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Graphical Models The Language
Example
Complexity & Algorithms

Boolean Graphical Models = The Language

Forney style - variables on the edges

,P(E) =z H fa(ﬁa) £,>0
J =
= ab = Opa = £1
z =Y [[#(.) ab = Tb
o a 2 01:(01270147018)

partition function 02 = (012,023)

Objects of Interest

@ Most Probable Configuration = Maximum Likelihood =
Ground State: arg max P(&)

e Marginal Probability: e.g. P(oap) = > -, P(F)

@ Partition Function: Z
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Graphical Models The Language
Example
Complexity & Algorithms

Example (from Statistical Physics)

Ising model
7)(0_:) = Zil exp (Z(I,J) JijUin + Zi hiUi)

Jjj defines the graph (lattice)

Graphical Representation

Variables are usually associated with vertexes ... but transformation to
the Forney-style graph (variables on the edges) is straightforward

o Ferromagnetic (J; < 0), Anti-ferromagnetic (J; > 0)
@ Magnetization (order parameter) and Ground State
@ Thermodynamic Limit, N — oo

@ Phase Transitions
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Graphical Models The Language
Example
Complexity & Algorithms

Complexity & Algorithms

How many operations are required?
@ What is the exact algorithm with the least number of operations?

If one is ready to trade optimality for efficiency, what is the best (or
just good) approximate algorithm he/she can find for a given
(small) number of operations?

Linear (or Algebraic) in N is EASY, Exponential is DIFFICULT
Typical graphical problem with loops is DIFFICULT
BELIEF PROPAGATION is a heuristics ignoring Loops

(]
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Variational Method in Statistical Mechanics
Bethe Free Energy & Belief Propagation (approx) Bethe Free Energy
Linear Programming and BP

Variational Method in Statistical Mechanics
P() =150 7 =511, 4(5.)

Exact Variational Principe (or earlier)

also known as Kullback-Leibler (1951) in CS and IT

F{b(7)} = *Zb( )Xailn fa(72) + 2_ b(7) In b(7)

Variational Ansatz

© Mean-Field: p(&) ~ b(&) = [], ») bab(Tab)
@ Belief Propagation: I1. b.(5.)

p(d) ~ b(d) =

(exact on a tree)

H(a,b) bab(aab)
Vaicea: Y by(Fa)=1, bac(oa)= > b5
@y G'a\a'ac
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Variational Method in Statistical Mechanics
Bethe Free Energy & Belief Propagation (approx) Bethe Free Energy
Linear Programming and BP

Bethe Free Energy: variational approach

(Yedidia,Freeman,Weiss '01 - inspired by Bethe '35, Peierls '36)
F==> "> ba(da)Infa(3a) + Y > ba(Fa)Inba(a) = > bac(dac) In bac(oac)
a &, a &, (a,c)
self-energy configurational entropy

Vaic€a: Yy ba(Ga)=1, bac(0sc) = Y., balda)

=-Belief-Propagation Equations: (;—F

constr.

Belief-Propagation as an approximation: iterative = Gallager '61; MacKay '98

@ Exact on a tree
Trading optimality for reduction in complexity: ~ 2L —~ L
(BP = solving equations on the graph) # (Message Passing = iterative BP)

Convergence of MP to minimum of Bethe Free energy can be enforced

Zpp 2 Zexact: BP ansatz in exact Gibbs Functional is not a truly variational
substitution (3° 5 b(¢) = 1 is not guaranteed)
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Variational Method in Statistical Mechanics
Bethe Free Energy & Belief Propagation (approx) Bethe Free Energy
Linear Programming and BP

Linear Programming version of Belief Propagation

In the limit of large SNR, In f, — +oc: BP—LP
Minimize F = E = — ) > bs(&5) In f,(55) = self energy
a &,

under set of linear constraints

LP decoding of LDPC codes Feldman, Wainwright, Karger '03

ML can be restated as an LP over a codeword polytope

LP decoding is a “local codewords” relaxation of LP-ML
Codeword convergence certificate

Discrete and Nice for Analysis

e 6 66 o o

Large polytope { by, bi} = Small polytope {b;}
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy

BP is exact on some problems with Loops Max Perfect Matching, and others

Can BELIEF PROPAGATION be exact
for some graphical models with LOOPS? J
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy

BP is exact on some problems with Loops Max Perfect Matching, and others

Can BELIEF PROPAGATION be exact
for some graphical models with LOOPS?

v

Tree reweighted BP of Kolmogorov & Wainwright '05

At T — 0 BP solves the Ferromagnetic Random Field Ising model
exactly on any graph!

Another Easy Example with Loops: Bayati, Shah and Sharma '06

Maximum Weight Matching of a Bi-partite graph
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy

BP is exact on some problems with Loops Max Perfect Matching, and others

Can BELIEF PROPAGATION be exact
for some graphical models with LOOPS?

v

Tree reweighted BP of Kolmogorov & Wainwright '05

At T — 0 BP solves the Ferromagnetic Random Field Ising model
exactly on any graph!

Another Easy Example with Loops: Bayati, Shah and Sharma '06
Maximum Weight Matching of a Bi-partite graph

Our task for today:

Give simple and "almost universal” proof
for BP exactness in these special cases
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

Ferromagnetic Random-Field Ising Model

o _ 1 1
p(O’):Z 1eX[I) 27_(2%./;]'0’;0']'+TZ/7;0';
1, 1
J;j >0, hi=0
i,j) are edges on an undirected grap
G e e directed graph G

Ground State, T — 0

m|n —— Z Jijoio; — thr,

? (e icG v i€g: o=+l
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

Undirected = Directed = (s-t)-Extended

m|n Z Jijoio; — Zh,-a,-

2 (ipee EG Vv i€g: oj=%1

mm E Ji_joio;j

("J)Egd vV i€gl; oi=tlLios—tlLiog=—1 S

directed: Ji,; = Ji—i = Jjj/2
(s-t) extended: Js_,; = 2h;, if h; >0 Ji; =2|h;|, if h; <0

Michael Chertkov — chertkov@lanl.gov http://cnls.Inl.gov/~chertkov/Talks/IT /TUM.pdf



Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

From Vertexes to Edges

. 1 Z s
min | —— J,'*,J'O','O'j
o 2 ,
i.j)EG
(i)€gg \% ieg{,: oi=*1l,0s=+1;0¢=—1

Integer Linear Programming

- _ L ei=lo=-1 o /o —
77’%17{ 0, otherwise pi =(1-0)/2=0,1

0i0j +0joi =2 = 4nij + Mj—i), 0s0i =1=2ns;, 0jor=1=2n

1
== Ji—j + min Jiimisils .
2(;%:@ - “(;%zeg/ | Vi€ Gy pi =015 ps =0, pr =1
d d V(i —Jj)eg,:
pi — pj +ni—j =0,1
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

FRFI=Min-Cut=Max-Flow

1
== Ji_j+ min Jimis|
2(9%@ ! {n,p}(iﬁ%g, T Vi€ Gl pi=0,1; ps=0, pr=1
d d V(i—j)eg,:
pi —pj+mi—;=0,1

Min-Cut Max-Flow

A.K. Hartman & H. Rieger, Optimization Algorithms in Physics, Wiley-VCH, 2002,

and references therein
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

Back to Undirected Graph

1 .
_5 . Z / Ji—»j + {mln Z ) Ji—»j"i—»jl Vi e g¢/17pi =0,1; ps =0, pr =1
(i=iegq (i=edg V(i—j)eg,: pi—pj+ni-j=0,1

2 Z ,JU+ mm Z /J’m”‘ VieG ,pi=0,1;, ps=0, pr =1
(i ¥ e V(i,j)€G" : pi—pj+m;=0,1

Jsi =2h;, if h; >0 J,'t:2|h,'|7 if hi<O0
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

Back to Undirected Graph

1 .
_5 . Z / Ji—»j + {mln Z ) Ji—»j"i—»jl Vi e g¢/17pi =0,1; ps =0, pr =1
(i=iegq (i=edg V(i—j)€G,: pi—pj+mim;=0,1

2 Z ,JU+ mm Z /J’m”‘ VieG ,pi=0,1;, ps=0, pr =1
(i ¥ e V(i,j)€G" : pi—pj+m;=0,1

Jsi =2h;, if h; >0 J,'t:2|h,'|7 if hi<O0

Michael Chertkov — chertkov@lanl.gov http://cnls.Inl.gov/~chertkov/Talks/IT /TUM.pdf



Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

FRFI/Min-Cut/Max-Flow is EASY

o Many network algorithms. See e.g. T.H. Cormen, et al, Introduction to
Algorithms, MIT-Press (2001)

@ Reduction to Linear Programming. See e.g. H. Papadimitriou,
I. Steiglitz, Combinatorial Optimization: Alg. and Complexity, Dover (1998)

Relaxation of Min-Cut Integer LP to respective LP is exact

5 Z/Jﬁmjp E’J'ﬂ'u ps=0, pr=1; Vie G ,pi=0,1
o (<9 V(i.j) €G': pi—pj+n; =01

e Matrix of LP constraints is Totally Uni-Modular (TUM)
@ Min-Cut LP and Max-Flow LP are Dual
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

FRFI/Min-Cut/Max-Flow is EASY

o Many network algorithms. See e.g. T.H. Cormen, et al, Introduction to
Algorithms, MIT-Press (2001)

@ Reduction to Linear Programming. See e.g. H. Papadimitriou,
I. Steiglitz, Combinatorial Optimization: Alg. and Complexity, Dover (1998)

Relaxation of Min-Cut Integer LP to respective LP is exact

2 Z/Ju+mln Z/Jljnljl p5:07 Pt:].; V’GQI,P::[OJ-]
* e (€94 V(i) € G pi—pj+m; = [0,1]

e Matrix of LP constraints is Totally Uni-Modular (TUM)
@ Min-Cut LP and Max-Flow LP are Dual
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy

BP is exact on some problems with Loops Max Perfect Matching, and others

Proof of the BP-exactness via the Bethe Free energy approach

Original model
at finite I’

Bethe free energy
Formulation
of BP

Integer
Programming

Linear
Programming

®)

Linear
Programming

()

Chertkov '08 |
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

Bethe Free Energy for FRFI

At any Temperature

Minimize the Free Energy :
i
F=E-TS, E= —Z Z bij(a;,aj)ga;oj = Z Z bi(oi)hjoi
(i) @isj i o

S=Y > by(oi,0))Inbj(0i,0)) = > > bi(o7)Inbi(o))

(i) 7i>9j i

Vi & Vj€i: bi(o) =) bj(oj,05), Vi: Y bi(o))=1
aj o

Minimize the Self Energy :

E=- Z Z bjj(oj, Uj)%aiaj — Z Z bi(oi)hjoi
i o

(i) @i

Vi & Vj €i: b,-(o‘,-) = Z b,-j(o,-,aj), Vi : Z b,‘((J’,‘) =1
oj ;i
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

Linear Programming (B) for FRFI

Jsi = 2h;  bsi(os,0;) = bi(g;)d(0s,+1) h; >0

(s-t) modification: { Je=2lhi|  bi(or o) = bi(o1)3(or, —1) i <0

{ller,]} (— Z Z bu(O'nO'J Uin> Vieg & Vjei: bio)= ZJ}_ bij(UhO'j)

(iJ)€G’ 7isaj vieg': 3, bi(or) =1

5 X 4+ min D0 il (i) e Gl mi— g 20
? (e (s V(i) €G': 1> mpu;>0
s =0, @w=1
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Spin Glass & Min-Cut/Max-Flow

TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

FRFl at T = 0 is solved exactly by BP

Original model
at finite T’

Bethe free energy
Formulation
of BP

Integer
Programming

Linear
Programming

A

Linear
Programming

(B)
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

FRFl at T = 0 is solved exactly by BP

=5 D g .Z,J"f""f| ps =0, pr=1; Vie G, p=[0,1]
nee V(i.J) €G+ pi— pj + 5 =1[0,1]

_ Z/J,JJr mln Z/JU“U V(i,j) €G m— i+ i >0
(’f €9 (:J)eg V(i,j)eG : 1>mj,pu;>0
s =0, @w=1

LP(A)=LP(B)
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Spin Glass & Min-Cut/Max-Flow

TUM, LP and Bethe-Free Energy
BP is exact on some problems with Loops Max Perfect Matching, and others

Original model
at finite T°

Bethe free energy
Integer Formulation

Programming

©
3.2 0?

The scheme also works for T — 0 of

p(o) =Ztexp —T_lzhiUi H5 ZJaiUhma
i o' i

where J is a Totally Uni-Modular matrix
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy

BP is exact on some problems with Loops Max Perfect Matching, and others

@ Loops are not always bad for BP!
@ Hint (1): Check for TUM (IP=LP)
@ Hint (2): Bethe Free Energy, BP — LP

Future Challenges

@ Other problems easy for BP ... in spite of loops

o Finite (small) temperature. Perturbative exploration.
Approximate Algorithms.
Loop Calculus [Chertkov, Chernyak '06].

@ "Almost” TUM problems (small duality gap). E.g. weakly
frustrated spin-glass. Perturbative, Loop Calculus, Algorithms.
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Spin Glass & Min-Cut/Max-Flow
TUM, LP and Bethe-Free Energy

BP is exact on some problems with Loops Max Perfect Matching, and others
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