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Abs t rac t  

Quas ipa r t i c l es  i n  t h e  F r a c t i o n a l  Quantum H a l l  E f f e c t  behave q u a l i t a t i v e l y  1 i k e  
e lec t rons  conf ined t o  t h e  lowest landau l e v e l ,  and can do eve ry th ing  e lec t rons  can do, 
i n c l u d i n g  condense i n t o  "second generat ion" F r a c t i o n a l  Quantum H a l l  ground states.  
rev iew i n  t h i s  paper t h e  reasoning l ead ing  t o  v a r i a t i o n a l  wavefunctions f o r  ground 
s t a t e  and q u a s i p a r t i c l e s  i n  t h e  1/3 effect. 
e igenstates a re  un ique ly  determined from symmetry, and how t h i s  leads i n  a na tu ra l  way 
t o  v a r i a t i o n a l  wavefunctions f o r  composite s ta tes  which have t h e  c o r r e c t  d e n s i t i e s  
( 2 / 5 ,  2/7,  ... ). I show i n  t h e  process t h a t  t h e  boson, anyon and fermion 
representat ions f o r  t h e  q u a s i p a r t i c l e s  used by Haldane, Ha lpe r in  and me are a l l  
equiva lent .  
q u a s i p a r t i c l e  wavefunction f rom t h e  c o r r e c t  s ingle-valued e l e c t r o n  wavefunction. 

I 

I then show how two-quas ipa r t i c l e  

I demonstrate a s imple way t o  d e r i v e  H a l p e r i n ' s  mu1 t i p l e - v a l u e d  

I n  t h i s  paper I s h a l l  t r y  t o  summarize and c l a r i f y  what we know about t h e  condensation 
of q u a s i p a r t i c l e s  i n  t h e  F rac t i ona  Quantum H a l l  e f f e c t  i n t o  t h e  h ie ra rchy  of s t a b l e  
s t a t e s  f i r s t  suggested by Haldane.1 Q u a s i p a r t i c l e s  are acknowledged t o  be s i m i l a r  
t o  e lec t rons  i n  t h e  lowest landau l e v e l ,  yet they condense a t  d e n s i t i e s  d i f f e r e n t  f rom 
those expected o f  e lect rons.  Haldane has c a l l e d  these q u a s i p a r t i c l e s  bosons, I have 
c a l l e d  them fermions,z and Halper in3 has c a l l e d  them "anyons" obeying " f r a c t i o n a l  
s t a t i s t i c s . "  Who i s  r i g h t ?  What p h y s i c a l l y  causes t h e  q u a s i p a r t i c l e s  t o  pack a t  t h e  
d e n s i t i e s  they  do? Can q u a s i p a r t i c l e  motion r e a l l y  be understood by analogy w i t h  
e l e c t r o n  mot ion? I s h a l l  t r y  t o  show i n  t h i s  paper, by supply ing miss ing l o g i c a l  
steps, t ha t ,  i n  fact ,  everyone i s  r i g h t .  
t h e i r  s e p a r a t i o n s  are q u a n t i z e d  b e c a u s e  of a n g u l a r  momentum c o n s e r v a t i o n ,  b u t  
d i f f e r e n t  from e lec t rons  i n  t h a t  t h e  quant ized separat ions t h a t  occur are compat ib le 
w i t h  " f r a c t i o n a l  s t a t i s t i c s "  as Ha lpe r in  has asserted. Q u a s i p a r t i c l e s  admit of both a 
boson and a fermion desc r ip t i od ,  as i s  a l so  t h e  case f o r  e lec t rons  i n  t h e  lowest 
landau l e v e l .  M u l t i p l y i n g  together  p a i r  q u a s i p a r t i c l e  wavefunctions t o  make a 
v a r i a t i o n a l  wavefunction f o r  t h e  composite s ta te,  as was done w i t h  e lec t rons  t o  make 
t h e  1/3 s tate,  leads t o  a c l a s s  o f  wavefunctions f o r  t h e  composite suggested by 
H a l p e r i n  and by me. 
mu l t i - va lued  " f r a c t i o n a l  s t a t i s t i c s "  wavefunction, which i s  known t o  descr ibe a l i q u i d  
a t  t h e  approp r ia te  dens i t y  and t o  have a ' i bw  energy. The ex'istence o f  l e g i t i m a t e  
v a r i a t i o n a l  wavefunctions f o r  these s ta tes  i s  impor tant  because i t  i s  the  phys ica l  
bas i s  f o r  "angular momentum counting," which I s h a l l  e x p l a i n  i n  d e t a i l .  
i s  more powerful  on a sphere than i t  i s  i n  a p lana r  geometry because t h e  charge 
d e n s i t y  of an e igens ta te  o f  angular momentum i s  au tomat i ca l l y  uni form on a sphere. 
Angular momentum count ing can work on a plane o n l y  if t h e  s t a t e  i s  known i n  advance t o  
be uniform. 

The F r a c t i o n a l  Quantum H a l l  e f fect  occurs i n  a two-dimensional e l e c t r o n  gas subjected 

Q u a s i p a r t i c l e s  are l i k e  e lec t rons  i n  t h a t  

One of these can be shown t o  be equ iva len t  t o  H a l p e r i n ' s  

Th is  method 

t o  a magnetic f i e l d .  T h i s  system may be descr ibed by t h e  i d e a l i z e d  Hamil tonian 
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where z -  i s  t h e  l o c a t i o n  of t h e  jth e l e c t r o n  expressed as a complex number, and 
where V t z )  i s  t h e  p o t e n t i a l  generated by a uniform n e u t r a l i z i n g  background o f  d e n s i t y  
u, i n  t he  manner 

A -P 

A = "-"[y. - *;I , 
2 

t h e  s i n g l e  body e igenstates may be w r i t t e n  

I n  t h e  absence of coulomb in te rac t i ons ,  and i n  symmetric gauge 

( 3 )  

hc w i t h  t h e  magnetic l e n g t h  a. = s e t  t o  1. The energy o f  t h i s  s t a t e  i s  (n+1/2)fwc, 
where wc = eHo/mc i s  t h e  c y c l o t r o 8  frequency. 
same n i s  t h e  nth landau l e v e l .  
landau l e v e l  i s  p a r t i a l l y  occupied and when t h e  coulomb i n t e r a c t i o n s  are t o o  weak t o  
s i g n i f i c a n t l y  mix landau l e v e l s  (e2/ao < hC). When t h i s  i s  t h e  case, 
t h e  ground s t a t e  and low energy e x c i t a t i o n s  o f  t h e  system are t o  a good approximat ion 
comprised of s ingle-body wavefunctions i n  t h e  lowest  landau l e v e l  so le l y .  
general such wavefunct ion takes t h e  form 

The manifold o f  s ta tes  w i t h  t h e  
I s h a l l  consider o n l y  t h e  case when t h e  lowest 

The most 

1 N  - -clz[lz 
' e  N 

j < k  
+ ( Z , ,  . . .  , z N )  = P ( z , ,  . . .  ,zN) n ( z j - z k )  e , 

where P , i s  a symmetric polynomial.  
s e r i e s  of t h e  form 

My wavefunction f o r  t h e  1/3 s t a t e  i s  one of a 

N - 1 / 4  c IZII2 
1 

N 

j<k 
Im> = II ( Z ~ - Z ~ ) ~  e 0 

where m i s  an odd in tege r .  These are t h e  o n l y  f u n c t i o n s  which ( 1 )  l i e  i n  t h e  lowest 
1 andau 1 eve1 , ( 2 )  a re  e igenstates of angular momentum and ( 3 )  a re  a product over p a i r s  
o f  some func t i on  of t h e  d i f ference coordinate.  The r e s t r i c t i o n  t o  func t i ons  of t h i s  
t ype  i s  mot ivated p a r t i a l l y  by our experience f rom l i q u i d  Helium, b u t  a l so  by t h e  
observat ion t h a t  

i s  t h e  o n l y  2 - p a r t i c l e  wavefunction i n  t h e  lowest landau l e v e l  which has i n t e r n a l  
angular momentum m. 
quas ipa r t i c l es ,  i t  i s  necessary t o  cons t ruc t  and understand two-quas ipa r t i c l e  
wavefunctions analogous t o  Xm. 
operators,  de f i ned  i n  t h e  manner 

I n  order  t o  cons t ruc t  a wavefunction analogous t o  Iw f o r  

I s h a l l  do t h i s  us ing q u a s i p a r t i c l e  c r e a t i o n  



and 

f o r  a quasiho le o r  quasielectron, respec t i ve l y ,  r e s i d i n g  a t  zo. 
approximate t h e  a c t i o n  on t h e  system o f  a thought experiment i n  which t h e  system i s  
p ie rced  a t  l o c a t i o n  zo w i t h  an i n f i n i t e l y  t h i n  magnetic solenoid,  and through t h i s  
so lenoid i s  a d i b a t i c a l l y  passed a f l u x  quantum hc/e. Th is  procedure maps t h e  exact 
ground s t a t e  onto an exact e x c i t e d  s t a t e  of t h e  many-body Hamiltonian. The operators 
s l i d e  t h e  ground s t a t e  over so as t o  p i l e  up excess charge k e/m a t  zo. That they 
do t h i s  most e a s i l y  seen by i n t e r p r e t i n g  t h e  square of t h e  wavefunction as t h e  
p r o b a b i l i t y  d i s t r i b u t i o n  func t i on  of a c l a s s i c a l  plasma, i n  t h e  manner 

These operators 

where B = l / m  and 
N 

N rn 
N 

(P' = -2m2 c tnlzj-zkl + - c lz1l2 - 2m c i tnlzi-zoI 
j < k  2 1  

@' i s  t h e  p o t e n t i a l  energy of p a r t i c l e s  o f  "charge" m r e p e l l i n g  one another w i t h  
1 oga r i  thmic i n t e r a c t i o n s ,  t h e  na tu ra l  "coulomb" i n t e r a c t i o n  i n  two dimensions, b e l  ng 
a t t r a c t e d  v i a  t h e  same "coulomb" i n t e r a c t i o n  by a background of "charge" dens i t y  
a1 = (2nag)-1, and being r e p e l l e d  by a "charge" 1 p a r t i c l e  l oca ted  a t  
zo. Since t h i s  plasma must be l o c a l l y  neu t ra l ,  e lec t rons  d i s t r i b u t e d  themselves 
uni formly a t  d e n s i t y  am = ui/m, except w i t h i n  a Debye l e n g t h  ( a o / & ? )  o f  
20, where screening charge - l / m  e lec t rons  accumulates. 
t h e  quasie lect rons,  except t h a t  t h e  accumulated charge i s  + l / m  e lect rons.  The energy 

Sz Im> o r  S' Im> does n o t  depend on zo, so long as zo res ides  i n s i d e  t h e  sample, 

so t h a t  any l i n e a r  combination of these i s  a l so  an eigenstate.  
elementary symmetric polynomials Sk def ined by 

S i m i l a r  reasoning works f o r  

0 ' zo 
I n  p a r t i c u l a r ,  t h e  

N N 
e 

generate q u a s i p a r t i c l e s  i n  angular momentum states.  

I wish now t o  determine t h e  two-quas ipa r t i c l e  eigenstates analogous t o  Xm i n  Eq. 
( 7 ) .  To do t h i s ,  f o r  quasiholes, I s h a l l  p r o j e c t  t h e  Hamil tonian onto t h e  se t  o f  
s t a t e s  of t h e  form S S Iw and then d iagonal ize t h i s  p ro jec ted  Hamiltonian. I 

' 

'A 
' f i r s t  need t o  c a l c u l a t e  t h e  normal izat ion i n t e g r a l  

P 



1 

I 

N 

T h i s  i s  n o t  d i f f i c u l t  be 
o f  a c l a s s i c a l  plasma e- 

se t h e  in tegrand i s  t he  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  
, w i t h  B = l / m  and 

If one were t o  add t o  t h i s  p o t e n t i a l  energy a term 

t o  account f o r  t h e  i n t e r a c t i o n  of t h e  "charge" 1 p a r t i c l e s  a t  zA and zB w i t h  t h e  

background and w i t h  each other,  then Eq. (13) would be t h e  p a r t i t i o n  f u n c t i o n  of a 
plasma w i th  two o f  i t s  p a r t i c l e s  he ld  f i x e d .  
j u s t  t h e  p r o b a b i l i t y  t o  f i n d  these p a r t i c l e s  a t  zA and zB i f  they are al lowed t o  roam 
around i n  t h e  plasma. Thus, we have 

Up t o  an unimportant constant, t h i s  i s  

where 922 i s  t h e  r a d i a l  d i s t r i b u t i o n  func t i on  f o r  p a r t i c l e s  of "chargel' 1 and C i s  a 
constant.  
t o  be approximately f i t  by t h e  formula 

I have performed hypernetted chain c a l c u l a t i o n s  f o r  922 and have found F 

1 ' 2  I z - z  I - -  
4 

(17) 
e 

F [ I z I ' ]  2 / d 2 z '  
i Z '  12'3 4 n m  

For our  purposes i t  i s  impor tant  o n l y  t h a t  F f a l l s  o f f  asympto t i ca l l y  as I z ~ - z g l - 2 / m  
and conta ins no l a r g e  f o u r i e r  components. 
o f  t h i s  problem apparent I s h a l l  t ake  as a bas is  s e t  t h e  wavefunctions 

I n  order  t o  make t h e  t r a n s l a t i o n a l  i nva r iance  

One sees b y  i nspec t i on  t h a t  t h e  over lap m a t r i x  <zA',zB8IzA,zB> i s  a n a l y t i c  i n  

t h e  va r iab les  zA, z,, z,?, and z,?, and thus i s  determined uniquely  by a n a l y t i c  

con t inua t ion  o f  t h e  no rma l i za t i on  i n t e g r a l  t o  be 



S i m i l a r  reasoning app l ied  t o  ma t r i x  elements of energy leads t o  

1 

2 m  
- ( Z i  ZA+Z;, . z,) 

x e  E[ ( z A - z B )  ( z i * - Z i 0  

where E i s  f i t  rough ly  by t h e  formula 

1 - -lz-Z81* 

wi th  t h e  ground s t a t e  energy taken t o  be 0. 
t h e  s t a t e s  

Matr ices of t h i s  form are d iagonal ized by 

where n , i s  an even i n teger .  
e lec t ron-ho le  conjugate when m=l. The in tege r  i s  even because we are us ing t h e  bose 
representa t ion  f o r  t h e  quas ipar t i c les .  S and S obv ious ly  commute. I t  would need 

t o  be odd had we chosen as our  bas is  t h e  s ' e  ates (zB Z A - Z ~ ) ~ Z A , Z B > ,  which form 
the  fermi representat ion.  The s t a t e  ( z A - z ~ )  I ZA,ZB> i s  t h e  e lec t ron-ho le  
conjugate of t h e  two-e lect ron wavefunction 

In> i s  analogous t o  Xn+l, and i s  i n  f a c t  i t s  

w i t h  
1 1 .  1 2 - - l Z l 2  4 - z z A  2 - - I z A l  4 

P J d  = e e e D 

when m=l. The energy eigenvalue f o r  In> i s  g iven by 

<n 1x1 n> <Eo>, 
= -  

I 

<FO>" <n I n> 



wi th  

I 

1 

4 m  
- -lzI2 

d2 z l z 1 2 "  e 

and s i m i l a r l y  f o r  <Eo>n, where Fo i s  an "image enhanced'' version of F, 
def ined by 

Since t h i s  i s  an important r e s u l t ,  I sha l l  add some a lgebra ic  d e t a i l s .  
show t h a t  

We wish t o  

L e t t i n g  A = ZA-ZB and A ' =  Z A ' - Z B ' ,  and making use of t h e  i d e n t i t y  

(zz;+z'zg) ' -1z12 2 ZiZB -1 zn e e d z = rr z i  e 9 

we have 

1 

2 
- 4 m  -(lz,12+1z~12) 

( z;\-z;) < z A * ,  z B *  I z A ,  zB> d z A  d 2 Z B  

J J  4 



1 2 - 4 m  - I z o l  
l z J 2 n  e 

( 4 m ) ” n !  
X 

L i k e  t h e  two-e lect ron s t a t e  Xn+l, t h e  two-quas ipa r t i c l e  s t a t e  does n o t  depend on 
’ t h e  r e p u l s i v e  p o t e n t i a l  between quas ipa r t i c l es .  I t  i s  a l so  n o t  bas i s  dependent. I f  

we so l ve  t h e  problem i n  t h e  fe rm i  representat ion,  t h e  over lap m a t r i x  becomes 

w i t h  

F f [ l z / 2 ]  = lZl2 F[ IZ I ’ ]  , 

and i s  d iagonal ized by wavefunctions of t he  form 

w i t h  n+l - odd. However, t h i s  i s  t h e  same s t a t e  as In>, s ince f o r  any f u n c t i o n  g, 

w i t h  Sk det;ined pe r  Eq. (12). Th i s  i s  extremely important.  The actual  wavefunction 
generated by an expression o f  t he  form of Eq. ( 3 4 )  i s  unaffected by any f a c t o r  i n  t h e  
in tegrand n o t  c a r r y i n g  angular momentum. 
t rans fo rma t ion  

I t i s  a l so  unaffected by t h e  l e n g t h  scale 

w i t h  OL any p o s i t i v e  number. What i s  a f fected are t h e  no rma l i za t i on  and f o r m a l  
expression f o r  t h e  energy, which i n  the  case of t h e  fermion rep resen ta t i on  i s  



w i t h  

E f [ l z l z ]  = lzI2 E [ I Z ~ ~ ]  . ( 3 7 )  

The energies i n  Eq. (36 )  and Eq. (25)  are i d e n t i c a l ,  desp i te  t h e i r  i n v o l v i n g  d i f f e r e n t  
moments, because t h e r e  i s  a zo + 0 core c o n t r i b u t i o n  t o  t h e  energy which i s  
s t r o n g l y  enhanced by t h e  sharpening procedure Eq. ( 2 7 ) .  
basis, therefore,  can generate expressions f o r  t h e  charge d e n s i t y  and energy which a re  
f o r m a l l y  c o r r e c t  b u t  t e c h n i c a l l y  unmanageable. 
rep resen ta t i on  i s  obv ious ly  Eq. (331 ,  although accurate c a l c u l a t i o n s  can a l so  be done 
s t a r t i n g  from Eq. (22) .  
l a r g e  m, i t  i s  eas ie r  t o  perform accurate c a l c u l a t i o n s  us ing t h e  boson representat ion.  

The g e n e r a l i z a t i o n  o f  t h i s  p a i r  wavefunction t o  a composite s t a t e  con ta in ing  M 
a u a s i D a r t i c l e s  w i t h  " p a i r "  quantum number n i s  

I n  i n j u d i c i o u s  choice o f  

For t h e  case m=l, t h e  "opt imal"  

When dl, n e i t h e r  i s  opt imal,  b u t  bo th  a re  acceptable. For 

f o r  t h e  bose rep resen ta t i on  and 

which behave asympto t i ca l l y  as 

M - 2 / m  F[q,I I 

f o r  t h e  fe rm i  representat ion.  Up t o  l e n g t h  s c a l s  changes of t h e  form of Eq. (351, 
these are t h e  wavefunctions proposed by Ha lpe r in  and by me2 f o r  t h e  2/7 s ta te .  
A s  opposed t o  t h e  case o f  two quas ipa r t i c l es ,  t h e  f a c t o r  I r l j -Vkl '  i n  Eq. ( 3 9 )  
makes these wavefunctions s l i g h t l y  d i f f e r e n t .  Both s t a t e s  are normalized i n  a way 
analogous t o  t h e  procedure i n  Eq. (30). 
over1 ap m a t r i  x elements 

For t h e  bose wavefunction, t h e  diagonal 

image-enhanced i n  t h e  manner 



l ead  t o  t h e  exact r e s u l t  .. 

For  t h e  fermion rep resen ta t i on  we have t h e  s imi  
. M  

a r  exact r e s u l t  

where Fg i s  t h e  image-enhanced vers ion o f  Ff, w i t h  

However, Eq. (43 )  and Eq. (44)  are t e c h n i c a l l y  i n f e a s i b l e  t o  evaluate because both F 
and Ff a re  pa tho log i ca l  near the  surface '11='12= ... =QM: F has an 
enormous maximum and Ff has a correspondingly deep minimum. 
i n c r e a s i n g l y  u n c o n t r o l l a b l y  under image enhancement as t h e  number of q u a s i p a r t i c l e s  i s  
increased. As opposed t o  t h e  case o f  two quas ipa r t i c l es ,  n e i t h e r  t h e  bose nor t h e  
fermi rep resen ta t i on  i s  adequate f o r  performing r e l i a b l e  ca l cu la t i ons .  We are l e d  
i ns tead  t o  t h e  wavefunction 

These func t i ons  behave 

which i s  t h e  " f r a c t i o n a l "  representat ion.  

i n t e r p o l a t i o n .  

There 
, t h i s  wavefunction analogous t o  Eq. ( 4 3 )  and Eq. 

d2VM I 

appears t o  be 
441, so  I sha 

no exact r e s u l t  f o r  
1 i n t e r p r e t  i t  as an 

I d e f i n e  

and then image-enhance as w e l l  as poss ib le  



L . .  

t o  o b t a i n  

The in tegrand o f  Eq. (49 )  i s  t h e  square of t h e  mu l t i p l y -va lued  wavefunction H a l p e r i n  
assumed descr ibes q u a s i p a r t i c l e  condensation. It can l e g i t i m a t e l y  be i n t e r p r e t e d  as 
t h e  p r o b a b i l i t y  t o  f i n d  t h e  q u a s i p a r t i c l e s  a t  l o c a t i o n s  '11, ... ,n~. 
q u a s i p a r t i c l e s  d i s t r i b u t e  themselves l i k e  a plasma o f  "charge" n+l/m p a r t i c l e s  i n  a 
background "charge" d e n s i t y  1/2nm. Th is  leads t o  an actual  e l e c t r o n  dens i t y  o f  
1 2 5[%] = & Cy] when m=3 and n=2. 

The wavefunction analogous t o  Eq. (38) f o r  quasie lect rons i s  

Thus 

I p r e s e n t l y  b e l i e v e  t h a t  t h i s  wavefunction i s  most s u i t a b l e  f o r  performing 
c a l c u l a t i o n s  on t h e  quasie lect ron condensate. 
and more work needs t o  be done. The over lap i n t e g r a l  f o r  t h i s  wavefunction 

My reasons are n o t  r igorous,  however, 

behaves asympto t i ca l l y  as Eq. (41)  as may be seen by i n t e g r a t i n g  i t  by p a r t s  t o  o b t a i n  

Th is  i s  t h e  p a r t i t i o n  f u n c t i o n  o t  a plasma i n  which some of t h e  p a r t i c l e s  have s h o r t  
range repu ls ions  i n  a d d i t i o n  t o  "coulomb'' forces. 
pathology near Q ~ = T ~ ~ = - * * = T I M  because o f  t h e  sho r t  range co r rec t i ons .  
I f  t h i s  i s  so, then i t  i s  image enhanceable, and we may w r i t e  meaningfu l ly  

I bel iev,e t h a t  t h i s  f u n c t i o n  has no 



- . .... .. . -. . . . . . . .~ - . .. . . . .. .. . ... . .. . .. ... .. - 

The in tegrand may again be i n t e r p r e t e d  as the  p r o b a b i l i t y  t o  f i n d  t h e  quas ipa r t i c  
a t  l o c a t i o n s  I I ~ , * * - , I I M ,  and one thus ca l cu la tes  the  charge d e n s i t y  o f  t h i s  
s t a t e  t o  be 1/2n[2/5]. 

I t  i s  impor tant  t h a t  t h e  d e n s i t i e s  I ob ta in  a re  compatible w i t h  those obtained by 
angular momentum counting. Wavefunctions o f  t h e  form o f  Eq. (44), ( 4 5 )  o r  (47) 
increase t h e  system's angular momentum by 

(53)  

es 

i n  t h e  l i m i t  o f  l a r g e  M and N. They do t h i s  by e x p e l l i n q  charge f rom a d i s e  of r a d i u s  
R ,  a t  t h e  center  of t h e  sample and depos i t i ng  i t  a t  t h e  sample edge, so as t o  increase 
t h e  sample r a d i u s  t o  R2. Wavefunctions o f  t h e  form o f  Eq. ( 4 5 )  decrease t h e  angular 
momentum by AL by adding t o  a d i s c  o f  r a d i u s  R,  charge removed f rom t h e  sample edge, 
thus decreasing i t m u s  t o  R2. 
i n s i d e  R 1  i s  un i formly 60, then we have t h r e e  q u a n t i t i e s  t o  determine 
(R1, R 2  and 6 p )  and t h r e e  equations: 

If we assume t h a t  t h e  excess o r  miss ing charge 

which r e l a t e s  t h e  miss ing o r  excess charge t o  t h e  number of quas ipa r t i c l es ,  

TRZ ( - )  1 + 7rR; dp = N , 
2 n m  

which equates t h e  t o t a l  charge before and a f t e r  t h e  a d d i t i o n  of quas ipa r t i c l es ,  and 

which accounts f o r  t h e  angul r momentum increase o r  decrease. (An e l e c t r o n  a t  r a d i u s  
r c a r r i e s  angular momentum r h /2) .  Solv ing these equat ions one ob ta ins  

o r  a t o t a l  charge d e n s i t y  of 1 / 2 ~  [n/nm+l]. 

I remark f i n a l l y  t h a t  t h e  genera l i za t i on  t o  elementary e x c i t a t i o n s  o f  the  composite 
s t a t e  i s  s t r a i g h t f o r w a r d  and leads t o  wavefunctions such as 



f o r  a quas iho le  e x c i t a t i o n  of t h e  composite 2/7 s ta te .  T h i s  i s  a p a r t i c  
1/7, e x a c t l y  as expected. 
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