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Ah.tnct, Mon cdmbinarion eqnations for evaporalion rclv or a lindr cxpansion or rhc siuralron

viDor Dressurc cusearound rhc air Gmperalurc aecauf the lempcraturcal lhe surface nravdifcr fr'm

this tcmperalure bt srcnl dcgNs, and becausE thc saluration vapdr-p6surc curre is ndnlinc'r, lhis

aDDroxtmalion lcads ro a srain dc3c oferror in lhose eupor.tion cqu.lions ll is 0osiblc. ho*ev'r'

ro intonucc hisheH,.d$ Fol!-'non'al atproximatrons litr lhc eturation tanoFprc$ure curvc dnd lo

dcrire r ranily of.xplicir L.qulions for evaporilion. hanns dnl dctir€d desr oldeuracy fJndcr rh'

liicrr aroroiim.ion. lhc ne* lamil! ofeqlutions for cvnporalion rcdE. in panrcular .ascs, ro lhe

conbi.lLbn cqualion! ol H. L Penoan (Natural evapoBlion fton open *ater' barc soil and srasr-
P tur .R So.  I tn t ln .  S . t -  A  I93 ,  I :0  145.  19481dndofsubs .quet r t *o r t .6CoDpansono l lhe l incar
a.d qlldraric approiinalions lcads k, a simplc atproiin.te erFession for lhc.rror ls$ciatcd $nh the

lincrr case Equrtions bas.d on thc conlenlionul lin.ar atFoiidation .onsistcndv undereslinatc

evaporalion, som.an6 bt . rubslanlial aDounl

Introduction

Thc combination mcthod' for estimation of evaporalion rcfers to the simultancous
solution of thc cquations of surface energy balancc and lurbulent transpo of heal

and water vapor. somelimes wi!h allowance for inlcrnal plan( resistancc rc lranspi'

ration. This approach was initiatcd by Penman ( 1948), who us€d several upProxj-
mations to arrivc at an explicit 'combinalion equalion' for the evaporation ratc as

u function of s€veral casily measured quanlities. The empirical components and

some of thc physical limilations of Penman's original equalion wcre later removcd

by him rnd a series of olhcr investigalors (Penman and Schoficld, l95l; Busingcr.
1956: Tnnner and Pckon. I960i Monlci th.  1965; Van Bavcl.  1966: Thom. l97l :

Thom and Oliver. 1972). Brutsaert (1982) provides a sound ovcrvicw
Onc npproximalion (in fact the critical stcp), introduced by Pcnman to obtain an

cxplicit evaporalion equa(ion, has perisled to this day. To eliminale lhc clleclive

surfacc lcmperalure from the syslem of equations. he inttoduccd a linear relalion
between tcmlJcrature and saturation vapor pressur€, with the slope A ofthc relalion
dclermined at thc air lempetature. An exact solulion would instead use thc

chord-slopc evaluated betwccn lhe ait temperaturc and the surfacc rcmFJ€rature
The latter is not lnown l, p/iol1, so the approximation is necessary to avoid

some investigators havc made estimates of ihe error induced by ignoring the
rcmperaturc dillerenc€ b€twecn air and und€rlying surtace in applications of
Penman's cornbination equa(ion. Tanner and Pchon ( l960) us€d data for Madison,
Wisconsin, to show that the relativc error in evaporation rute was less than
one-lcnlh of the rclative crror in A for March lhrough September. Tempcrature
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mcasurements madc for 8 days abole and at an alfalfa-brome surface suggestcd
thal lhc reladve error ofA averaged aboul l0%, so rhey concluded that relalivc
error in comput€d evaporation rate would b€ negligible.

Van Bavei (1966) considered three widely differing climaric siruarions. and
Icrfair temperature difterencies rcported in the literatu.c, in an assessmenr of
thc crror induccd by ignoring the temperature dilTercne. He acknQwledged thnl
thc analysis was arliticial. because rhe temperarure differences were speciticd inde-
pcndcntly of the orher climalic conditions. H€ co.cluded rhar rhe approximarion
was an ad€qualc working assumplion. b€cause the errors were less rhan instrumen-
lal errors. and the ulility of an iterative solulion to the Droblem' was rhen

Shtyer and Mcllroy ( 1961. Chapter l, p. 70) stared lhar rhc approximalion led
to rs much as l0% error in calculated evaporalion rares. cirinS unpubtished dala of
Mcl l roy.

Pxw U and Gao ( 1988) considered hypothclical siruations in which rhe conven-
lional line rization of rhe saturation vapor pressure curve led to relarive errors in
cvaporation as high as l0% or more. Almost all the errols were negarive.

The possibilir) of ilc.ating for a mathemarically eract solution of the combina-
lion problcm has been recognized. This is rhe approach taken by Budyko (1951).
and several orhers. However. this approach is not universally applied. despite the
obvious bencnts in accuracy. Undoubredly rhc opcrational simplicity of a closed-
form, cxplicit cquation for cvaporation is one of the main rcasons for lhis. though
thi$ advantngc is probably more apparent tban rcsli thc ile.ation procedure ilself is
computationally trivial. Additionally. there is a ccrtain theoretical aDpeal lo an
€xpression that directly reveals the dcpcndcncc of the evaporation rate upon thc
various relaled variables. lt has also bccn argucd (somewhar unconvincingly) that
if the measuremenl errors arc as largc as thc errors introduced by the mathcmalical
approximalion. then therc is no rcason !o improve the computations,

I,aw U and (;ao (1988) have recently presented a mcrhod ihat has high€r
,]lJturacy than the usual linearizdtion approach and does nor require ircratbn. They
represented the saturation vapor-pressure curve using a second-order Taylor
scrics. and arriv€d at a quadralic cquation for the evaporation rate, wilh coclficicnls
dependenr on rhe various atmospheric and surface factors. Takins lheir work
orc stcp funher. one can ob(ain an exFlici!. s6-ond-order equalion for eviporation.
Paw U and Gao also prcscnted a quartic solution procedurc corrcsponding to
a fourih-order approximation 1() the saturation vapor pressure curvc. Howcvcr.
the explicit claporation equalion that could result from rhis nethod is ex-
tremely complex and would have little theor€tical apfreal for purposcs olher than

The currenl work was pcrformcd independently of lhar of Paw ll and Gao
(1988). ft is gcncrally similar in |hrusl, but .esults in a family of evaporation
cquations thar ar€ considerably linpler in form. while yielding any dcsircd degree



This pap€. provides a new solution of the coupled syst€m of equations governing

the turbulent lransfer of heat and water vapor from the land surfac€, the energy
balancc of the surface. and stomatal control of lranspiration. The saturation
vapoFpressure relation is not linearized in the solulion procedurc, but is inslead
representcd by a higher-order Taylor series- The solution is compared lo previous

solutions. and somo Eeneral conciusions are made regarding the systematic error in

the classical fi rst-order solutions.

Dedvrtion

The dcvelopment presented hcrc is conceptually similar ro those of Monteith ( 1965)
and Thom ( l9?2). Ir is assumed that the absorplion and emission of radiation and
lhe vaporizalion of water occur only !1 leaf surfaces, and that all such sites of
encrgy e)(changc arc characterizxd a1 any time by a single temperature. Collectively.
thesc sites are krmed the'surfac'c in lhis papet. The development also applics lo a
frec surface of warer, as in thc casc considered by Penman ( 1948). and 10 a moist
soil surface. if the srcmatal resistance is takcn !o be zero-

The statement of energy cons€rvation at the surfacr is

(  u M B r \ \ I . \  r a r  q r b N s  r o

R " - G = L E + H .

R , - G = L E l l + B o ) .  ( 2 )

in which R,, is the net radiation. G is the rate of heat storage bcncath thc surface
(i.e.. in the vegetalion and soil), H. is the sensible heat flux into thc atmosphere, Z
is lhe latent heal of vaporization ol water. t is the evaporation rate, and 8o is lhe
Bowcn ralio (the ratio of s€nsiblc lo lalcnt heat flux).

Rcsist nce lormulatioos for H and ,, arc of thc lorm

H = p+lt  -  T.) i t , ,1, ,  (3)

LE=pc,(q-c") i t r^,  (4)

in which the subslripts , and / refer to conditions al an erbitrsry lcvcl in the
armosphere above the surfac€ and at a point in rhe air immediately adjacent lo a
lcaf (or other active surface), p is thc density and .t the specific heat at oonslanl
pressurc of ihe air, f is remperature, ? is vapor prcssurc, r"^ is the aerodynamic
resistance to heal transporl. f,,. is the acrodynamic resistance to vapor lfanspoft.
and ) is lhe psychrometric constant. given br

( t )

( s )' r  :  %pio.622l-

in which z is $e air pressure.
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To relale the surface temperalue !o the surface vapor pressure. the usual slomalal
resistance parameterizalion is used.

LE: r /e, ,  et l t rr" , .  (6)

in which ?,, is the vapor pressure inside thc planl slomara and r,, is the bulk
stomatal resistanc€. In addition. there may be a vapor pressure deficit d,, within lhe

., ,  :  e\7 tJ -  d, , .  (1\

in which ?+(D is the saturalion vapo. prcssu.e ofwater vapo.. lt is convenient to
combinc (4). (6). and (7) to obrain

c, - e,,: Ie*|r,) e" .t , , l t-  i \r , ,  +t",)-

T t :

1 : - - : -  |  = ( - l f " '  ) t ' ' - t t t l J "  L , , | . ' t T . t l '  I

.. ftr'(r,, c'r r"rll- |^ l  "1 r r  l

( 8 )

If the quanritics R" - G - r ̂ . t "t,. t,,, antl 4, are rll known or othcrwisc modclcd
in temls of the olher variables. then the coupled system of Equations (l). (3), (4)
and (8) can bc solvcd for r/. €/. }/, and tt. Because of the nonlincarity of ?t(r).
this solution cannot b€ performed exactly except by iterative techniques. ln the
scarch lbr convenient solutions of various simplified versions of this set of equa-
tions. prcvious invcsligalors have linearized e*(f). by expanding it in a first-order
Taylor series. usually around thc (easil!'measured) aii tempemture I,. To improve
upon this approximarion. a highcr-ordcr cxpansion is introduced here.

Let us define the dewpoinl function irt(?) rs the inverse of the function ?t(I).
We cxpand I*k, in a Taylor scrics around thc stale of lhe air at the measuremenl
lcvel.  and evaluate t  using thal  cxpansion.

,. t, *.14){-'1",".( z) ) - ( +( r")r"'. (e)

Thc llrs! derivalive may be exprcsscd in tcrms o[ conventional nohtion as the
rcciprccal of A,, which is lhe slope of thc saluration vapor prcssure curve,
cvalurtcd Llsing ihe air remp€ralur€ al mcrsurcmcnl level. The function .*(7) is
approximately exponenrial. so it will be oonvcnicnt to writc

(  l 0 )

By definilion, lr is unity. Thc ntolivalion for rh€ form of ( l0) is the fact thal. fof
e'(I) exacily exponenlial, all other 1,,, would also bc unily. In facl. the /i-
(l,l = 2. 3, . . . . ) depan somewhat from uniry and vary slightly wirh temperature:
values computed on the basi! of Lowe s ( 1977) polynomial for.'(I), together with
somc basic calculus. are giveo in Table L (The accuracy of the higher-order
derivalives bascd on lhis polynomial is suspecr. Substilurion of( l0) inlo (9) yields

( r  l )



-TABI,E I

Air klenFrarurc (deg c) lt. ltt

0.817 |.o17
0.808 r.059
0.t{r6 l.otl
080r r .o43
0.796 l.0tl
0.79t l.o2l

0
5

t 5
20
:5

0.88,1 0 8l?
0 EIi2 0.rll5
0.879 0.n10
0.875 0.816
0.8?2 0.822

Whcn (ll) and (8) are substituted into (l) and (4). the resulting Bowen ratio

is

, . .  - , . . . ,^ ,Jl :"r ' ) : :-1, ' j l  i  tu- " '  '
l lc1r,  '  - , , ,  -  r . lJ - '

. f t  1r,)- , ' - { IJI ' l -  ' .  
r r : ,. l  

c . t T , )  I

in which we have inlroduced thc new quanlily

f =rO^ +r,,) lrd,. ( l l )

we next introduce lwo dimensionlcss paramet€rs.

e\l1t - t ,  - J, '  t t  , ,  + t, , \rLE
'=  , "u, ,  

-= 
aa, , : , t -y

in which./. is thc vapor pressurc deficit of thc air. and

o = 1.t , ,  -  d, , l :c ' (T").  (15)

Algebraic manipulal ion of(2),  (12).  (14).  and (15) then lcads to

- t r  l t  t P  G l

p(rra" r,t I

--: I

At this point wc \cck a solurion of (16) lbr 4 as a power series in ihe parameter d.

( l7)
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i(R,, c[xt^ +t"t) pt,,l.l" .1,,)
' '  p i t d "  4 , ,  

 

+ , *4 , ,1

' r  =,r*i ' . . . . , t I ,r: l

r - - , r  ,  a -  ; , ) . l t  l t .  1 rA .  - t '  r  r r l  2  1 , , , 1 )1 .

"  - , ' * i -  . , , t , l t l t ' 4 t t L .  " t  t t t 4 2  5 0 , f ' ; 6 x L " ) ' l

+ (slJ]i!8 sltlft 6 + lt1i4J1. (  2 1 )

+ t)A1h:2 , 1lJilJ,i4 + 2ri it 3l, i5X^"i;.)

+ t3f2a4:4 + 7 ltt 8 _ 7 plf j i4 + ltlil _ p,:s)1.

These yield thc cvrporation rate as

L  - L ' t R '  - G t  L  
l t  r  A  - t B ,  2 l t |  

-  A L "  ) ' t -  o-  
4 . ,  +  ) .  t  

* ' - ' , . { t t + 4 , . r ' . , , -

-  [ - r / e , , , ] x A ,  , - l  - t u i  2 -  f r , l ) l  
{ 1 . - . t A " i ; a r ' . d :

,  . , _ . ,  
A , \ t  +  L . , i r . r l

+ ft/1.'4X^.,rir): + (/j1i2 - sf'n't6)(^.,!1.)

-rstt1:x - stt,[:6. B" ̂r)t;!!-t;)'::"",

f l( -/ lr5)(A" 1.)' + (3 1, f , t4 + pi t3 3/,Ji5)(^"i l*)l

+ (3f2f.i2 7Aaf i4 +zlJit3 3f5i5t(L"ii.)

+ t3ka1:4 + 1ltt8 _ 7Eikt4 + !i11_ p'i5.t1

"r  
-_4! i l  

" . * l / r [ r r - ;a"  1.  y.  - . '11'  A ' t t+L; . . - t - "  *"1;11*4 
; . . ) ; "  JJ '

in which / is givcn by

. p.,tl,, d")^: a1a, ci

122)

Thr quantity ,4 may bc recognized as the raiio between the two terms in penman.s
( 1948) conbination equalion. i.e., the ratio of the wind term ro the radiarion term.

Subslilulion of ( 17) into ( 16) and subsequent collection of like powcrs of d l€ad !o
thc following relations:

(  l 8 )

( l9)

(20)

123)

( 24)



Thc conditions for c-onvergencc of rhe series (23) may b€ readily cstablished bv

cxnmination of rhe ratios of successive tcrms For reasonablc combinations of ,'{.

A.i)*. nnd o. it appcars thar (21) will indeed conv€.8c This is certainlv consistent
lvith the 8cncral exp€riencc that the lincar rpproach usuallv provides a good

Relrtion to Previoos Combinltion fqo{ions

Equations (21) and (25) both encompi.rss scvcrul other previously published com_

binrtion equations. lf f,,,\n > l) is set io zero. corrcsponding lo lincarizalion of

c*(7), and if d,, is sct to zero. thcy reduce to the cxprcssion of Thom (1972),

INAIION EOLIATIONS R)R T!^MRATION l 5 t

Eauation (21) is. in fact. a family ofcombination equalions ll mav bc lruncat€cl

to any order in o. yielding equalions of varying degrees of accuracy ln principlc'

thc coefiicients ofeven higher order could be d€rived, but their practical significancc

is questionable. If wc truncate th€ cxpansion to Iirst order in d and approximate P,
bv a constrnt. (23) becomes

'  -o ' ' j ; ,  ; : '  
t1,, ,  - .*f , ; i i ;  ; l i , ' ]

,. L,,\R. G, L p+d,,lr,t,L
. ,  :  -1 ,  

+_*- -   , ,  +r* 126)

Thom did not $rr*ify a temperalurc ibr lh€ evalualion of A
With rhe addilional assumption ihat r,,, and t,r, arc identical. ihe combination

€qualion reduces lo onc that is formally equivalent 10 thal of Monteith ( 1965. p.

210). (ln lact. Monleilh rcduced ihe truncalion error in the lirst-order form of (9)

by expLrndins nol around air tcmper.rlure. but a.ound a more central tcnlpcraturc.
A srrict reading of his paper sugg€sls thal A is lo be evaluatcd at lhe mean of thc

surfacc lcmpcrature and thc wct'bulb tempcr:Iturc of the air' In any case. the wbole

Doint of combinalion eoualions is lo eliminate thc nccd fot knowledgc of the

surfrcc lcmperalure, so. in prrctice. 4,, is used.)
Penm{n s ( 1948) form ofthe equalion results when the sbmatal resislance is also

rgnored.

A"( n,, - G) L - a,, +.r 121)

Pcnnan clearly intcndcd thai (27) should bc used with 4". Monleilh ( 1980) noles

rhat A should be evaluated at a tcmperature 'between' 7: and 1'l, but that 'in

pr cdce. d must bc cvaluated at I" . He fudhc. noles thar the resullant error rn

computcd I is usually small.
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- L(R, C'):L pt,d., l,,)l\hL

A + 7  A + l

[ .  f ,  2 t .d^ , (  |  - , {  A, ,  } . }1 ,  ) l }' L ' - l ' -  / / r r+47 t - l  l J (29)

ll the vapor p.essure dcficir at the surlace is r€tained and the stomaral resistance
is neglected. an equation similar to that ofSlatyer and Mcllroy (1961. Ch. I, p. 6t)
is obtained.

(28)

(ln lhis cLlsr:. 1,, simply represents the vapor pressurc deficit of the air at the
surface.) Slatyer amd Mcllroy recognized the importance of using a more reprcscn,
tative temperature than 4 to evaluate l, and th€y suggested using an average of
the wel-bulb tcmp€ratures of tbe rir al and above rh€ surfae_ Th€ disadvanrage of
such an approach. of coursc. lies in the necessity of measuring air properties at the

In a recenl analysis, Paw U and cao ( 1988) presenred a quadraric equation for
lhe latent heat flux. correcl to lccond order. under rhe a$sumDtions of Monreith
cited earl'er. An crplicil formula for evaporatioo in terms of rhe controlling
variables was not gilcn. Afier various manipulations. il can b€ shown that the
method ol P.rw U and Gao. applied to the slighlly more general problem consid€red
in this papcr. lcnds cvcntually to

L"t
lt.

At 'E = (R, - G):r{r +

Il is nol immediately apparenr how (29) compares to (23) or (25). nor is it obvious
how (29) differs from rhe convcnlional combinarion equarions. However. if we
make the assumption (consistent wifi lhe quadralic approximation) thar the
lnnermost rcml in r rs small. it can be shown, still lo lirsl order in l'. that (29)
reduces to (25). Both (25) and (29) result from rhe applicarion of the second-order
form oi (9). Thc resuhs differ becaus€ (29) comcs from an eracr solulion of thc
quudratic equation. whercas (:5) comes from an approximatc perturbative soludon.
llowcvcr. both formulae have error on thc order of o:. since the accuracy of both
rs limrted by the secood-ordcr expansion of e*(f).

Paw U and Cao (1988) also showed how a fourrh-order expansion of et(I)
yields.r quartic cqualion for, that can bc solved by lhe usual algorithm for sLrch
cqualions. In principle. this permits the de\'elopmcnt of an explicir equation for
cvaporalion rate as a irlnction ofthe controlling variables_ Presumably the cquation
would b{ cquivnlent ro (2.1) through thc third order io d, but I have nor attempred
ro establish rhis cqujvalenc€_

Connerts on .n€ f,llor in Filst-Ordcr Conbin.rion Equ.tioN

A simple assessmenr of the error in conventiontrl lirstorder combinarion equations
can be obtaincd from (25). the last !c.m iD braces approximaling thc magnirude of



I H |  i  U v B | \ A  | | U \  |  a l l 5 l

the crror. The relati\c crror r in evaporalion rate compuled from Ih€ firsi-ordc.

o 14(t  AL,, i " t*)16
' : .4(t + Axr + L" rl)'

( 30)

Two imporlant rcsults xre immediately lpparent. Firsl. thc crror is always non-pos-
irivc. $ rhe first order equation can underestimat€. bul cannot over€stimale. the

e\aporation rute. Second. the error goes !o zero when the ralio ,{ of the 'wind term

10thc fudial ion tcrm is equal tol+r4,.  I lcan be shown thrt  lh is condit ;on is mct

if rnd only if the latcnt heat iux is idenlical to the available enersy R,, 6 This
happens when there is no sensible heat flux, hcnc.e when the surfacc and air
(cmper:rtures rrc identical. In that ctrse. there is ofcourse no nccd for.t higher-order
expansion ol lh€ saturatron vrpor pressur€ curve.

Some numerical examolcs of the relativc crror associated with the lincar rp-
prcximrtion may also be obtained. Taking ihe lypical case ,4 =0.3, ,rnd using

d = 0.5. we find relarivc crrors of -0.07. -0.01. and -0.001 when d,, /)+ iakes the
v lucs l. 2.3nd 4. corrcsponding lo ncgligible /,, and air temperalurcs ol about 6.

18. rnd ll dcg C respectilcl!. For r,, equal in siTc lo the aerodynamic resisiances,
the errors ar these same air  lcmperaNres r ise to -0-18, -007. and -001

The :rdcqulc)- of the quadralic approximalion and lhc convcrgence of (23) may

bc cstablished for thcse same examplcs by computing the ratio of thc d:_term in
(21) to the r- term. For negt igible f , ,  lhcsc rat ios are -0.11. -0.07. ond 001, and
for r., cqu.l to lhc acrodynamic resistanccs lhe ralios are -0.04. -0 11, and
-0.07. at air tempcraturcs of 6. I8. and 32 dcg C respectively.

Discus$ion

wc mny distinguish betwecn thc combinntion melbod'. which is the joint solulion
of (  l ) .  ( : r) .  (  a) xnd (8).  or some simi lar s€l  of  cquat i()ns. by some means. and lhc
'combination cqu lions. which are spccilic solutions of such scls of cqu,ttions tor

e!cpofalron, obrtined b)' introducing |ome m0lhematical apProrim.lion for ?*(7 ).
Ii)r naiimum computrlional lrccufacy. thc combinalion method may be applied in
coniunct ion "rrh i rerat ion. Vcry hiSh aL-curacy can also bc obuined by use of onc
oi-rhe higher ordcr combin ion equal ions (21) or {15).  or b}. ,  appl ioat ion ol-Prw
U and G.to s ( 1988) quartic solulion: possibly these are also useful rs benchmarks
li)r resting of ilerativc mcthods.

For a ihcorctical inrcrpretairon of thc functional dependence of cvaporation on
rhc conrrolling variables, a sintple evaporation cquation !s desirable. Thc ncw
evaporrtion cqu.rtions presented here. particula.ly (15). have a direcl rclalion k)
prcvbus lirscorder equalionr. and clcarly show the dependencc of thc higher-order
terms on .rlmo\phcric condilions.
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