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ABSmCT 

The Fermi-Thomas model has been used t o  derive the equation of s ta te  

of matter a t  high pressures and a t  various temperatures. 

have been oarried out both without and w i t h  the exchange terms. 

Caloulationa 

Discussion 

of s imilarity transformations lead t o  the virial 

of eolutlons for d i f ferent  2-values. 

, '  . 

theorem and t o  oorrelation 

- . ._ . . I_ . . . . - .  
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EQWATIOWS OF STATE OF ELEMENTS BASXI) ON ThT GWWALIZSD FIIWI-TBWAS TflSORy 

I . 1"I'RODUCTXOX 

The Fermi-Thomas a t a t i s t i c e l  model of t h e  atom h a s  bean ueed by several 

i n v e s t i g a t o r s  ") for approximate c a l c u l a t i o n s  of  p o t e n t i a l  f i e l d s  and charge 

d e n s i t i e s  i n  metals as  a func t ion  of l a t t i a e  spacing. 

served a e  a s t a r t i n g  2 o i n t  fo r  t h e  s tudy  o f  t h e  behavior  of matter under 

extremely high' p re s su res  a s  found, for example, i n  stars, 

The method h a s  a l s o  

In i t s  o r i g i n a l  form, t h e  theory  makes seve ra l  s i m p l i m i q  assumptions: 

t h e  e f f e o t  o f  exohange fo roes  i s  not  t aken  i n t o  account ,  and t h e  temperature  

of' e l e o t r o n s  and nuolei i s  t aken  as  tero degrees abso lu te ,  T = 0, With 

t h e e e  s i m p l i f i c a t i o n s ,  a set of u n i v e r s a l  p o t e n t i a l  func t ions  may be  found, 

a p p l i c a b l e  t o  all atomic numbers, Z,  by a s i n p l e  ahange i n  s o a l e  of l i n e a r  

dimensi on8 . 
has  extended t h e  theory  t o  inc lude  t h e  e f fec ts  o f  exokange '2) Dirac 

foraes .  However, the ao lu t ions  o f  t h e  m o d i f i e d  equat ion  d o  not lend themselves 

t o  t h e  above mentioned s i m i l a r i t y  t r ans fo rma t ion  and it is necessary  t o  obta in  

s e p a r a t e  s o l u t i o n s  f o r  eaoh Z. 

h r s h a k  and Bethe (3)  have c a r r i e d  through 8 per tu rba t ion  t rea tment  of 

the simple Fenni-Thomas equat ion  t o  ino lude  tempera tures  oorrespondine; t o  

several e l e a t r o n  v o l t s .  

I n  the fol lowing,  w e  present  f i r s t  a set of  s o l u t i o n s  f o r  t h e  simple 

Fermi-Thomas equat ion  wi thout  exchange f o r o e s  and .for T = 0. 

t h e s e  numerioal r o l u t i o n s  are known, t hey  have been oa lou la t ed  aga in  because 

Although 

- 
(1) J. C. S l a t e r  and H. M. Kru t t e r ,  P h y t ~ .  Rev. 47. 559, (1935); H i A  Jensen, 

2s. f .  Phyeik, 111, 373 (1938) and a d d i t i o n a l  r e f e r e n c e s  given there .  
(2) Po A. M. Dirac, Proo. Cambridge Phi l .  SOC. 26, j?6 (1930). 
(3) R .  E. Bdarshak and H. A .  Bethe, Ap. J., 91, 239 (1940). 



2 MCD - 2448 

they  are t h e  unperturbed s o l u t i o n s '  i n  subsequent p e r t u r b a t i o n  ca l cu la t ions .  

Renoe, r a t h e r  p r e e i s e  v a l u e s  are needed. 

t h e  c a s e  wi th  exohange effects ,  bu t  w i th  T = 0 as kefore ,  f o r  several 

Z-values by S l a t e r  and Kruttpr and by Jensen. 

po la t ion  p o s s i b l e  w e  have obta ined  fur ther  s o l u t i o n s  f o r  Z = 6 a d  92. 

v a r i o u s  s o l u t i o n s  for a given 

The va lue  of t h e  p o t e n t i a l  a t  t h e  boundary i s  simply r e l a t e d  t o  t h e  pressure.  

Consequently a pressure-volume (or -dens i ty )  r e l a t i o n  can be obtained f o r  

thet element. 

A set of s o l u t i o n s  v a s  given f o r  

To make more a c c u r a t e  i n t e r -  

The 

t o  a series of stomic volumes. correspond 

(4) These new s o l u t i o n s  w i t h  prev ious ly  oa l cu la t ed  oces 

permit r a t h e r  reliable i n t e r p o l a t i  on for P-v r e l a t i o n s  corresponding t o  

any Z value. 

problem corresponding t o  non-zero tsmperetures .  

f o r  t h e  case o f  very h igh  tempera tures  where t h e  pe r tu rbe t ion  t rea tment  i s  

A set of n m s r i c a l  s o l u t l m s  i s  a l s o  given f o r  t h e  p e r t u r b a t i o n  

F i n a l l y  s o l u t i o n s  a r e  g iven  

no longer  v a l i d . a n d  t h e  complete equat ion  must be considered. 

11. SIMP= PBRMI-THCMAS MmHOD 

We cons ide r  f i r s t  t h e  s imple Fermi-Thomas equat ion  wi thout  exchauge 

e f fec ts  and for t smpera ture  T = 0, 

This  a q u a t i  n i s  der ived  wi th  t h e  assumption tha t  a t  ehch p o i n t  i n  aoord innte  

spaoe t h e r e  e x i s t s  a r e l a t i o n  between t h e  e l e c t r o n  d e n s i t y e  and t h e  

p o t e n t i a l  V, namely 

(4) H. Jensen,  G. Meyer-Gossler and 8. Rohde, 2s. f. Physik, 110, 2'77 (1938); 
J. C. S l a t e r  and H. M. Kru t t e r ,  loc. c i t .  
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There m is t h e  e l e o t r o n i c  mass and B t h e  t o t a l  energy. This  r e l a t i o n  is i n  

t u r n  obtained kom t h e  p o s t u l a t e  that the e l e a t r o n  wave func t ions  i n  a arm11 

volume element behave l i k e  plane ' w v e s  and t h a t  t h e  e l e o t r o n s  satisfy t h e  

Pau l i  exolusion p r i n c i p l e .  Spherical symmetry i s  assumed; LL X i s  the 

distanoe from t h e  nucleus  measured i n  ' u n i t s  of 

where 

multiplied by r; more preo f se ly  

is t h e  Bohr radius f o r  b d t o c e n .  $ i s  e s s e n t i a l l y  t he  p o t e n t i a l  

- 

where Bo f s  tho 1~9ximum t o t a l  energy. 

The boundary condi t ione  may be w r i t t e n  

9 ( 0 )  = 1 (3) 
and at  the surfaoe of the atom, since t h e  p o t e n t i a l  g rad ien t  is zero, 

d$/UZ = $/% ( 3 4  

Ia an actual orysttal, the solutions of spherical symmetry are ,  of course,  

no t  s t r i u t l y  v a l i d .  

polyhedron oontaining an average number of eleotrons s u f f i c i e n t  t o  n e u t r a l i z e  

t h e  n u a l s a r  charge. 

It is more appropriate t o  surround saoh nuoleus w i t h  a 

In many casea ,  t h e  polyhedron may be replaced in good approximation Q 

a sphere. 

the radius R( =,a X 

that use of t h i s  procedure need not be r e s t r i c t e d  to crystals of pure 

e 1 emen t eo 

cond i t ion  (3) i e  valid on t h e  su r face  of t h i s  sphere end 

) i s  defined as the a tewic  radiucl. It is- t o  be noted  

, 

0 m y  be expanded about  the o r i g i n  i n  a s a t - c o n v e r g e n t  power seriee of  

2 +a4z  i .  e t e (4) 312 t h e  Porn 
4 = 1 4 a 2 % + a  31 

3 

1 
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b e e  a va lue  is s e l e c t e d  for the i n i t i a l  slope, i.e., 4 a , t h e  remaining 

c o e f f i c i e n t s  are  deternined. 

i n  terms of a 

approaches the  x-axis asymptot ical ly .  

free atm. For nuizerically smaller ini t ia l  slopes, eo lu t ione  are oktained 

Bxpreasione for t h e  firat few ooeff ioienfs  

ore given i n  Table 1, For a p a r t i o u l a r  value of % 0 + 
'ilzia solution oorresponds t o  t h e  

for atms of f i n i t e  radius .  

s o l u t i o n s  for ions. 

Ilumerica1ly g r e a t e r  i n i t i a l  s l o p e s  y i e l d  

For the n w r i c a l  i n t e g r a t i o n  it l e  oonvenient t o  introduoe a ohange 

of Independent variable, 

-% I 2 / 2 0  

This in effeot, makes the i n t e r n 1  for each step of the n m e r i a a l  i n t e g r a t i o n  

convenient ly  small  near t h e  o r i g i n  uhere Q changes appreciably,  and au to-  

matically inoreas76 the i n t e r v a l  f a r t h e r  out where the f u n c t i o n  changes more 

alowly. To i n i t i a t e  t h e  n m e r i c a l  i n t e g r a t i o n  r o u t i n e ,  the  s e r i e a  given 

b-- (4) i s  r e w r i t t e n  in  t e rm of w; it i s  w e l u a t e d  a t  two p o i n t s  a=0.88 

and w = 0.92, hence t h e  derirative is obtained a t  w = 0.90. 

is more acaurate t han  the evaluation of the derivative from t h e  d i f f e r e n t i a t i o n  

- 
This procedure 

of t h e  series, I n t e r v a l s  are taken a s ~ w = O . O 4 .  h e  e r r o r  in each step 

i s  < o m o ~ o ~  in 9. 
X n  Table 2, n m e r i c a l  s o l u t i o n s  are given corresponding t o  eicht  valnes of 

t h e  i n i t i a l  slope. 9 is given a t  intervalaAv=0.08.  

frequent enough for most purposes; i f  values f o r  i n t e rmed ia t e  w-values a r e  

These values are 

desired, q u a d r a t i c  i n t e r p o l a t i o n  l a  adequate. 

In Table 3 the values of a are given corresponding t o  t h e s e  s o l u t i o n s  -2 
togetfier alth values Pot t h e  atomic RadiuaTo and f o r  9 ( 2  ). 
t w o  s o l u t i o n s ,  i=1 which 0 reaches zero, correspond t o  ione. 

4he last 
0 
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Finally one oan obtain a pressure-volume r e l a t i o n  based on t h i a  model 
(5) 

with t h e  aid of the following v i r i a l  theorem, 

(3/2) E = k i n e t i c  energy +(&) ( P o t e n t i a l  Energy) ( 5 )  
2 

where I) P is pres su re  (dynesLm ) and 

One oan e a s i l y  show t h a t  

z (Lrr/3)(/ x , ) ~  om3, t h e  volme. 

Thus, having ohosen a 2 value, one can s u b s t i t u t e  values f o r  X 

Q ( x O }  frm Table 3 and o b t a i n  a series o f  p o i n t s  on a P-v diagram i n  t h i s  

and 
0 

approximation. We shall r e t u r n  to a more c m p l e t e  d i scuss ion  of equa t ions  

o f  state a f t e r  w e  hslve discussed t h e  -effects of exchange. 

111. FERVI-THOMAS-DIRAC EQUATION 

Diraa (*) ha8 introduced mod i f i ce t i cns  t o  t h e  o r i g i n a l  Fermi-Thorias 

theory t o  i na lude  effects of exchange. Xnstead of Eq. ( 1 )  w e  have now t o  

c onaidsr  A 
d 2 y / d X 2  = x ( E  + V " / X & ) ~  . 

K has t h c  same meaning as before,  - 
Z-2'3 0.211873 Z 4 3  

& =  (3/32v ) . 
The potential without  exohange eff'eats. denoted by V is connected with 

0' 

by the  relation 
, . .. 

E q .  (7) is obtained by i nc lud ing  i n  the. expres s ion  f o r  t h e  average p o t e n t i a l  

enerm of an e l e c t r o n  an exohange tern e q u a l  t o  2e+, where L i s  t h e  

maximum momentum f o r  t h e  coord ina te  point under considerat ion.  The e l e a t r o n  

(5) To be d i scussed  i n  Sec t ion  VI. 
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I n  o rde r  t o  g e t  t h e  numerical  i n t e g r a t i o n  of Eq. (7) started, 2 is first 

expanded i n t o  a semi-aonvergent power series abou t  the or ig in .  

series is i d e n t i c a l  w i t h  t h a t  of Eq. (4). 

oorresponding o o e f f i c i e n t s  up t o  + in Table b. 

i n  independent v a r i a b l e  X=r2/2 and use t h e  68me numerical i n t e g r a t i o n  procedure 

The form of t h i s  

For convenienoe, we list t h e  

Again we i n t r 0 d u c e . a  change 

b e g i d i n g  a t  w =0.92. 

Sl t l te r  and K r u t t e r  (2) Kavc c a r r i e d  through numerical i n t e g r a t i o n s  f o r  

2 : 3, 11,29 and Jensen (4) for 2 = l8,36,5l+. 
six s o l u t i o n s  for 2=6 and of t e n  for 2 ~ 9 2 .  

values are shown i n  Tables 5 and 6 f o r  Zz 6 and 92 r e speo t ive ly .  

Ke have obtained a famiZy of 

The i n i t i a l  elopes and bouwhuy 

V a l u e s  f o r  

t h e  taro sets of \y func t ions  are l i s t e d  i n  Tables  7 and 8 a t  intervals of . 

A w = 0.08. 

in t e rmed ia t e  a-values. 

Here aga in  q u a d r a t i c  i n t e r p o l a t i o n  is adequate t o  ob ta in  y f o r  - 

Frgn these r e s u l t s  one may o b t a i n  a r e l a t i o n  between pressure and d e n s i t y  

( o r  volume) f o r  v a r i o u s  elements a t  T =0. 

minimum of t h e  p o t e n t i a l ,  2 e V/r, which i s  a t t a i n e d  a t  t h e  boundary of t h e  

atom. 

pressure is t h e  same as would be caused by a d e n s i t y  of free e l e a t r a n s  equal 

t o  t h e  e l e c t r o n  d e n s i t y  a t  t h e  boundary. 

The p r e s s u r e  depends only on t h e  

On that boundary no average foree mats on t h e  e l e c t r o n s ,  and t h e  

This e l e c t r o n  d e n s i w  is i n  t u r n  

d e t e r m i n d  by t h e  p o t e n t i a l  a t  t h e  boundary, and one o b t a i n s  for t h e  p r e s s u r e  

( 6 )  of. 8.g.. J. C. Slatar and E. M. K r u t t a r ,  loo. cit. 



t h e  formula 

The r e l a t i o n  just obtained is i n  effect a dependewe of the pressure OIL 

t h e  atomic volume s i n c e  tho va lue  of y/X depends excluslvely on t h e  atanio 

r a d i u s  and henoe on t h e  atomic volune. 

In  t h i s  ray t h e  pressure-densi ty  r e l a t i o n s h i p  i s  app l ioab le  t o  materials 

C ~ . p O s e d  of several k inds  of elements. 

obtained by addlnp t h e  atomic volumes a p p r o p r i a t e  for that pressure,  

me volume a t  a given p res su re  is 

I n  o rde r  t o  express pressure-densi ty  r e l a t i o n s h i p s  f o r  various X value8 

i n  a forn which pe rmi t s  ormvenlent i n t e r p o l a t i o n  f o r  i n t e m e d i a t e  2 values,  

we fo l la r r  Jensen (7) and express the pressure in units of the preeaure P 
r e s u l t i n g  f r o 3  a uniform d i s t r i t u t i o n  of a l l  t h e  e l e o t r o n r  of t h e  matierial 

throughout t h e  t o t a l  available volume 

where -- 

0 3 

0.701 

0 

where 

I s  t h e  variable against'xhich .we p l o t  the func t ion  f. 

I n  Fieure 1 we have a m p i l e d  the values given by Jenaen for 2 =18,36.54: 

r e w r i t t e n  data of S l a t e r  and K r u t t s r  in t h i s  form; ead added the new oaloulationr 
*. 

(7) 
(7a) Explicitly, 

o f .  H. Jeasen, Ref. 1, Eqnr (b,-b, o and 5). 

d e n s i t y  of e leo t roas .  
= 2 / 5 ( 3 / 8 K J f l  (h2/2 m) (7)5/3, +here7 is the uniform 



fo r  Z t 6,92. 

s a t i s f a o t o r y  i n t e r p o l a t i o n  f o r  any Z-vtrlue i s  poss ib le ,  

graphed our n w r i a a l  va lue6  f o r  tihe oase without  exchange. 

In t h i s  way we hnve obtained sufficient data, so t h a t  

F i n a l l y  we have 

The pressure-dens i ty  r e l a t i o n s  80 derived &re valid only at r a t h e r  high 

pres su res  at which t h e  detailed i n f luence  of the outer &ell  s t h c t u r e  of the  

atoms hais been o b l i t e r a t e d .  

t e n  megabgrs. 

IV. 

If the value of t h e  temperature  i s  low ompared t o  t h e  maxknum k i n e t i e  

This  u s u a l l y  happens a t  pressures exceeding 

PgRTURBATIOIJ TRFA-T OF T?%?PERATL~RB EFFECTS 

energy of eleotrons near t h e  boundary bslween atous, i.e., if 

kT 4< - 2e2 p (x.1 (10) 

/* % 
t h e  inf luenoe  of t h e  temperature  m n  be t r e a t e d  bj perkurbation metbds. 

'Phe i n f luence  of t h i r  p e r t u r b a t i o n  on the ~e~i-'Ph~inas d i & r i b u t i o n  w i l l  

n m  ba disoussed and in t h t s  d iecuss ion  we s h a l l  d i s r ega rd  t h e  effects of 

exohange. It has been Shawn by Ashkin ( 8 )  t h a t  the i n f luence  of the temperac 

t u r e  per ta rba t icm and of ex0-e e f f e o t s  are very nearly add i t ive .  

Marsh& end Bethe (3) have shown t h a t  M e  per tu rba t ion  fkum temperature  

o m  be taken into aocount by modifying Bq. (la), which ooaneots %he e l e c t r o n  

density end the e l e m t r o s t a t i o  potential, They derive the expreseim 

where E is the Permi energy and k t s  t h e  9oltwnann constant. ¶'hie l a d s  t o  - - 
. .  

( 8 )  J. Ashkin, unpublished r epor t .  



t o  t h e  corresponding d i f f e r e n t i a l  equation for t h e  p o t e n t i a l  
f .  - >  

given b; En. ( l b ) .  

h e  s o l u t i o n  of t h i s  equat ion can be w r i t t e n  

The boundary o,o-nditione are , ( O )  = 1 and d $/dX = $ / X  

= 4.: r- ".+l :- 

where 6 i s  t h o  unperturbed s o l u t i o n  obtained in Sec t ion  11 and $.satisfies 

t h e  d i f  f e r e n t i a 1  e q u a t i o n  

1 

d2 91 3f$ * b1 x 312 

d;t2= 2 x B  + O B  (13) 

Expanding ZC 

Esq. (4), one f i n d s ,  t a k i n g  C2 = 0, t h a t  

and using t h e  series expaneion f o r  4 given by n 

. . _  

where a is  t h e d n i t i a l  slope of 0. Here aga in  it i s  oonvenient t o  nmke 
4 

2 t h e  change o f  independent .var iab le ,  x = me seriee- s o l u t i o n  for t b  T - .  
p e r t u r b t i o n  func t ion  wes evaluated at  w+ = .& a a d - m e  extended by 

numerical procedure s i m i l a r  to:thoae used abwe. ; 
I 

Three numerioa-l s o l u t i o n s  f o r  $ wore< obtained. They are obtained kgc 1 
s u b s t i t u t i n g - t h r e e  d i f f e r e n t  4 funo t ions  from Part I1 i n t o  % (13). %use 4 
funo t ions  may be o h a r a o t e r i r e d  b y - t h e i r  i n i t i a l  s l o p e r  e2 = l-.S58856, L58865, 

and (of. Tables 2 and 9). In Table 9 numerical r o l u t i o n e  are given 

cor re spmding  t o  t h e s e  t h r e e  oaees f o r  t h e  range of w thnt.is.of l n t o r e ~ t ~  - 
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The d e r i v a t i v e s  are a l s o  given as t hey  are needed t o  s a t i s 0  the boundary 

o ondi t  i 00 8. 

With t h e s e  s o l u t i o n s ,  a series of p o i n t s  on a P-V-T diagtam may be 

obtained in t h e  following manner. 

T and determines Y 

cond i t ion  d - 4/dX = $ / X  

approximate expression obtained by k r s h a k  and  Bethe or by u0in.g tables of 

t h e  complete expression worked out by YacDougall and Stoner (91. S p e a i f i c a l l y  

For a given 2, one assme6 a t m p e r a t u r e  

and hence atomio volume (or  h a n s i t y ) ,  from t h e  boundary 

The pres su re  may be obtained e i ther  by t h e  . 

t hey  t a b u l a t e  - 

where 

V. EXACT TREATiTTT OF TEMPERATURE EFFECTS 

For t h e  aase of high temperatures  t h e  p e r t u r b a t i o n  treatment given 

i n  t h e  preceding s e c t i o n  is not  very acourate .  

of temperature w i l l  be take? i n t o  aooount exact ly .  

of exchanre Por this ranae of t tmpera tu re  a r e  r e l a t i v e l y  unimportant, we 

cons ide r  only t h e  approxinat ion i n  whiok they a re  negleoted. 

I n  t h i s  s e c t i o n  t h e  e f f e o t s  

Inamuch a s  the effedtr 

The e f f e c t  of temperature is t o  a l te r  t h e  charae distribution of 

e l e a t r o n s  i n  t h e  a t a .  The numter o f  states a v a i l a b l e  t o  an e l e c t r o n  of 

momentum g a t  p o s i t i o n  r is 2 4 n p 2 d p  

simple Fermi-'Phomas m o d e l  at T = 0 is t o  cons ide r  t h a t  a l l  of the states  up 

blTr2dr h3e  he b s i s  of the - I I [  3 
(9) 
(10) I n  t h e  next  sec t ion ,  t h i s  expres s ion  is disouesed t'n more d e t a i l p  

J. KaoDougall and E. C. Stoner ,  Phi l .  Praa. Roy. SOO. 237, 67 (1938). 



AECD - 2448 11 

t o  t h e  maximum available mmentum are occupied and t h a t  the rest are map*. 

If the t;eanperature Is raised, t h e  s t a t i s t i o a l  a n a l y s i s ,  of Fewi and Dirao 

t e l l 8  u8 t h a t  the p r o b a b l l i t y  t h a t  a state of mamentunp, awl hence of 

energy, p 2 / a  - eV, If filled i s  1/[exp ( %*e? f~ )+l] where 

k is Boltzmann's cons t an t  and 

condition that t h e  t o t a l  number of eleatrons is given. 

is a o m s t a n t  #hioh is determined t", t h e  

Therefore t h e  
2 

d e n s i t y  of e l eo t rone  i s  

S u b s t i t u t i n e  t h i s  expression f o r  t h e  charge d e n s i t y  i n t o  Poirson's equat lon 

we  ob ta in  

where  t h e  h o t i o n  I (1) is defined by 
u2 

and arises for n=l /2  from Eq.(lk) i f  one replooee p2/WT w,fi It f a  

t h e  equation (15) t h a t  we eolve n m e r i o a l l y .  

The equat ion  ban be s impl i f ied  by a ohange of var iab les .  -I,& 8 o r/o 

where 

(16) 1.602 10-gCm 

3 '" where Thr is t h e  temperature measured i n  k i l o v o l t s .  

5q. (15) oan be removed by a ohange In the zero  o f  p o t e n t i a l  V. 

The oons tan t  

l e t t i n g  



,- 

E?. (15) beomss 

12 

The boundary cond i t ion  is 

. d p / d s  =p/s  at e = b  

where o = c b  

.I 

is t h e  a t m i c  radius .  

approach a constant va lue  

A t  t h e  o r i g i n ,  since V  is^ t o  vary as Ze/r,p must 

Btmause, of the s i n g ~ l a r  tehsvior of 1 

numerical i n t e g r a t i o n  from t h g  origin i s  laboricus. To avoid t h i s  difficulty, 

another procedure wfis us&. 

( p / s )  as 8 - + 0  (it varies  as s 1,'2 

Sett ing s= w2/2, Eq. (17) becories, 

The equa t i cc  was i n t e g r a t e d  * o x  t h e  o u t s i d e  (s= 2 a / c )  inwards ( t o  I= 0)  

a d  no d i f f i c u l t i e s  ati8s a8 the o r i g i n  i a  approached. 
, 

The l i m i t i n g  value 

o f p  a s  a+ 0, l.e., oc i s  e a s i l y  determined. 

choosing, c r b i t r a r i l y ,  a v a l u e  of b, and o f p  at 8 :  b and using Eq. (18) 

o r  i t s  e q u i v a l e n t ' g =  2p/w t o  get  the i n f t i a l  va lue  of the derivative of 

p . It is on17 after the ~ o l u t i o n  5s complete and the pahe of& l e  

determined that the t m p e r a t u r e  (fr-cm Eq. (19)) and the d e n s i t y  (from a =  bc 

whzre c is qivcn by Ykq. (16)) can be e v a l ~ ~ a t e d .  

i n  

b a n d 6  , but t h i s  is not a real d i f f i c u l t y .  

The s o l u t i o n  is started by 

dw 

That t h e s e  turn out  t o  be - 
i n t e r e s t i i i g  region r e q u i r e s  Judicious choioe of the initial mlues  of 
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The numerical  procedure 5s s,imilar t o  t h a t  deaoribed earlier.  
. I  

( 9 ) are obtained w i t h  t h e  h e l p  of t a b l e s  o f  t h e  func t ion  
1/2 

The va lues  o f  I 

( y )  given by MacDaugell and  S toner  (9). The i n t e r v a l  g I s  eo chosen 
I1/2 
t h a t  the e r r o r  i n  v p e r  s t e p  which i s  a p p p x i m a t e l y  

w d2 
t 7 z2 - (g)] i s  k e p t  below 0.0001. mis  u s u a l l y  . .  means t h a t  for l a r g e  w, 

t h e  i n t e r v a l  e; oan be 0.005 but  as t h e  o r i g i n  is approached It I s  f r equen t ly  

neoessary  (below w =l ,k)  t o  reduce it t o  0.05. 

- 

The va lues  of@ as  a f i n c t i o n  of w for var ious  cases are g iven  i n  - 
Table 10, 

After t h e  p o t e n t i a l  d i s t r i b u t i o n  v I s  known, w e  ban o a l c u l a t e  a t  

a piven temperature  and dens i ty ,  va lues  for t h e  i n t e r n a l  energy and p r e i m r e .  
\ 

The i n t e r n a l  energy E 

E and t h e  k i n e t i c  energy, 

i n  t u r n .  

i s  t h e  sum of two terms, t h e  p o t e n t i a l  energy, 
t o t  . Xe s h a l l  c a l a u l a t e  t h e s e  q u a n t i t i e s  

'kin Pot* 

I n  o a l c u l a t i n g  t h e  p o t e n t i a l  energy we must be c a r e f u l  t o  avoid 

adding t h e  ( i n f i n i t e )  self-energy of t h e  nucleus. 

very mall  r ad ius ,  

We f ind ,  ifd i s  some 

The first  term is t h e  ene rgy#of  t h e  a t m h  e l e c t r o n s ,  being t h e i r  charge 

d e n s i t y  times t h e  p o t e n t i a l  i n  which-they f i n d  the r se lvea ,  and t h e  second 

term i s  t h e  energy of t h e  nuc leus  of chaqge Ze because of i Q s - i n t e r a c t i o n  

wi th  t h e  e l ec t rone ,  t h e  p o t e n t i a l  of . t h i s  i n t e r a c t i o n  be ing  Y - k , i.9,: 
r 

t h e  total p o t e n t i a l  less t h a t  due t o  t he  ngc leus  i t s e l f .  (The f a c t o r  1/2 

arises i n  t h e  usua l  manner beoause calculat ing t h i s  way w e  count eaoh i n t e r a c t i o n  

k i o e o )  If f o r P  the express ion  given by Eq. (14) is used, t h e  lower l i n f t  e '  
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of t h e  i n t e g r a l  aan be p u t - e q u a l  t o  zero. 

write i t s  equal, [d (Vr)/dr] 

and s, re f i n d  

For ( V  - .k ) a t  mall r, we can 
r . ChancinE then  t o  t h e  coord ina te s  @ 

r =  0 

The i n t e g r a l  I s  obta ined  numer ioe l ly  from t h e  data of t h e  so lu t ion .  
2 

The kine t io  energy of each e l e c t r o n  of mmnentum E i s  p /a. Yul t ip ly ing  

by t h e  d e s n t i y  of e l e o t t o n s  wi th  i n t e g r a t i n g  over a l l  space, w e  find for t h e  

k i n e t i c  energy of a l l  e l e c t r o n s  

This expression car. be s i m p l i f i e d  by a ra ther  long  sequnnce o f  opera t ions .  

I f  one integrates by p a r t s  first by - r, and t h e n  again by E, end then uses  

Sq. (14)  t o  r e p l a c e  one of  tt,e i n t e g r a l s  on E one can show f ina l ly  t h a t  

where V is t h e  velue of t h e  p o t e n t i a l  a t  t h e  surface of t h e  at- r = a. 
a 

me integral  is, o f  oourse ,  p ropor t iona l  t o  I3l2 ( - eva - 7 ) (see ~ q .  (159)). 
kT 

We next oanpute  the pressure. Sinoe t h e r e  is no f i e l d  e t  r t a, e l l  o f  t h e  
2 nomentum c a r r i e d  aero88 t h i s  s u r f a c e  (which i n  one second pe r  OIP is P, the' 

pres su re )  must be carried by e l e o t r o n a  c r o s s i n g  this mrhoe.  

reason wby c w p u t i n g  t h e  p r e s s u r e  a t  r f =  a i s  p a r t i c u l a r l y  s i ~ p l e .  

po in t  presrmre s i~rply  appea r s  a8  the pressure of a R-ee e l e o t r m  gas. 

%is i s  t h e  

A t  t h i s  
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One ob ta ins  

The va lue  of Pv per  a tm where v = 4 na3 is t h e  atomic volume, i s  t h e r e f o r e  - 

(26) 

where p, is t h e  va lue  o f p  on t h e  boundary s = b. 

and (25) shows that we can express t h e  k i n e t i c  energy a8 

Comparison of q s .  (a) 

This equa t ion  will be obta ined  more d i r e c t l y  by cons ide ra t ion  of s i m i l a r i t y  

t ransformat ion  i n  Sec t ion  VI.  

The t o t a l  energy per  atom is t h e r e f o r e  most convenient ly  c a l c u l a t e d  from 

E = 5 Po+ 5 1 -.Epot. t o t  

where €4 i e  colaputed from Eq. (26) and t he  p o t e n t i a l  energy E from Eq. (22). 
Pot  b 

Aotual ly  t h e  t o t a l  energy is not  i n t e r e s t i n g .  'What w e  should l i k e  t o  

know i s  t h e  excess  of this energy over what t h e  energy would be if the 

material were a t  zero t empera ture  end pressure .  That i s ,  t o  f ind  t h e  n e t  

i n t e r n a l  ener@y U w e  must s u b t r a c t  kom E t h e  enerpy o f  a s inE le  atan a t  
t o t  

zero  tempera ture  and pressure .  T h i s  energy i s  b i w n  by (11) 

2 2  3 e 4 9  ( 0 )  
7 7  

where/( is Riven by Bq. (lb) and $I (0)  h a s  been oa lcu la t ed  t o  be -1.C,8875 

(o f ,  Seotion 11). I n  terms of our present q u a n t i t i e s ,  2 2 2  e b k  T Z(2A 2 /3) d3 , 

(11) Cf. S l a t e r  and Krut ter ,  ref. 1, and Sec t ion  VI .  
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so we  have 

(28) d3 U = E + (k  T 2) 0.680q ( 2 x 2 / 3 )  o 
t o t  

I n  t h i s  aay Pv and U have been c a l c u l a t e d  for t h e  va r ious  c o n d i t i m s  - - 
f o r  which t h e  d i f f e r e n t i a l  equa t ion  was solved. 

p,ivec i n  t h e  first two columns of Table 11, The value of 4 which r e s u l t s  

is given  i n  t h e  t h i r d  column. 

end n e t  i n t e r n a l  energy are given i n  u n i t s  of  kTZ SO t h a t  they  are a p p l i c a b l e  

f o r  any 2. 

I/( 8 -1) i a  given, a s  w e l l  a s  t h e  value of a t o  which t h i s  corresponds. 

r a t i o  i s  w r i t t e n  i n  t h i s  fom i n  analogy t o  t h e  p e r f e c t  gas formulae but it 

The condi t ions@ and - b are b 

I n  t h e  nex t  t h r e e  oolumns t he  p o t e n t i a l ,  k i n e t i c ,  

The r a t i o  o f  t h e  n e t  i n t e r n a l  energy t o  Pv, w h i c h  we have celled 

' h e  

- 

is not  t o  be assrned t'mt in our case.? i s  a c t u a l l y  t h e  r a t i o  of s p e c i f i c  

heats, nor  the exponent i n  t h e  i se r i t rop io  equa t ion  Pv8= aonstant .  

3 only through t h e  equa t ion  U = F%/( 8 -1) 

W e  d e f i n e  
8 

The above q u a n t i t i e s  are independent of  t h e  v a l u e  of Z. But t o  obtain 
r, 

a o t u a l  numerical v a l u e s  f o r  the tempera ture ,  a tomic volume, dens i ty ,  and 

pras su re  one must aEsume a d a f i n i t e  substance. 
-_ 5. - 

The numerical v a l u e s  for these q u a n t i t i e s  f o r  Fe ( u n i t  o f  d e n s i t y  
56 

is 1 g/m 3 ) are given i n  columns 10 t o  13 of t h e  Table. For any o the r  atom 

of a t m i a  number 2, atomic weight A, these va lues  should  be mul t ip l i ed  by 

v a r i o u s  afctorst 

( i )  t empera ture  T by (us) 
( 5 1 )  atomic volume V by (26/2) 

(ill) d e n s i t y P  by (2/26)(A/56) 
, 

(iv) p r e s s u r e  P by (2/26) 1013 . 
The above c a l c u l a t i o n s  from t h e  Fermi-Thomas model can be scaled,  a s  

-6  i nd ioa ted ,  to app ly  t o  8 subs tance  wi th  a r b i t r a r y  2. For any definite 
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Z there are  h m e o e r  a n  effect-  It is w 
1 .  

rthwh i I t o  t a k a  i n t o  eccount. 
. *- I 

To t h e  interfial enprgy per-atom, Fe, one should add 3kT/2 t o  account f o r  t h e  

k i n e t i o  energy of motion of the nuolei. 

added. t o  Pv t o  aocount f o r  the extra pressure developed by t h i s  motion. 

7- 

For t h e  same reason, kT should be 
- %  

- 
V I  SIMILARXTY CONSIDEPATIONS 
c - 
We she l l  summarize i n  t h i s  s e c t i o n  a few simple r e l a t i o n s  which apply  

t o  t h e  e l e c t r o n  d i s t r i b u t i o n s  obtained above. 

' h e  first of' these r s l a t f o n s ' i e  ' t h e  v ir ia l  theorern,' connect ing p res su re  

Pot 
P, volume Y ,  w i t h  k i n e t i o  erergy B and p o t e n t i a l  enerey E 

M U  

Ne s h a l l  a h a  below t h a t  i n  t h e  Fe&i-Th&s approximation t h i s  virial 

theorem 1s exactly uatisfied. Thin fac t  has indeed been proved i n  t h e  

l i terature f o r  some speb ia l  caee-s(l2). The proof  given here is more general. 

we oonaider first a ainllarity t ransformat ion  i n  which  a l l  charges  

( i n c l u d i n g  the elementary aharge - e )  are ahanied by t h e  ' factor  (1+6),  a l l  

d i a t&mes  by the f a o t o r  ( 1 ' t H a n d  all ene rg ie s  by (1 + 7). 
E , p ,  7 are aesumid 'mall coGtpared t o  unit?. %e quantun of a o t i o n  h and 

t h e  e l e o t r o n  mass E are  asaumed t o  be unchanged. 

The q u a n t i t i e s  

. -  . ,  

I< 

Prun the exproasion - f o r  p o t e n t i a l  rgy, t he  Pol lbr ing  r e l a t i o n  ob ta ins  



18 AECD - 2448 

.. 
The deBrogl ie  wavs l ength  2 , a s  a l l  lengthe ,  muet ohange a s  (1 +P ); 

2 
thus momenta ohange a s  ~l/(l + p  ) and k i n e t i c  e n e r g i e s  9 1  l/(l + p  ) However, 

t h e s e  ene rg ie s ,  l i k e  p o t e n t i a l  ene rg ie s ,  nust change a s  (1 +. 7 ), hence we 

o b t a i n  (30) ?= 02P 
and w i t h  t h e  above r e l a t i o n  

2 6 = - p .  (31) 

Equat ions (30) and .(3l) give t h e  change i n  p o t e n t i a l  d i s t r i b u t i o n  and i n  energy 

due t o  a change o f  t h e  chacges. 

If TaO, t h e  two  similar systems t o  be compared must be such t h a t  t h e  

temperature  should change p r o p o r t i o n a l l y  t o  t h e  energy of an electrm. tfcnoe 
1 

t h e  en t ropy  whioh changes as t h e  h e a t  t r a n s f e r  d iv ided  by temperature  rill 

remain unal te red .  

we s h a l l  now t r ea t  t h e  e f f e c t  of t h e  chtinge o f  charges by a p e r t u r b a t i o n  

t rea tment .  Consider f i rs t  t h e  e f f e c t  of t h e  cnange i n  a l l  charges  bjj t h e  

f a c t o r  (1  + E ), without  a l t e r i n g  t h e  e l e a t r o n  d i e t r i h u t i m .  T h i s  w e  can 

cons ide r  accomplished w i t h  t h e  a i 6  of imaginary r i g i d  and i n f i n i t e l y  t h i n  

w a l l s  which subdivide t h e  system and which prevent  any change in e l e c t r o n  

d e n s i t i e s .  ( I t  i s  c o n s i s t e n t  w i t h  t h e  assumptions of t h e  Fermi-Thmar model 

t o  l o c a l i z e  sharp ly  e l e c t r o n s  even thouph t h e i r  momentum d i s t r i b u t i o n  

is given. 

end hence k i n e t i c  ene rg ie s  w i l l  remhin u tml te red  and t h e  change of t o t a l  

In t roduc t ion  of such w a l l s  i s  t h e r e f o r 5  permissible . )  Thus d e n s i t i e r  

* E Bpot* 
energy w i l l  be given by t h e  change i n  p o t e n t i a l  anere)., namely, 

As a 'secmd s t e p  we ncw permit  t h e  i m g i n a r y  w e l l s  t o  r e a d j u s t  themselves, 

but  w e  shall keep i n  t h i s  s t e p  the t o t a l  v o l m e  unchanied. The cmpresaion 

and d i l a t a t i o n  of t h e  volume e l e z e n t e  w i l l  in t roduce  t m p e r a t u r e  ohanpes 

which we allow t o  be equal ized  by h e a t  conduction. S ince  any energy 
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conducted awav frm on 

'219 

l eyant  must FO into a n o t h t r ,  t h e  t o t a l  eneray 

chenpe by aonduot ion is zero. 

does n o t  vanish  exac t ly .  

p ropor t iona l  t o  t h e  e l e c t r o n  d e n s i t y  d i f f e renoes ;  since t h e  pressure 

differences are a l s o  inf initesimal ,  t h e  a c t u a l  work performed i s  quadre t i ca l  l y  

small .  

remains, t o  t h e  first order,  ~ E E  

ohange d u e  t o  h e a t  conduct ion desoribed above i s  i n f i n i t e s i m a l  t o  second 

order ,  sinae both t h e  amount of heat conducted and. t h e  temperature  d i f f e r e n c e s  

The work done by t h e  rnotlon of  the r a l l a  

However, t h e  displacement  of t h e  walle is 

Thus the energy ahange int roduced by changing t h e  oharge d i s t r i b u t i o n  

We a l s o  o b s e h e  t h e t  t h e  entropy 
pot. 

are i n f i n i t e s i m i l e  'of t h e  f i r s t  order. 

In o r z e r  t o  arrive a t  t h e  m e  conf igu ra t ion  reao>.ed by the s j m i l a r i t y  

t ransformat ion ,  t h e  volume must now be read+iustad; mi's it3 done by e volume 

ino rease  (1 &p ) . I n  this' process ,  t h -  en t ropy  w i l l  b e  kept oons tan t .  

A t  t h e  sane time, however, t h e  energy of t h e  uystem w i l l  dec rease  by a= 

3 

m o u n t  equal  t o  t h s  pressure mul t ip l i ed  by t h e  volume chanre, i r e . ,  by 

p ( 3 p  v). Thus t h e  t o t a l  a n e r g '  c h n g e  is 2 € E  - 3ph.  Equating t h i s  

w i th  - times t h e  o r i g i n a l  t o t t i l  energy r e  obtain 
P o t  

7 
2 c E  - 3 p P P = ) j  (E + ' E  ) 

Pot po t  kin 
Using Eq. (30) and ( 3 1 )  t o  expre6s T R ' n d p  i n  terms of E we f i n a l l y  have 

2 E E + 6 E . h  = 4 €(Epot+ po t  \ 

or E p o t + 2  %in = (s) 
The reaeoninq which h a s  j u e t  been desc r ibed  oan be applied eqUally 

j * -  
t o  o a l a u l a t i  ons with' and-without 'exahange effects. 

exchange energy, i 
The reason i s  t h a t  t h e  

2 n t i a l  enerb iea ,  i e  p ropor t iona l  t o  e /rD 
. %  
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me c h a r a c t e r i s t i c  d i s t a n c e  e n t e r i q  i n t o  t h e  exchange energy happens t o  be 

t h e  deBroglie wave lecqth  of t h e  f a e t e s t  e l e c t r o n ,  

. It  is w e l l  known t h a t  t h e  v i r i a l  theorem is exac t ly  v a l i d  f o r  a quantum 
I* 

mechanical system (as well a s  for a c l a s s i c a l  system) when t h e  exact equa t ions  

of motion of t h e  e lec t rons-  and n u c l e i  are t aken  i n t p  account. I .  

s i v l e  a r g m e n t  merely shms t h a t  t h e  v i r i a l  theorem is not  i n v a l i d a t e d  by 

’ h e  a b a t e  

t h e  s i m p l i f y i m  assumptions introduced i n  t h e  Fermi-Thomas mst).od. 

It is of i n t e r e s t  t o  study a seoond s i m i l a r i t y  t r a n s f o r n a t i o n  which 

c o n s i s t s  of i nc reas ing  t h e  nuc lea r  chanEe and simultaneously inc reas ing  t h e  

number of e l e c t r o n s  s o  t h a t  t h e  a y e t e n  remains n e u t r a l .  This s i m i l a r i t y  

t r a n e f o m a t ;  on deso r ibos  c o r r e l a t i o n s  bstween s o l u t i o n s  f o r  v a r i o u s  nuclear 

charges;  it a l s o  l e a d s  t o  a f u r t h e r  r e l a t i o n  between t h e  va r ious  form6 

of energy i n  t h e  Fermi-Thomas model. The prooedure t o  be desoribed and 

the r e l a t i o n s  fol lowing from it hold only fo r .  t h e  case where exchange,’forces 

are negleated.  

It is t o \ b e  noted t h a t  in t h i e  s i m i l a r i t y  t r ans fo rma t ion  Xd-8  not . 

ohangs l i k e  other  lengths.  I n  fact, t h e  Fermi-ThcQles equat ion  rcrm~ins 

unchanged, b u t  we do n o t  retain t h e  detailed nicroeoopfc r e l a t i o n s  from 

which it i s  derived. .The t r a n s f o m t t o n  oonsistts of t h e  followin& ohanges: 

z--+ z ( 1  + 7 1 

r - j  r(1 +P 1 

E--+ f ( l +  ) 

/ 

. .  

2 
Here 

temperature  T, 

represents any form o f  energy per  e l e c t r o n ,  and a l s o  stands f o r  t h e  
I .  

A t  t h e  same t i m e  e l e c t r o n  d e n s i t i e s  are ohengsd by the factor 

(1 + r’ 1. 

I 
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We shall consider  

J .P* r 9  < <  1. 
L 

ctly from t h e  charge balanoe t h a t  

(32) 3 
9 ) ( l + P )  =: 1 + J 

o r  v + 3 p  = J 

2’* S h o e  t h e  p o t e n t i a l  energy of an e l e o t r o n m u s t  change as (1 + 

we have 

1 +i = l + h  

$ -,=?,. > *  

1 +P i 

or - 
(33 1 

Sinoe t h e  k i n e t i o  enorgy i s  p ropor t iona l  t o  t h e  two-thirds  pwer of the  f .  . I  
6 , .  . -  

e l e o t r o n  d e n s i t y ,  f o r  T = Q, we a r e  lead t o  p o s t u l a t e  
. i  , -  

or 
(3b) 

If we as8ume t h a t  t h e  t e m p e r a t L e  T .&s changed by t h e  f a o t o r  (1 + 7 ), it 

l a  easily seen t h a t  the k i n e t i c  energy p e r  e l e c t r o n  will t ransform 8s ( 1  C L;i ). 
Eliminat ing J from Eqe. (32);(33), (34), we get 

If w e  urn oontinris t o  apply suoh s i m i l a r i t y  t r ans fo rma t ions  u n t i l  therq-18 

a finite changs o f  t h e  nua lea r  ohar  

w e  f i n d  t h a t  solutions of t h e  Fermi-Thomas equa t ion  for different 2 .valuer 

are o o r r e l a t e d  by t h e -  s ta tements  t h a t  t h e  radius‘ohanges p ro?or t iona l ly  t o  

2’1’3. anergy p e r  electron E and t h e  t m p e r a t u r e  chenge as 

C .  
- _  

of t h e  o t h e r  quantities involved, 
I ’  

” -  - 7  . 4 .  - v  - <  

. 

@. For the .. 
.- 

bane TtO, t h e s e  atatemsnts follow d i r e c t l y  f rm t h e  ;ell kn& form of 

t h e  Fermi-Thmas equation. we should also no te  t h a t  the t o t a l  energy per 
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atom changtbs as 27’3. n u s  i n  an i n f i n i t e s i m a l  s i m i l a r i t y  t r ans fo rma t ion  

t h e  total  energy p e r  atom i s  m u l t i p l i e d  by 1 + 73/3. 

W e  s h a l l  now treat t h e  same problem by a p e r t u r b a t i o n  method i n  t h e  

following steps. 

(i) 

(1 + 

t h e  numbsr of e l e a t r o n s ,  t h e  volume, and t h e  t emps r r tu re  unahanged. h e  

F i r s t  we s h a l l  m u l t i p l y  t h e  nuc lea r  charge of a s i n g l e  nucleus by 

) and apply a p e r t u r b a t i o n  oa lau le t ion .  In t h i s  s t e p  we shall keep 

t o  t h e  complete shielding of a nucleus k y  i t s  e lectrds ,  assumed throuzh- 

out t h i s  paper ,  t h e  i n t e r a o t i o n  o f  n u c l e i  w i th  each o ther  and w i t h  e b c t r o n s  

of o t h e r  atoms need not  be considered. Thus one Obtain8 a ohange in energy 

‘ y  E where E i s  t h e  e l e c t r o s t a t i c  i n t e r a c t i o n  energy o f  e l e c t r o n s  of 
:1 e,” 9, a 
an titom wi th  i t s  nucleus.  

(ii) Second we add Z e l e o t r o n s  t o  r e - e s t a b l i s h ‘ t h e  charge balanos. This 

a d d i t t o n  p,ivee t h e  energy -;%, where E 

i.e., t h e  e n e r w  needed to e x t r a o t  an e l e a t r o n  from t h e  solid. If one wants 

t o  apply t h i s  argument t o  an i s o l a t e d  ion, t hen  Ew must be replaoed by t h e  

i o n i z a t i o n  energy of t h e  outennoejt e l ec t ron .  

r 

i s  t h e  work f i n c t i o n  o f  t h e  so l id ,  
1 

(iii) As a t h i r d  s t e p  t h e  s o l i d  is expanded. Th i s  expsnslon gives rise 

t o  a ahanre i n  energy of -3pRr, where v is t h e  atomic volume. 

(iv) Ae a f i n a l  s t e p  the temperature  i s  raised by 7 ¶’ r h i o h  gives t h e  added 

energy n TCV, where Cv f a  t h e  s p e o i f i o  h e a t  p e r  atom a t  oonrtant volume. c 
The sum of these energy o o n t r i b u t i o n s  is equal t o  the total  energy chanre 

(7  :/3)(Epot+ pkin) obtained from t h e  i n f i n i t e s i m a l  similarity t ransformation.  

‘Re have t h e r e  fore 

3 ’  



Using the  r e l a t i  ons between 7 ,> , p w e  ob ta in  

U s h g  t h e  v i r i a l  theorem and introducing the r e l a t i o n  

where E 

w i t h i n  an atom, we ge t  

is t h e  p o t e n t i a l  energy due t o  t h e  i n t e r a c t i o n  of e l e o t r o n s  
e* e 

In t h e  s p e c i a l "  case of T = 0 and of i s o l a t e d  atans, t h i s  r e l a t i o n  becanes 

p a r t i o u l a r l y  simple. 

E is a l s o  set t o  zero, so that 

* .  

In  f a c t  i n  t h i s  case P =  0 and t h e  ionltation energy . -  

w 
E = -7E 

e,P e*e. 
This r e l a t i o n  had been der iveJ  by Fermi f o r  t h e  Fermi-Thomas equation. 

- 

AC~CHOI~LECGBIBNT 
- 

The au tho ra  express  t h e i r  thanks t o  Mise Josephine E l l i o t t  for 

oonsiderable h e l p  in  preparipg t h e  tables. 
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CAPTIONS TO TABLES 

Table 1 

c o e f f i c i e n t s  o f  t h e  series so1ut-i-on f o r  t h e  Fermi-Thomas equat ion .  
i s  t h e  i n i t i a l  slope. See Equat ion  (4). % 

Table 2 

Numerical s o l u t i o n s  o f  t h e  Fermi-Thomas e q u a t i o n  ( w i t h o u t  exchange e f f e c t s ) .  
The i n i t i a l  . s l o p e  a f o r  the v a r i o u s  s o l u t i o n s  i s  shown. The independent  
v a r i a b l e  i s  w 5 e4, where x i s  t h e  conven t iona l  Fermi-Thomas v a r i a b l e .  

Table 3 

Summary of t h e  numer ica l  i n t e g r a t i o n s  f o r  t h e  Fermi-Thomas e q u a t i o n  ( w i t h o u t  
exchanpe e f f e c t s  and f o r  T=O). a2 i s  t h e  i n i t i a l  s l o p e ,  xo is t h e  radius of 
t h e ’ a t m ,  $ (x,) i s  t h e  boundary v a l u e  of t h e  $ hnc t ion . -  

Table  4 

C o e f f i c i e n t s  of  t h e  series s o l u t i o n  for t h  
2 i s  t h e  i n i t i a l  s l o p e  and € =  ( 3 / 3 2 ~ ~ ) ~ ~  

Tab le  5 

Surrnarv o f  t h e  numer i ca l  r e s u l t s  (wi th  exchance e f f e c t s )  f o r  carbon. 
i n i t i a l  s l o p e  > and t h e  boundary v a l u e s  are  c iven .  

The 

Table 6 

Results of t h e  numer ioa l  i n t e g r a t i o n  of t h e  Fermi-Thomas-Dirac e q u a t i o n  
f o r  uarnium. 

Table 7 

Solutions o f  t h e  Fermi-Thomas-Dirac equation for oarbon. It i s  to be 
n o t e d  t h a t  t h e  more convenient  independent  variable 1 is used here. 

Table 8 

S o l u t i o n s  o f  t h e  Fermi-Thanas-Dirac e q u a t i o n  f o r  uranium. 

Tab le  9 

S o l u t i o n s  of t h e  t e m p e r a t u r e - p e r t u r b a t i o n  equat ion .  
s o l u t i o n s  a s s o c i a t e d  w i t h  them may b e  I d e n t i f i e d  by t h e  g iven  v a l u e s  of 
3. Only t h e  i n t e r e s t i n g  r e g i o n  is t a b u l a t e d .  

The unper turbed  

Table 10 

S o l u t i  i n s  o f  t h e  t empera tu re  dependent Fermi-Thomas equat ion .  

Tab le  11 

Summary o f  t h e  numerical r e s u l t s  f o r  t h e  t empera tu re  dependent Fermi- 
Thomas e q u a t i o n  (See Table 10). 
are e v a l u a t e d  oor respondiny  t o  these s o l u t i o n s  for t h e  case o f  i ron .  

Var ious  themodynamios  q u a n t i t i e s  
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TABLE I 
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a 
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TABLE 2 
G a 
I 

Iu 
-F 
.F 
03 

v Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 Case 8 

a - 1.9806 1.58842 1 . 58856 1 . 58865 1.58870 1 5887b 1 58884 1.58876 2 -  

092 
1-00 
1.08 
1.16 
I.& 
1.32 
1.u 
1.48 
1.56 
1d-4 
1.72 
1.80 
1088 
1.96 
2.04 
2*12 
2.20 
2.28 
2.36 
2.44 
.2.52 
2.60 
2.68 
2.76 
2.81b 
2.92 
3.00 
3.08 
3.16 
3. al, 

. 64666 
060699 
56847 
053133 
-49574 
A6182 
-42965 
39925 
-37064 
034379 
.31866 
.a520 
27334 
25302 . 23416 
21668 

.20050 
18554 
.17172 

. 11,722 . i3640 . 1 2 w  
*11729 . 10889 
.lo1 18 . 09/41 2 . 08767 
.OS178 
007642 

15897 

.&65 . 60638 
0 56845 
053130 
4957 1 
,46178 . 42960 
39919 
37057 . 3k370 
-31856 
9 29503 
27321 

23379 
2161g3 

0 20027 
18527 
.1'7141 
15862 . 14681 
13593 . 12591 . 11668 
.lo820 . 10039 
003323 . 00665 

. 25287 

. 08062 
e07510 

.&661 
60643 
56840 
-53124 
049564 
.46170 
-42951 
39909 
37045 
34357 
.31840 
29490 
27300 
25 263 
023371 
.21616 . 19990 
18485 
-17093 . 15806 
14618 

.12508 
11574 

OW916 

13521 

,1071 1 

.09182 . OS!Pj . 07980 
-37303 

I 



w Case 1 Caee 2 Caae 3 Case 4 Case 5 Case 6 Case 7 Case 8 

3 *32 
3.40 
3.M 
3 956 
3.a 
3.72 
3.80 
3.m 
3.96 
4.04 

4.20 
4.28 
4.36 
4.44 
4-52 
4.60 
4.68 
4.76 
4-84 
k.92 
5 000 
5.08 
5.16 
5.24 
5.32 
5.40 
5 -IrB 
5.56 
5 0% 

5.72 
5m80 
5 -88 
5 096 
6,04 

4.12 

6.12 

.. 

I 
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29 

I 1.58876 * 16.982- 
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i 

1.6b07 7 0084 0 . 31079 
L., . . - __ . I- -__- 

x-9  x o /  - 6.X 
(p: 2.25)- 
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TABLE 6 



Ei 
Case 1 Case 2 Case j Case 4 Case 5 Case 6 a 

TABLE 7 

a2 = 1 67140 1.6800 1 6840 1.6858 1 6863 1 6867 

-92 -62232 61957 61 774 61691 61668 -61650 

i 

Iu 
4= e 
OJ 

V V w V Y V 

1.00 58007 57676 - 57455 57356 -57328 57306 

1-16 -50013 -49543 ;49230 -49089 -49049 4918  
1.24 -M300 45744 -45373 -45W6 -45160 -45123 
1.32 -4a-303 .&2146 -41 709 -41513 -41458 41414 
1-40 39534 -38763 -38249 38018 37954 -37903 
1 *M - 36507 35602 34999 -34733 34653 034593 - 
1-56 33727 -32667 -31962 - 3 1 U  -31556 - 3 1 W  
1-61, e31201 29962 29137 28766 28663 ,28581 
1-72 28935 -214s7 -26524 0 26091 25970 -5874 

1.96 23747 2 1 u  -19913 19227 19033 18884 w 
2.04 -578 19888 -18104 017304 17078 16905 
2.12 e21707: 18565 I -16484 15552 -15288 15087 
2-20 21150 17b77 -15050 13961, 13656 13422 

11901 2-28 -20927 16630 -13797 12532 -12172 
2.36 -21067 -16034 . (i ,1275 m l l r J 1  .lo831 - 1 0 5 4  

09623 -09254 
2;52 22589 -15649. ,11121 
2-60 a080 15903 10595 08250 
2-68 -26156 161494 , 10261 07518 06738 -06153 

-053a 2-76 28920 17465 10129 -06917 
2-84 18870 10214 -06447 05378 04579 
2.92 10536 06109 -ON57 03920 

11123 05909 *Old438 033u 3.00 .I I I* I 

3*m -12011 05853 , .Ob1 23 -0533 
3.16 1 3 a 7  05953 -03914 02396 
3.24 11+892 06224 -03814 *02024 
3-32 06688 0383 1 -0174  

1.08 -53924 -53528 53244 53145 -53112 -53086 

1.80 26933 -25242 -24118 23613 23472 23 361 
1.88 - 5 2 0 2  -23228 21916 2138  21 162 .21033 

w 

-091 08542 -08112 
07582 .0708l 

06005 

-'olx 2-44 e 21605 15701 11833 

3 040 03975 -0146 



- 
Case 1 Case 2 Case 3 Case 4 Casa 5 Case -6. 

e 04261 eOlm 
*01&3 
.01072 

, eo1063 
.oil23 
.01259 





TABLE 8 (Cont'd) 

3 {48 
3.56 
3 0.64 
3.72 
3 ;80 
3.tu 

. 09603 
O g W O  
10332 

. 07008 
O. 07017 

07024 . 07114 
.07293 
007567 

.05130 
04783 

,0476 
04207 
03775 , 

-03779 
.03619 
03493 . 03402 
0033117 
.033a 
0033117 . 03406 
-03507 

0493 8 
04561, 
OW7 

-03925 
03655 
0341 5 

.03205 

.030& . 02870 . 0271+2 . 02642 

.025& 
0 5  21 

,02502 
00% 11 . 0255 1 . 02622 . 02728 

.048i2 

.0&56 . 041 04 
-03785 . 031~6  
003235 
.03001 
027?2 . 02607 
02445 

002305 
02186 
02088 

002012 
*01955 
o O l 9 2 0  
.01907 
.Ol916 . 01948 . om05 

c 

014774 . 04~01  . 04042 
*03711+ 
03416 
03 1W+ 
02898 

0 02676 
3 2475 . 02296 

.02136 
01% 
0 1873 

.01768 

.Ol&O 

.01608 
-01554 
.01516 
-01475 
.oilr92 

.01536 

o01507 
.Ol5L+l 

0 03035 . 02842 
002612 
.021403 
.022114 
02044 

e 0 1 $91 
001755 
.01634 
.01529 
.01438 
.013tji . 01 298 
001249 
.01214 . 01 192 

.oil93 

.01216 . 01 5 5  

001185 

.0147?7 
0143 25 

0039% 
.03616 
.03305 
.03018 
002755 
002514 
902292 
.a2088 . o 1902 
.01731 
901574 
.01430 
.0125)8 
.01178 
.OlO& 
00067 
.OO876 
0'3793 . 00718 
.00650 
.00589 . O O C , ~ ~ ,  . 0 0 ~ 8 5  
.00442 
.001+04 

-00344 , . u03 21 
.00304 
.0029l . 00203 
00280 
00282 

.ooao 

00371 

1 

Iu 
4= 
.F: aJ 

I 
I 



2.60 
2.64 
2.68 
2.72 
2.76 

2. R4 
2.92 
2.96 
3.00 
3-04 
3.00 
3.12 
3.16 

3 .24  
3*% 
3.32 
3.36 
3 -40 
3.w1 
3.w 
3.52 
3.56 
3.60 
5-64 
3-68 

3 076 
3 -80 
3.84 
3.8s 

2.80 

2.88 

3-20 

3.72 

TABLE 9 

68 . 833 

86.139 

107 & 

132.84 

163-79 

201 .Oh 

245.69 

299.03 

362.51 

437.79 

526.77 

631.62 

754.7 

899.00 

1067.4 

1263.7 

,310.28 

376.66 

455 67 

549 042 
660.35 

791.23 

945 23 

1126.0 

1337.5 

1584.5 

1872.2 

2206.6 . .  

594.4 

3043.1. 

3561.2 

UP.4 

48b5 . 3 

I 



TABLE 9 (Cont’d) 

41977. 

I 
I 

I 
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case 1 Case 2 

39 

Case 3 Case 4 Case 5 

. 00 
-10 
.2 
.3 
.4 
- 5  
.6 
.7 .a 

7.2021 
7.1183 

6.5549 
6.1386 
5.6676 
5.1615 

6.8914 

4.6352 
4.0985 

.4 
1.0 
1.1 
1.2 
1.: 
1.i 
1.5 
1.5 
1.7 
1.8 
1.3 
2.0 
2.1 
2.2 
r . :  
2.4 
2.5 
2.6 

- .  

2.7 
2.E 
2.5 
3.0 
3.1 
- r  : .C 
^ ^  
< i  >.i 

3." 
3.5 
3.6 
3.7 
3.8 
3.9 
4.0 
4.1 
4.2 
4.3 
4.1 
4.5 
4.6 
4.7 
4.8 
1.9 

5.3 
5.4 
5.5 
5.6 

3.5572 1.5455 
3.0132 1.1527 
2. L 6 S f  .67%2 

.1702 -. 5731 
- .4528 
-2.2231 

-3.6126 
-1. io76 
-5.2088 
-6.0159 
-6.4182 
-7.6252 - e .  7661 
-5.7105 
-io. 7167 
-11.7E15 
-l2.85G9 
-13. 4 ~ 6 ~  
-1:. 0661 
-16. 2162 
-17.3577 
-it?. 5807 

-1.5695 

-2.9145 

3.9774 

3.  a071 
3.6156 
j .3698 
3.0800 
2.7536 
2.3560 ' 
2.0100 

3.9324 . 

-19.7430 
-21.0222 . 
-22.2654 

( -22. E?=; 3.65) 

- . .  

9.8160 
9.6972 
9.3559 
8.8631 

7 5832 
8.2594 

6.8648 
6.1256 
5.3798 
4.6348 
3.8924 
3.1494 

1.6328 

.0167 

2 3992 

.a13 

-.8466 
-1 7552 
-2.7084 
-3.7076 
-4.7536 
-5.8467 
-6.9870 
-8.1746 
-9.4093 
-10.6908 
-12.01gO 
-13 - 3935 
-14.8138 
-16.2794 
-17.7898 
-19 3445 
-20.9428 
-22.5840 
-24.2673 
-25 9919 
-27.7568 
-29.5672 
- 31.4037 
-j3.2834 
-35.1988 
-37.1488 
.-39 - 1317 
-4l.lL59 
-13.1897 
-15.2612 
-17.3582 
-49.1766 
-51.6200 

6.8602 
6.7770 
6.5510 
6.21l8 
5.7872 
5.3002 
4 - 7679 
3.6112 
2.9964 
2.3567 
1.6876 
-9828 
-2357 

- .5584 
-1.4046 
-2.3030 
-3.2548 
-4.2602 
-5 - 319 
-6.4337 
-7.6018 
-8.8241 
-10.1005 
-1l.4308 
-12.819 

-17.2880 
-18.8850 
-20.5345 
-22.2361 
-23 - 
-25 - 7940 
-27.6496 
-29.5554 
-31.5112 
-33.5162 
-35.5698 
-37.6715 
-39.8204 
-42 -01543 
-a. 2569 
-46.5428 
-48.8725 
-51.2450 ' 
-53.6592 
-56.1189 

4.2025 

-14.2528 
-15.7438 

-58.6128 
-61.1446 
-63.7128 
-66.3158 
-68.9520 

3.7659 

3 - 5762 
3.3584 
3 - 0736 
2.7302 
2.3338 
1.8872 
1.3906 
.a419 
.2377 - .4248 

-1.1481 
-1.9324 
-2.7782 
-3.6856 
-4.6548 
-5.6857 
-6.7783 
-7.9326 
-9.1486 
-10.4262 
-11.7654 

-14.6280 
-16.15U 
-17 - 7356 
-19.3812 
-U.O876 
-22.8547 
-24.6825 
-26.5708 
-28.5192 
-30-527s 
-32 - 5962 

3.7162 

-13.1660 

-34.7242 
-36.9~6 
-39 - 1580 
-41.46% 
-43.8269 
-46.2487 
-48.7283 
-51.2653 
-53 - 65% 
-56.5097 
-59.2162 
-61.97E2 
-64.7952 
-67.6666 
-70.54l.E 
-73.5701 

-79.6831 
-82.816s 
-85.9wk 
-89.2316 

-76.6008 

-92.5~0 
5.7 
5.8 
5.9 
6.0 
6.1 
6.2 
6.3 
6.4 
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Table 10 (Contlnued). 

Case 8 c a s  g Case 10 Case 11 Case 6 Case 7 
w B B B B a B 

L 

. 00 

.10 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 
1.0 
1.1 
1.2 
1.3 
1.4 
1.5 
1.6 
1.7 
1.8 
1.9 
2.0 
2.1 
2.2 
2.3 
2.4 
2.5 
2.6 
2.7 
2.8 
2.9 
3.0 
3.1 
3 -2 
3.3 
3.4 
3.5 
3.6 
3.7 
3.8 
3.9 
4.0 
4.1 
4.2 
4.3 
4.4 
4.5 
4.6 
4.7 

4.9 
5.0 
5.1 
5.2 
5.3 
5.4 
5.5 
5.6 
5.7 
5.8 
5.9 
6.0 
6.1 
6.2 
6.3 
6.4 

4.8 

6.8918 -31208 
6.8136 ,27857 
6.6016 .178= 

4.9902 -.ago8 

6.2874 ,01115 
5.8992 -2227 
5.4604 -.5232 

4.5024 -1.3250 
4.0074 -1.8262 
3.5l-I.l -2.3940 

2.5229 -3.7302 
2.0294 -4.4986 

3.0162 -3.0288 

1.5328 -5.3336 
1.0224 -6.2360 

.5028 -7.2046 - .02762 -8.2400 - .5698 -9.3422 
-1.1237 -10.5110 

-2.2636 -13 .Ob90 
-2.8470 -14.4180 
-3 -4365 -15 .8536 

-1.6887 -11.7466 

-4 .OW -17.3558 
-4.6236 -18.9247 
-5.2146 -20.5601 
-5.7986 -22.2620 
-6.3704 -24.0304 
-6.9243 -25.8652 
-7.4536 -27.7663 

-29.7337 
-31.7673 
-33 -8670 
-36.0328 
-38.2644 
-40.5619 
-42.9250 
-45.3538 

-50.4074 
-47.8480 

-53.0320 
-55.7214 
-58 -4756 
-61.2944 

5.8808 
5.8127 
5.6268 
5.3472 
4.9964 
4.5922 
4.1492 
3.6773 
3 .la28 
2.6684 
2.1336 
1.5756 

.99@ 

.3731 
-.2m 
-.9731 

-1.7048 
-2.4766 
-3.2886 
-4.1410 
-5.0338 
-3.9666 
-6.9392 
-7.9511 
-9.001s 

-10.0908 
-1~21.72 
-12.3805 
-13 - 5797 

-16.0822 
-14.8140 

-17.3833 
-18.7161 
-20.0790 
-21.4706 
-22.8893 
-24 -3332 
-25.8002 
-27.2881 
-28.7945 
-30.3166 

(-31.0828; 4-05) 

2.3570 
2.3156 
2.1961 
2.0044 
1.7452 
1.4217 
1.0351 

.5849 

.0694 
- a  5130 

-1.163 1 
-1.8812 
-2.6674 
-3.5216 
-4 -4440 
-5.4346 
-6.4933 
-7.6201 
-8.8150 

-12.8081 
-14.2751 
-15.8100 
-17.4129 
-19.0836 
-20.8222 
-22.5284 
-24.5024 
-26.4439 
-28.4530 

-34.8846 
-37.1629 
-39.5082 
-41,9206 
-44.3996 
-46.9453 
-49.5575 
-52.2360 
-54.9806 
-57.7912 
-60.6676 
-63.6094 
-66.6165 

-72.8255 
-76.0268 
-79.294 
-82.6218 
-86.0146 
-89.4706 
-9.9893 
-96.5704 

-100.2132 
-103.9176 
-107.6830 
-111.5086 

-10.0780 
-ll.4090 

-30 - 5295 
-32.6734 

-69.6886 

-115. i942 

5.2326 
5.1661 
4.9820 
4 .-io06 
4.3415 
3.9179 
3 .4402 
2.9148 
2.3438 
1.7262 
1.0575 

.3328 

-i.3036 
- A530 

-2.2194 
-3.2014 
-4.2498 

-6.5464 
-5.3548 

-7.7947 
-9 -1097 

-10.4914 
-11.9396 

-15.0360 

-18.3984 
-20.1790 

-13.4546 

-16.6840 

-22.0260 
-23.9391 

-27.9634 
-25.9182 

-30.0743 
-32.2509 
-34.4930 
-36.8006 
-39.1734 
-41.6112 
-44.1140 
-86.6P13 
-49.3131 

-54 -7692 
-57.5928 
-60.4800 

-52.0092 

-63.4368 
-66.4564 
-69.5388 
-72.6834 
-75.8899 
-79.1578 
-82.4868 
-85.8764 
-89.3262 
-92.83 55 
-96.4039 

-103 -7156 
-107.4576 

-100.0308 

-1u .2563 
-Il?.3593 ;, 5.95) -115.1108 

-122.9845 
-127.0020 

-119.0205 

-131.0720 

30.3768 
29.8494 
28.4774 
26.5480 
24.2840 
21. e776 
19.4648 
17.13% 
14 -9551 
12.9442 
11.1144 
9.4548 
7.5651 
€.LO& 
5.?&2 
4.2054 
3.1051 
2.0?87 

,9557 

-2.2246 
-3.3399 
-4.4&2 
-5.6552 
-6.S2c 
-8.0961 
-9.3604 

-10.6544 
-11.9776 
-13.3291 
-14 -7079 

-17.5422 
-18.9446 
-20.4692 

-23.4706 

-. 06935 
-1.1370 

-16.1128 

-21.9610 

-24. 9946 
-26.53 02 
-2@. 0744 
-29 A236 
-31.1740 
-32.7216 

I-33.4928; 4.35) 
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56 a Table 11. For Fe 

i 
L , N  

a Epot/WZ Ekln/KPZ Fv/mZ 5 U/mZ 1 ~ ITkv (.4280)-4/3 - 1.602 10-9 b ~ 4. .3 pgr/cm3 'megabars m f :  
114 3 

Case Bb b 
0.4936 73 

1 ,-13.5000 5.4000 7.2021 -13.5750 7.5715 0.5227 1.2210 2.336 1.428 0.2231 1.259 Ao 8.353 Ao3.. 11.874 581.5 1 

2 -22.8914 6.6612 3.9774 - 5.4520 3.7802 0.7028 1.6014 2.278 1.439 0.4926 ' 1.274 8.659 %- 11.455 1665. , i  

3 -51.6200 11.5200 9.8160 -20.2006 10.882 0.5210 1.5976 3.066 1.326 0.1476 2.977 110.54 .@74 28.97 

4 -68.9520 13.5200 6.8602 -U.6576 6.7993 0.6470 1.9122 2.924 1.342 0.2381 3.101 124.91 .'I644 51.40 

5 -92.5120 15.6800 3.7659 -4.2351 3.3600 0.8283 2.1681 2.618 1.382 0.5297 2.944 106.88 .9280 170.9 

6 -7.4536 4.2050 6.8918 -13.0006 7.2902 0.5266 1.1017 2.092 1.578 0.2366 0.966 3.774 26.28 1375. 

7 -61.2944 9.2450 0.3121 -0.676 0.7742 0.5936 0.8165 1.654 1.605 14.660 0.757 

8 -31.0828 8.2012 5.8808 -9.6867 5.7792 0.6239 1.6059 2.574 1.389 0.2923 1.787 23.893 4.154 3.179 1 

9 -117.3593 17.7012 2.3570 -1.7505 2.2511 0.9172 2.1298 2.322 1.431 0.9892 2.844 96.30 1.030 392.4 

10 -131.0720 20.4800 5.2326 -7.0961 4.7536 0.8037 2.3760 2.956 1.338 0.3416 4.292 331.04 .2996 34.54 

11 -33.4928 9.4612 30.3768 -97.300 49.0072 0.2380 0.7632 3.207 1.313 0.0326 3.567 189.52 .5235 1.703 

1.816 54.62 1.66 I l o5  
P i i i  
w 

ISKD OF XCWMEWT 




