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NXO-3071 

ON ANGULAR MOAfENTUM 

' 1. Introduct ion 

One of t h e  methods of t r e a t i n g  a general  angular mo- 

mentum i n  quantum mechanics is t o  regard i t - a s  the euper- 

popition of a number of elementary "epins", o r  angular 

molrenta w i t h  3 = 1/2. 

a Rose-Einateln system, can he use fu l ly  discussed by t h e  

method of  second quantization. 

cedure u n i t e s  t h e  compact symbolism of  t h e  group t h e o r e t i c a l  

approach with t h e  e x p l i c i t  operator techniques of quantum 

Such a spin assembly, considered as 

We shall see that this pro- 
I 

mechanics e 

We introduce sp in  c rea t ion  and ann ih i l a t ion  operator8 

associated w i t h  a given spat ia l  reference system, 

a+ = (a+,a_) and a = (a+,a-),. which aat i -sfy + +  
x t , 

The number of spins  and t h e  r e s u l t a n t  angular momentum m e  

then given by 
- 

With the  conventional matrix representa t ion  f o r  p, t h e  com- 

ponents of  - J appear as 
+ J, = ~1 - iJ2 = a,a+ + 9 J+ = J1 + i J 2  = a+a,, 

. 



Of 

* '  - .  < I .  ' 

course, t h i s  r e a l i z a t i o n  o f  t h e  angular momentum commu- 

v t a t i o n  proper t ies  i n  terms of those of harmonic o s c i l l a t o r s  

can be introduced without e x p l i c i t  reference t o  ' the  compos- 

i t i o n  of spins,  

To evaluate  t h e  square of t h e  t o t a l  angular momentum . 

we employ the  matrix elements of t h e  sp in  permutation oper- 

a t o r  

Thus 

and 
I Y 

According t o  the  commutation r e l a t i o n s  (1,1), > 

Whence 
\ 

( l e g )  I 
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I 
-- . e? 

1 1 j = 8 n = 0, 8, 1, ... (1.101 

We f u r t h e r  note that, according t o  (1.3), a s t a t e  w i t h  
F 

a f ixed  number of pos i t ive ,and  negative sp ins  a l s o  has a 

d e f i n i t e  magnetic quantum number, 

1 
2 +  m = -(n - n-) , (1.11) 

. Therefore, fmm the  eigenvector of a s t a t e  w i t h  prescribed 
r 

occupation numbers, 
1 ,  

- we ob ta in  t he  angular momentum eigenvector" 1 5  .: 
P 
- 

5 

(1.12) 

Familiar as a symbolic expression of the  transformation pro- 

p e r t i e s  of angular momentm eigenvectors , t h i s  form i s  
\ 

a++$ 

here a precise  operator  construction of the eigenvector. 
$ 

On multiplying (1.13) w i t h  an analogous monomial con- 

s t ruc ted  f r o m  the  components of the a rb i t r a ry  spinor 

A d i r e c t  proof is given i n  Appendix A 

Quantum Mechanics (E. P, Dutton and Company, Inc., 
New Pork, 1931) ,* p. 189 . 

U 

* See, f o r  example, H. l ey l ,  The Theory of %Groups and 
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we obtain,  a f t e r  summation with respect  t o  m, and t h e n  with y 

respec t  t o  j ,  
. 

ih which we have written 

(1.16) 

(1.17) 

To i l l u s t r a t e  the  u t i l i t y  of (1.16), concieved of as an eigen- 

vec to r  generat ing function, we s h a l l  v e r i f y  the orthogonalitg 

and normalization of the  eigenvectors (1.13) . Consid.er, then,  

& 

According t o  the comuta t ion  r e l a t i o n s  (l.l)# and a qo = 0, P 
we have 

(1.19) 



I 
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\ 

(1.21) 

As a second elementary example, we shall o b t a i n  the 
- 
1. 

matrix elements of powers of J, by considering t h e  e f f e c t  - 
,&I - of the  operators  elJ? on (le16). We have 

and the re fo re  

j'm' 

which, on expansion, y i e l d s  the non-vanishing matrix element 

id- 
s -  

& Similar ly  
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and 

A particular consequence of (1.24) and (1.26) i s  

rbioh deta i l s  the constfiction of  an arbitrary eigenvector 

from those possessing the maximum values of )ml compatible 

w i t h  a given j. 

It i s  &so possible t o  exhibit an operator which permits 

the construction of an arbitrary eigenvector from that pos- 

searing the minimum value o f  j compatible with a given m. 

fisaeed, (1.131, written i n  the form 

. "  staters that 

mere K+, and two associated operators are defined by 
, 



P 
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t- 

I 
It I s  easily seen that 

[ J 3 9  KJ = [ J 3 3 K 3 1  = O 

and that I 

(1.30) 

I I c 
5 

The l a t t e r  a r e  analogous t o  t h e  commutation propert ies  of J, 

8ave for t he  algebraic s ign  of t h e  commutator " ;" 

keeping with this  qua l i f ied  analogy we 61'180 have 

(1.33) Iz - 1 = K 3 ( S  -1) - K+ 9, = K3(K3 + 1) - K- K+ 
J3 

a8 compared wlth 

J8 = Je(Js - 1) + J, J = J3fJ, + 1) + JI J, (1.34) 
0 

1 Noting that the  eigenvalue of K3 is j + 
roles of j &d m are essent ia l ly  interchanged i n  K. The 

hyperbolic nature of t he  space In which the  l a t t e r  operates 

i a  %hua r e l a t e d  t o  t h e  r e s t r i c t i o n  Imi - j. 

we see that the 

If (1.29) is multiplied by a s i m i l a r  n m r i c a l  quantity, 

and then summed w i t h  respect t o  j ,  one obtains 

J 



where 

and I, i s  t h e  cyl inder  funct ion of  imaginarg argument. A 

simpler generating func t ion  is given by 

J 
2. Rotations 

A s i g n i f i c a n t  i n t e r p r e t a t i o n  i s  obtained f o r  (1.15) 

by introducing the  operators  

# 
a i  = (x a) '+ 

a+ = (xa+) 9 

where 

(201) 

With the restriction 
9 (x x) = 1, 

these  operators  a l s o  obey . the  cormnutation r e l a t ions  (lol), 

(2.3) 
. 

and must therefore  c o n s t i t u t e  s p i n  c rea t ion  and annihi la-  

t i o n  operators  associated w F t h  an a l t e r e d  s p a t i a l  reference 

system. Accordingly, (1,15) can be viewed as  the expreasion 

of t h e  s t a t e  m ,  = j, i n  a rotated.coordinate  system, as  a l i n -  

ear combination of t h e  eigenvectors i n  a fixed coordinate 
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1 

system, 

.r. 

I - I The uni ta ry  nature  of t h i s  transformation i s  here e a s i l y  

verif  Sed, 

i .  

I n  general  

- 
L where t h e  coe f f i c i en t s  a r e  t o  be Infer red  f r o m  

* <  
6. 

It is  usefu l  t o  introduce t h e  uni ta ry  operator that  ' 

which permits an a l t e r n a t i v e  construct ion of t h e  c o e f f i c i e n t s  

k i n  (2.61, 
; -  

e 
L a  

(2.9) 

t I n  terms of t h e  successive r o t a t i o n s  character ized by Euler ian 

angles 9 a,y> U i s  given e x p l i c i t l y  by 

I 
- Y . .-> . - __. __._ - I --. - - - -_ 



where 
* 

mi'#' J3 i 75, 
J' = e J e  

(2.10) 

8 

(2.11) 

are the operators  appropriate  t o  t h e  coordinate systems 

produced by t he  previous ro ta t ions .  The r e su l t i ng  expres- 

The angular momentum operators  associated w i t h  the 

new coordinate  system, 

J' = U J Uol , (2.13) 

i can be constructed from the transformed creation and annihil- 

a t i o n  operators ,  

I n  evaluat ing (2.14), we have made use of  the r e l a t i o n s  

i 9 J 2  
3 + + s i n  2 +  a- = cos 

a+ - + a+ - '5% + 
e (2.15) 

of which the  former follows immediately from t h e  s ignif icance 
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of  a+' as a posit ive (negative) spin creation operator, whi?e 

the latter may be verif ied , I  by differentiation with respect t o  

3, i n  conjunction with the commutation relations 

- 

(2.16) 

The form of (2.14) is i n  agreement with (2'.1) and (2 .3 ) ,  where 

- Q ( $ - P )  3 + 

x+ = e =+Y+'p) COS J , xI = e 8in 

To construct the matrix of U, we consider 

i n  whicn the at+ are the operators (.2.14). On writing 

where u is the m a t r i x  

we immediately obtain 

. 

(2.17) 

(2.18) 

(2.10) 

(2.20) 

(2.21) 



NYO-3071 p. 12 

where 

(2.22) ' 

w e  may alaplify (2.21) by placing 9 = += 0, thereby obtain- 

InES 

The m a t r i x  u is un i t a ry  and unlmodulw, that  i e  possesass 

a u n i t  8eterminant. I ts  representa t ion  i n . t e m s  of spin m q t -  

rice8 has, as it must, t h e  form o f  (.2.12)9 

Any auoh uni ta ry  matrix can be presented as 
-i H u = e  (2.26) 

where is a Hermitian-matrix, Since 

B e t  u = e -1 tr7f ¶ (2.27) 

'H must be a t r a c e l e s s  Hermitian matrix and, accordingly, 

h 



c. -. 

L. 
. c  

L 

L 
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coeffic,ents.  Hence u can be wr i t t en  as 
i 'E Y2.Q 

u = e  (2.28) 

where 9 i s  a u n i t  vector,  spec i f ied  by. two'angles,  a and 8, 
The f a c t  that (2.28) i s  the  mntrix descr ibing a r o t a t i o n  through. 

t h e  angle y about t h e  axis g affirms t h e  well-known equival- 

epce between an a r b i t r a r y  r o t c t i o n  and a simple r o t a t i o n  about 

a su i tab ly  chosen axis. 

ed by comparing t h e  t r a c e  of u, i n  i t s  two vers ions,  

The r o t a t i o n  angle y i s  easily obtain- 

e 
1 - 1  - tr u = cos y = C O S  2 

More general ly ,  t h e  t r a c e  of U f o r  a given j. depends only  

upon the  r o t a t i o n  angle y. Ne define" 

i n  which P is t h e  pro jec t ion  operator  f o r  t he  states with 

quantum number j . If' we remark that U must a l s o  have the 
j 

we immediately obtain 
a 

* 
t 

I 

However, we can a l s o  derive this d i r ec t ly  from the generat-  

i n g  funct ion (2.21). 

T h i s  t r a c e  i s  t h e  character  of group theory. 9 

/ 
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' 1  

Far aimpllcity w e  m a l l  assume the referenoe system t o  
-Y 

. be 80 ohosen that u l a  a diagonal matrix, w i t h  eigenvalues 

e We replace x" vith ta/3y 7 and evaluate the derlv- e 
;r 

t 
ativea at y .ZS 0 ,  Aecordlng t o  > 

1 

# '  

we then<have I 

t In which the notation re f l ec t s  the necessity of 'placing the 

derlvativea t o  the left  of thb powers of y . Now > 

and therefore 

L 1 ¶ (2838) 
2 ... 

1-2t 0 cos $y + t 



and expanding i n  powers o f  to one obtains 
t 

._ - 

, :, 
(2.33) 

Symmetry properties of U;!(UY~+) are inferred 

from (2,21) ,  

the' subst i tut ionsq L $ + n .  x* t) y, and (p +q e,@ + I+@, 

decording to  the invariance of \x"Uy) trader 

e 

c, ". 
Aaong the additional equivalent forms produced by auooeaslve 

application of these transformations are r; -* 

We a l s o  note that 

(2,411 

On removing the angles 9 and with the a id  of (2022), we 

find that the content of (2038) an.d (2,40) I s  

i 

T 
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p e  10 NYO -3 071 1 I n  view of these  r e l a t i o n s .  it i s  s u f f i c i e n t  t o  exhib i t  

Uz! (3) f o r  non-negative values o f  rn tz;;d m f o  

On expanding t h e  generating func t ion  (2-24) i n  terms 

of 9 jm(x'F)9  or of qjmp (y) w e  ob ta in  t h e  equivalent ex-  

pressio,ns 

m 
(2,431 

I of which t h e  l a t t e r  i s  the counterpart  dl (2,7), A s  a con- 

venient means' of cons t ruc t ing  u:! (@), w e  p l ace  

so that  (2,43 b) reads 3t. 8 3$ 
Z '  = s i n  coa " X I  = t - cos x+ 

(2.44) 

I Thus 

T h e  s t ruc ture  o f  (the right s ide  w i l l  be recognized as t>hat 

0% the Jacpobf polynomial 

2 

. . L. 
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(2.46) 

k 

Other forms can be obtained from (2,431, correspondin@, t o  

the va r i e ty  of transformations pormissib7e t o  hypergeometric L 

- funct ions.  Thus the  known r e l a t i o n  
. _  

r .  
5' 
L ?  

'. 
, =  

b 

3- 

Fta, b, 6 ;  x) = ( 1 ' ~ ) ~ ~  F(a, c-b, c; .I - ) p  X 
1-x (2048) 

appl ied t o  (2,471, gives 

- F t m - j ,  rn!=j9 m+m*+l ;  - c o t ' q  2 "  (2.49') 

Another aspect, of reference system transformation is 

best discussed i n  terma of 

d 
This is  equivalent t o  t h e  r e s u l t  obtained by P, Guttinger,  

Zelt;, f, Phys. 7'3, 189(1931). 



T h i s  quant i ty  i s  t h e  transformation funct ion I 

i n  which w e  have uscdCr) t o  designate co l l ec t ive ly  the  

angles 

f ixed  onee 

charac te r iza t ion  of t h i s  transformation funct ion,  i n  i t s  

r e l a t i w  the  new reference system t o  the 

We shall  be i n t e re s t ed  i n  the  d i f f e r e n t i a l  

dependence upon the  Euler ian angles. NOW 

where 

, 
and, therefore  

(2052) 
G 

(2.53) 
I 
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8 ,  

This is a d i f f e r e n t i a l  ogerator repreaentatlop of an 
a rb i t r a ry  angular moment ~ d ~ t o r e  The f&Uim &iff-- 

ent ia1  operators assooiated a i t h  an o r b i t a l  angular mo- 

mentum emerge if t h e  tramformation funct'ion %e independ- 

ent o f?  e dince this correspond8 t o  mt r O 9  the quantum 

number 3 must then be an integer  i+ 

The d i f f e r e n t i a l  operatoro ,( 2.64) are well-known Zn 

oonnectlon wlth angular momentum of' a r i g i d  body, and, 

accordingly, the  eigenvalue eQliatSon fo ImlrBhflS rapmB* 
sentat ion w i l l  be ident ioa l  with the. agmmetrioa %Os wave 

equation. To construct this equation d i rec t ly ,  we remark 

that 

sincbe 

On refer r ing  to- (2 .52)#  we immediately obtain, 

U'I J2 9 (8.57') 

The f a c t  that the general d i f f e r e n t i a l  operatore (e.54) admit 9 

half- integral  values of j ha8 been noticed by F. Bopp and 
R, Haag, Ze i t  f. Naturforch. 5a, 844(1850). 
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and t h e  analogous d i f f e r e n t i a l  equation f o r  ( W  I 
including the eigenvalue equation 

) #  

An i n t e g r a l  theorem concerning the  angular depend- 

encet of U, OF U0l3 i s  s t a t e d  by 

where' Po i s  t h e  pro jec t ion  operator  for t h e  s t a t e  j = 0, 

and 

0 

(2e60) 1 1 1 dw = 5 s i n 8 0  da* ~6 d q a  d* 
\ 

j d W = l  

The i n t e g r a t i o n  domain is  here understood t o  be 

O h q  <4Tf, 0 4 : ~ < 4 T f 9  - 0 < 9  - - 4 %  0 (2,613 

To prove th i s  theorem we subjec t  (2.57) t o  the angular 

i n t eg ra t ions  contained i n  d W  . I n  v i r t u e  of t h e  period- 

/ 

3 

I c i t y  possessed by Uel over 4tr i n t e r v a l s  of  9 
we obtain 

and -$J $ 

This r e s u l t  a s s e r t s  the vanishing of JUml dc;, and the  ' 

I 

'f 
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Hermitian conjugate /U dcd 

j = 0 ,  

uni ty  f o r  t h i s  spher ica l ly  symmetrical s t a t e  completes 

the proof of ( 2 . 5 9 ) ,  

theorem t o  t h e  next section. 

except f o r  the  s t a t e  with 

The f a c t  t k a t  t he  r o t a t i o n  operator U reduces t o  

We shall d e f e r  appl ica t ion  of t h i s  

3. Addition of Two Angular Momenta 

Two kinematically independent angular momenta, L1 
and L29 can be expressed by 

where the a and b operators ind iv idua l ly  obey (lei), but 

are mutually commutative. 

of t h e  t o t a l  angular momentum, 

I n  studying t h e  eigenvectors 

t h e  following s c a l a r  Operators play an important role:  

and 

p.  21 

r 
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As one can e a s i l y  ve r i fy  by direct ca lcu la t ion ,  t h e  operatcrs 

and --'J and 3< commute w i t h  each o the r  (as  w e l l  as with 21, 
I 

1 

obey I 

3 It w i l l  be noted that  the commutation p rope r t i e s  of the 

operators  ar3 thoso of a conventional angular momentum, while 

the "J( operators  are analogous t o  the hyperbolic angular mo- 

ment'um IC, which was discussed i n  t h e  f i rs t  section. We shall 

denote the eigenvalues of  g3 and ?( by p and 'y ' respec- 

t i v e l y ,  

L 

4 

These q u a n t i t i e s  have the following s ignif icance,  
P = j l - J 2  ' Y = j, + j 2  + 1. (3.6) ' 

I n  evaluat ing the square of the  r e s u l t a n t  angular momen- 

tuh ,  we encounter 

- 1  ,) a+ a,bTb - -g %% - - 
$ f ) f  * .  

T h i s  can be expressed e i ther  in terms o f  t h e 3  operators ,  o r  

of the opera tom,  s ince  

I .  

and , . 
1 
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and 

J2 = 
I 

h 

From the  f i rs t ,  conventional, representa t ion  of z2 i n  terms 

of the angular momentum 3, w e  inf‘er that  

or 

while the hyperbolic representa t ion  implies that  

o r  

j, * j 2 -  > j. 

We have thus’ a r r ived  a t  

(3.12) 

(3.13) 

I (3 .15) 
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the  fami1,ar r e s t r i c t i o n  on the composition of two angular 

momenta, 
2 An eigenvector of - J is conveniently l abe l l ed  by t h e  

eigenvalues of J3: T3* a n d K  3. I n  v i r t u e  of (3.61, 
. -  

t h e  r e su l t i ng  eigenvector y( jmpV 1- is equivalently desig- 

nated as (j, J g  jm). I n  p a r t i c u l a r ,  the s t a t e  with 

’I/ = j 

23, = j - p. 

can be rea l ized  i n  only.one- way, s ince  rn = j, + j, requi res  

that ml = j,, m2 = 3,. 

1 corresponds t o v j l  + j, = j ,  and 2j1 = j + b, 

The special  s t a t e  of th i s  type  with m = 3 
1 

Thus 

(3,171 

With ‘an a r b i t r a r y  re f  erenoe system, . this  r e s u l t  becomes 

J 

according t o  (2 .4 ) ,  We multiply t h i s  3 analogue of  (1.13) 

( g  ), and sum with respect  t o  b, 

Further  summation w i t h  respect  t o  j then y i e lds  

.. 
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'r .. 

> .  
. I  

T o  complete t h e  determination of t he  eigenvector  

*( jmceu ), we need the analogue of (1,29), spe0ifyj.n.g 

t h e  eigenvector with a r b i t r a r y 3  i n  terms of that w i t h  

the minimum value, j + l o  For t h i s  purpose, we examine 

t h e  operator* 

V = t  2%3 -1 

which has t h e  fol lowing s ign i f i can t  propert ies ,  

and 

I n  conjunction with 

we obta in  

I 

an  ordered operator  form of  Bessells equation. T h e  

so lu t ion  is 

(3.20) 

(3.21) 

(3.22) 

( 3.23) 

(3.24) 

(3,251 

(3.26) 

d( Our procedure here i s  based upon the general  method 
of Appendix A. 

\ 
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, _ ,  

.’ , I 

where P is an in t eg ra t ion  constant ,  and t h e  nota t ion  

is intended t o  i nd ica t e  that P is  inserted between the 
1 

powers of 3(+ a n a x  0 i n  the ordered operator  expansion 

of t h e  func t ion  F defined i n  (1.36), The second so lu t ion  

of  the Bessel equation has been r e j ec t ed  i n  order t o  oon= 

form w i t h  the f a c t  that  t 2 x 3  -’ mast vanish as t-0, 

‘ i n  view of the non-nega%ive character  of x 3  - 1. . The 

operator  (3,20) can a l s o  b e  w r i t t e n  as 
, 

V =  E .  (t23(+; PJ,  j+1; x -1 t2 j+ l  F 
2 j+l 

(3-27) 3 

2 Y pJ 9 

where P i s  t h e  pro jec t ion  operator  f o r  the s ta te  w i t h  
’ 

Jv 
the indicated eigenvalues, Acaording t o  the  well-known 

Bessel func t ion  power s e r i e s  w e  then  have 

where 
I 

. 

i 

(3.28) 

8 (3.29) 

T h i s  y i e l d s  the  des i red  eigenvector r e l a t ion ,  D 

(3.30) 

It w i l l  be noted tha t ,  with respect  t o  j andy , 
Eq. (330) is converted i n t o  (l.29) by t h e  subs t i t u t ions  

, i ! 

I , I  
< I  

- 8  

5 
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. 
.. - 

which are i n  accord w i t h  the s ignif icance of K, 

responding, then,to the generating ,functions (1,35) and 

(1,37), we have 

Cor- 

, The appl icat ion of the  operator t o  (3,20) thus 
i 

produces , 

The eigenvectors a re  exhibited somewhat more 

expl ic i t ly*in the r e s u l t  obtained by applying 0 jv (x+)  
to (3.181, I 

- - 
* (xa 

3c * ' The normalization constant does not automatically appear i n  . 
B. L. van der  Waerden, i t he  corresponding group theory formula. 

D i e  Gruppentheoretische Methode in der Quantenmechanik (Berlin, 1932) 
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i n  which we have employed j, and j,, r a t h e r  than p andy 

For  the purpose of converting (3.36) i n t o  a convenient 

expression f o r  the transformation func t ion  

(jlj2jm!jlmlj2m2) = (9 (j1j2jm)2 (jp1jp2)), (3.37) 

we make t h e  replacement x+ -+ z:, x -+ -z+, and t ake  - 
t h e  s c a l a r  product w i t h  t he  generating func t ion  of  the  

The ensuir,g formula can be wri t t en  

(3.39) 

i n  v i r t u e  03 the  def in i t ion#  

Mu1 t i p l  i c a t  i on w i t h  

-.. -- 
# 
G, Racah, Phya. Hev. 62 ,  4;58(1942), by x = (-l)J2+j-j1v 
Ne have introduced t h e  X coefficdunt by v i r t u e  of i t s  
g r e a t e r  symmetry: compare Eqs. (3.44),(3.45) with Eq. ( l9a)  
of  Racah's paper (henceforth r e f e r r e d  t o  as R ) .  

This X coe f f i c i en t  i s  related t o  the V c o e f t i c i e n t  of 



L‘ - 4  . .  
~ J l J 2 J 3  

(3.41) 

and summation with respect  t o  j,, j2, End j 

t h e  generating funct ion 

then y i e lds  3’ 

Sgmmetry proper t ies  of the X coe f f i c i en t s  can be 

e a s j l y  in fe r r ed  from t h e  invariance of t h e  generating 

funct ion t o  p a r t i c u l a r  s u b s t i t u t i o n  

e f f e c t  of multiplying x+,y+’z+ bly e 

Thus, the  n u l l  0L-p 
2 

- z* P 
and x l S y o 9 ~ -  by e 

i nd ica t e s  that  X vanishee unless 

9 + %..+ m3 = 0 

The invariance of t h e  generating funct ion f o r  simultan- 

eous cyc l i c  permutations of x,, y, z and a,p,y implies t h e  

The interchange of  x and y, combined w i t h  the subs t i tu -  

t i o n s  a ++ -PI  y -+ -ys discloss ,s  t he  behavior of t h e  IC 

(3.42) 

’ 

(3.43) 

(3.44) 

. . . . . - 



~ . _- 
I 

I 

Among t h e  implied proper t ies  Qf t h e  transformation 

func t ion  (3,37) a re  I 

(3.46) 

The expression f o r  X ( j l j 2 j 3 ; y m p 3  ), obtained 

by expanding (3,391 I S  

i n  which 

n = n +n +n 

and t h e  summation i s  

1 2 3 '  
(3.493 

t o  be extended over a l l  ni subject  t o  

(3.50) 
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and 
. -  

The  Patter condi t ions can a l so  be w r i t t e n  as 

J.- 2 jP  1~ 01 = j, Q m2 - n3 f mg n? 

J - 23, - n2 = j, =+ m3 - nl = j, - ml - n3 
I 

(3,52) 

J - 23, - n3 =.‘J 3 + 3 - n 2 =  j, - m 2  -n f  ., 
I 

It follows from the non-negative character  of  these  

q u a n t i t i e s  tha t  the ni are uniquely determined if one 

of the nine in t ege r s  J - 2ji5 j i  + mid 3 ,  - mi is  equal 

t o  zeros  

exceeds by u n i t y  the  srrrallest of these nine in tegers .  

I n  general,.  the number of terms i n  t h e  sum (3.48) 

It 

i s  a mat te r  of convenience which of the ni fs chosen as 

the summation parameter. 

The X coef f ic ien t  cen also be exhibited i n  closed 

form whenever t h e  Im,] have t h e  m i n i m u m  V a l u e s  compatible 

w i t h  the given j,. 

provided bp X( j P j 2 j 3 ; O Q O )  corresponding t o  i n t e g r a l  values 

of’ j,,j, 4nd j,, Note that th i s  quant i ty  panishes, accord- 

ing t o  (3,46) if  3 J i s  not an in t ege r ,  

The simplest’  i l l u s t r a t i o n  of t h i s  i s  

1 Our procedure here 

i s  t o  place x - = a/ax,, w i t h  analog0 s subs t i t u t ions  f o r  Y P 

and z_, and t o  evaluate  the d e r i v a t i  es at  x+ = 8, = 0, 

Since 
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We extend t h i s  argument by making the ’ subs t i tu t ions  
L 

- -+ a/ax,, Y, 4 ‘ a \ a ~ + ~  z+ - a/az-, and evaluat ing 
”. 

, ?  
t h e  de r iva t ives  f o r  a r b i t r a r y  x+,y+, and z e I n  view of - 

J 

9 ml < o  9 (3 .58 )  0 

and 

we sha l l  thereby ob ta in  t h e  X coef f ic ien t  f o r  ml 2 0, 

The.values of X when two of the  

ni a r e  negative can t h e n  be in fe r r ed  from (3.46). The 

generating func t ion  now becomes I 

rn 2 -  > O q  -m3 = Vrn 2’ 

i 

n 

(3,60) 

a n d ,  on expanding i n  powers of x+,y+, and z-, we f i n d  

t h a t  

. - -- - -- . .  - 



.. . 
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The r e s u l t  a t t a ined  by f u r t h e r  expansion of (3 .61)  
1 

is 

. .  ' (3.62) 

I where . ,  

J1 = J + % - , n2p J2 = J - 5 + n2, Jg = J + nl + n2 (3 ,63)  
I 

The double summation i s  t o  be extended over such n o w  

negative in tegers  that  s a t i s f y  

(3,641 

and f o r  which J+%+n2 i s  an even in teger ,  The sum con- 

sists of a s i n g l e  term if one of  t h e  J-2j i .vanishes ,  o r  

if 9 = m2 = 0. T h i s  s imp l i f i ca t ion  may a l so  r e s u l t  f rom 

tbeevennass requirement on J3. Thus I. 
I '  
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which are t h e  X coe f f i c i en t s  w i t h  the minimum +nil Cor- 

responding t o  ha l f - in t eg ra l  values f o r  two of the jie 

The or thogonal i ty  and normalization of the  eigen- 

vec tors  q ( j m p l J  ) can be ve r i f i ed ,  w i t h  the a id  of 

(3.35), by an extension of t h e  procedure leading t o  

( 1 a 2 1 ) e  According t o  Eq. ( 7 )  o f  Appendix C ,  w e  have 
I 

and the expansion 

establishes tha t  

(3.67) . 

. .  

. t  

. _. . ‘. . 

The un i t a ry  na ture  of  the’  transformation $( jlyj,p2) + 
9 ( j l j 2 j m ) ,  and of i t s  inveme,  imposes the- following ‘ 

i 
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zonditfons upon tLie X coeff ic ients , ,  

and 
7 

A s  a p a r t i c u l a r  consequence of (3 ,69) ,  we have 

(3.71) 
m 

The Ro-bation Matrices 

The r e s u l t s  of t h i s  s e c t i o n  can be app l i ed - in  

developing f u r t h e r  the prolserties of t h e  matr ices  ITmI (j) (9.9+1, 
which were introduced i n  Sec t ion  2. If U i s  i;he operator 

generating a reference system r o t a t i o n  f o r  t h e  composite 

system with angular nomentum J = J1+J2, while U1 and U2 

a r e  the’corresponding operaFors f o r  t h e  ind iv idua l  angular 

rnome;Lt;a, we have 

TJ = ITI u22 

according t o  t h e  exponential  form (2.31). 

theorem (2,591 s t a t e s  that 

Iq p a r t i c u l a r ,  

I UIUZdW== Po, 

where Po i s the  p r a j e c t i o n  operator  f o r  the j = 0 s t a t e  

of t h e  r e s u l t a n t  angular momentum. On t ak ing  matrix 

elements of t h e  l a t t e r  equation, we f i n d  . 

.( 3 .72 )  

(‘3.73) 
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, 

P o  37 

(3.74) 

s ince  

1 :  
r I n  view of (2.41), it is a l s o  poss ib le  t o  w r i t e  (3.74) as 

which expresses t h o  or th3gonal i ty  p rope r t i e s  of t h e  ro t a -  

t i o n  matr ices ,  i n  t h e i r  dependence upon the rotatLc)n para- 

meters e 

I 

The orthogonal i ty  r e l a t i o n  o f  t h e  t r a c e %  (j) , 
derived f r o m  (3.76) ,  i s  

(3.71) 

-.J - -  
This i n t e g r a l  can b e  s implif ied,  s i n c e  t h e X ( j )  depend 

o n l y  upon t h 9  r o t a t i o n  angle yo We wri te  " 
P H  -. 

. '+* ad, (3.78) dw = b $dy s i n  z y  1  COS $y - cos cos -- 
2 2 
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and, a f t e r  f i rs t  performing t h e  b in tegra t ion ,  obtain 

('3.78 1 - .  

which can, be v e r i f i e d  d i r e c t l y .  

We r e t u r n  t o  (3.72) and observe that i t s  matrix 
I 

element is 

or  , 

With the  use of t h e  orthogonality r e l a t i o n  (3.78), th3.s can 

be presented i n  the  1 symmetrical f.orm 

1 Special izat ions of . t h i s  i n t e g r a l  a r e  provided by , 

(3,831 

and 
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i 

r 

c 

where Ydm i s  t h e  spher ica l  harmonic associated w i t h  

i n t e g r a l  I ,  and Pt (cos 8 ) i s  the  Legendre polynomial, 

Thus I 

(3.85) 

and 
R 
II 

( c o s & )  Pt ( c o s 8 )  Pt, ( cos&)  $ sin& d g  = [ X ( t ; O ) ] '  
2 3 

(3088) 

The mul t ip l i ca t ion  property of t h e  t r a c e ,  as derived f r o m  

/ 

One can regard t h i s  as a r e a l i z a t i o n  of t h e  pro jec t ion  

operator  statement of t h e  angular momentum comos i t ion  - 

l a w ,  



(8089) 

s ince  (3,87) i s  the  t race of t h e  equation obtained by multf- 

plying (3.89) w i t h  UIUz = U. 
We shal l  conclude t h i s  discussion by derivlng the  com- 

pleteness  r e l a t i o n s  f o r  t h e  funct ions ';c (j)(,) and UmmD ( J )  (4. 
( 3 )  Referring t o  (2.36), t he  generat ing func t ion  of t h e %  

we replace t t he re in  with t& 

, 
IT '  

and obtain 

I 

the imaginary p a r t  of which can be w r i t t e n  

(3.90) . 

We now consider t h e  l i m i t  t + 1, and i n f e r  f rom the known 

r e s u l t  

that 

(3,921 

(3.93) 
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0 ' 1  ! 

However . 
f ,2r 

so that (3',93) can be wri t t en  - 
which i a  the  completeness r e l a t i o n  of',the x ( j ) .  As a 

spec ia l i za t ion  of ( 3 . 9 5 ) ,  we place y' = 0 and f i n d  

An operator expression f o r  the composition of SUC- 

oeasive ro t a t ions  i s  given by 

O(h))u=~(w!) = o(0 mu) I # 

We t ake  .the t r a c e  o f  t h i s  equation for t he  s t a t e s  w i t h  

quantum number 1, and, i n  v i r t u e  of t h e  uni ta ry  property 

of U, obta in  - 

which i s  i n  the  nature  of an addi t ion  theorem. 

pleteness  r e l a t i o n  for t h e  Uz!(Cd) is  reached on m u l t i -  

plying ( ~ ~ 9 8 )  w i t h  23+1 and summing w i t h  reapect t o  j, 

The com- 

/ 

(3.95) 

(8.97) 

(3.98) - 



\ 
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On in teg ra t ion  of (338)  and (3.99) w i t h  respect  t o  the 

Enler ian  angle q8 t he re  emerges the  addi t ion  theorem and 

the oompleteness r e l a t i o n  of t h e  spher ica l  harmonics. 

& ,Three and Pour Angular Momenta 

Eeigenveetors fa? t h e  r e s u l t a n t  of th ree  angular mo- 

menta can be b u t l t  up in several  ways, as symbolized by - 

5 = iL1 + (J -e +J -3 ) s &+(J,&Jl) = & + (&+&)# (4.1) 

Thus, accord'ing t o  t h e  f i r s t  procedure9 we construct  ' 

the last method of addi t ion y i e l d s  f ( j3[ j, j21 j12 j m )  . 
The notation, [j2j3I8 f o r  example, is Intended t o  indicate 

that  these  angular momenta ere not involved e x p l i c i t I g  i n  

the  composition of j, and j,, to form j .  Similarly,  four 

angular momenta 0811 be combined in various pairso 

- 

+(JlL% 9 2 3 3 j 2 t h e n ~ ( j l [ j z j 3 J j z , j m ) 9  while 

L .  
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d 

b 

angular momentas The analogous question f o r  . I  th ree  angular * . ~ 

.- -.. 

3; 

4c 

, 

momenta can be regarded’as  a spec ia l i za t ion  of t h i s  more 

(1 -- symmetrical problem. 

To f a c i l i t a t e  t h e  addi t ion  of  angular momenta i n  pairs, 

we observe that t h e  generating func t ion  (3.35), w r i t t e n  as 

can be obtained from 

(403) 

by t h e  app l i ca t ion  of the d i f fe ren t ia l  operator  

with t h e  Qnderstanding that the de r iva t ives  are t o  be 

evaluated at tl= t2= 0. Accordingly, if we apply (4.5) 

and 
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RO = e  8 (4.12) 

The transfornation function connecting the two schemes is  
determined by U 

in which we'have written 5# 

We now employ the theorem (Eq.(C 28))  

- 
For simplicity we have assumed that the parameters 

a, p are real.  The generating function (4.18) i s  val id  
without th i s  restriction. 

# 

The W coefficient thereby defined i s  the same as that 
discussed i n  R , 
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i n  which the Alp are four sets  o f  two component operators, 
I t  

obeying 

and I XI 

matrices A,,,,, and MfiV . 
IKI are the determinants of the anti-symmetrical 

For the application i n  question, 

On changing the signs of 5 and P i o  we obtain f o r  the gen- 
- 

~ 

crating function of the W coeff ic ients ,  - 

The syn;metr$ properties expressed by\ . 8 .  



r 
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s fo l low from the invariance of (4.18) under t m  respective 
* .  

, ,- > 1 (  , 
- I  substitutions : 
r ... 

al - % 9  h * B2' a' ++ 9'; q @ ah, 6 f) P A P  

, 

a ++ (3; a tr, a* ,  p g-J P g ,  

while the more complicated transformation ( c5u2a3) -9 (-usu29), 

( 4.20) 
I _  - 

i 
Twenty-four equivalent forms for W are obtained by repeated 

use of (4.19) and (4,20). l 
Further sharacteristics of W follow from the compoai- 

tion properties of the transformation function (4,M) whioh 

we shall temporarily indicate by (12~343' I 13,24Qnj0 Thus 

4 

c 

and 

I 

All of these quantities can be expressed in terms of 

interchange of 2 and 4, and of 3 and 4 in (4.14) yields, with 

The 

the aid of (3.47)$ 

\ 
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I 

. .  I 
, (4,241 

Therefore 

= W(jlj2:4j3;j*:j '* e (4,26) 

These formulae can be  combined by placing j 2  = j a l  

jv = J " '  i n  (4,261) and, a f t e r  mul t ip l ica t ion  w i t h  2js+l, 

perfomiiing the  summation w i t h  respect  t o  j v  by means of 

( 4,25 ) r 

J 

%e obta in  

.In which t h e  values  assumed by jl' a r e  those compatible 

with t h e  exis tence of w( j1 j2j3j2; j 3 " )  natnely, 

\ - 
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; .  

L 

.- 

3, 2j2. Accordingly, 

when k i s  the smaller of the.  two integers jl+J3-\ jl=J3\ 

2j2=\ j l - j3 \ .  -One of the consequences of (4.28),  

Wlj2j20;j2j2)  = 2 ~ ~ 7 1  1 j, 5 23, 9 

i s  a particular example of 

(4.28) 

(4.29) 

p. 49 - 

which follows from (4.14) on remarking that, with j4 : 0 .  

the interchange o f  j, and j, simply mult%Plies the eigen- 

vector with (-1) j2+13'$1 
0 

The relation between the W and X coeff ic ients  OW 

L, 

ml2 
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. .  

which, vdth the  similar representa t ion  1 of-\E( [jlj3] j"[ j2 j4 ] J ' *OI9  

yields 

- -  

The,general  exprebsion obtained f o r  Vd by expanding 

,3 
where 

P = T P s  3 .  p.. ' 6 = I  
n =  

and-the summation i s  t o  be extended over the' non-negative 

in tegers ,  n,, p s g  f o r  which 

T= I 

\ 

(4 .33)  

(4.34) 



a. 

- 
- T  

i 

c 

. 

The number of terms f n  t h e  sum exceeds by uni ty  the smallest  
I . ,  

of %he twelve quantuq nurpber,. combinations,,% j2+j9 =j19 etc., 

t he  sum r S d U C 8 S  t o  a s ingle  term if one such combination van- 

iehes ,  The choice of summation parameter, is a matter of coa- 

veniecee. 

%e now r e t u r n  t o  t h e  general  problem, that o f  evalqating 

the transformation func t ion  

# A generating func t ion  f o r  t h e  S coePPicient i s  given'b'y 

The connection'with the  i' coe f f i c i en t s  is contained in 

1, 

@ 

# This i s  obtained wl th  the aid of Eq 
# 

0 
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and the  W coe f f i c i en t  appears as a special  example, 

/ 

I n  view o f  t h e  complexity of t h e  S coe f f i c i en t  we ska l l  

be content t o  record here  only those cases that can be ex- 

press,ed i n  terms o f  W. This occurs whenever one o f  t h e  nits 

quantum numbers involved i n  t h e  S coe f f i c i en t  equals zero, 

which i s  a consequence of (4,391 and t h e  f a c t  that  the sym- 

metry of S i s  such that any of  t h e  o ther  quantum numbers can 

appear  i n  the  p o s i t i o n  o f  j. Thus, it f o l l o h s  l'rom either" 

(4,371 o r  (4,381 that 

j13 + j  24 -j 1 + j  2 - j  3 - j  4s ( j  
.j j j  = (-1) 1 2  1 34 3' 2 4 13 ' j24)  

which are representa t ive  o f  t h e  e igh t  pernutat ions of t h i s  

type. We obta in  from (4.39) that 
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The l a t t e r  r e s u l t  contains the so lu t ion  t o  t h e  problem 

of three angular momenta, Expressed i n  terms of a transform- 

a t i o n  function, without e x p l i c i t  reference t o  the angular mo- 

mentum with zero quantum number., (4.42) s t a t e s  that 

' [J,fdJd3jm 1 [jlj3]j13j2jrn) 

A s l igh t ly  simpler form' i s  obtained on permuting t he  indices 

1 and 2 ,  together w i t h  a change i n  sense of addi t ion f o r  j, 

and j230 

As a par t i cu la r  consequence of t h i s  result, note that ,  

0. Racah, Phys. Rev, 831 367'1943) 
# 

(4.41) 

(4.42) 

(4.43) 



. 
tmt t s i  'the cpigenaector f o r  t he  n u l l  r e s u l t a h t  o f .  th ree  

mgulaar mQnenta 19 ,indepenaent Q f  t he  _. 

provi4ed that 'the order of t h e  angular momenta is' preserved. 

Ba _one representa t ion  o f  t h i e  eigenvector we have 

, 

mode 'Uf addition, 

(4.47) 

in v i r t u e  of (3,40), 

defines i n  terms af t h e  addi t ion  of t w o  d g u l a r  momentao 

now appears as charac te r iz ing  th ree  angular momenta w i t h  a 

Thus, t h e  X coef f fc ien t ,  orfgmnallg 
t 

4 

null. resultartt a 

T h i s  poss ib i l i ty ,  of replacing Jr+J2 = J w i t h  J,+J26J3 

r - Q ,  depends upon t h e  circumstance that the negative of an 

angular momentum operator  i s ,  i n  a oerta5:n sense; a l s o  an 

angular momentum operatora  

J x J z i J  

impXy' that 

NOTE: 

The commutation r e l a t i o n s  
3 

I 

I 

The operators J and J' are vectors. 

(4.48) 

I 
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, I. which reassume the  form (4,481 OP c h a n g i q  the  sign of 

i (complex, not Hermitian conJugation) e 

3' z GJ. 

Therefore 
II 

is an angular momentum operator.I 

of JT, we not ice  that a r o t a t i o n  operator U is 9 func t ion  

T o  f i n d  t h e  eigenvectors 

of i J  and real  angles, Therefore 

U' 2 u* 

ia . the same funct ion of J' that U is of J. 

oomplex coll;Sugate of  the  equation 
c 

i 

we obtain 

with t h e  a l d  of (2.Q). .Hence 

are t h e  eigenvectors associated with J!. 

_ I  

1 
I. 

2 -- Now observe that  the fol1oivIh.g dypdic, formed from 

w '  
t h e  eigenvectors of  a s ing le  angular momentup, 

NOTE: The operators J and J' are vectors. 

J 



is unchanged by a robat ion o f  t he  reference system, s ince  

Therefore, on employing (4-54) we i n f e r  t h a t  the vector  ' 

(4,561 

(40 5 7 )  

descrdbes the spher ica l ly  symmetrical s t a t e  of two angular 

momenta, w h i c h  is i n  a g r e e m e n t  w i t h  (3,75), This is the , 

, 

bas ic  example of t h e  re la t ionship  involved i n  (4.47) , 

0 
5, Tensor Operators 

An i r r educ ib l e  tensor  operator  of rank j ( =  0, 1/2p 1 e ,, 

i s  a s e t  of 2j+1 operators ,  T ( j m ) ,  which transforms i n  t h e  

foJJowing manner under a change i n  coordinate system, 

UT( jmt)Uml =c ?I ( j m )  urn, ( 3 )  0 (5.1) 
M =- 

On taking the Hermitian'conjugate of this  equation and em- ' 

t 
ployfng (2,411 , we f ind  that  1%( j-m) 

sane manner 8 s  T (  j m ) ,  

conjugate tensor  T according t c  

transforms i n  t h e  

We therefore  de i ine  t h e  Hermitian 
t 

0 (5.2) - t  t 
T ( j m )  = i2mT( j -m)  

t *The tensor  t h a t  is  conjugate t o  T i s  then  described by 
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This shows t ha t  Hemi t i an  tensors ,  T. t = T, exist  on ly  f o r  

I n t e g r a l  jf9 and satisfy . .  

.. 

- 

I 

t -t 
2m (T t (j-rn)) t = i 2m( T (jm) = i T( jm) 8 )  = ( = l ) & T (  jtn), (Sea) 

tt  

... or 
&4. 

T' ' = (-1) 2j T o  

L 

, .-, 

The product of two tensor  ope ra to r$  transforms under 

coordinate system ro ta t ions  according t o  

UT1( jlrni)Y2(j,ra&)v"l = (UT1( j,mi)U'1)(U(p2(~~~j~o~~ 

It fo l lows  from ( 3 . 8 0 )  tha t  

-, 

and i s  the re fo re  an i r r educ ib l e  te'nsor of  rank jo 

* For a t enso r  opera tor  applied l t o  .an angular momentuv .. eigenvector w e  have, analogously, - 
3 It i s  s i m i l a r l y  impossible t o  i d e n t i f y  t h e q ( j m )  of 

, (4.54) w i t h  9 ( j m ) ,  f o r  all m, i f  j i s  ha l f -mteg ra l ,  
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- ?  .. . 

obeys 

(5.11) 

and is t he re fo re  . .  an angular momentum eigenvector w i t h  

quantum numbers j avd m. 

The magnetic quantum number dependence of tensor  

operator  matrix elements i s  contained i n  the  lasb s t a t e -  

ment ., On introducing e x p l i c i t l y  the addi t iona l  quantum 

n ~ b e r s  necessary t o  form a complete s e t p  we a re  l e d  t o  
- 

where we have employed d i f f e r e n t  l e t t e r s  f o r  the tensor  

ope ra to r - ind ices  I n  order t o  simpliry t h e  notat ion,  . '  It 
-, . 

I 
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f c l l o w s  from (5.12) that' 

P. 

. .  

As an a l t e r n a t i v e  de r iva t ive  of t he  l a t t e r  resu l tM,  we 

remark that  

1 

h - i n t e g r a t i o n  w i t h  respect  t o  then y i e l d s ,  acc'ording t o '  

(3,821 9 

( 5  .l3) 

-. -. _. 
... .. 

w h i k h  i s  (E1.13)~ w i t h  

# I1 I 

The r e l a t i o n  between t h e  rectangular  bracket symbol and ' 

EyjlT'k)l  ufjCi - - ( , l~k+j - j l  CyjllT l l y W e l  , . . 

_ -  
t he  analogous quant i ty  defined i n  R i d  

. ,  
(k) 

. -  - -  This i s  t h e  metkiod employed by 'E, Wigner, Grupperitheorie 
und , ihre  Anwendung auf d i e  Quant enmechanzk der  Akomspektrern 
(Braunschweig, 1931) , p.  263, 

## 
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and 

t o  obtain 

(5.30') 

. (5.31 ) 

. . .  

O L ~  writ ing 

and 

this becomes 

A matrix element of t h i s  equation, when evaluated w i t h  t he  

_ _  - ~. ... . - . .- - . . . 
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aid of (5.22) and (5.27), y i e lds  t h e  information that 

1 

Tensor oparators  can be constructed from the s p i n  

crea%iop and ann ih i l a t ion  operators  Thus , consider the 
I 

ope rator 

's+( z a+ ) + )-LZ a3 - cp ( z ) q k a ( f ) t ( k g a )  Y ( 5 . 3 7 )  - /  kq 
k9 Q 

0 

formed from the commuting q u a n t i t i e s  (za") and [zaJ .  

subject ing t h i s  t o  a unitarg transformation, we f i n d  

On 
) 

where the transfomimed J 

are described by (2,14)* 

c r e a t i o n  and ann ih i l a t ion  opei?ators 

Now, according t o  (2.19)9 w e  have 

- f r l  which the second statement stems from t h e  f a c t  that  a 

and a+ trknsform i n  the same way as a t  and -a*. Therefore, - 

( 5 . 3 8 )  

(5.39) 

. ,  

-. .~ . 
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O f  p a r t i c u l a r  i n t e r e s t ,  a r e  the operators.  with 

a = 0 (k i n t eg ra l ) , ’  

Indeed 

where a i s  a n u l l  vector ,  - 

. .  . .  

, 

q.2 = 0 , 

viith t h e  components 

2 2 Q’z = - i (z+  + 2-), % = 22+2- . - 2  2 a, - -z+ + z _  y 

It i s  w e l l  known that if r is  a pos i t i on  vector ,  (a.r)k 

a spher ica l  harmonic of order  k, 
- - -  is  

where P 

harmonic, here  includss  the f ac to r  r k 

( r ) ,  which usual ly  designates  a surface spherical  
kq - 

Accordingly, we 
w r i t e  

(a_.JIk 
zlrkl= 
i n  which 1 it (J) differs’ from t he  analogous Y (r) only i n  

kq - @I - 

.. .. , 

Po 67 

(5.51) 
, 

(5.52) 

(5.53) 

(5.54) 

(5.55 

(5.56) 
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that  the order  of f a c t o r s  i s  s ign i f i can t .  N i t h  t h i s  nota- 
. 

I t i o n ,  w e  have 

( 5 . 5 8 )  

Notice a l s o  that the t enso r  t (kqo)  i s  Hermitian, according 

t o  (5,431, s o  that the opera tor  harmonics sa t i s fy '  

(5.59) 

The m a t r i x  elements ,of t h e  tensor  operator 

I a r e  despribed by 

i n  view of  (5.22). With respec t  t o  t h e i r  e f f e c t  on an 

eigenvector w i t h  quantum number j ,  one can assert that  

I 

(5 .62 )  

which becomes a genera l ly  v a l i d  operator  equation on re- 

placing j (  j+l) w i t h  e Hence 2 

I 



The example o f  t h i s  r e s u l t  for k = 0 can be wr i t t en  

i n  which we have employed 

a( kk j j; o j ) = ( -1) [( 2 j+1) (2k+l)] -1/2 
(5.65) 

-c One can e a s i l y  1 exhib i t  t h e  r igh t  s i d e  of (5.6.4) as a func t ion  
9. 

of  j(j+l), and thus obtain the  operator  equation 
- 

k 
The s t r u c t u r e  of the operator  

from the  t&o  requirements that  it ann ih i l a t e  any eigenvector 

x i t h  j < i k ,  and that  it simplify t o  ihe kth power of  J2 as 

j becomes very l a r g e .  

{J2) can a l s o  be infer red  

- 

I We r e tu rn  t o  f5.63), displayed i n  t h e  fo rm 

_- 
I 

. _- ~ 

(5.66) 

(5 -67 )  
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where 

I 

fklk2k (z2) = (2j+1)'/%(k1k2jj;kj) . 

The analogous equation for Yk (J)Yklql ( J )  - d i f f e r s  f rom 
2 2  k1+k2-k 

(5,67) only by the  inclusion of the  f a c t o r  (-1) 
Y a= 

f o l l o w s  'from (3,47) The addi t ion and subt rac t ion  of t hese  

and 

pk lq l ($ )y% 2q2 4Tl 

where t h e  p a r i t y  r e fe r r ed  t o  i s  that of  kl+k,-k. 

l a t t e r  equation we have t h e  commutation proper t ies  o f  t h e s e  

operator functions of - J. 

I n  the  

' AS an elementary appl icat ion of (5.70);  vie take i t s  

t r a c e  f o r  t h e  s t a t e s  w i t h  quantum number 3 .  
t h e  n u l l  t r a c e  possessed by a commutator, we i n f e r  that 

the t r a c e  of Ykq(z) vanishes f o r  every k that can o c c u r  

i n  ( 5 , 7 0 ) .  

I n  view of I 

Since these  k values a r e  I kl-k2) +1, I kl=k21* 3, 

I 

. 
.. 

(5 .70)  
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p. 71 
* 

.i ... kl*k2-1, we ob ta ln  # 

I .  

- . ><. 

B or 

-___ 

(5.71) 

zj+r ’ t , ( J ) Y k q ( ~ ~  = 6k0 (5.72) 

W i t b :  the aid of t h i s  r e s u l t ,  t h e  t r a c e  of  (5.67) i s  evaluated 

as 

e wblch expresses t h e  orthogonality of t h e  operator harmonics. 
,A- 

‘rhe mul t ip l i ca t ion  of (S.87) w i t h  Y (J)  then yields 
J39g - 

B; comparison w i t h  (3.85) shows that ,  i n  the limit of l a r g e  3 ,  

# 
opera tor .by  taking t h e  t r a c e  of ,(5.1), f o r  s t a t e s  w i t h  a 
given j ,  and in tegra t ing .  w i t h  respect  t o  o 

This theorem is e a s i l y  proved fo r ,  an a r b i t r a r y  t enso r  

’Gj 

J O f  course, k must be i n t e g r a l  if t h e  individual  matrix 
elements are  not t o  vanish., 

I; 

I’ 

(5.74) 

.. 
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k -k 
( -1 ) (2  j+1 )1/2W(klk2 j j ; k3 j ) j X( klk2k3; 000) 

Turning t o  t enso r  operators formed from two angular 

momenta, w e  remark that,  f o r  m a t r i x  elements diagonal i n  

3 ,  

. ( 5 , 7 5 )  

(5.76) 

No such r e s t r i c t i o n  i s  required f o r  t h e  spec ia l  e x k p l e  

in terns of t h e  Legendre polynomial operator  defined by 

I ’ The l a t t e r  equation can be writ tell  
I 

(5 .79)  
, 

, 



4 
7 

"YO-3071 p. 7 3  

which i n d i c a t e s  t h e  l i m i t i n g  form o f  t h e  r i g h t  s i d e  f o r  

and j .  l a r g e  j,, 

can 3 e  expressed as 

The simple r e s u l t  obtained f o r  j = 0 j2 

A m u l t i p l i c a t i o n  theorem f o r  t h e  Legendre ope ra to r  i s  

obtained from t h e  observa t ion  that 

T-. + 

nme1.y # 

or; placfng  k - I,\ w e  o b t a i n  a simple recur rence  r e l a t i o n  2 -  
frc)rn which t h e  Legendre ope ra to r s  can be  cons t ruc ted  succes- 

s i v e l y ,  s t a r t i n g  wi th  

Po(&p&> = 1 

\ 

The c o e f f f c i e n t s  i n  t h e  recur rence  r e l a t i o n  can be computed 

f waom 

(5 .80)  

(5,811 

(5;82) 

I 

( 5 . 8 3 )  

' This i s  a p a r t i c u l a r  example of t h e  theorem on t h e  product 
of' two W c o e f f i c i e n t s ,  Eq. (5.36). 
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and 

Thus 

(5.85) 

(5.86) 

and therefore, 
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J 

A useful check upon these resylts is af'foyded by (5 ,80 ) ,  

A statement analogmy t,o (5 .62) 'can be made f o r  an 

arbitrarg tensor ,  operator;  a's far as m a t r i x  elements diag- 

onal i n  1 are concerned. 

The c o e f f i c i e n t  i n  this Pela t ion  can be expressed i n  o ther  

rays. . Thus, we have 

rlhioh leads bo the projec t ion  Pule 

f.02 ieOl~&,$ng the p a r t  of B t enso r  operator  that contr ib-  

utes &d matrix elements diagonal i n  j. Alternat ively,  we 

(5.89) 

(5.90) 

(5,92) 

I 

now 

(5.93) 

so that ,  f o r  m a t r i x  element's diagonal i n  j ,  
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Appendix A 

We shal l  descr ibe a method which p r o d y e s  simultaneous- 

l y  the eigenvalues and eigenvectors o f  the angular momentum 

ope rz to r s ,  Consider f o r  t h i s  purpose t h e  uni ta ry  operator 

V = exp(1z3n+i(fJ3), -L 

which has t h e  eigenvalues e x p ( i j l + i m q  . The operator V 

can be in t e rp re t ed  as 

w =  r [ e x p ( i  jd+imqp( j m )  , 
JJ-f? 

(D 

where P(jm), t h e  p ro jec t ion  operator  for t he  s t a t e  w i t h  the 

ind ica ted  eigenvalues, i s  represented i n  terms of  t h e  cor- 

respondirg; eigenvector by the dyadic 
, 

. .  

&cOPdingly, i f  V can be constructed and displayed i n  the 

form. (A21, w e  shall  have achieved our goal. 

We write 

and deduce t h e  d i f f e r e n t i a l  equations 

(A21 
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-. 

and ' 

I 

~. . . . - 

I 

i n  which we have employed the nota t ion  

I n  terms of the eigenvector g o ,  defined by I 

Po = ?Eo*?? 9 

the  angular momentum eigenvectors a r e  exhibited as 

Tne fundamental p,roperty o f  % =q( 00) i s  deduced from 

. 
o r  

namely 



P ' ,C 

(A21) 
. 

The simple generating func t ion  fo:r the eigenvectors, 
9 

(1610), oan alsolb'e obtained by noting tha t  

'Indeed, 
Fa 

. . -  

- .  . . 

i 

J 
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The ordered operator 

sat % s f  i e s 

+ La*j] = - ( a / a a ) A  = - A z a  , 

+ ( l - z > a A  = Aa , a A = ( l - z ) A a +  * 

Therefore 
c 

- - --A 1 9 a + A a  , 
1 -2 ( 1 - Z ) 2  

the s o l u t i a n  of which ;implies the ordered operator  i d e n t i t y ,  

A p a r t f c u l a r  consequence of t h i s  r e l a t i o n  

is ffarived d i r e c t l y  i n  $he t e x t  (Eq.(2,35)). The proper t ies  

P 

of A contained in(B3) a r e  a l s o  displayed i n  t h e  genera l iza t ions  
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- Appendix C 

It, i s  our purpose i n  t h i s  s ec t ion  t o  evaluate  a c l a s s  

of s c a l a r  proaucts,  the siriiplest i l l u s t r a t i o n  of  which 

>c ' 
,b D i f f e r e n t i a t i o n  w i t h  respec t  t o  $ ~ y ie lds  

The solution of this, ar,d analogous equations, i s  

.where 

In view of the simple genera l iza t ion  o f  (B6) 

, 

is 



\ 
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T her  ef ope 

Or,e can p m v e s  i n  a slmilar manner,that 

i 

9 

1 

The general  member of  t h e  c lass  exemplified by (C1) is 

Where the A p  are n s e t s  of two-component operakors ,  obeying 

The s o l u t i o n  of th2s equation can b e  expressea len a matrix 

, 
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. 
J n o t a t i o n  as 

where 

and 
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Therefore 

r 

I 

from which we obta in  (A,,qo = .O) 

9 Thus, w i t h  respect t o  changes i n  t h e  matrix h ,. w e  have 

t 

c- On comparing t h i s  v i zh  t h e  theorem on h i f f e r n t i a t i o n  of a 

determinant, 

6 log1 A I  = t r ( A ' l 6 8 )  

we obta in  t h e  desired general evaluation, - _ -  

(624) 
, 

A, recurrence r e l a t i o n  f o r  To (n) can, a l s o  be es tab l i shed  

w i t h  t h e  a id  of (C13). Thus, we have '  

. .  

' 0 '  

, 
. 
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i n  whichG(1 end hg designate the  matrices of 'dimensionality 

n-1 ,, 

The ac tua l  construction of' the  T i n '  can be performed 

It follows f r o m  (C24) and without d e t a i l e d  calculat ions.  

(f225) that  T i n )  has t he  form of t h e  inverse square of a 

term of t h e  s e r i e s ,  (-l)zn(X"( IK I vanishes f o r  n- 

odd. Thus9 oeginniw w i t h  

. I  

powes s e r i e s  i n  t h e  components o f  h 9 and)( whwe the  l a s t  
1 1/2 1/2 

we infefl that  Tk3) has the same s t ruc tu re ,  s u i t a b l y s x -  . 

tended f o r  t he  addi t iona l  dimension,' 

and the re fo r  e 
J . '  
5 

w 

L 
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where 

. .  =’) E h h 8 grral: rru at Y .  
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. 
and& is the completely antisymmetric symbol. For the last 

indication of this general procedure we remark that, as the 

extension of (C28), we have 

in which 
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