3. BACKGROUND THEORY AND RESULTS

In this section we will summarize briefly the pertin-
ent concepts from Statistical-Decision Theory which we re-
quire in our search for optimum detection algorithms and in
the determination of the performance of these algorithms.
The approach to be used is, naturally, the standard Bayes
Theory approach, and we want to specify the techniques de-
veloped in the last few yéars which we will use for the real-
world, impulsive, non-Gaussian channel.

One of the main assumptions which is made is that the
waveform of the received interference can be represented by
a vector of independent samples. We will discuss the rami-
fications of this assumption in section 3.2 for our class A

and class B interference (sec. 2.3).

3.1 Elements of Statistical-Decision Theory
In this section we summarize the basic principles of
Bayes Theory, use these to obtain Hall's (1966) optimum re-
ceiver, to specify the Schwartz (1969) series algorithm, and
to present the ideas of locally optimum Bayes detection (LOBD) .
We start with some basic definitions:
(1) T is the observation space which has elements
[x]. The element x is our received data
(waveform) which is composed of our desired
signal plus interference (or interference above).
(2) A is the decision space with elements [a],

called decisions or actions.
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(3)

(4)

(5)

(6)

(7)

(8)

@ 1s the signal space having elements [s],
our desired signals. For binary problems

@ has two elements, 1 and S,- The ele-
ments [s] have an a priori distribution q(s).
A decision function §(a|x) is the conditional
probability of deciding a€A given a point
XeT.

A cost function, denoted by C(s,a), is the
cost (or penalty) that is assessed for
choosing a when s was transmitted.

The average risk is the expected value

of the cost function. The average risk
depends on the decision function §(a|x)

and the a priori signal distribution q(s).

Thus,

R(q,8) = E[C(s,a)]

The evaluation of a system consists of de-

termining R(q,s§) for a given q(s) and §(a|x).
The decision function dB(a]x) which minimizes
the average risk is termed the Bayes decision

rule. That 1is
>R(q,6B) < R(q,8) for all §

b

and R(q,éB) is the Bayes risk.
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(9) The optimum receiver is that receiver which
performs the operations indicated by the Bayes

decision rule.

In general,

R(q,8) = [ ds q(s) [ da C(s,a) [ dx §(alx) p(x]s) ,
Q A r

(3.1)

where p(x|s) is the probability of observing x, given that

s was transmitted.

Specializing to a signal space @ of two elements for

A =(a1,a2) and Q = (51,52) we define a cost matrix
C C
c= | "z (3.2)
C21 C22

where Cij is the cost of deciding ay given s. was transmit-
ted. By definition of "correct" and "incorrect'" we must
assume that the cost of making a correct decision to be less
than the cost of making an incorrect decision, so that

Ciy < Cij for all i # j. Under these conditions it is easy

to show (Weber, 1968), using (3.1), that the decision func-

tion that minimizes R(q,8) is given by

A,CoP(xIs)) + q;Ciqp(xls))
a1C1,P(x[s1) + q,C,,p(xTs))
Sglazlx) = (3.3)

1 when

> 1

0 otherwise ,

and
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GB(allx) =1 - GB(a2|x) . (3.4)

In (3.3), we have assumed that the signals, S ére complete-
ly known so that the probability densities are completely
given. This special case falls into the classification of
simple hypothesis testing. In general, the signals may be
random or contain random parameters. In this case, the
pdf's p(xlsi) in (3.3) must be replaced by (p(xlsi)>s.,
where <'>s. denotes required statistical averages ove; the
random parimeters of the signal Sy (or in some cases, over
S itself).

If we now define a likelihood ratio A(x),

<p(XIsz)>52

A(x) (3.5)

(p( ) ’
p(xlsy >Sl

then (3.3) becomes

3 (Cy5-Cqq)

qa,(Cy1-Cy5)

Spla,[x) = (3.6)
0 if A(x) < K

1 if A(x) 2

"
=~

Thus the optimal decision function is a threshold operator.
The optimal receiver (decision function) simply forms the
likelihood ratid® and compares it to a threshold K and de-
cides a, occurs if A(x) 2 K and ay otherwise. The average

risk is

®
An earlier and alternative definition of likelihood ratio
is the generalized likelihood ratio A = qz/qlA [Middle-

ton, 1960, chapter 19]. gen
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R(a,6p) = a1C15P1p * 45C0P22 * 9101111 * 92001P21 -
(3.7)
where Pij = Prob[deciding ajlsi was transmitted].

In some situations the a priori probabilities q(s) are
unknown and cannot be estimated. In this situation the
minimax criterion is often an acceptable alternative for
determining the best receiver operation. Since the q(s) is
unknown, we use a conditional risk r(s,8), where

r(s,8) = £ da % C(s,a) S8(alx) p(x]|s) . (3.8)

A decision function GM is said to be minimax if

max r(s,dM) = min max r(s,GM) < max r(s,8) for all §.
s S S s

This minimizes the set of worst possible cases and does not
require knowledge of q(s). It can be shown that the minimax
decision function corresponds to the Bayes decision function

for the a priori probabilities which makes the Bayes risk

a maximum [Middleton, 1960, sec. 18]. So the minimax re-
ceivef is also a threshold device and can be obtained from
the likelihood ratio (3.5) with the threshold adjusted (via
a; and qz) to maximize the Bayes risk (3.7).

In other situations, such as radar detection, the a
priori probabilities are unknown, and the individual costs

are not usually assigned. 1In this case the Neyman-Pearson cri-

terion is appropriate. The concept (for signal spaces with two
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elements, Sq and 52) is to fix the error P12 at an accept-
able low level (termed the false alarm probability o) and
then minimize the error P, SO that the detection probabil-
ity Poy is maximized. This Neyman-Pearson receiver is also
a threshold device and can be determined from the likeli-

hood ratio, with the threshold K determined by

P;, = Prob[A(x) = K|s1 was sent] = a . (3.9)

[0f course, fixing P12 automatically assigns a cost ratio
and a qz/q1 ratio at the same time.]

Thus we see that the Bayes receiver, the minimax re-
ceiver, and the Neyman-Pearson receiver are all determined
by a Bayes decision function; i.e., a likelihood ratio, with
an appropriate threshold.

In communications problems it is customary to use the

cost matrix (called the '"Ideal Observer")

[0 1
C = ] s (3.10)
1‘ 0

so that the corresponding average Bayes risk (3.7) becomes
R(q,éB) = qu21 + qlplz' The average probability of error
is Pe = qZP21 + qlP12 so that the Bayes risk and the average
probability of error are synonymous in this case. The
Bayes decision rule minimizes the average probability of
error.

If we receive our desired signals corrupted by addi-

tive interference, so that our received waveform is com-
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posed of the desired signal plus the interfering waveform
Z(t), then, corresponding to the above, we have two hypothe-

sis states
H x(t) = sl(t) + Z(t), 0<t <T

H,: x(t)

s,(t) + Z(t), 0<t =T . (3.11)

The optimum receiver forms the likelihood ratio A(x) and
decides Hl(sl(t) sent) if A(x) < K, and Hz(sz(t) sent) other-

wise. The average probability of error is given by

Pe = q, Prob[A(x) = K] + a; Prob[A(x) < K] , (3.12)

so that the pdf of A(x) is required in order to evaluate
performance.

The method most often used in analyzing communication
systems with time varying random waveforms is to replace all
waveforms by vectors of samples from the waveforms. This is
done since many communications receivers physically operate
with discrete data and also there are as yet, in general, no
useful mathematical techniques available for directly hand-
ling the continuous data problem (the white Gaussian noise

channel being the exception). The problem (3.11) becomes

le X = El + 7
Hy: X = EE 7o, (3.13)
where X = {x(tl), x(tz), cee x(tN)}, etc. When the inter-
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ference Z is white Gaussian, the vector formulation is com-
pletely equivalent to the continuous formulation; i.e., the
resulting discrete operations carry over directly to the
corresponding continuous operations. [See Hancock and Wintz,
1966, appendix B, for the connection between processing
finite dimensional random vectors and processing continuous
random waveforms.] If Z is non-Gaussian, we operate so as
to generate (essentially) independent samples, Z;5 SO that
only first order pdf's are required in our analysis. This
is a necessary simplification, which leads to upper bounds
on optimality. We discuss this assumption of independence
and its practical implications in section 3.2 for our pres-
ent interference processes (Middleton's class A and class B
interference). For non-Gaussian situations, the required
pdf of A(X), containing the various effects of intersample
correlations, can almost never be determined generally, so
that it is then impossible to obtain performance estimates
precisely. One usually must be satisfied with bounds (upper
and lower) on performance, which are almost always quite
adequate for the practical purposes of assessing performance

and making system comparisons.

3.1.1 Hall's Optimum Receiver

In chapter 2 we reviewed the various models which have
been proposed for the real world non-Gaussian interference
and noted that the only model that has been used to date to

determine an optimum receiver is the Hall (1966) model. We
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now determine Hall's receiver, to illustrate the concepts
of detection theory outlined above and to get some idea of
how non-Gaussian statistics for the interference influence
detector structure.

The pdf of the instantaneous amplitude of the received

interference is given by (2.30) as

r
T3 v/ [22+y21%72 (514

The likelihood ratio for the Hall statistics (3.14), for

completely known signals, the cost matrix (3.10), and q; =

q, = 1/2 [so that K = 1], is
S
ACX P(XISZ) Pz(?_(_'s ) <1
(X) = P(XIS;) P,(X-5)) > 1, (3.15)
i — S
2
where X is our vector of N samples {x(tl), 560 b x(tn)}, etc.

We assume independent interference samples, Zs =,Z(ti)’ so
that the required Nth order pdf in (3.15) is given by the Nth
product of the first order pdf (3.14) [see remarks in sec. 3.2].

Thus we obtain

N
I C(e) v

AX) = 12

Oy (x s, 21 787

1 .(3.16)

v A Wn

C8) vO  iy2e(xyes 121782

==
p— —

Taking logarithms, we find that
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wn

N N 1
.21{-% ln[Y2+(Xi'521)2]} ) izl {'% 1n[Y2+(Xi‘511)2]} N
- E
S,
(3.17)

or

N N 51

Lo InlyPr(xg-sg %] - T Inly®+(xg-s,5)%] 0 0 . (3.18)

i=1 i=1 SZ

We therefore obtain the well-known receiver (3.18), which
Hall has termed a '"log-correlator'" receiver, illustrated in

figure 3.1.

2 N
(@00 £
i=1
T
- Sy
X; —| €50
- S8
—Sai
2 | N
() o100 2
Figure 3.1. The Hall receiver for a completely known set of
binary signals, sl(t) and sz(t).

We note that the receiver (3.18) must be adaptive, in
that it must be able to determine the bias y?, which

changes with changing interference conditions. Nirenberg
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(1974) has developed an algorithm for the estimation of the
parameter y. Hall (1966) analyzed the performance of his
receiver (3.18) for ON-OFF digital signaling and Spaulding
et al. (1969) performed a more extensive analysis of per-
formance for some special cases of interest. A version of
Hall's receiver has been physically constructed (Morozumi
and McCormick, 1968) and its performance measured.

Hall (1966) also demonstrated that in order to gain any
advantage over normal receivers (i.e., those optimum for
Gaussian interference), the number of independent samples, N,
must be large. That is, a large time-bandwidth produce is re-

quired. (We shall comment on this fact in sections 4 and 5.)

3.1.2 The Schwartz Algorithm

In general, direct use of the likelihood ratio to ob-
tain an optimum detection algorithm that can be implemented
physically is quite difficult (for non-Gaussian interference).
Schwartz (1969) presented an algorithm that is optimum for
binary communication problems where decisions are based on a
single observation (N=1). Schwartz's idea is as follows:

Instead of using the likelihood ratio

A(X) = WX— > 1 s (3.19)

where pz(x) = (pz(x—sz)>S and pl(x) = (pz(x—sl)>S , consider
2 1
the completely equivalent test statistic
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T(x) = a,p,(x) - a;py(x) 5 0 . (3.20)

v Awn

2
Suppose the densities pi(x), i =1, 2, can be represented by

pointwise convergent series

Il ~1.0
o

Ip; (x) - aj; 00| < Bi(a,x), i = 1,2, (3.21)

j t

where, for every x,

lim

- Bi(q,x) =0
Then (3.20) is given by
T(x) = jzo (A 25 - ap ap) v, () . (3.22)
Define a truncated test statistic
q
Tq(X) = Z (qzazj - qlalj) Vs (x) . (3.23)

j=0

It follows that Tq(x) differs from T(x) by
| T(x) - Tq() [ < ayBy(a,x) + q,B,(q,x) = B(q,x). (3.24)

With a knowledge of this bound, the following procedure, which
uses the truncated series Tq(x), is optimum. The observation
is used to evaluate Tq(x) for some initial q. If, for the
given values of x and q, the magnitude of Tq(x) 1s greater

than B(q,x), the decision using Tq(x) is the same as when
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T(x) is used; T(x) will lie somewhere Eetween Tq(x) + B(q,x),
and this quantity will be on the same side of the threshold
as Tq(x). Hence if |Tq(x)|> B(q,x), H2 is announced if

Tq(x) is positive and H1 if Tq(x) is negative. If the in-
equality is not satisfied, another term of the series and

the bound B(q+1,x) are computed and the procedure repeated
until the inequality is meet for some q.

The above procedure, while optimum, cannot be used for
performance determination. Also, the required pointwise con-
vergent series representation of the pdf's and the bound
B(x,q) may be very difficult to obtain. In our case, however,
the pdf's for class A and class B interference are already
given as pointwise convergent infinite series (e.g., 2.56
and 2.61). Correspondingly, we will discuss the above series
algorithm in detail in section 4.1 for our case of class A

interference.

3.1.3 Threshold Receivers

Another -popular way of overcoming the inherent dif-
ficulties in obtaining physically realizable detection struc-
ture from the likelihood ratio for non-Gaussian interference
is to investigate optimum detection as the desired signal
becomes vanishing small. The receivers that result from such
investigations are termed threshold or locally optimum Bayes
detectors (LOBD). |

This problem of optimum threshold detection was appar-

antly first attacked by Middleton (1954, 1960). Later Rud-
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nick (1961) examined the threshold problem for the case

H

[><
I
|

1:

Hy: X=12+5 |, (3.25)

using the likelihood ratio

H
p,(X) .1

2

where pl(z) = pz(g) and where the desired signal may be ran-

dom so that

P, (X) = [ p,(X-S) d F(S) , (3.27)

where F(S) is the cumulative distribution function of the
signal. Rudnick assumes that pz(z—g) has a Taylor expansion

about X so that

AX) -1 = s T ) E’EZ“‘) (s.)
Ptz i=1 X3 1
N N 3%p,(X)
1 A
+ = 2 Z (s.s.) +
2 i=1  j=1 Bxi ij 17 ]
N 1 N N
= S.) + . = S.y + ,
121 yi€s;d + 5 izl JZ (y3y5-v;35)¢s555)
(3.29)
with
yl = - 3 1n pz(_x_) s
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and

- 3°
Yij T oaxg R In pg (X)

The threshold receiver is then obtained by assuming that the
signal is small enough so that the higher order terms in s
can be neglected. The result (3.29) is canonical in that it
does not depend on the particular form of pz(z).

Middleton (1966) presenfed a detailed treatment for
both coherent and incoherent signaling situations, obtaining
a generalized matrix form of Rudnick's development. Middle-
ton (1966) also showed that in some situations the LOBD must
contain a bias term that depends on the signal-to-noise ratio.
This bias term is required to insure that Pe > 0 as S » =
and that Pe -~ 0, given S, as N > » (consistency). We will
see an example of this in section 5.1.2 where we treat thres-
hold reception of ON-OFF incoherent signals. Middleton
(1966) also gives sufficient, and necessary and sufficient,
conditions on the bias term and on the threshold test sta-
tistic itself to insure that the LOBD is at least asymptoti-
cally as efficient, or equivalent to, the corresponding Bayes
detector in the 1limit (S - 0). [See section 4.4.1 for dis-
cussion and examples of asymptotic efficieﬁcy.]

Antonov (1967) treated the coherent ON-OFF signalling
situation, using the same approach as Middleton (1966), how-
ever, assuming independent samples. Antonov's analysis pro-

ceeds as follows:
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The likelihood ratio (3.26), for N independent samples,

is
ol

A(X) = exp['zl 1n pz(xi-si) S 'Zl 1n pz(xi)] > 1
i= i=

H

2

(3.30)
Expanding 1n pz(xi—si) about X; collecting terms, and inter-
changing summations, one gets the result

k k
-1 k d
(k!) N g;fE 1n pz(xi) . (3.31)

© N

In A(X) = ) )
k=1 1i=1

Then ignoring terms k > 1, one finds the threshold receiver

to be
Y 1 5!
In A0 = [- 1 sy g In p,(x)] S 0 . (3.32)
i=1 i
i,

Antonov (1967b) extended this result to the corresponding

incoherent signaling case.

Kushner and Levin (1968) and Ribin (1972) showed that
these canonical threshold receivers are asymptotically op-

timum.

In sections 4 and 5 we will obtain the canonical thres-
hold receivers for a variety of binary coherent and incoherent
signaling situations and determine their performance in class

A interference.
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