to yield quantitative information 

about the pdf’s and moments of the reflection, absorption and transmission of solar , 

radiation through clouds. The results of these numerical experiments are summa- _ 

rized in Tables 2 and 3. According to these results, it is shown how the observed 

statistical variability of cloud optical depth exerts a substantial effect on the radia- 

tive properties of the clouds. It was demonstrated that such variability: (1) reduces 

the albedo; (2) enhances the diffusely transmitted flux and (3) diminishes the ab- 
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sorption within the cloud. These results generally agree with those of reference 

(18) and others although we show the effects of statistical variability to be much 

larger than these earlier studies. It is alsp demonstrated that the rate at which the 

moments decay differs for reflection and transmission in a way that is influenced by 

the absorption of cloud droplets and the asymmetry of droplet scattering. Unlike 

variations in the optical depth, fluctuations in single scattering albedo give rise to 

small increases in the albedo and transmission and a reduction in the absorption. 

These results suggest that fluctuations in the single scattering albedo are not as 

significant as fluctuations in the optical depth. 
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TABLE 2: Stochastic computations of bulk radiative quantities for a single plane-parallel 
layer of variable optical depth. The means and standard deviations of the albedo, trans- 
mission and absorption are shown. Their deterministic equivalents corresponding to 

< r >= 16.53 are indicated in parentheses. 

Conservative scattering 

0.00 0. 0.748 ho.235 0.251 f0.237 
(0.907) (0.093) 

0.85 0. 0.534 ho.247 0.465 f0.246 
(0.564) (0.436) 

0.85 60 0.402 f0.265 0.597 f0.264 
(0.694) (0.306) 

w Non-conservative scattering with g = 0.85 and 8, = 0” 

0.98 0.240 f0.118 0.460 f0.470 0.296 f0.220 
(0.341) (0.217) (0.442) 

0.95 0.154 f0.062 0.378 f0.337 0.467 f0.277 
(0.203) (0.091) (0.706) 

0.90 0.092 f0.030 0.303 f0.325 0.604 f0.301 
(0.111) (0.027) (0.862) 

Despite the limitations of the study, the results point to problems of the retrieval 

of the solar insolation at the earth’s surface using measurements of reflected solar 

radiation. The computations indicate that the variability of solar radiation trans- 

mitted through clouds (and hence of the surface insolation) is different in nature 

than the variability of radiation reflected from cloud top and monitored by satellites. 

In all cases discussed, there were differences between statistical and deterministic 

transfer. In some cases, these differences were substantiaj. Further theoretical 

developments in stochastic muItidimen&QnaI transfer are needed to address these 

issues. 
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FIG. 5a. Probability density functions of the albedo for X = ‘t.lGpm. Triangles and 
crosses serve to distinguish between measurements pcrforrned on different 

days. In this figure, T* = 4.00. 
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TABLE 3: Stochastic computations of bulk radiative quantities for a single layer cloud 
of specified optical depth but statistical Go. The deterministic equivalents corresponding to 

< Go >= 0.9824 are indicated in parentheses. This value is associated with A = 2.16~771, g = 
0.85 and 8, = 0”. 

(a) 

4 00 0 1681 10.0043 0.7368 f0.0086 0.0951 f0.0181 

(0.1679) (0.7364) (0.0957) 

16 53 0.3617 10.0273 0.2362 f0.0264 0.4021 kO.0541 

(0.359i) (0.2341) (0.4062) 

(b) As in Table 3a with G, = 0.9850 

4.00 O.lilG f0.0035 0.7462 f0.0067 0.0822 f0.0122 

(0.1715) (0.7461) (0.0824) 

16.53 0.3821 f0.0214 0.2557 50.0205 0.3622 f0.04 16 

(0.3S11) (0.2548) (0.3641) 
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