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Introduction

Enabling Example: Error Correction
Statistical Inference
Bethe Free Energy and Belief Propagation (BP)

Error Correction

i Cell phone Hard disk Optical disk Fiber
Scheme:

SOURCE = .19 jous 0. =

L

=D ..o1 110101 11

Example of Additive White Gaussian Channel:

P(xoutxin) = T P(xout;i|Ximi)
i=bits

pesmarion= s o 1o &=
L

& oo i p(xly) ~ exp(—s*(x — y)?/2)
N

@ Channel
is noisy " black box" with only statistical information available

@ Encoding:
use redundancy to redistribute damaging effect of the noise

@ Decoding [Algorithm]:
reconstruct most probable codeword by noisy (polluted) channel

Michael Chertkov, Los Alamos Physics of Algorithm: op Calculus
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Low Density Parity Check Codes

@ N bits, M checks, L = N — M information bits
example: N =10,M =5,L =5

@ 2L codewords of 2V possible patterns
@ Parity check: Av =c =0

example:
1 1 1 1 0 1 1 0 0 0
0 0 1 1 1 1 1 1 0 0
A= 0o 1 0o 1 0o 1 0 1 1 1
1 0 1 0 1 0o o0 1 1 1
1 1 0 O 1 0 1 0 1 1
@ LDPC = graph (parity check matrix) is sparse

Tanner's (155,64,20) code

L~ Hamming distance
informational bits
length of encoded message

Michael Chertkov, Los Alamos Physics of Algorith p Calculus
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Shannon Transition

102

@ Phase Transition

@ Ensemble of Codes
[analysis & design]

@ Thermodynamic
limit but ...

2 [dB]
1.0 0077 0955 09033 0012 0801 0,871 0851 ¢
0150 0453 0447 0142 0436  0.131 0125 012 P,

os Alamos Physics of Algol
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Statistical Models

Ising model
77(0') = Z_l exp (ZU J,'jO','Uj)

Jjj define the graph (lattice)

Decoding

P(o|x) = Z71(x) Ho [o+1 Hp oilx)

i€

Hard (check) constraints define the graph/code

N.Sourlas '89; A.Montanari '00: Error-correction as a Statistical Mechanics

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Graphical models

Factorization (Forney '0 liger '01)

f>0
Oap = Opy = £1

P(olx) = 27 [] fi(xaloa)

z(x) =Y [] falxalo=))

partition function

o1 = (012,014, 018)

oy = (012,013)

Example: Error-Correction  (linear code, bipartite Tanner graph)

1, Va,831i, oja=0;
fi(hiloi) = eXP(Uihi)'{ 0 ’ otherwil:e v

fo(oa) =46 H oj,+1

i€a

h; - log-likelihoods

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Enabling Example: Error Correction
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Bethe Free Energy and Belief Propagation (BP)

atistical Inferenc

Oorig = X = o
original corrupted .
. o possible
data noisy channel data: statistical .
, o ) preimage
Oorig € C P(X‘(T) log-likelihood inference .
L ocC
codeword magnetic field

Michael Chertkov, Los Alamos Physics of Algorithi p Calculus
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atistical Inferenc

= X = o

corrupted .
. o possible

noisy channel data: statistical :
reimage
P(x|o) log-likelihood inference ’ (g
o cl
magnetic field
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atistical Inferenc

= X = o

corrupted .
. _ possible

noisy channel data: statistical .
- . preimage
P(x|o log-likelihood inference
(xlo)  loglielino reimee
magnetic field
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Introduction

Enabling Example: Error Correction
Statistical Inference

Bethe Free Energy and Belief Propagation (BP)

atistical Inference

= X = o

corrupted .
. L possible

noisy channel data: statistical .
- . preimage
P(x|o log-likelihood inference
(xlo)  loglielino reimee
magnetic field

o= (o1, ,0n), N finite, o;==1 (example)

Maximum Likelihood

Maximum-a-Posteriori

ML = arg max P(x|o) MAP; = arg max Z P(x|o)

. - - o\0T|
Exhaustive search is generally expensive: \ei

complexity of the algorithm ~ 2N

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Variational Method in Statistical Mechanics

fa(oa
P(o) = Uahloa) - 7 — S™1T. f(0)

Exact Variational Principe Kullback-Leibler '51
F{b(o)} =—=>_b(c) > fa(oa) — > b(ca)In b(o)

52@) =0 under > b(o)=1

’b(a):pw)

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Variational Method in Statistical Mechanics
P(o) = UB7) - 7 = ST, £,(0)

Exact Variational Principe Kullback-Leibler '51
F{b(a)} == b(a)> fi(a.) — > b(a)Inb(o)

=0 under Y b(o)=

ob(e) ’b(.,):p(g)

’

Variational Ansatz

® Mean-Field: p(o) ~ b(a) =[] bi(7)

@ Belief Propagation:
11, ba(oa)
plo) ~ blo) = 1272
H(a,b) bab(aab)

ba(oas) = Z b(o), bab(cab) Z b(o

o\o, o\oap

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus

(exact on a tree)
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Statistical Inference
Bethe Free Energy and Belief Propagation (BP)

Bethe free energy: variational approach

(Yed Freeman,Weiss '01 - inspired by Bethe '35, Peierls
F==>"> ba(0oa)Infa(ca)+ D> > ba(02)Inba(03) = D bac(0ac) In bac(0ac)
a o, a o, (a,c)
self-energy configurational entropy

Va c€a: . ba(0a) =1, bac(0ac) =3, \o, ba(0a)

: ; e OF _
= Belief-Propagation Equations: % =0

constr.

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Enabling Example: Error Correction
Statistical Inference
Bethe Free Energy and Belief Propagation (BP)

Bethe free energy: variational approach

(Yed Freeman,Weiss '01 - inspired by Bethe '35, Peierls
F=— Z Z ba(oa) In fa(oa) + Z Z ba(o3)In ba(oa) — Z bac(ac) In bac(oac)
a o, a o, (a,c)
self-energy configurational entropy
Vaic€a: >, ba(0a) =1, bac(oa)= Zcra\aac ba(oa)
=-Belief-Propagation Equations: ‘;—g constr. = 0

MAP~BP=Belief-Propagation (Bethe-Pieirls): iterative = Gallager '61; MacKay '98

@ Exact on a tree
@ Trading optimality for reduction in complexity: ~ 2L —~ L
@ BP = solving equations on the graph:
J€B i€p
Naj = hj+ X tanh~! [ T] tanh ngi < LDPC representation
BFor i#)
@ Message Passing = iterative BP

@ Convergence of MP to minimum of Bethe Free energy can be enforced

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Linear Programming version of Belief Propagation

In the limit of large SNR, Inf; — £o0: BP—LP
Minimize F = E = —)_ ) by(0,) Inf,(0,) = self energy
a o,

under set of linear constraints

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Enabling Example: Error Correction
Statistical Inference
Bethe Free Energy and Belief Propagation (BP)

Linear Programming version of Belief Propagation

In the limit of large SNR, In f, — foc: BP—LP
Minimize F = E = —)_ ) by(0,) Inf,(0,) = self energy
a o,

under set of linear constraints

LP decoding of LDPC codes Feldman, Wainwright, Karger '03

@ ML can be restated as an LP over a codeword polytope

@ LP decoding is a “local codewords” relaxation of LP-ML
@ Codeword convergence certificate

@ Discrete and Nice for Analysis

o Large polytope {b,, bj} = Small polytope {b;}

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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© Loop Calculus
@ Gauge Transformations and BP
@ Loop Series in terms of BP

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus



Loop Calculus Gauge Transformations and BP

Loop Series in terms of BP

BP does not account for Loops

@ Is BP just a heuristic in a loopy case?

o Why does it (often) work so well?
@ Does exact inference allow an expression in terms of BP?

@ Can one correct BP systematically?

Previous Considerations:

@ Rizzo, Montanari '05 - Corrections to BP approximation

@ Parisi, Slanina '05 - BP as a saddle-point + corrections

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Loop Series in terms of BP

Chertkov,Chernyak '06

Local Gauge, G, Transformations

: ‘ Z:EHa fa(02), 0a = (Oab,ac, ), Tab = Opy = £1
o

f g _ fa(o'a = (a'ab7 T )) = Za;b Gap (a'abvo";b) fa(a';b, e )

Zo‘ab Gab(o'ab: U/)Gba(o'abv o'”) = 6(‘7,7 O'N)

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus



Loop Calculus Gauge Transformations and BP
Loop Series in terms of BP

Chertkov,Chernyak '06

Local Gauge, G, Transformations

¢ ‘ Z:ZHa fa(02), 0a = (Oab,Tac, ), Oab = Opy = £1

f 9 : fa(o'a = (O'ab7 T )) = Z";b Gap (Uab7 U;b) fa(a';bv e )

Zg‘ab Gab(o'ab: UI)Gba(o'abv O'N) = 6(0/7 UN)

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus



Loop Calculus Gauge Transformations and BP
Loop Series in terms of BP

Chertkov,Chernyak '06

Z=3 Ha fa(0a), 0a = (0ap,0ac, ), Tab = Opa = £1
o

fa(a'a = (Uaba tot )) - Egéb Gab (Uaba U;b) fa(U;bv e )
Zaab Gab(o'ab: Ul)Gba(Gab7 G//) = 6(0'/’ UH)

Michael Chertkov, Los Alamos Physics of Algorithm: op Calculus



Loop Calculus Gauge Transformations and BP
Loop Series in terms of BP

Chertkov,Chernyak '06

Local Gauge, G, Transformations

Z=3 Ha fa(0a), 0a = (0ap,0ac, ), Tab = Opa = £1
o

fa(a'a = (aab7 e )) — Eaéb ab (Uab, U;b) fa(U;b1 e )

Zo‘ab Gab(o'ab: Ul)Gba(oaln G//) = 6(0'/’ UH)

The partition function is invariant under any G-gauge!

S Tleto- SIS e Tt )

bea

graphical trace

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Gauge Transformation: Binary Representation
Z=3%,11.f(02) = X0 1, fo(03) [Tpe -5%2,  Obe # 0t

The binary trick:

W (1 + (tanh(Mbe + Meb) — Tbe)(tanh(Mpe + Neb) — Ucb)C°5h2(77bc + ncb))

E(”v') - ’(J(‘TJ) 1 [/Jtﬁ exp(’/nbﬁa/))
Vbc (chv Ucb) =1+ (tanh(ﬂbc =F ncb) - ch) (tanh("]bc aF ncb) - Ucb) COShQ("]bC + ncb)

Graph Coloring
Z= (H 2C05h(77bc + ncb))_lz H ?3(0'2) H Ve
bc o/ a bc

zZ= Zm 4+ > Zc(n)
¥ all possible colorings of the graph
ground state
o=+1 excited states

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus



Loop Calculus Gauge Transformations and BP
Loop Series in terms of BP

Gauges and BP

Fixing the gauges = BP equations!!

Two alternative ways to understand BP-gauges:

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus



Loop Calculus Gauge Transformations and BP
Loop Series in terms of BP

Gauges and BP

Fixing the gauges = BP equations!!
Two alternative ways to understand BP-gauges:

Color Principe:
no loose ends

Z=2Zm+ > Zn)

c=colorings

= aeCwa C(77

WX

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus



Loop Calculus Gauge Transformations and BP
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Gauges and BP

Fixing the gauges = BP equations!!
Two alternative ways to understand BP-gauges:

Color Principe:
no loose ends

Z=2Zm+ > Zn)

c=colorings

Ze(n) = HaeC Vac(n)

K@K

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus



Loop Calculus Gauge Transformations and BP
Loop Series in terms of BP

Gauges and BP

Fixing the gauges = BP equations!!

Two alternative ways to understand BP-gauges:

Color Principe:
no loose ends

Z=2Zm+ > Zn)

c=colorings

Ze(n) = HaeC Vac(n)

K@K

Variational Principe:

ground state is 7-independent

Z — Zo(n)

0 Z _

577;2 =0
n(bp)

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Loop Series in terms of BP

Loop Series:

Exact (!!) expression in terms of BP

z2=> "] flex) =2 <1+Zr(C)>
o, a C

HCMa
r(C) = ﬁ H Fia
(ab)eC 2EC

C € Generalized Loops = Loops without loose ends

Mmap = /do'a ) (a'a)a'ab

,u,af/daa P (a,) II (oo — mas)

bea,C

Chertkov,Chernyak '06

The Loop Series is finite

All terms in the series are
calculated within BP

BP is exact on a tree

BP is a Gauge fixing condition.
Other choices of Gauges would
lead to different representation.

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus



Loop Calculus Gauge Transformations and BP
Loop Series in terms of BP

Loops are important ...

‘CHICAGO

LOOP

. ALLIANCE

\WHEN DOWNTOWN DAZZLES ‘TIL DAWN

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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e Applications
@ Analysis and Improvement of LDPC-BP/LP Decoding
@ Long Correlations and Loops in Statistical Mechanics

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus



Analysis and Improvement of LDPC-BP/LP Decoding
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Error-Floor

Ensembles of LDPC codes

@ BER vs SNR = measure of
Old/bad performance

10"

@ Finite size effects

e Waterfall <= Error-floor

@ Error-floor typically emerges due
to sub-optimality of decoding

Error Rate
=)
[S

@ Monte-Carlo is useless at
L Optimized II FER < 10—8

e = 5 = e @ Need an efficient method to
Signal-to-Noise Ratio
analyze error-floor

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Applications

Pseudo-codewords and Instantons

Error-floor is caused by Pseudo-codewords:
Wiberg '96; Forney et.al'99; Frey et.al '01; naise;
Richardson '03; Vontobel, Koetter '04-'06 e

y clogest to zero rrors

Instanton = optimal conf of the noise : 3 \

BER = /d(noise) WE/GHT(nOiSG) no erfors

BER ~ WE/GHT< optimal conf ) nobse
of the noise
Point at the ES Instantons are decoded to

optimal conf

of the noise closest to " 0" P .

Chernyak, Chertkov, Stepanov, Vasic '04;'05

Physics of Algorithms/Loop Calculus

Michael Chertkov, Los Alamos
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Pseudo-codeword & instanton search

!

~ exp(—10.076 - 52/2)

Pseudo-codeword search

Stepanov, et.al '04,’05,'06

Chertkov, Stepanov '06,'07

Michael Chertkov, Los Alamos Physics of Algorithm: op Calculus
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Applications

Pseudo-codeword & instanton search

1024

el

1S £3

% 10 ﬂ‘ﬂ‘ﬂ

4 Sl

S ~ exp(—10.076 - 52/2)

% 10 Pseudo-codeword search
3

[T

Stepanov, et.al '04,’05,'06

Chertkov, Stepanov '06,'07

What does Loop Calculus show for dangerous Pseudo-codewords?

Michael Chertkov, Los Alamos

Physics of Algorithms/Loop Calculus
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Why loops?

If BP/LP fails while ML/MAP would not
. one needs to account for Loops

e 6 6 o o

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Why loops?

If BP/LP fails while ML/MAP would not
. one needs to account for Loops

How many loops are critical to recover from the failure?

o
]
("]
(*]
(*]

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus




Analysis and Improvement of LDPC-BP/LP Decoding
Applications Long Correlations and Loops in Statistical Mechanics

Why loops?

If BP/LP fails while ML/MAP would not
. one needs to account for Loops

@ How many loops are critical to recover from the failure?
@ Will accounting for a single most important loop be sufficient?
°

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Why loops?

If BP/LP fails while ML/MAP would not
. one needs to account for Loops

How many loops are critical to recover from the failure?
Will accounting for a single most important loop be sufficient?

How long is the critical loop?

e 6 6 o o

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Why loops?

If BP/LP fails while ML/MAP would not
. one needs to account for Loops

How many loops are critical to recover from the failure?

Will accounting for a single most important loop be sufficient?
How long is the critical loop?

Will it be difficult to find the critical loop?

e 6 6 o o

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Why loops?

If BP/LP fails while ML/MAP would not
. one needs to account for Loops

How many loops are critical to recover from the failure?

Will accounting for a single most important loop be sufficient?

°
°

@ How long is the critical loop?

o Will it be difficult to find the critical loop?
°

If there are many ...
how are the critical loops distributed over scales?

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus




Analysis and Improvement of LDPC-BP/LP Decoding
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Applications

Loop Calculus & Pseudo-Codeword Analysis

7 —

Single loop truncation

Zo(l =+ ZC rc) = Z()(]. =+ r(F))

Synthesis of Pseudo-Codeword Search Algorithm

)

(Chertkov, Stepanov '06) &

Consider pseudo-codewords one after other

For an individual pseudo-codeword /instanton identify a critical
loop, I, giving major contribution to the loop series.

Hint: look for single connected loops and use local " triad”

contributions as a tester: r(I)=]],cr ﬁﬁf")

A\

Proof-of-Concept test

[(155, 64, 20) code over AWGN]

V pseudo-codewords with 16.4037 < d < 20 (~ 200 found)
there always exists a simple single-connected critical loop(s)
with r([) ~ 1.

Pseudo-codewords with the lowest d show r(I) = 1

Invariant with respect to other choices of the original codeword

Michael Chertkov, s Alamos

A-posteriori log-likelihoods

Instanton #1, d,=16.4037

Physics of Algorithi

D on B G
o oo
o o

o o°

@

200

T
bit label, i=1,....155

p Calculus
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Extended Variational Principe & Loop-Corrected BP

A4

6773b
n(bp)

Bare BP Variational Principe:

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Extended Variational Principe & Loop-Corrected BP

A4
6773b

Bare BP Variational Principe:

New choice of Gauges guided by the knowledge of the critical loop I

6 exp(—F) _ _
B neffioj F=—In(Z+ Zr)

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus



Analysis and Improvement of LDPC-BP/LP Decoding
Applications Long Correlations and Loops in Statistical Mechanics

Extended Variational Principe & Loop-Corrected BP

A4

Bare BP Variational Principe: 311b =0
a
n(bp)
New choice of Gauges guided by the knowledge of the critical loop I
d exp(—F) _ _
e?T neffioj F=—In(Z+ Zr)

v

BP-equations are modified along the critical loop I

3 o, (tanh(Map+1ba) —0ap) Pa(oa)
> o, Paloa)

= explicitly known contribution|, =0 [along I
Neft

A\

Michael Chertkov, Los Alamos Physics of Algorithms/Loop Calculus
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Extended Variational Principe & Loop-Corrected BP

Bare BP Variational Principe: gﬁzi =0
a
n(bp)
New choice of Gauges guided by the knowledge of the critical loop I
d exp(—F) _ _
e?T neffioj F=—In(Z+ Zr)

\

BP-equations are modified along the critical loop I

3 o, (tanh(Map+1ba) —0ap) Pa(oa)
> o, Paloa)

= explicitly known contribution|, =0 [along I

Teff

Loop-Corrected BP Algorithm

1. Run bare BP algorithm. Terminate if BP succeeds (i.e. a valid code word is found).

2. If BP fails find the most relevant loop I that corresponds to the maximal |r-|. Triad search is helping.

3. Solve the modified-BP equations for the given I'. Terminate if the improved-BP succeeds.

4. Return to Step 2 with an improved I'-loop selection.

A\

Michael Chertkov, Los Alamos Physics of Algorithm: op Calculus
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| P-erasure = simple heuristics

@ 1. Run LP algorithm. Terminate if LP succeeds (i.e. a valid code word is found).
@ 2. If LP fails, find the most relevant loop I that corresponds to the maximal amplitude r(I").

@ 3. Modify the log-likelihoods along the loop I introducing a shift towards zero, i.e. introduce a complete
or partial erasure of the log-likelihoods at the bits. Run LP with modified log-likelihoods. Terminate if the
modified LP succeeds.

@ 4. Return to Step 2 with an improved selection principle for the critical loop.

Michael Chertkov, Los Alamos Physics of Algorithi p Calculus
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| P-erasure = simple heuristics

@ 1. Run LP algorithm. Terminate if LP succeeds (i.e. a valid code word is found).

@ 2. If LP fails, find the most relevant loop I that corresponds to the maximal amplitude r(I").

@ 3. Modify the log-likelihoods along the loop I introducing a shift towards zero, i.e. introduce a complete
or partial erasure of the log-likelihoods at the bits. Run LP with modified log-likelihoods. Terminate if the
modified LP succeeds.

@ 4. Return to Step 2 with an improved selection principle for the critical loop.

(155, 64, 20) Test

o IT WORKS!
All troublemakers (~ 200 of them) previously found by LP-based Pseudo-Codeword-Search Algorithm
method were successfully corrected by the LP-erasure algorithm.

@ Method is invariant with respect the choice of the codeword (used to generate pseudo-codewords).

Michael Chertkov, Los Alamos Physics of Algorithi p Calculus
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| P-erasure = simple heuristics

@ 1. Run LP algorithm. Terminate if LP succeeds (i.e. a valid code word is found).
@ 2. If LP fails, find the most relevant loop I that corresponds to the maximal amplitude r(I").

@ 3. Modify the log-likelihoods along the loop I introducing a shift towards zero, i.e. introduce a complete
or partial erasure of the log-likelihoods at the bits. Run LP with modified log-likelihoods. Terminate if the
modified LP succeeds.

@ 4. Return to Step 2 with an improved selection principle for the critical loop.

A

(155, 64, 20) Test

o IT WORKS!

All troublemakers (~ 200 of them) previously found by LP-based Pseudo-Codeword-Search Algorithm
method were successfully corrected by the LP-erasure algorithm.

@ Method is invariant with respect the choice of the codeword (used to generate pseudo-codewords).

General Conjecture:

@ Loop-erasure algorithm is capable of reducing the error-floor

@ Bottleneck is in finding the critical loop
o

Michael Chertkov, Los Alamos Physics of Algorith p Calculus
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Error-correction is probably (?) easy

@ BP is improvable with few loops

@ Pseudo-codewords are correctable
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Analysis and Improvement of LDPC-BP/LP Decoding
Applications Long Correlations and Loops in Statistical Mechanics

Error-correction is probably (?) easy
@ BP is improvable with few loops

@ Pseudo-codewords are correctable

v

How about difficult applications?

@ SAT, spin-glasses, ...

@ E.g. ... If there are many critical loops,
how are the critical loops distributed over scales?
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Dilute Gas of Loops: Z = Zo(1+ > crc)~2Zo- [I (14 rs)

sc —single connected

Applies to
@ Lattice problems in high spatial dimensions

@ Large Erdds-Renyi problems (random graphs with controlled connectivity degree)

The approximation allows an easy multi-scale re-summation

In the para-magnetic phase and h = 0: the only solution of BP is a trivial one
n =20, Zp — 1, and the Loop Series is reduced to the high-temperature

expansion [Domb, Fisher, et al '58-'90]

Loop Series trivially pass the common

Ising model in the factor graph terms "loop” tests (from Rizzo, Montanari '05)

Z=% Il exp(Jjoioj) =% I fa(oa)

o a=(i,j)EX o ae{iYU{a} @ Evaluation of the critical temperature in the
fi(oi) = exp(hio;), oja=0ig=0; Yo,B3 i constant exchange, zero field Ising model
A 0, otherwise; @ Leading 1/N corrections to the Free Energy of the

Viana-Bray model in the vicinity of the critical

fo (UQ = (@ai, Uaj)) =& (Jijaaif"aj) point (glass transition)
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@ BP is better then just a heuristic in the loopy case ... BP is the
special Gauge condition eliminating all contributions but loops.

@ Exact Marginal probability allows explicit Loop Series expression in
terms of a solution of the Belief Propagation equations.
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Conclusions

@ BP is better then just a heuristic in the loopy case ... BP is the
special Gauge condition eliminating all contributions but loops.

@ Exact Marginal probability allows explicit Loop Series expression in
terms of a solution of the Belief Propagation equations.

@ Truncation and/or Re-summation of the Loop Series provide
hierarchy of systematically improvable approximations/algorithms.
Standard BP/LP is a first member in the hierarchy.

@ Local example (truncation). Finding a critical loop, or a small
number of critical loops, can be algorithmically sufficient for drastic
improvement of BP decoding in the error-floor domain.

@ Multi-scale example of stat-mech problems with long correlations.
Re-summation is needed to improve upon BP.
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Future Challenges

Better Algorithms: Loop Series Truncation/Resummation

Generalizations. g-ary and continuous alphabets. Quantum spins, Quantum
error-correction.

Loop calculus based analysis of graph ensembles, e.g. understanding and
improving the cavity method [Mézard, Parisi '85-'03]

Extending the list of Loop Calculus Applications, e.g. SAT and cryptography
Non-BP gauges, e.g. for stat problems on regular and irregular lattices
Relation to graph ¢(-functions [Koetter, Li, Vontobel, Walker '05]
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Future Challenges

@ Better Algorithms: Loop Series Truncation/Resummation

@ Generalizations. g-ary and continuous alphabets. Quantum spins, Quantum
error-correction.

@ Loop calculus based analysis of graph ensembles, e.g. understanding and
improving the cavity method [Mézard, Parisi '85-'03]

@ Extending the list of Loop Calculus Applications, e.g. SAT and cryptography
@ Non-BP gauges, e.g. for stat problems on regular and irregular lattices
@ Relation to graph ¢(-functions [Koetter, Li, Vontobel, Walker '05]

@ Improving BP [Survey Propagation = Mézard et.al '02; Generalized BP =
Yedidia et.al '01]

@ Correcting for Loops in BP [Montanarri, Rizzo '05; Parisi, Slanina ’05]
@ Accelerating convergence of bare BP-LDPC [Stepanov, Chertkov '06]

@ Reducing LP-LDPC complexity [Taghavi, Siegel '06; Vontobel, Koetter '06;
Chertkov, Stepanov '07]

@ Improving LP-LDPC [Dimakis, Wainwright '06]
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Features of the Loop Calculus
Pseudo-Codeword Search Algorithm

Pseudo-Codewords & Loops

1) esp (2 i

h; is a log-likelihood at a bit (outcome of the channel)

Zﬁ;(h>) — aj§1 16 <H ai, 1) exp (; hi0'i>

o> (> ieB

2z - 115 (Mo

Ica

jep

1
+
Z, = exp(£h)) | | . | |(Z,g +

Ba

1 (ZF
2 Zja

Nja =

icB

7
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i#j
jep

pa

i€ep

i#)
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Gauges and BP equations

Partition function in the colored representation

Z = ([T 2cosh(mpe + nee)) ™. [T &I Voer Fa(oaina) = fa(ea) [] exp(napoas)

bc a bc b€a

2
Ve (0be, 0cb) = 1+ (tanh(npe + Mep) — bc) (tanh(mpe + nep) — o) cosh™ (npe + Mep)

Fixing the gauges = BP equations!!

JjEB i€p

b b 2 b =1 b
e (tanh(’r]gbp) o ngap)) _ Jab) fo(eaina) =0 = nk=h+ > tanh~(]] tanh ng7)
e P
LDPC case

N
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Z=2(1+> crc cC
@ Bethe Free Energy is related to the “ground state” term in the partition
function: F(b*(n)) = — In Zo(n), where
_ fa(oa) exp(X e 2 MabTab) _ xp((Nab+1ba)Tab)
b3(02) = s Floenlses mbom)’  Pab(Tab) = esihlmaybne)
(*]
(*]
("]
(*]
(*]
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Z=2(1+> crc

@ Bethe Free Energy is related to the “ground state” term in the partition

function: F(b*(n)) = —In Zy(n), where
L (02) exp( pes NabT : _ exp((m, 25)
b3 (o) Yo, faloa) exp(3 :) = bg/)((rJ/J) 2 cosh(r Tba)

@ Extrema of F(b) are in one-to-one correspondence with extrema of Zy(n).
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Z=2(1+> crc
Bethe Free Energy is related to the “ground state” term in the partition
function: F(b*(n)) = —In Zy(n), where

, ((r ) B fa(oa) exp(X pe s Mat
5 (o Yo, fa(oa) exp(X pes

7 ab)

Mba)

: _ exp((n2
ba/)(”ﬂ)) 2 cosh(7

Extrema of F(b) are in one-to-one correspondence with extrema of Zy(n).

Loop series can be built around any extremum (minimum, maximum or
saddle-point) of the Bethe Free energy.
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Z=21+ crc

Bethe Free Energy is related to the “ground state” term in the partition
function: F(b*(n)) = —In Zy(n), where

fa(0a) exp(3 pea MabTab)
bﬁ (n-a) — D <= : :
o

: _ exp((Mab+1ba)o
b3 (oab) ~2 cosh(Tap+11pa)

(@) eP(2. pea TabTab) 2 cosh(712

Extrema of F(b) are in one-to-one correspondence with extrema of Zy(n).

Loop series can be built around any extremum (minimum, maximum or
saddle-point) of the Bethe Free energy.

—1 < r¢, fia < 1. The tasks of finding all fis (over the graph) and r¢ for a given
loop are (computationally) not difficult. All that suggests simple heuristic for
finding loops with large rc.
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Z=21+ crc

Bethe Free Energy is related to the “ground state” term in the partition
function: F(b*(n)) = —In Zy(n), where

- fa(oa) exp(X pe s MabTab)
b3 (03) = = e
-

X . 97<p(‘(!]\,b*?(,‘,,)ﬂ;,/,)
bab(ﬁk’/)) 2 cosh(nap+Mpa)

NACACT Ik ,

Extrema of F(b) are in one-to-one correspondence with extrema of Zy(n).

Loop series can be built around any extremum (minimum, maximum or
saddle-point) of the Bethe Free energy.

—1 < r¢,fia < 1. The tasks of finding all fis (over the graph) and r¢ for a given
loop are (computationally) not difficult. All that suggests simple heuristic for
finding loops with large rc.

Linear Programming limit of the Loop Calculus is well defined.
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Z=21+ crc

Bethe Free Energy is related to the “ground state” term in the partition

function: F(b*(n)) = —In Zy(n), where
: _ _ fa(oa) exp(¥ pea MabTab) : — exp((112b+1b3)Tab)
b3 (o) Yo, fa(0a) exp(3 he s NabTab)’ b2p(ab) 2 cosh(112-+ 7b3)

Extrema of F(b) are in one-to-one correspondence with extrema of Zy(n).

Loop series can be built around any extremum (minimum, maximum or
saddle-point) of the Bethe Free energy.

—1 < r¢,fia < 1. The tasks of finding all fis (over the graph) and r¢ for a given
loop are (computationally) not difficult. All that suggests simple heuristic for
finding loops with large rc.

Linear Programming limit of the Loop Calculus is well defined.

Any marginal probability, e.g. magnetization (a-posteriori log-likelihood) at an
edge, is expressed as modified Loop Series.
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LP decoding (0; =0,1 AWGN channel)

Minimize, E = 37 | 3° ba(0a) X jcq oi(l — 2x)/q;, under 0 < bi(0;), ba(oa) <1
T

Va: ¥, baloa) =1, & Vivadi: bi("i):Zaa\oiba(Ua)

Error-Surface

Weighted Median:

‘ 2
Tinst | g Xy — @ 20T _ (Zia)
() @ ] inst — 22/,0127 772/‘0’2
“0”-codeword ! dangerous FER ~ exp(—d - s?/2)
} pseudo-codeword Wiberg '96; Forney et.al '01
|

Vontobel, Koetter '03,"05
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LP decoding (o, =0,1 AWGN channel)

Minimize, E = >, > ba(oa)z,'ea oi(1 — 2x;)/q;, under 0 < bi(o}), ba(cn) <1
T

Va: ¥, ba(oa)=1, & Vivasi: bi(o) =3, \0; baloa)
! 2
Tinst | o Xinst = £ 2%, d= (iv)
2y .0 o
. @ . i s )
“0”-codeword : dangerous FER ~ exp(—d - s°/2)
} pseudo-codeword Wiberg '96; Forney et.al '01
|

Vontobel, Koetter '03,'05

Pseudo-Codeword-Search Algorithm

Chertkov, Stepanov '06

@ Start: Initiate x(0).

@ Step 1: x(K) is decoded to o ().

@ Step 2: Find y(k) - weighted median
between a(k), and " 0"

@ Step 3: If y(K) = y(k=1) k. = k End!
Otherwise go to Step 2 with
<) — 400 4 o,
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LP decoding (o, =0,1 AWGN channel)

Minimize, E = 3, 3 ba(0a) Y jeq 0i(1 — 2x;)/qj, under 0 < bi(07), ba(0a) < 1
Va: ¥, ba(oa)=1, & VivVasi: bj(o) =¥, \0; baloa) (155, 64,20), AWGN test:

e Fast Convergence

Error-Surf: " . .
frorsrace Weighted Median: [

I 2 e

Ti I o i _ o 2T _ (Zi"’f) = I =
inst | Xinst = 355,20 A= 5 4 =i

. @ . i 2 i e 5 52 :
“0"-codeword ! dangerous FER ~ exp(—d - s%/2) o e

| pseudo-codeword Wiberg '96; Forney et.al '01 =1 — . s

} Vontobel, Koetter '03,'05 s 164060

164058

Pseudo-Codeword-Search Algorithm
Chertkov, Stepanov '06 s

164037

@ Start: Initiate x(©), ; 2 : ..‘ * * U'x,. T

@ step 1: x(%) is decoded to (k). Dilibel 120 154

@ Step 2: Find y(k) - weighted median ~ 200 pseudo-codewords within
between oK), and 0" 16.4037 < d < 20

@ Step 3: If y(K) = y(k=1) k. = k End!
Otherwise go to Step 2 with
<) — 400 4 o,
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