5. OPTIMUM INCOHERENT RECEPTION

In the previous section we developed the optimum de-
tector and anlyzed its performance for coherent (known phase)
binary signals in class A interference. In this section we
will treat the incoherent (unknown signal phase) binary case.
In general, incoherent problems are much more difficult to
treat than coherent ones, and the cases we are considering
here (Middleton's class A interference) are no exception.

Our two hypotheses are

H,: X(t)

1 Sl(t,g) + Z(t), 0 <t < T

H,: X(t)

) 5,(t,8) + Z(t), 0 st <T (5.1)

where Z is the accompanying interference and the vector 8 de-
notes the unknown parameters of the signals. These unknown
parameters may be phase, amplitude, frequency, or any com-
bination of them.

The problem is now one of composite-hypothesis testing.

The likelihood ratio is given by

Ve Jo P(XIHY) p(8) d8 p,(0) 1

[o P(XIH]) p(8) d8 p (X

K , (5.2)

VvV AT
()

where p(§|H2) etc. is as before (e.g., 4.53), and p(6) de-
notes the pdf of our unknown parameters 6. Since our p(ngz)
is given by the Nth product of an infinite summation, it is

unlikely that the required averages can be performed directly.
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Later we will show how, in special circumstances, the aver-
ages can be performed directly, reducing the problem to one
equivalent to the coherent case, so that the methods of the

previous chapter can be used.

5.1 Incoherent Threshold Signals
In this section we will treat the threshold signal

(LOBD) case for some representative incoherent problems.

5.1.1 Unknown Amplitude and Phase

Consider the standard fading incoherent frequency shift

keying signals, with unknown amplitude and phase:

Sl(t,g) a cos(wlt + )

Sz(t,g) a cos(mzt + ¢) |, (5.3)

where a denotes the unknown amplitude and ¢ the unknown phase,

6 = {a,¢}, a and ¢ independent. As before (e.g., 4.4), let

the SNR = S, i.e., a? = 2S.

The likelihood ratio, for the discrete sampling case, is

A(X) = pz(@ B ({) £ pz(z'i) p(¢) p(a) do¢da Hl
Py (X) £ [ p;(X-87) p(¢) p(a) doda Ez
a =

K,(5.4)

where p(a) and p(¢) are the pdf's of a and ¢, and S,; =
a Cos(u)zti + ¢), etc.
We start with the small signal case, where as before

(4.54)
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3p, (X)

oX.
1

N

21

+

o9

N N 3%p.(X)
) P22 (5.5)

~—=—— S,.S + ...
is1 k=1 axiaxk 2172k

We can now perform the required averages. We start by letting

the phase be uniformly distributed; i.e.,

1
Zm?

p(¢) -m s o < T, (5.6)

and by letting a have an arbitrary fading distribution. We

will consider two fading situations: I, slow fading, and

II, fast fading.

I. First consider the slow fading case, where a is

random, but constant over our detection time T. Then

m
52i¢ = f% }% cos(uw,t; + ¢) dop = 0 , (5.7)
and
_.__.___~_.¢ az n
S,i5.k = 7o }; cos(w,t; + ¢) cos(w,ty + ¢) do
aZ
= > cos(wzti - wztk) s (5.8)
since
az 7
= / cos(w,ty + wyty + 2¢) d¢ = 0

=T

We have, therefore,
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$,a 2
e et————— _ _@'____ _
S5:i57% = > Cos(wzti wztk) . (5.9)
Now, dividing the munerator and denominator of A(X) by pz(z)

and assuming N independent samples, we obtain

pz(?_(_) _ 1 N N 32pz(§) 5“2'

_ S R e alD) =—a— =~ cos(w,t. - w,t.)
pziﬁi 2p, (X)) ;59 (&q 9OXx0%, 2 271 27k

—_— N N °
s a~ _
1+ izl kzl 2(x;)2(xy) cos(w,ts w,ty)
i#k
— N d2p.(x.)
a Z 1
£ ) ——=/ p,(x;) , (5.10)

4 521 ax 271

with corresponding results for pl(z), where Z(Xi) denotes

the nonlinearity obtained earlier,

L(x;) = g0 1n py(x;) (5.11)
1
Since
Nopgttxy) W N ,
e R T U
we obtain
Py (X) 22 N N
pz(XJ ~ 1+ o izl kzl Q(Xi)z(xk) cos(wzti - wztk)
2t § (x.) (5.13)
+ — X . . o
4 i 1
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Therefore, since a?/2 = S, our test is given by

N N
)
= 2(x.)2(x;) cos(w,t.-w,t,) + (1-K)
2 Lo by TR 25172
(5.14)
H
g N <l g N N
+ = (1-K) .212'(xi) s 71 z %(x;) 0 (xy) cos(w t;-wity).
i= HZ i=1 k=1

We see that, for arbitrary thresholds, the receiver depends
only on the average signal power S and is independent of the
particular slow fading distribution. For the symmetrical
case (K=1), the receiver structure is also independent of S,
and we obtain, using a trigonometric identity for the cos

@)zti - wztk) term, the following receiver:

H
L 2 N ) 2 <1
[izl Lxp) cos uyt; | s [121 2(x;) sinage; |3
H2
N 2 f’N ) 2
[izl 2(x;) cos wlti] + L'Z Q(Xi) 51nw1ti] . (5.15)

Or in block diagram form:
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‘Figure 5.1. LOBD for binary NCFSK, slow fading signal, K=1.
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We see this is simply the standard noncoherent binary re-
ceiver when the interference is Gaussian noise preceeded by
our nonlinearity 2(x). This result corresponds to that ob-
tained earlier for coherent signals. If the threshold is
other than 1, then the receiver also depends on S and must
contain a branch involving 2'(x), the derivative of our non-
linearity [via (5.14)].

II. We can also consider a fast fading signal situa-

tion where
Sp; T 3y cos(wzti + ¢), etc. (5.16)

Then, we obtain
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P, (X) N N 3%p,(X) a.a
_‘(—TZ TSt 1(‘)(‘7 ) 3% gx— 1z:k cos(wyt;-w,ty)
A Py l2&) 421 k=1 9%19% 1

(5.17)

If a; and a, are independent, i # k, then we obtain, via the
above procedures
pZQ(—) a2 N

N

N ) 32 N
;Q'(Xi) + 121 [Q(xi)] )+ T izl 3 (xi) ,

(5.18)

with a corresponding expression for pl(z), where o, is the
standard deviation of a. We see that if K=1, then we obtain
the same receiver as before, (5.15) and (5.16), but if K#1,
the receiver for the fast fading case is different from that
for the slow fading case. The fast fading receiver involves
a? as well as the signal power (i.e., a?).

Recently, Nirenberg (1975) has shown, by quite different
techniques, that the above results (fig. 5.1) hold for m

equiprobable incoherent signals.

5.1.2 ON-OFF Incoherent Signals

The ON-OFF incoherent signaling case turns out to be a

special situation. Consider the two hypotheses:

< T

A
+

H,: X(t) Z(t) 0

Hy,: X(t) = z(t) + S(t,8), O0=t<T , (5.19)
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where

S(t,8) = V25 cos(wt + ¢)

>

and ¢ is uniformly distributed. This problem has been in-
vestigated by Algazi and Lerner (1964), but an oversight in
their analysis led to a meaningless result, namely, that the

threshold receiver is given by

N 2 N - ) ii
['Zl R(Xi) cos wti] + [121 Z(Xi) sin wti] N 0,
' H

(5.20)
i.e., H2 is always chosen! This result came about by not
recognizing the 2'(xi) terms, cf. (5.14).
For K=1, we see, via (5.5), that the required statis-

tical test is given by

2
1 N N 3%p,(X)

) ~——=——8S cos(wt. - wt,) 0 . (5.21)
2p, (X) 121 k=1 OX;9Xy i k

TV AT

2
In (5.21), as earlier, only 2nd order terms have been used.

This gives us the receiver, in block diagram form:
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Figure 5.2. A threshold receiver for ON-OFF binary incoherent
signaling.

Note, however, in (5.21) and figure 5.2, under Hl’ neither

Hl’ the receiver structure, nor the threshold depend on the
signal size S. That is, under Hl, performance is independent
of signal size. This is not too satisfying physically, and
we reasonably expect, that, for OFF-ON signals, the threshold,
at least, should depend on signal size.

We can see how this came about by looking at the Gauss

case, where the optimum receiver is well-known.

Using

-2

p,(z) = e , (5.22)

3=

we obtain the likelihood ratio

A(X) =

3—3

1 ;
VT exp[LC cos¢ - LS sing - E]d¢ , (5.23)
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where

This gives, for our optimum receiver,

H1

I,(VIZ+12) 5 e . (5.24)
H

2

The corresponding optimum threshold receiver is obtained by

using the small signal assumptions, and writing

2

~ X
IO(X) N e , (5.25)

to obtain for (5.24)

N 2 N 2
1+ ZS(izl x; coswt.) + ZS(izl x, sinwt]
H
<1 N
> 1+ 2S ) cos®wt, + ... . (5.26)
H, i=1 1

If all signal terms above degree 2 are dropped, we obtain

N N N
( Z X coswti] + (_Z X sinwti] .Z

cos?wt.,(5.27)
1=1 1

148



which is, of course, identical to the result obtained by sub-
stituting (5.22) into (5.21) or figure 5.2, using the fact
that

N

) cos’wt, ™
i=1

N
3 (5.28)

So we see that in order to obtain a physically meaningful
threshold receiver for the incoherent ON-OFF case, we must
include higher order terms, at least in the determination of
the threshold. This is a special instance of insuring ''con-
sistency" (i.e., Pe > 0 as N > »). [See comments on use of
the LOBD approach in chapter 3 and section 4.4.]

Returning to the case of impulsive interference, the
next nonzero terms in the expression (5.21) are the 4th order

terms, namely

"
4 I(X) g ? § § 9% 2xng§) 53X, Siici.cisi
Py A 3021 i,=1 i,=1 i,=1 °%i,°%i,%%i,%%1, P 72 7 oo

(5.29)
If we discard all the above 4th order terms except those that
contribute to the threshold, that is, all terms except for

i =i =i =i , we obtain the factor
1 2 3 L

s. v, (5.30)

which tells us, after evaluating si“, that we could replace

the zero threshold in (5.21) by
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(5.31)

Now the threshold depends on the signal size. Whether using
(5.31) resolves the problem or not can only be determined by

a study of the ARE, etc.

5.1.3 Threshold Receiver when Phase Estimation is Used

In all the above, we assumed that the phase was uni-
formly distributed. It is common in receiving systems to
employ phase tracking loops to obtain an estimate of the

phase. We might term this a partially coherent receiver.

When such phase estimation is used, it is common to use the
Tikhonov distribution for the distribution of the phase angle

or phase error. That is, we use

p(o;2) = SXpLECOsOl oy cg <y (5.32)
(6]

where Q is a parameter that controls the spread of the den-
sity and which has an important physical significance in the

study of phase estimation (Van Trees, 1971, chapter 11.2).

In (5.32), Q=0, gives the uniform distribution case and as
{iro, we approach the coherent, or completely known phase
case.

Using this phase distribution in the threshold receiver
development, with

Sypi = V2S cos(wzti + ¢) |, (5.33)
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we find that the 1lst order terms in the LOBD are no longer

zero, and we obtain

P y exp[Q cos¢]
S,; = V2S [ﬂ cos(w,t, + ¢) P do

ZNIOTQ] ’
2V2S cosw,t. T
R 271 Q cosd
Spi = TIAT 9] cos¢ e do
) 0
Il(Q)
S,i = T;TﬁT v2S cos wt; . (5.34)

We note, Spi = 0, for @ = 0, as before, and that s i = v2S
coswzti, as Q»», since

1im LW

Qo0 IoiQi ’

that is, the previous result for the coherent case. Our sta-

tistical test is, with only the 1lst order terms,

/25 I_(2) N 5!
1 - __T;T§T—— izl 2(x;) cosw,t, o 1
i,
/25 1,() N
- —_T;TQT—_ izl Q(Xi) cosw ts (5.35)
or
N SN
‘Z f(x;) cosw,t. | .Z f(x;) coswjt. . (5.35a)
i=1 H i=1
2

Or we obtain the receiver, in block diagram form, as in the

following figure:
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Figure 5.3. First order threshold receiver for NCFSK with
phase estimation (0#0).

That is, the same threshold receiver as we obtained in sec-
tion 4.4 for coherent signals (coherent FSK in this case).

The receiver is independent of the parameter Q(Q#0).

For the 2nd order terms, we have

m
_ exp[Q coso]
SZiSZj };ZS cos(wzti+¢) cos(wztj+¢) ZWIO(Q) dd . (5.36)

Expanding and integrating, we obtain

S IZ(Q)

S COS(wzti‘wztj) + W

SZiSZj = cos(wzti+w2tj),(5.37)

where we have used
T 2 cos¢
[ e °® sin2¢ d¢ = 0

=T
and

™
% / ol COSG cos2¢ d¢ = I,(Q)
0
In our threshold (or LOBD) expansion, the 2nd order

terms give a sum of two double summations from (5.5) and (5.37),
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